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APUPMETUKA DR,.

AJIEKCAH/IP H. 2KBAHBKO

AHHOTALUA. B mannHO#l paboTe npeiaraeTcs ujiesi UCIOJIb30BAHUS P-HEKJIAC-
cuueckux apudmeruk (p-HKA), unesa pasnoobpasuit u apudmernka DRy,
ompezeseHHas Ha MHOXKeCcTBe R HEOTpHIIATEIbHBIX BEIIECTBEHHBIX uncel. Mc-
nonb3oBanne p-HKA — 510 u nepencrnonb3oBanne KOHCTPYKIUH, OCHOBAHHBIX
Ha kjaccuuaeckoii apudmeruke (KA), ¢ apyrumu Habopamu YUCIIOBBIX ajaredbpa-
MYECKUX ONepaluii Ha GECKOHEYHBIX ITOAMHOXKecTBax R, 1 mMpuMeHeHne HOBBIX
CYIIHOCTEl, He uMerIMX aHaJioros B KA, HanpuMep, onepaiioHHOrO ypaBHe-
HUsl, KaK YpaBHEHUsI C HEU3BECTHOU apudmerndeckoi onepanueii. [lox pasuo-
00pa3usIMy IIOHUMAIOTCS: &) MHOYKECTBA MJIM HOCJIEO0BATEILHOCTY 3HAUYEHHH
byHukuuit paznoobpasust; 6) MHOXKECTBa PEIIeHUH ypaBHEHUI pa3HoOOpa3uii.
DyuKuus/ypaBHEHHE PAa3HOOOpa3ust — 3T0 (YHKIUsI/ypaBHEHNE OTHOCTHIO
mwin gactuaHo cHaGxkenHoe p-HKA. Apudwmeruka DRy cocrour ns cioxe-
HUI, JIEBBIX W IPABbIX BBIYUTAHUM, YMHOXKEHUH, JIEBBIX W IPABBIX JIEJICHUN.
Kazkmoe u3 aeficTBUil BBIIOIHUMO Il JIIOOBIX 9uCeI U3 Ry U 9TO MHOXKECTBO
3aMKHYTO IO JIIOOOMY W3 JefCTBHiL. YKa3aHO CXOJICTBO IIOJIYIEHHBIX BCJIEILYIO
rpaduKoB abCTpPaKTHBIX DYHKINI pa3HOOOpa3usi ¢ OIyOJINKOBaHHBIMU I'padu-
KaMM peaJIbHBbIX JAaHHBIX U3 aKTYaJbHBIX HCCJIEJOBAHUI HAYK O >KU3HU.
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1. INTRODUCTION

1.1. p-Nonclassical arithmetics (p-NCAs). Since there are several different
meanings in the scientific literature for the use of the phrase ‘non-classical arith-
metic(s)’, the meaning given by the author of this material will be marked as ‘p-
nonclassical arithmetic’, “non-classical arithmetic in the sense of this article”, etc.
(The suffix ‘p’ was chosen randomly and has no hidden meaning.)

Let us begin with the reader’s curiosity, and suggest him/her to change the
addition and multiplication tables known from school and then recalculate familiar
functions such as quadratic, cubic, etc., using the resulting tables. What kind of
graphs do we get? If they are graphs different from their classical counterparts, then
we have obtained p-nonclassical quadratic, cubic, etc. functions, and addition and
multiplication in these functions are naturally called p-nonclassical. In addition
to p-nonclassical addition and multiplication, these can be subtraction, division,
exponentiation, and extraction of roots.

Sets of p-nonclassical operations are conveniently called p-nonclassical arithme-
tics. All of the above has the disadvantage of being considered a definition. In fact,
defining our subject well is not entirely straightforward, but we won’t need it yet.
Let us denote, perhaps, only the following:

List 1.1. (Conditions for p-NCAs)

(1) Well-known arithmetics, such as p-adic, complex, quaternion arithmetic,
etc., which use ‘school’ arithmetic, are not p-NCAs.

(2) We consider first of all effective algebraic operations defined on infinite
subsets of sets R™;

(3) These are sets of such operations which allow us to replace classical opera-
tions in familiar constructs — functions, equations, matrices, etc.

(4) If 4, are operations of p-nonclassical arithmetics, +,- are operations of
classical arithmetic (CA) then for an essentially large set S C R™, condition

(1.1) atb#ta+b a;bFa-b abels,
must hold.

All that is required of point 3 is that the mechanical recalculation of such a
substitution gives a numerical result without regard to its interpretation — for
example, that we can recalculate the matrix determinant or the Riemann zeta
function. In other words, it is not required that, say, Cramer’s rule give solutions
using the obtained value of the determinant. For reasons described below, it may be
desirable that the computed results differ from the classical ones. (An explanation
of the strange (‘incorrect’) meaning of the non-classical Riemann zeta function will
be given below.)

The author found in the scientific literature two cases of verbatim use of the
phrase ‘non-classical arithmetics’, which differ from the meaning of this article.

The complete fields used in [1], pp. 32-65, which are isomorphic to the real
number system, are called by the authors’ site, [2], 'non-classical arithmetics’. p-
NCAs, as we propose them, are not limited by either the requirement of isomorphism
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or the requirement to satisfy the field axioms, but are guided by item 3 of list 1.1.
In addition, all arithmetic presented in this book uses the classical real arithmetic
in generators, which refers them to item 1 of list 1.1.

