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OJINH METO/ OIIEHKY MO/JVYJIE! TENJIOPOBCKIUX
KOR®OUIINEHTOB IIOJUYNHEHHBIX ®YHKIINAII.

Crynun . JI.
Trepn

M3naraercsa mMeTomd OMEHKH MOMIYJsS TE€HTIOPOBCKOTO KO3 PUITHEHTA C JTIO-
ObIM HOMEDPOM T Ha KJIaccaxX MOAIMHEHHbIX dyHkiuil. O6cyxKpaercs mpu-
MEHEHHUE 3TOTO METOJIA Ha KJIACCe OTPAHNYIEHHBIX HEe OOPAIIAIOIINXCS B HYJIb
HA €IUHUIHOM Kpyre (DyHKIIWiA.

A method of estimation of the modulus of the Taylor coefficient with any
number n on classes of subordinate functions is presented. We discuss the
application of this method to the class of bounded nonvanishing in the unit
disc functions.

Kurouesbie cioBa: runore3a Kinuzka, mpobiema Kinzka, orpanndaeHHbIe
He 0OpaIaionmecss B HyJIb (DYHKIWHA, OMEHKUA MOIYJIeHl TefJIOPOBCKUX KO-
s durnenTon, nogunHEHHbIE (DyHKINU, cucTeMa BauaepMmona.
Keywords: the Krzyz conjecture, the Krzyz hypothesis, the Krzyz prob-
lem, bounded nonvanishing functions, Taylor coefficient modulus estimates,
subordinate functions, Vandermonde system.

1. MeToa mogamHeHUst

OTKpbITHIil eauHUYHBIE KPyr, TO ecTh MHOXKecTBO {z : |z| < 1, z € C} Gyuem
0603HaYATL CUMBOJIOM A, 8 3AMKHYTBIH €JMHIUYHBI KPYTI CUMBOJIOM A.

Teitmoporckue koadbduinentst dyukimn f(z) 6yaem obosnavars { f},, n € {0}UN.

Yepes )y 0603HAUINM KJIACC, COCTOAIMMIA 13 TOIOMOPGHBIX B A DYHKIWIA W, TAKUX,
aro |w(z)] <1, w(0) =0, z € A.

Iycrs byukiuu F(z) u f(z) ronomopdunt 8 A. Pyukuus f(z) HaszbBaercsd noj-
yuneHHON B A g dbyukuuu F(z), eciau ona Mmoxker ObiTh npezacrasieda B A B ¢popme

f(z) = F(w(2)), (1)

rae w € Q. Oynkuuo F(z) 6yaem HazbiBarh Mazkopantoil juid dyuxkuuu f(z) B A.
BozbMmém HEKOTOPYIO Mpou3BOILHYIO rojomopduas B A dyukmuio F. Kmace, co-
crosinmit w3 byurwmit f(z) = F(w(2)), w € Qy obo3naunm uepes Mp. dcuo, uro {f},

3aBUCUT OT {w}h, k = 1,...,n. Heiicreurensuo, u3 dbopmysnst (1) moaydaem, 9To ecju
BEPXHUI MHIEKC 0OO3HAYALT TIOKA3ATENb CTENEHH, TO
{fn={Fhiwln + {F{w®}bn + .+ {F}a{w" (2)

IMonsrue nomuunenus socxoqur K E. JTunnenédy [1], repmun 6b11 Beenén 1. 1. Jlu-
riabBysoM [2] u B. Porosunckum [3], onu ke paspaboraiu Meroj u LOJLYUYUIU C ero
MOMOIIILI0 HEKOTOPBIE WHTEPECHBIE PE3YILTATHI.
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OrmeruM, 4TO TEOpHs HOJAYMHEHUs II03BOJISET OYeHb JIEFKO HAXOMUTh OLEHKHU IIep-
BOro m BTOporo kodddunmenta Ha kiacce Gyukumit f(z), moqIMHEHHBIX bYHKIMN
F(z). N3BecTHO, 9TO

{flo=1{F}o, HShl<HFhl Kol < max({Fh] [{F}e]);

BCE OIEHKW TOYHBIE [3] M PABEHCTBO JOCTUTAETCST TOMBKO HA BpAIeHNsIX F' B TIIOCKOCTH
TIEpEeMEeHHON 2.