The second use was found in the article 3], p. 266, as an equivalent of arithmetics
arising from the combination of classical arithmetic with non-classical logics. Addi-
tions, multiplications in our non-classical arithmetics are just a convenient name for
operations. They could be called ‘Operation 1’, ‘Operation 2’ or some other names.
The choice of names was dictated by the desire to reuse familiar constructions, first
of all, such as functions, equations with classical arithmetic: take, say, the notation
of the Riemann zeta function, replace the operations of classical arithmetic with
p-nonclassical ones, calculate the function (p-~ca from the new notation — the set of
obtained pairs (z, (p-nca (2)) # (2,{(z)) is the non-classical Riemann zeta function.
At the same time, we do not care at all that the replacement in different notations of
the classical zeta function can give different p-nonclassical ‘analogues’ even within
the same p-nonclassical arithmetic, while for classical arithmetic, calculations on
different notations will give the same function. This paragraph emphasizes the use
of a p-NCAs without questions regarding Peano’s axiomatic and non-classical logics,
as is done, for example, in [4] (see article abstract) or [5] (text on page 274 about
inconsistent arithmetic, which can contain all the true sentences of the standard
model of arithmetic). An expert in the field of inconsistent arithmetics expressed
the criterion for distinguishing p-NCAs from inconsistent ones by asking: “Do you
allow that inconsistencies (for example, inconsistent equations, a = b and a # b)
may hold?” p-nonclassical arithmetics are developed without such permission. The
proofs of the theorems will be carried out by the classical predicate calculus.

Why we do not ask questions of classical arithmetic in the light of logic, whether
non-classical or classical, will become clear after reading the section “Why?”, which
explains the priority tasks of the idea of p-nonclassical arithmetics. However, in the
text on non-Diophantine arithmetics,! some facts of the p-nonclassical arithmetic
DR, will be presented, that are similar to some facts of inconsistent arithmetics.
These facts of DR arithmetic are not a consequence of logical devices, but exclusive-
ly a consequence of the definitions of algebraic operations. p-nonclassical arithmetics
do not coincide in purpose with the arithmetics of Robinson, Skolem, Presburger,
Heyting, since we are interested in precisely the operations, +, ;, with inequalities 1.1.

As already mentioned, ‘addition’, ‘multiplication’ are just convenient names for
operations of a certain class, and p-nonclassical arithmetics does not at all ask
questions about the correctness of modeling reality using classical arithmetic, while
non-Diophantine ones were conceived precisely as a proposal for an alternative that
works more adequately in “various situations in which quantitative descriptions of
real situations cannot be correctly modeled using the conventional arithmetics of
natural and whole numbers” ([6], p. 2%).

However, here are some selected similarities/differences between non-Diophantine
arithmetics, [6], and p-NCAs using the example of DR (we keep the notation for
‘4> without indices if they are taken from [6], and with indices if they are DR
operations — ‘+7, ‘x}):

LThese are not considered to be inconsistent arithmetics.
2Chapter 1 of interest to us is freely available at:
https://www.worldscientific.com/doi/pdf/10.1142/9789811214318_0001.
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(1) p.64: 1+1=3,2+2 =5 — in DRy it is easy to define operations j and
k such that 1+ 1=3,2+ 2=25;

(2) p. 65: k+1=Fk — the numbers k exist for which the equality k + 1 = k is
true in DR4;

(3) p. 65: “...that is, by adding 1 to 1 to 1 and so on, it is impossible to get
number larger than 1,000, and there are non-Diophantine arithmetics where
this is true” — this is also possible in DR arithmetic if only the formal
inequality

ai+ -+ am <1000, aq,...,a;m <1000, m € N

is required. The inequality will remain true even as m — oco. Addition and
multiplication in DR4 can be changed so that if the sequence of terms of a
real series has a limit of 0, then the sum of the series over the new addition
is always a finite number.

(4) p. 66: “...addition and multiplication are always commutative” — we inten-
tionally do not require this in DR, (why we do this will be explained in
the “Why?” section);

(5) p. 66: “...zero is not always a neutral element with respect to addition
and one is not always a neutral element with respect to multiplication in
non-Diophantine arithmetics” — this is usually the case in DR;

(6) p. 66: “At the same time, the laws of associativity and distributivity fail in
the majority of non-Diophantine arithmetics.” — this is usually the case in
DR..

We have indicated only one difference between non-Diophantine arithmetics and
p-nonclassical arithmetics as we understand them. To point out more differences, a
detailed study of the book [6] is required.

In the sense of a set with the operations of addition and multiplication and partial
order defined on it, p-nonclassical arithmetics can be abstract prearithmetics, [7],
p- 1789, unless the latter is prohibited from including operations satisfying list 1.1:
both the first and the last are universal algebras. It is possible to speak with
guarantee about uniqueness of DR.. Reuse of constructions based on ordinary
arithmetic is possible both in p-NCAs and in prearithmetics, with the same caveat
regarding the acceptability of list 1.1 for prearithmetics. In p-NCAs we deliberately
and explicitly exclude CA, while prearithmetics are constructed as a general context
for many arithmetics, including the usual arithmetics of naturals, integers, ra-
tionals... (p. 1790) A detailed comparison requires more research.