Mmuorue 337341 TeOMETPUIECKON Teopun GyHKINN KOMILIEKCHON MepeMeHHO CBO-
JATCS K M3YyYEHWIO CBOWCTB (DYHKIMU 4Yepe3 €€ TeiIopoBCKue KO3 dUImeHTs. ITa
TEOpHUs UMEET MPUJIOKEHHUST B THPO- U A3POJINHAMUKE, HA €€ OCHOBE C(POPMUPOBAIIACH,
B YaCTHOCTH, T€OPHs MPOCTPAHCTB TefixMIosiepa, MMEIOas MePCIeKTUBHbIE TPUIIO-
JKE€HMs B COBPEMEHHON MareMaTuyecKoil u reoperundeckoil dbusuke (CONIUTOHUKE, KOH-
dopmHOit, KaTUOGPOBOYHON U CTPYHHON TEOPHUAX TOJIS).

2. IlocranoBka u cBeJleHne 3ajlaum K cucreMe JIMHEAHBIX ypaBHEHI/Iﬁ

ITocranoBka 3Toil 3a1a4u MoTuBUpYyeTCst (hopmyiioii (2). OaHaKO 3/eCh Mbl BpEeMeH-
HO abCTparupyeMcss OT CMBICIa, CTOAIIEr0 3a 3TOH (POPMyJIOii.

Qukcupyem n € N. Ilycrs HaM HEOOXOIUMO OIEHUTH BHIPAZKEHUE

|b1{w}n+b2{w2}n++bn{w”}n|, w e QQ, bj e C. (3)
ITomoxkmM HaM W3BECTHO, 9TO cymecTByIoT Takme a; € C, j =1,...,n, 9ro
lar{wtnz + ag{w?tnz? + .. 4 ap{w" ta"| < 1, we€Qy z€A, (4)

TOTJA MBI MOYKEM TIPEIMOJIOKUTE, YTO JJIsi HEKOTOPHIX 3HAYEHW MapaMeTpoB Ty € A
Hafigyrcs koaddunuenter [ € C rakue, 9ro:

Zﬁk Zaj{wj}nxi = ij{wj}w (5)
k=1 j=1 j=1
IMepenucas (5) B BUIE
>_afw’ > Bt =3 bi{w'hn
J=1 k=1 j=1

1 cobpas ko3 durments mpu {w’ },

aj{wj}nZ@ﬁxi = bj{wj}n, j=1,...,n.

k=1

MBI IIOJIyYUM CUCTEMY JIMHEHHBbIX yPaBHEHUIA
n
§ : iR — -
aj xkﬁk*bja ]*L"'vna (6)
k=1

rae (i, € C — menssectHble, a ¥, € A — mapamerpsl, k= 1,...,n.
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3. 3aMeuaHusa

IMoguepkuém, uro (5) BepHO Ay M000H w € (o, mpu GUKCHPOBAHHBIX [k, Tk, 0,
b;. 3ameTmM TaxIKe, UTO 37€Ch UMEET CMEBICI OpaTh Ty # X, k # j, MHaUe MBI Oy UM
MEHBIIIE YeM 7 ypaBHEHWil ¢ n Hem3BeCTHbIMHU. CTOWT emé ymoMsiHyTb, 9TO T # 0,
k=1,...,n, vHAYE MBI MOJyINM CHCTEMY U3 N — 1 ypaBHeHHUs, & HE U3 N.

Beeuém cuepyrompe o6o3uadenus (cum. dpopmyay (4)):

p(2) = ar{whnr + ax{w?}n2® + ...+ an{w"ua”, q(z) = —=.

Tak kax mommmHoM p ymosmeTsopser jemme Ilsapra, To [p(x)| < |z| n crenosarennro
lg(z)| <1, x € A. Crano GbITh,

lg(z)| = |ar{w}n + ag{wQ}nm 4+ an{w"}nx"_1| <1, weQ, ze€A. (7

Taxum 00pa30M, B MOJTHON AHAJOTUHU C MPEIBLIYIIUM IYHKTOM MBI TIOJIyIUM CUCTEMY,
HECKOJIBKO OTJIMYAIOIIYIOCS OT cucTeMbl (6)

aiji_lakzbj, j=1,...,n, (8)

e oy € C — HeuwsBecTHBIE, & T), € A — napamerpsl, k =1,...,n.

B mpasbix uacrax uepaseHcTB (4) u (7) ctomr 1. OT™MeTwMm, 9TO 9TO HWKAaK He
yMeHbIIaeT OOIIHOCTH HAIIUX PACCyzKIeHuii. [leficTBUTENHHO, eCii Mbl PACIoaraeM
HepaseHcTBoM |u(x)| < ¢, ¢ > 0, TO MBI BCerja MOXKeM MepeiiTi 0T ITOr0 HEPABEHCTBA
K HepasencTBy |p(z)| < 1, rae p(z) = u(x)/c.

Ecmu {w’},, = 0, To ypaBHeHHe ¢ HOMEPOM j MOMKHO ONMYCTUTL. AHATOTMYHO, KO-
3 OUIIEAT a; MOKET OBITh PaBHBIM HYJIIO TOIHKO B TOM ciIydvae, Korma b; = 0. Cramo
6bITh, ecnu a; = b; = 0, TO ypaBHeHHe ¢ HOMEPOM j MOXKHO omycTuts. C apyroi cro-
POHBI, BCErJia MOXKHO HAfiTW IIOJHHOM p Takoi, uyro a; # 0, j = 1,...,n. Haupuwmep,
ecma; =1,5=1,...,n, 10 {whr + {w},2® + ... + {w"},2"| < 1 upuuém onenxa
rounast. ITo aTomy moeomy cMm. [3], a TakKe MyHKT 8 HACTOAIIEH CTATHN.

Nrak, ¢ yaéToM BcexX 3aMeIaHUH MBI IOJYYIUIIN IB€ CHCTEMBI JTHHEHHBIX yPABHEHUH

inﬂk - 7‘7’ J= 1a ) 1, (9)
_ a;
k=1
n
- b
-1
ZT;Z, A = 7]; J = 17 y 1y (10)
_ a;
k=1
e oy, B € C — HemspecTHBIE, a T € A — mapamerpsl, k= 1,...,n.

4. OueHku ko3 pummeHTOB

IIpu HanOKEHHBIX HaMU BbIIIE OrPAHUYCHHAX (T; # Z;, ¢ 7# j) cucrema ypaBHe-
auii (10), cormacuo kpurepuio Kpomnekepa-Kanesniu, uMeer eIuHCTBEHHOE pEIIEHUE,
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TaK KaK OIIpeaejiuTe]ib dn €€ OCHOBHO MaTpHuIbl €CTb OIIPpEIe/InTe/Ib BaH,Zl,epMOH,D;a:
dn = H (xj — l‘l)
1<i<j<n

To ke camoe MOXKHO CKa3aTh U MPO CUCTeMY ypaBHenuii (9), Tak Kak €€ OrnpeIe/uTe b
€CTh L1 " ... Ty - dyp.

Uraxk,
n n
D bi{wtn =) ongla),
j=1 k=1
CJICIOBATEJIHLHO
n n n n
ij{wj}n = ZakQ(zk) < Z |a|lg(zr)| < Z |k |,
j=1 k=1 k=1 k=1

TaK Kak 1o mpebiaymemy |q(z)| < 1 ama moboit w € Qp u aaa moboro z € A.

Te ke camble paccykaeHus MOKHO nposectd u s p(z). Takum o6pa3om, BCIIOM-
uuB dhopMyny (2) u To, uto b; = {F'};, j =1,...,n, MBI OJTyIUM OCHOBHOM Pe3yJIbTAT
9TO# paboThI:

Teopema 1. Ecau F(z) — 2onomopdrasn 6 A dynryusa, mo das awbozo n € N u das
aboti f € Mp umeem mecmo ouenka

n

{Ftal < min Y ag(er,... 2], (11)
T, €A, x;F b1
TiFTy, A5
5=1,ccm
ede oy, k=1,...,n, ecmv pewenusa cucmemsvs (9) uau cucmemo, (10).
3aMeTuM, 9TO (v 3aBUCUT HE TOJBKO OT I1,...,%n, & TakKe o7 {F}y,... . {F},, u
OT a1,...,0n, HO MBI HE YKa3bIBAEM 3TOIO SIBHO, TAK KaK 9TH BEJIMYNHBI MbI 3abUKCH-

poBaJn.

5. Pemnenne cucrem (9) u (10)

Hns monydenns pemenust cucrem (9) u (10) B ABHOM BHJE MBI HCHOJIB3YEM Me-
tox Kpamepa u dpopMmymny ais pa3moxKeHus ONpeaesnTess mo croaomy. Tem He menee,
MOXKHO JIeHCTBOBATH U IIO JAPYromy, Hanpumep, B [15] ecrb dbopmyna mis 31€MeHTOB
MaTpHIbl, 06paTHoi K MaTpuie BaHmzepMoHa.