1.2. Diversities and its functions/equations. Let us consider equations whose
sets of solutions are defined as algebraic varieties. Let us completely or partially
replace the classical operations in the equations with p-nonclassical ones. To some-
how denote that the sets of solutions belong to equations with substituted operations,
let us name these sets as diversities. The equations themselves will be diversity
equations.

We will denote diversities (in addition to the sets of solutions to the equations
above) as sets/sequences of values of functions provided with p-nonclassical arithme-
tic, perhaps more than one arithmetic, and possibly having a mix with classical
arithmetic. Let’s call the described functions diversity functions. The possible graphs
of the diversity functions could be seen by the reader here, section ‘IIpuoxkenue A.
I'paduku DR-pasnoobpasuit’ (‘Appendix A. Graphs of DR diversities’).
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In the scientific literature, you can find related objects marked with the word
“non-classical”, for example, non-classical polynomials [8], Frobenius nonclassical
curve|9], hypersurface [10]. Due to lack of capacity, comparison with diversity
equations was not performed.

1.3. Why? When reading the justifications for the idea, the reader is advised to be
somewhat careful, because to date the author has only theorems for the feasibility
of DR arithmetic operations.

Simple vs. complez. Let’s take the set?

{{0, 86.9191},{10, 02.0412},{20, 53.5840},{30, 91.4506},
{40, 14.6664},{50, 40.1323},{60, 65.3078},{70, 28.7759},
{80, 79.2987},{90, 37.8235}}

of the first ten points of the graph of the function fi, secttion “I'pacduku DR-
pasnoobpasuii” and compute a polynomial for them. This is what we get?—

P =1.03814 x 1072 — 4.50449 x 10~ %2% + 8.19415 x 10~ 2" —
0.0000809853z% + 0.004706482° — 0.162279z* + 3.171512%—
30.97612% + 106.66x + 86.9191,

whereas f1(z) = 12.3456+ . Moreover, there are reasons to consider f; as disconti-
nuous in decimal fractions, hence having no elementary equivalent among functions
with classical arithmetic (CA), since each of its elementary functions is continuous.
This means that DR} makes it possible to obtain by elementary means objects
obtainable only by non-elementary means of CA.

A more general assumption is that the simple means of arithmetic A allow us
to construct objects accessible only by the complex means of arithmetic B. For the
sake of clarity, let us note that it is reasonable to assume the existence of problems
optimally solvable only by classical arithmetic.

The argument of natural mathematical understanding (ANMU). Classical arith-
metic alone was the basis for a very strong and advanced mathematics. It is unlikely
that among the very large set of numerical algebraic operations on R™ there are
not useful sets that can enrich our achievements.

The grouping of operations in arithmetics is convenient in that, once it is done,
there are automatically both technical and psychological advantages to the mathe-
matician. The former have been framed in terms of the simple-complex; the latter
allow us to use familiar things (functions, known techniques, etc.) instead of inven-
ting unnecessarily intellectual constructs.

In the author’s opinion, ANMU without other arguments would be enough for us
to develop a theory of p-NCAs and diversities. Nevertheless, let us add two more.

3The Wolfram Language format is used.
4Calculation tool (use option of data set of {x,y} values):
https://www.wolframalpha.com/input?i=interpolating+polynomial+calculator.
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The DR diversity graphs have resemblance with the graphs of actual scientific re-
search. The presence of diversity mathematics in the examples, although not proven,
but the allusions are strong enough to give hope for applications of DR, arithmetic
to real-world problems.® We should not be deterred when the example articles
include statistical rather than functional graphs.

e The first seven references show a kinship to the DR fg, fo function graphs:

(1) https://www.nature.com/articles/s41592-021-01348-4/figures/11,

Extended Data Fig. 5.b from [11]—bacteriophages, high-throughput screen-
ing, synthetic biology;

(2) https://www.nature.com/articles/s41586-021-04230-7, (Go to «Fi-
gures»), Fig. 4.d (Xenografted...) from [12]—cell fate and cell lineage,
developmental neurogenesis;

(3) https://www.nature.com/articles/s43587-021-00146-z/figures/11,
Extended Data Fig. 6 from [13]—alzheimer’s disease, transcriptional regu-
latory elements;

(4) https://www.nature.com/articles/s41592-021-01325-x/figures/8,
Extended Data Fig. 3.a from [14]—molecular engineering, phylogeny, popu-
lation genetics;

(5) https://www.nature.com/articles/s41592-021-01261-w/figures/2,
Fig. 2.a from [15]—membrane proteins, single-molecule biophysics;

(6) https://www.nature.com/articles/s41398-021-01698-9/figures/3,
Fig. 3 from [16]—ADHD, psychology;

(7) https://wuw.nature.com/articles/s41586-021-04011-2/figures/2,
Fig. 2.e from [17]—Bose-Einstein condensates, quantum simulation. (The
similarity will be more obvious if the points of the interval from 100 to 300
fig. 2. straighten into a horizontal strip.)

e In the following three examples, it is important to note the presence of
‘standing’ values in both the article and DR graphs of functions f12 — fi4,
f20, and fa1. To increase the number of vertical points in the diversities,
we only need to decrease the increment of the argument. This effect can be
seen in the DR graph of the function fo1 (fo15 is fo1a with Az reduced).