Huist pernenuii cucrembt (10) mosydaem cielyomnuii pesy/ibrar:

VYrBepxaenne 1. IIyemo n € N, 4,5 € {1,...,n}, a muoorcecmea Q) — anemenmo
MHOICECTNBA BCET NOOMHONCECTNE U3 N — § daremenmos muooicecmea {1,...,n} \ {i},
_ n—j
3decv k npocmo nomep nodmmoocecmsa (k= 1,...,C,—"]), moezda
n — CZ:{ bj
(=1)~ H Tm o
_ = F=1 meQy/ ! 12
ai(z1,...,x,) = . (12)

(zy — @)
1
3

2
wi_u:]:
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3aMeTnM, 9TO MBI CIUTAEM CYMMBbI C HyJIEBBIM KOJMYECTBOM CJIArAEMBIX PABHBIMHE
0, a TPOM3BEIEHNUS C HYJIEBHIM KOJIWIECTBOM COMHOKUTEICH paBHbIMA 1.

s cucrembr (9) pesyabrar rakoii: 8; = «;(z1,...,2n)/x;, @ = 1,...,n. Beio-
Jly Jlajiee Mbl He OyzieM UCIOJIb30BaTh pelieHus cucreMbl (9), HE TOIBKO IIOTOMY, YTO
BhIpasKeHUs [y periennii cucrembl (10) HECKOMBKO MPOINE, HO TAK¥Ke elé TOTOMY,
9TO COIJIACHO Teopeme 1, Jijis MOJIydeHusi OUEHKH KO3(h(MUIMEHTOB HYKHO HCCIIEI0-
Barb neseByio dyukuuio |51|+ ...+ |5,| Ha MuHEMYM, HO 5; CONEPKUT B 3HAMEHATEJIE
MHOXKUTEIb Z;, a |x;| < 1,7 = 1,...,n, uro Oyuer yBeJuuuBaTh 3HAYEHUS 1IEJIE€BOM
dyukuuu npu |z;| < 1.

6. 'mnoreza Kmumka

Knaccom B Oynem Ha3bIBATH MHOMKECTBO, COCTOSIIEE W3 TOJOMOP(MHBIX B €IUHUY-
HOM Kpyre A dynkmmit f, rakux, ato 0 < |f(z)] < 1, z € A.

B 1968 r. mosnbckuit Mmaremaruk u Kk npennonoxui [4, 5], uro ecan f € B,
TO

{finl <2/, neN,

HPHYEM PABEHCTBO JOCTHIAETCA TOIBKO Ha (DyHKIMAX Buga eV F (e?2™, 1), roe
1—2
F(z,t) = e '132, w, b R, t€[0,+00).

I'unore3a Kimmuka npuB/ieKaeT BHUMAHHUE Psiia MATEMATHUKOB, OJHAKO, B HACTOS-
mmee BpeMsl, OHa JOKa3aHa TOJIBKO JI0 TSITOr0 TEAIOPOBCKOrO KO3 PHUIIMEHTa BKIIOUN-
resbuo [6]. CyinecrBoBanue 3KcTpeMasieil B 91O 3a/a49e OYEBU/IHO, [OCKOJIBbKY 1IOCJIe
npucoenuHeRns K kiuaccy B dyukimmn f(z) = 0 mosydaercss KOMITAKTHOE B TOTIOJIOTHH
JIOKAJIbHO PABHOMEPHOU CXOIUMOCTH CEMENUCTBO (DyHKITHIA.

Mpunnun nogaunenus JluriBymsa 1 POro3suHCKOro 4acTo ucnoJib3yercs mpu BbIBOJIE
oreHoK ko3 durmenTos B kiacce B [7, 8,9, 11, 12]. B ciyuae npobievs Kkuzka, Tpy/i-
HOCTB TIPUMEHEHHUST 9TOTO METO/IA 3aKII09YaeTcs B cIokHOCTH KoabduunenTos {F '} (t)
dyukmun F(z,t).

[Ipobsrema Kimka nmeer HenocpeacTBeHHYIO CBsA3b ¢ mosmHoMamu Jlarrepa, @abe-
pa, a TakzKe ¢ mpobeMoi KO3 HUIMEHTOB HA KIaCCAaX OTPAHUIEHHBIX (DYHKIHIT, KOTO-
pasi B CBOIO 09epelhb TECHO CBsI3aHa C Teopueil MomqunHéHHbX dbyHKuuii [3] u ¢ Teopmeit
npocrpancts Xapan [7]. IIpobmema Kimska myist kosdbdunnenTa ¢ HOMEpOM 7 eCTh 3a-
Jada HA KCTpeMyM (DYHKIMOHAIA, KOTOPYIO MOYXKHO CBECTH K 33Jade 00 IKCTpeMyMe
JeficTBUTeIbHO3HAYHON (DyHKIMK 2n — 3 AeficTBUTe/IbHBIX epeMenHbix [14]. 3axaqu
HA 9KCTPEMYM MIHPOKO PACIPOCTPAHEHbI B HAYKE W TEXHUKE U UMEIOT Pa3HOOOpA3HbIE
[PUIIOKEHUS.