(8) https://www.nature.com/articles/s43587-021-00134-3/figures/15,
Extended Data Fig. 9.b from [18]—ageing, predictive markers;

(9) https://www.nature.com/articles/s41586-021-04064-3/figures/4,
Extended Data Fig. 1 from [19]—computational models, genome-wide asso-
ciation studies, preventive medicine, risk factors;

(10) https://www.nature.com/articles/s41477-021-01003-y/figures/3,
Extended Data Fig. 1 from [20]—genomics, natural variation in plants.

e The values of f1g, f11 are distributed by squares. If you vary the parameters,
you can achieve a simulation of the random arrangement of the squares. The
plots can then be combined to obtain a block structure, akin to

5The author points out that the DR-graphs were obtained blindly, many months before the
appearance of these articles. This is evidenced by the date of publication of the first version of the
preprint (April 30, 2021). Purposeful work, perhaps, would have produced a better resemblance.
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(11) https://www.nature.com/articles/s41586-021-03923-3/figures/10,
Extended Data Fig. 7.d from [21]—heterogeneous catalysis, materials for
energy and catalysis, process chemistry.

e Finally, the resemblance of the diversity graphs of the functions fi54 to fis
with the graph from
(12) https://www.nature.com/articles/s41592-021-01329-7/figures/14,
Extended Data Fig. 8.c—f from [22]—Ca2+ imaging, mouse, neurophysiology,
visual system.

Providing new patterns to researchers. The researcher notices patterns that are
known to some extent, because it is convenient to expand knowledge from them.
Unknown patterns can slip away due to the lack of new mathematical ones. In
order to obtain them by means of familiar functions like the Riemann zeta function,
such a change is required in which ¢ # (xca. In other words, non-isomorphism is
preferred in this context. The change in arithmetic was chosen as a way to obtain
the inequality. In order for the found dependencies on real data to be reproduced
by more compact algorithms, p-nonclassical arithmetic is not limited to the usual
properties of operations such as commutativity, associativity, etc., although this
is not prohibited. Libraries of patterns generated by the means of p-nonclassical
arithmetics will allow scientists to pay attention to things in real data with relatively
simple mathematics. This is the promised explanation why it is sometimes desirable
to obtain analogues other than the classical ones.

1.4. DR, arithmetic. This work contains the p-nonclassical DR arithmetic (in
Russian). DR is defined for non-negative real numbers. There are six algorithms
— addition, left and right subtraction, multiplication, left and right division.

(Simplified) The addition algorithm takes right and left arguments and a user-
defined addition table. Different tables mean different additions, even though the
algorithm is the same. It is mathematically correct to say that DR, involves set of
additions. The possible number of pairwise different addition tables is the possible
number of additions of DR, arithmetic. The situation with other algorithms is
similar, with the difference that multiplication and division will need two table —
an addition table and a multiplication table.

If invertibility is not necessary, we do not impose restrictions on the tables of
direct operations. Subtraction and division, however, require tables, with some
conditions for the reversibility of addition and multiplication. Nevertheless, there
are still many tables, and thus many operations.

Calculations are performed from the initial digits of a decimal number to the final
digits. Preliminary work® with functions shows some advantages of this arrangement,
among which the relative simplicity of:

(1) examination of functions for continuity;

(2) definite integration;

(3) calculating the dimensions of point sets given by functions;
(4) identification of the global behavior of functions;

(5) numerical solutions.

That the operation algorithm uses replaceable tables allows us to work with such
an entity as an operational equation — an equation in which an unknown operation

6This is not shown in the current version of the preprint.
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is found, e.g., + in the entry 123.45 + 6.789 = 10.1112. Conceptually, this is just a
suitable table filling-in.

1.5. Limitations of the theory. Due to the lack of a more detailed study, the
author is not able to clearly indicate the limitations, excluding limitations of a
general nature. ’Simple versus complex’ promises the benefits of suggesting that the
simple means of one arithmetic can produce objects that only the complex means
of another can produce. However, it is usually much easier to propose an algorithm
that generates some complex structures than to find a simple algorithm for real ones
— an algorithm that, moreover, may not exist. The ANMU argument promises the
benefits of reusing known constructions with other arithmetics, however, neither
the possibility of reuse nor the complexity are known in advance. For example, it
is easy to develop arithmetic that allows mechanical recalculation of the matrix
determinant formula, but will the resulting number perform the same role as the
determinant of classical arithmetic performs?

2. DR+ ¥ IIOJACTAHOBOYHASI APUOPMETUKA

2.1. Kparkoe HedopMmasibHOe omnucaHue. Eie OoJibie ocsi3aeMOCTH uiee 10-
6aBUM OIIpejie/IeHreM KOHKPeTHO apudmeruku, oboznadaemoit DR, koropas ne
JIOJ2KHA OBITH CJIUIIKOM IIPOCTOH, 9TOOBI HE OBITH JINIIIEHHOW CHJIBI, HO U HE CJIUIII-
KOM CJIOXKHOI, ITOOBI HAM HE YTOHYTh B Hell, TaK W He JO#id J0 0OHAPYKEHUS
npumenennii. DR npejcraisier coboit KoHeUHOE, HO OY€Hb OOJILITOE MHOYXKECTBO
CJIOZKEHUIA, JIEBBIX W IIPABBIX BBIUUTAHUN, YMHOXKEHUI, JIEBBIX W IIPaBBIX JEJICHUI,
OIIPEJIEJICHHBIX JIJIsi HEOTPHUIATEJbHBIX BEIIECTBEHHBIX Yuces (3HaK + B 0003Haue-

CiioxKeHnst 1 yMHOYKEHUsI BBITTOJTHUMBI JIJ1sI JIIOOBIX HEOTPHUIATEIbHBIX BEIEeCTBEH-
HBIX 4nces U Ry 3aMKHYTO OTHOCHTEJILHO JAHHBIX jeficTBuil. VIMerorcst Becersa Bbl-
[TOJTHUMBIE JIEBbIe W IIPAaBble BBIYUTAHUS U JejeHus Ha BceM R, , ¢ TeMm 9TOOBI pe-
gysbrar ObL1 cooBa B R, . Pazymeercs, or oOparTHbIX AefiCTBAN OXKUIAETCS BOCCTA-
HOBJIEHHE apI'yMEHTOB IPAMBIX JeHdcTBUA. MblI JOCTHINIA 3TOH €N B HECKOJIHKO
cnenududeckoMm cMmbicie. B DRy Bo3MmoxHO ciioxkenue 4.5 4 39.43 = 6.12. Bor-
yntanne u3 6.12 mpaBoro ciraraemoro 39.43 BocCTaHOBUT JieBoe cjaraemoe 4.5:
6.12 71 39.43 = 4.5. 9TOro He CIYIUTCA C BOCCTAHOBJIEHHEM IIPABOTO CIATraeMOTro
ITOCPEJICTBOM BBIYUTAHUA U3 CYMMBI jJeBoro: 6.12 — 4.5 = 3.43 # 39.43. Tem ne
MeHee, JONNCAB OJUH HE3HAYAIMIl HOJIb K IIEJBIM YACTHAM, MbI IIOJIy9IUM apr'yMeH-
ThI cjaoxkeHust B TouHoctn — 06.12 7 04.5 = 39.43. D10 cBsA3aHO C 3aBUCUMOCTBHIO
pe3ysbTaTa OT OOpaMJICHIs He3HAYAIMMY HYJISIMUA, KOTOPasi BBIPAXKAETCS U B IPs-
MbIX geficrBusx. [ mpumepa 4.5 4 39.43 # 0004.500 + 0039.43000. Anasormano
06CTOUT JIEJIO0 ¢ YMHOXKEHUEM / JICJIEHUEM.

Jammnoe 06CTOSITETHCTBO HE MOYKET OBITH OCHOBAHUEM IS TUCKPETUTAITNN apud-
METHKH, IIOCKOJIbKY KJIACCUYECKast MaTeMaTHIeCKas [IPAKTUKA He N3TOHSET, HAIIPU-
Mep, MHOTO3HAYHBIN KOMILIEKCHBIH JIorapudM, HO BBIJIE/sIET [VIABHOE €r0 3HAYCHUE
U He 3aIIpPEIaeT H0Jb30BAThCS JPYTUMHU 3HAUCHUSIME JIOTapudMa JJIsl JTAHHOTO ap-
TYMEHTA.

B obmiem citygae seficTBUS HEKOMMYTATUBHBI, HEACCOIMATUBHBI, YMHOXKEHUS He
JUCTPUOYTUBHBI OTHOCUTEJBHO CJIOKEHUS U HE SABJISIOTCS COKPAIEHHBIM CJIOZKEHH-
eM

axin#a+tak -+ a
—_———

n



APUDOMETUKA DR . 9

Cy1ecTByOT 1 I€HICTBHUS ¢ TPOTUBOIIOJIOXKHBIMU CBOWCTBAMM, MBI HE OTBEYAEM.

Onpeneienns AefCTBHUI yCTPOEHBI TaK, YTO JJIs MOJIyIeHUs], HATIPUMED, CJIOYKe-
HUA -+, OTJIMYHOTO OT CJIOXKEHUs -+, HaM JIOCTATOYHO JIMIIL CMEHUTD TaOJUILy ¢;
OJICTAHOBOK CJIOXKeHud -+ Ha Tabyuily ¢y ciaoxenus =, . Tabmunpl nefictBuit BBO-
JIMMOH apU(PMETHKY TTOXOXKU Ha, TAOJIUIBI OOBIYHBIX CJIOYXKEHHUST + U YMHOYKEHHS -
CX0ACTBO B CMBICJIE TEXHUKH BbrYncjeHus cioxkenwnit n3 DR, co cioxenmem +
OyIeT U B CJIOXKEHWH IU(P OTHOTO Pa3psjia, U B HAJUINHN IEPEHOCOB U3 Pa3psaia
[IPEJIIIECTBYIONIET0 BBIYHUCJIEHNS]; IPUHIMIINAIBHO OTJINYINE B HOPSIKE IIPOXOXKIe-
HUs BBIYUCIISIEMBIX Pa3psAI0B — CJIeBa HAIIPABO, & HE CIIPaBa HaJIEBO. 1aKoil mops-
JIOK NIPOJIMKTOBAH BBIIOJHUMOCTBIO JEJICHUS JJIsl JAHHOTO YMHOKEHUs *&* (m u a —
uneHTuUKATOPHI Tab/IUI YMHOXKEHUSI U CJIOXKEHUS B YMHOKEHUU COOTBETCTBEHHO).
Henenne, kak JeificTBrue 0OpaTHOE YMHOXKEHUIO, OKA3aJ0Ch JIETIe OPraHu30BaTh OT
HavYaJIa Jucesl K KoHIy. COOTBECTBEHHO OHO 3aJ1aJ10, KAKUM OBITh YMHOYKEHUIO.