Knacc B nocpeactBoMm Kiacca (g, CBA3aH € KIACCAMU OTHOJIMCTHBIX (DYHKIHI, B
9aCTHOCTH C KJIACCAMU BBIMYKJIBIX U 3BE3AHBIX (pyHKIMiI. COOTBETCTBEHHO U TPOOIEMA,
K03 purinenToB 471 B cBsa3aHa ¢ mpobmeMoit KoaHUITHEHTOB /171 YIIOMSAHY THIX KJIaC-
coB. Tak:ke mMeroTcs mapaJsienn Mexay runore3oit Kmmmka n teopemoit /le Bpamxka
(panee runoresoii bubepbaxa). Kpome riyGOKUX U MHOIOYUCJEHHBIX IIPUIIOKEHUI B
reopnn (bYHKIHNH, UMEIOTCS CBSI3H C KIACCUYECKOi Tpobiemoii MomeHTOR [9], Teopueii
OIIEpPaTOPOB M TEOpHeil 0OPAOOTKN CUTHAJIOB.

IMockosmbKy Ksacc B MHBADHAHTEH OTHOCHTENHLHO BPAIEHUN B IUIOCKOCTH MEPe-
MeHHON w (w = f(z)), TO MOXKHO OTPAHUYNTHCS M3yueHHeM (DYHKIMIT 115 KOTOPBIX
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f(0) > 0. Tak kak 0 < {f}o < 1, To MmoxkHO nonoxurs {f}o = e, rae mapamerp
t € [0,400). i moaKIaccH 0b603HauMM uepe3 B;. Kak W3BeCTHO W3 TeOpWH MOI-
9HEHHBIX QyHKIWA [3], Kaxkayo QyHKIMIO Kiacca By MOXKHO NMPEJCTaBUTh B BHIE
(cm. rakxe (1))
fl2) = R we Q. (13)

Otmernm, uTo ipy KaxkaoMm ¢t > 0 3ta dopmysia yCTaHABIMBAECT B3AUMHO OTHO3HATHOE
COOTBETCTBHE MEXIy Kiaaccamu (g u By.

3aMeruM TakzKe, YTO KJaacC By COCTOUT TOJIBKO U3 0aHOoM (pyrkiuu f = 1, nosromy
By MOXXHO CUNUTATH TIOJTHOCTHIO W3YUYeHHBIM. PaKTHIECKN MOYKHO CUMTATDH, 4TO ¢ > (.
OTa OrOBOpPKA MO3BOJISIET HAM HAMPUMEDP CBODOIHO IEJIUTH HA t.

7. Illpnnoxennsa K nmpobseme Knmka

B pa6ore [14] moxpoGHO ommcaHbl TaK HA3bIBAEMBIE “ACHMITOTHYECKHE OIEHKH KO-
3¢ dunmeHToB Ha Kiaccax B; mpu OOJBINNAX W MAJbIX 3HAYEHUAX mapamerpa t. Mare-
PECHO, ITO TH OIEHKH SBIAIOTCSI TOYHBIMH, TO €CTh He HyKIAIOTCA B yaydineHuu. B
yacrHocTH, B [14] cka3aHo, 4TO HauMHALA C N = 3 MUMEIOTCH UHTEPBAJIbI, HA KOTOPLIX
“acCHMITOTUYECKHE ONEHKN IOJYYUTb HE yIaéTCs:

n=1: g,
n=2:

)

o

3 1 2
n=3: (2,2—5-234-2),
n=4: (3—+3, 6),
(1.129..., 7.899...),
(1.037..., 9.785...).

[

O603HaYMM HaYaIbHBIE TOYKH ITUX MHTEPBAJIOB 4Yepe3 t1(n), a KOHedHble Yepes ta(n).

Ha sTmx wHTEpBATIaX W3MEHEHNs mapamMerpa t, moab3ysch Teopemoii 1 u yTeepKae-
HUeM 1 MOKHO NMPOBECTH YHMCIEHHBIE BBIYACICHUS W TAKAM OOPa30M TOLYYATh OLEHKN
mns |{f}nl,n=1,...,6, na knaccax B;. YucjeHHblil MeTo1 1 000CHOBAHUE KOPPEKTHO-
CTH TAKOro 1oaxo/a sanbl B padore [14]. Takxke B pabore [14] comepzkurcs 10CTaTOMHO
OAPOOHBIH 0030P MO COCTOAHHIO JI€JT B BOIIPOCE 00 OIEHKE MOyJiel HAIaIbHBIX Teii-
JIOPOBCKHX KO3 PUIMeHToB B mpobaeme Krimmxka.

B pabore [14] mosyvenst Tounble oneHkn kodddurmentos |{f},], n = 1,...,6,
Ha Kjaccax By. OgHAKO, HA yKA3aHHBIX BBINIE WHTEPBAJIAX OHU MOJIyYEHBI YACICHHBIM
METOZOM, IPAYEM € HEZOCTATOTHON TOTHOCTBIO, TOITOMY BOIIPOC O CIPABEIJTMBOCTH I'H-
nore3pl Kinnxka npu n = 6 ocraéres orkpbiTbiM. Tem He menee, pesysibrarsl crarbu [14]
rOBOPAT B 1I0JIb3y CIPaBeAIMBOCTH Iunore3nl Kinuxka npu n=1,...,6.

B paGore [9] onucaHHBIM 37€Ch METOIOM C/IeJIaH BBIBOJL O CITPABEIJIMBOCTH THIIOTE3bI
Kummka nipu n = 4, a B crarbe [6] TeM 3Ke METOJOM CZ€IaH BBIBOJ O CIIPABEIIHBOCTH
runore3bl Knmmka mpu n = 5. O TOM modeMy 5TH BBIBOIBI He BIIOJHE KOPPEKTHBHI B
CTPOrOM MATEMATHYECKOM CMbICJIE HOAPOOHO cKazaHo B pabore [14]. Hasee, B pabo-
re [10] arum ke MeTosoM ObLiU LPOBEAEHbI OUEHKH LEePBbIX 1iectu KoddduiuenTos,
MpaBIa CIPABEIINBOCTh TUNOTE3bI Kimmka npu n = 6 He ObLIa yCTAHOBJIEHA.
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Bo Bcex mepeunciieHHbIX paboTax BbIYHCJIEHUS MPOBOAMIUCH 1pu x; € OA. Ilpu
n =1wu npu n = 2, TAHHBI METOJT TTO3BOJISET MOJYIUTH OIEHKHW TOYHBIe Ha By, t > 0.
Ilpu n = 3, n =4 u n = 5 OIEHKH TOTYIAIOTCSI TOUYHBIMYU HA B, HO He Ha Bj.

BepositHo, uTO ipu N = 6 3TUM METOJIOM HEBO3MOYKHO TOJIy9IUTH OIEHKY TOYHYIO
xoTsa 661 Ha B. IloaTOMy MeTOm MOXKHO OTHECTH K “aCHMITOTHYECKHM MeTomaMm. B
9aCTHOCTH, MHTEPECHO BO3MOXKHO JIM JAHHBIM METOJOM IIOJIy4YUTh OIEHKY TOYHYIO HA
By xors 6bl npu n = 37 B jiroboMm ciiydae, 10J1ydYeHHbIE TAKUM 00pPa3oM Pe3yJibTaTbl
MUHTEPECHO OBITIO OB CPABHWUTH ¢ pe3yabraramu u3 [14].

[Toyemy BBIYMCIEHUS STUM METOIOM HY2KHO TPOBOIATH TOJHKO HA, € THHUTHON OKPY K-
HOCTH, & HE HA BCEM 3aMKHYTOM €IWHWUYIHOM KPYTe, CKA3aHO B CJIEMYIOIIEM ITyHKTE.

OnuckiBaembiii B 9TOI pabOTe METOI WHTEPECEH TEeM, YTO B OOJBITUHCTBE METO-
JIOB MBI TIEPEXOUM OT 3aJa9d MAKCHMU3ANUU (PYyHKIIMOHAIA K 33JaU€ MAKCUMUBAIIAN
GYHKINN, & 3/1eCh MbI TIEPeIn K 33ade MuHnMu3anun GyHKiun. Kpome Toro, o6b1d-
HO Takas (DYHKIUS HAXOJIUTCS JIJIsl KAXKIOrO 1 OTIEJbHO, & B 3TOI paboTe MmoJydeHa
JIOBOJIBHO-TAKU IIPOCTAst AHAJUTHIECKAS 3aBUCUMOCTD OT N.