Ot nopsijika TPOXOXKIEHUsT PA3PSIOB OXKUJIAIOTCS IPEUMYIIECTBa, HATIPUMED, B:
YUCJIEHHBIX PENIeHUsIX, UCCJIEI0OBAHUN TJI00AJIBHOIO TOBeIeHUs] (PYHKIIAN, OIpejie-
JIEHHOM WMHTErPUPOBAHWY, UCCJIe0BaHNN (DYHKIINI HA HEIIPEPHIBHOCTH, M3MEPEHUN
pa3MepHOCTENl MHOYKECTB, 3a[AHHBIX (DYHKIUSIMU.

ITopstmok mpoxXoXKAeHNS PA3PAI0B TO3BOJIMI HAJATATH HA TAOJIMIIBI TOJICTAHOBOK
OYEeHb HEMHOTO OTPAHUIEHNH TS T1esTeit oOpaTuMocTu omeparuit. Kazkayro Tabmuiry
T MOYXKHO TIOJIYIUTD TaK: COCTABUM JATUHCKMH KBaapaT F' mopsaka 10 u3 mudp, 3a-
TeM cocTaBUM KBaapaT F’ Toro ke nmopsjaka, HO 6e3 TpeGoBaHNus ObITH JIATHHCKIM;
Ternepb W3 3HAYEHUs] @ sS9efiku xy Tabjuilpl F u w3 3HadeHusi b TOH Ke sueiiku
2y Tabmmnnl F cocTaBuM yTIOPSIOYEHHOE 3HAYEHWE ab M BHECEM €ro B S9eiKy Ty
tabsnnnl 1'; Tpou3Be isi MPONEAYPY I BCEX sideeK, MbI HOJTyduM Tadsuity 1, KoTo-
pyIo Haz0BeM noayaamurckoti'. Ha kaxmyio Tabmuiy F ecTh GOJIbIIOe KOJTMIECTBO
tabmun F’, a Beex Tabiun T — KostoccasnbHoe unciao. OHO U ecTh MOITHOCTL MHOKe-
CTBa CJIOXKeHuil (BbramTaHuil, yMHOXKeHui, nenenuii) apudmerunku DR . Cregyer
VIOMSIHYTh: OIIPE/IeJIeHUs JefiCTBAIl TAKOBBI, 9TO, 3AMEHUB B HUX CJIOBO «Imdpas
HA, CJIOBO «2-CJIOT», W 3aMEHMB 3Ha4YeHHA ddeek Tabuurn F, F/ Ha ynopsaodeHHbie
mapsl udp, 3aTeM, COCTABUB U3 HUX YIOPSIOUEHHYIO Tapy acbd «IBOWHBIX ITUPP»
st Taburusl T(2) MBI JTerko mosryuaenM pacimmpenne apiudMeTHK Ha IefCTBAS 110
tabumnaM Tuna T(2); amasorndueiM 06pa3oM BO3MOXKHO Oy YHTh JEHfCTBHISI 110 Tab-
mumam TGV Ty Boobime TF~) | Miaue roopst, Halta apudMeTHKA JIOIIyCKaeT
pacmupeHre Ha CUeTHOE YHCJIO CJIOXKCHUN W KaXKJO0Tr0 U3 APYTHUX ;LeﬁCTBHﬁS.

Yr06bI apudMeTHUKy CeaTh HOHATHON IITIPOKOMY KPYTY, MBI BOCIIOJIH30BAIUCH
CII0CODOOM HAIIOJIO0OME IIKOIbHBIX JCHCTBUN B «CTOJOUK». DTO IIO3BOJIACT 3aUHTE-
PECOBAHHOMY YHUTATEJI0 HE 3aBUCETb OT 3HAHWS KOHKPETHOTO MaTeMaTHIeCKOI'O
dopmamsma (Mamuabl ThIOpUHTa, HOPMAJIBLHOIO AJIrOpUMMA, KOHKPETHOTO sI3bl-
Ka IIPOrpPaMMUPOBaHUs U 1p.). Tabaudablil hopMain3M BU3YAIbHOCTHIO, KAYKETCS,
HEILJIOXO IOIOINe Ui Testeii onpeaesenus DR .

Paan uzbexkanus myTaHuIb, gaaee Oy/IeM CJIOBOM «TabJIuIay HA3bIBATH TabJIH-
Iy IOJICTAHOBOK, a TabJIMILy—<«CTOJIONK», B KOTOPO BBIIOJIHSIETCS JIedCcTBUE OyIeM
Ha3bIBaTb cemrol.