8. O BbIbOpe K03(hdurmeHTOB 0;

1 00
Paccmorpum kinace My ¢ H(z) == T te_ 142 2%, Dror xknace 06bIIHO 060-
-z

k=1
3ravaloT Yepe3 C' u HasbBaloT Kinaccom Kapareomopu. U3secrHo [3], uro ecan h € C,
10 |[{h},| < 2, n € N. Ilpuuém s1a oneHKa TOYHA U JOCTUIAETCs HA BPAILEHUAX (DYHK-

nuun H B mmockocTu nepemennoit z. Eciu B3gTh mpousBosibayio GyHKIuo w € g, TO

1
dynxuus w,(z) = w(rz) € Qo, upu [z| < 1. Crano Guirs, hy(2) = 1“’&2’; €Cu
— wge(z
corsacto dopmyie (2)
H{h}n| = 2{wlne + {0 02 + ...+ {w" 2™ < 2.
Takum obpa3zoM MOHATHO, 9TO MOXKHO Oparb a; = 1,7 = 1,...,n, 0 9éM MBI yKe

yIOMUHAJIU B yHKTE 3 cpa3y nepen ¢opmyioi (9).

AHaOrn4HO, MOXKHO IOKA3aTh, YTO B KAYECTBE d; MOXKHO OpPaTh HAYAJIBHBIE KO-
s durmenTs! JTI000i BBIMTYKJIONH OTHOMUCTHONW (yHKIMHU. Bojee TOro, B KadecTse a;
MOXKHO OpaTh HAYAJIbHBIE KO3 DUIIMEHTHI JTI000i (DYHKIWH, Y KOTOPOil eCTh HeOOXO0 11~
Moe HaM cBoitcTBO (4). [1006HbIX IPUMEPOB MHOIO B pabOTax, MOCBAMIEHHBIX TEOPUU
NOMMAHEHHBIX (DYHKIHIA.

B pabore [8] Buepsble 10sBUIKCH ACUMITOTUYECKHUE OLEHKH, a B pabore [14] yka3a-
HBI TPAHWIBI UX mpuMeHnMocti. To ecth n3BecTHO, uTo Tipw ¢ € [0, t1(n)]

{Fal = HF i (O{whna+H{F Y2 (O){w?hna® +. . H{FHOn{w" bna"| < [{F (1] = 2te™,

OpUYéM 9Ta OIEHKA TOYHA Juist Kaxkaoro t € [0,t1(n)]. AHajormdHo, TpPH KaxKJOM
t > to(n) cupaBeniMBa TOYHAs OLEHKA

{Fnl = {FhO{whne + {Fla(O){wna® + ..+ {F}a0){w" baz"| < {FHa )]

To ecrb uncna aj, Moxkuo 6pars B Buge ai = {F}i(t), k=1,...,n, uput € [0,t1(n)] n
npu t = to(n).



8 CTVIINH 4. JI.

flcHo, 9TO AMIg MOMydYeHns XOPOMKMX OIEHOK IPHU IOMOIIK TeOPEMBI 1 HeoOX0ommmo,
9TO0BI OTeHKa, (4) 6bi1a TouHoi. TouHOCTE OleHKN (4) He TapaHTUPYET TOYHOCTH OIEH-

u (11). Bo3uukaer BOIpoc: Kak ONTUMAJIBHO BRIOpATh Koaddunuentst a;, i = 1,...,n,
TaK, 9To6b! onenka (11) Gbuta HamTydIIei?
Kakum orpanmdeHusiM yaIoBIeTBOPSIOT duciaa ag, k = 1,...,n? Tak kak p € g, TO

st Koo dupenTos p Heobxouaumo [3]
n
Z |ak{wk}n|2 < 17 w e QO?
k=1

B wacTHOCTH, |ax{wr},| < 1, k =1,...,n. BO3MOXKHO, MHO’KECTBO 3HAMEHHl CHCTEMBI
qucen (ai,...,a,) MOXKHO OXapaKTePHU30BATh IOJHOCTHIO, OCHOBBIBAsICh HA DEIeHUH
npobiembl kKoaddurmenTo s Kiaacca g. Ilo sromy mosony cmorpure [13, 16]. Ox-
HAKO, He TPYAHO IIOHATH, YTO MHOXKECTBO 3HAYEHUIN cucTeMbl yucen (ai,...,a,) ecTh
BbIILYKJIbI KOMIAKT, coxepzkaiiuit Touky (0, ... ,0).