[IpenmyttecTBOM orpeiesieHuil AeiCTBUN MOXKHO CIATATH TOT (DAKT, ITO BBIUM-
TaHue (JeJieHne) BBIIOJIHSIETC POBHO B TOIl 2Ke CeTKe U IO TOoii ke Tabimie, 4To u

7,ZLJ151 HEOOPATUMBIX CJIOXKEHUSI U YMHOXKEHHsI TpeboBaHHE OBITH IIOJIYJIATHCKON SIBJISIETCS
JIMIITHUM.
8B JlaHHOM paboTe Mbl OrPAHUYUJIIUCH TUIIOM T,
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Tapmuna 2.1. Tabmuna 1T’ apudmerndeckoro geiicraus <.

e 1o T ... 9

0 g’r‘ogro A gT’1g’l‘1 AR g’l‘ngQ
€ gV‘sgrs R gT4g7"4 R grngs
9 g’l‘agTG s gT7§T7 cte g’l"ggrg

coxkenue (yMHOXKeHHE). DTO, TI0 MHEHHIO aBTOPA, MO3BOJISIET CYIECTBEHHO SKOHO-
MHTBH Ha U3yYeHUN apuPMETUKN U JIOKA3ATEIbCTBAX BBIIOJHUMOCTHU JIEHCTBUIA.
Apudmerndeckue JieiicTBAS onpeeaeHbl B pabore ssBHO. Hukakux ajirebpamde-
CKUX WJIN KATETOPHBIX MTOAPOOHOCTEl HEe M3JIaraeTcsl. 3aMHTEPECOBAHHDIN TUTATED
MOKET B34Tb JIIOOYI0 (QYHKIMIO/ ypaBHEHHE 1O KJIACCHMYECKOH apudMeTHKe, U ec-
JIN OHU MMEIOT CMBICJ IIPHU 3aMeHe OObIYHOro JeiicTBus Ha JefictBue u3 DR, on
nosyant byHKIUo/ypasHeHne pasHoobpasus. CrarxkeM, KBaJIpaTuaHas (QyHKIHs
OJIHOI IepeMEeHHOI B cMbICjIe (DYHKIMKA PA3HOOOPA3Ms MOXKET BBITISIIETh TaK:

2
y=axiz"HbxIxr4ec,

rre a, b, ¢ Mmoryt paBHATHCs 0.

Ilo ccbrike —
https://youtube.com/playlist?1list=PLPaIMHkSBU4ViwXm92075wonmAJ7P_2k9
— guTaTeN b HAWIET BHUIAEONpUMEPHI omeparmii. Moxer, KTo-TO Ha#IeT yI00HBIM
nzydenue dopmasmama DRy npegBaputsb mpocMoTpoM HEDOPMAILHOTO BAJIEO IS
YsCHEHU JIOTUKHU OIlepaIiuii.

2.2. Onpenenenne DR u nojcranoBovHOI1 apudMeTHKU.

Onpepenenne 2.1. (Henepenoc u meperoc) Eciu G = {0,...,9} — andasur
mudp, G = {gogo, ..., G1020102} — MHOKecTBO nap 1udp B andasure G u
gg € G”, Torma g Ha3BIBAETCS HEMIEPEHOCOM, & § — TePeHocoM (B Miytammmii (Trpa-
Bblit) pas3psii). N

, i o
Ounpepenenune 2.2. (rabiuma apudmeTndeckoro jgeicraust <)

(1) Iomoxum B 0b6ImEM ciyuae g, # gr. Tabmuneit T apudmMerndeckoro Jeii-
crud g, ¢ gy = gr,Gr; € G” Gyner Tabmna 2.1 na crpanune 10.

(2) B cay4ae, Korja HellepeHOCHI KaxK 10 cTpoKH (cToJI61a) Tab B! IefcTBUS
obpasyror Bce MHOXKeCTBO (7, Takasi TabJIMIa HA3BIBAETCSI MOJLYIATHHCKOM
u oboznauaercst SL.

Bcee tabsumer B.1 crpanuns: 63 — mosrynaTuHCKTE. N

Omnpepenenune 2.3. (DR, kak onepaiun aarebpandeckoit cucremsr) Apudmernka
DR — a0 KoneuHoe cemeiicTBo O GUHAPHBIX OLEpaIyii aaredpanvecKoil CHCTEMbI

A = (R+ (kak JiecsiTUaHbIe 1podu),
0= {O+7O—*7Or—a0*70\70/}7
R={<,><2=}),
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— CeMeMCcTBO cocTodlee N3:

Oy ={+ | “+: Ri —-R. }, peP —  MHOXKECTBa CJIOXKeHMUIt,
O-={7 | “7":Ry Ry}, u€U CP — MHOXECTBa JIEBBIX BHIMHTAHHUI,
O-={o2 | “2": Ri R } uelU —  MHOXKECTBA JICBbIX BLIYUTAHMIA,
O, = {5 | ™ Ri_ - Ry}, v,weP —  MHOYKEeCTBa YMHOKEHMIH,

O, ={\V | “\": R%Z >Ry}, 2,y €U —  MHOXKECTBa JICBLIX JIeJICHMUIA,
O ={7 | “L: Ri - Ry}, z,yeU —  MHOYKECTBa TIPABBLIX JeJICHIH,

e P unmexkcupyer TaOMUIBI CJIOXKEHUSI M YMHOXKEHUS U3 MHOYKeCTBa B TabJmiy
T 2.1, a U — MHOXeCTBO WMHJEKCOB, COOTBETCTBYIOIIUX TaOJIUIAM, 110 KOTOPBIM
BO3MOXKHBI BHIYUTAHUSL U JeJeHUs ([IOJIYJIATHHCKIM). N

A mveer Tin ({21,...,20/},{2,2,2,2,2}), |O| = |P| +2|U| + |P|* + 2|U[*
DTO OrpOMHOE YUCIO B TOYHOCTU Oy/IeT M3BECTHBIM, KOTJIa CTAHET MU3BECTHO YKCJIO
JIaTHHCKUX KBajpaTos 10 x 10.