B 3aksrouenne moguepKHEM, 9TO CIOCO0 BHIOOpA KOI(PDUIMEHTOB a;, t = 1,...,1n,
DPACCMOTPEHHBIH B 3TOM IIyHKTE [IPEII0JIAraeT, uro || = 1, B npoTuBHOM ciydae (QpyHK-
uus w, OTOOparKaer eAMHUYHBIA KPYI' B MEHbIIUil KPyI U OCHOBHAs oueHKa (4) nepe-
CTaéT OBITH TOYHOM, UTO czenaeT rpy6oit n omenky (11) u3 Teopemsr 1.

9. 3akJiloueHHne

W3noxkeHublit 31€Ch METO/I, B HEABHON U MeHee o01meil popMe BIepBbIe MOSABUIICS B
pabore B. Manens [9]. B crarbe [9] uznoxkenue crpourcss BOKPYDI T€OPUU MEPbL, XO-
TSI TIO CYTH, JIJIS TIOJIyY€HNsT OCHOBHOTO pe3ysbTara B [9] MCrmosap3yercss UMEHHO MeToJ,
KOTOPOMY TIOCBsIIIEeHa 3Ta paboTa. OCHOBHOI 11€/IbI0 HACTOSIIEH CTATHH SBJISETCS KOH-
CTPYKTHBHOE M3JI0KEHWE MeT0/1a 0e3 BCAKWX OTCHLIIOK K TEOPUU Mepbl U B Hambosee
o6uieit popme. CBsi3u ¢ Teopueil Mepbl, HailzenHbie B [9] BeCbMa UHTEPECHBI, HO C TOYKU
3peHus NMPUIIOKEHU K OreHKe KO3(DDUIMEeHTOB — BTOPOCTENEHHBI.

3/1ech OMHUCAH MOJXO/] K PENIeHN0 3aa9l MOy YeHUs] OIEHOK MOIyIel HadaThbHbIX
TEeHJIOPOBCKUX KO3 DUIMEHTOB HA TPOU3BOIBHBIX KJIACCAX MOMIUHEHHBIX (DyHKIHi
Mp. Onucanbl npunoxenus merofa Ha By, t > 0. B wacraocru, ykazano Ha BO3-
MOXXHOCTH HCIOJIb30BAHUS UUCIEHHBIX METOIOB TJIODAIHHOM JIUIIITUIIEBOM OMTUMU3A-
U7 7T JOKA3aTeIhCTBa TunoTe3bl Kimmka mpu Masbix n. KOppeKTHOCTH 3TOrO Mo/~
X0J[a B CTPOrOM MAaTeMaTHYeCKOM CMbICJIe JoKa3aHa B [14].

B pabore ncrnomp3ytorcs pe3yabTaThl, MOTyYeHHbIEe B OCHOBHOM METOOM IOT9nHe-
nus [3, 8]. Merogamu smuneiiHoi ajnrebpbl 3a/1a4a CBEJIEHA K 3a/1a4€e O IIOUCKe yCJIOBHOIO
MUHUMYMQ, TeHCTBUTEIHHO3ZHAYHONW (DYHKINN JeHCTBUTEILHBIX TTEPEMEHHBIX C OTPAHU-
YEHUSIMU THIIA, HEPABEHCTB, YTO B IPUHITUIIE TIO3BOJISET JAyKe MPUMEHSATh CTaHIaPTHHIE
MeTob!l mudPepeHITnaATBPHOT0 UCINCIeHNs. B mpotecce perteHnst OCHOBHO# 3312491 Obl-
JIO TIOJTy9eHO pellleHne CHCTEMbI JIMHEHHBIX ypaBHeHuil ¢ Mmarpureii Bangepmonra.

Bce uznoxkenHble 37€Ch TOIXOABI MOYKHO MPUMEHSATH HE TOJBKO HA Kjaccax Bi, a
TaKKe W HA JAPYTUX KJIACCAX MMOMYMHEHHBIX (DYHKIIWIA.

Takum 0bpa3oM, UCIOIL30BaHNE PAa3pabOTAHHOTO 3/16Ch MATEMATHIECKOTO allmapa-
Ta SIBJISIETCS IEPCIEKTUBHBIM DY PEIIEHUU SKCTPEMATbHBIX 33/1a4 Ha Kjacce B, a Tak-
2Ke Ha JIPYrux Kjaaccax rosioMopdubix dyHkiuit. 3asaqu Ha 3KCTpeMyM (DYyHKITHOHAIA
IITTPOKO PACIIPOCTPAHEHBI B HAYKE W TEXHUKE W UMEIOT PA3HOOOPA3HBIE MPUJIOXKEHUSI.
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