Kpome ckazaHHOTO BBIIIE, MBI XOTUM IIOJY€PKHYTh, YTO HaIlla apuMETUKa CO-
CTOWUT U3 MIECTH AJrOPUTMOB OIlepanuii (aJIropuTMa CJIOKEHU, . . . , AJITOPUTMA, IIPa-
BOI'O JIeJIeHN ), IPUHAMAIONIUX Ha BXOJ API'yMEHThI-BEIIIECTBEHHbIE YUC/Ia U TabJIu-
el onepanuit, T. . DRy 6ymer 9acTHbIM ciiydaeM nodcmano8ounols apu@memuku.
B onpenesnennn nuke MbI BMECTO aJIrOPUTMa, Oy/1€M II0JIB30BATHCS HOHATHEM (DYHK-
U U TIPEJIBAPUM €0

Onpepenenue 2.4. (tabuna mo7cTanoBok ) IlycTs nmeeM MHOXKeCTBO A BCex CII0B
a = apay ...a;, NMUHBL [;, MHOKecTBO B Bcex cioB b = bpby ...by, AuHBL Iy U

IPOM3BOJIbHOE TOAMHOXKeCTBO C' CIIOB ¢ = ¢oCq ... ¢, MHOXKectBa C' Beex CJIOB
chcy ..., nnunnl I3 — Bee onu B andasure &, — Torga MuHoxkecrso A X B x C
0~1 I3 )

€CThb MabdAULG NOJCMAHO80K, CJIOBA & — CTPOKH, b — CTOJIOIBI, ¢ — 3HAYEHUS AIeEK
ab. <

Ounpepenenune 2.5. (nogcranosouynast apudmernka) [logcranosounas apudmern-
Ka — 3TO KOPTexK

(2.1) A= (X,Y,D, Fy)

u3 X — obsactu onpejiesenns apudmeTruku, Y — ob/1acTu 3HaUeHnil apudMeTuKu
D — mHO2XKeCTBa TabJINI] MOJICTAHOBOK OIpeieeHns 2.4 m MHO2KeCTBa (DyHKIHi

Fy={fi|fi:SixX =Y}, i=1...,NeN,

S; = {(si,...,sf](i)) | s5€ AC D}, q(i)=1,...,Q € N, 1 < j < q(i), kawias n3
KOTOPBIX TIPUHAMAET WHIUBHyaabHoe ducio ¢(i) Tabaur u sneMent u3 X . 4

Ilodcmarosouras B Olpee/IeHIN COOOIIAET O IOACTAHOBKE TaOJIUIL Ollepalyii B
dbyuknuoo f;. Beenerne A C D B ompejiesieHne MHOXKECTBa S; IPOIUKTOBAHO BbI-
JeneHueM B D 1moaMHOYXKeCTBa TaOJIUIL JIjIsI OOPATHBIX ONEPaInii, YTOOBI YTy dIIUTh
COBMECTHUMOCTD C TOACTAHOBOYHBIMHU apudmerukamu onpejenenus DRy u npyrux
apudMeTHK ¢ OOpATHLIMHU OIIEPAITAAMU.

Ounpenesnenne 2.6. (DR, kak nogcranosounas apudmernka) Apudmernka DR
— 3TO KOPTEXK

DR+ = (R?HR-HB)FQl)v
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rae B — mHOX)ecTBO Beex Tabsuir 2.1 ¢ moaMHOXKeCTBOM L TIOJTy/TATHHCKUX TaOJIAIT

u by ={fy, f-, [~ fs Ao Jo } e
fi: BxRL SRy,  fo: BPxRL Ry,
foi LxRY =5 Ry, fir L2 xRY - Ry,
f-: LxR% = Ry, fi L* xR3 - Ry.
N

B DR, ecrp mects aaropurMmos, mo3ToMy ¢ = 1, ..., 6, 9HCIO COOTBETCTBEHHBIX
rabmn, — ¢(1) = 1,¢(2) = 1,¢(3) = 1,q(4) = 2,¢(5) = 2,¢q(6) = 2. Paccmor-
pum cioxkenue + apudmernku DRy no tabnune ¢ momepom p € P. Tlonoxuwm,
oTobpaxenue o : P — B uHjekcupyeT Tabmunsl u si = o(p), Torma +, B mojcTa-
HOBOYHOM olIpejiesiennn Oyzer cyxkenueM fy|y dynxiun fi = fy, ¥ = o(p) x R%,
TTOCKOJIBKY paboTaeT ¢ ofaHO# (DUKCHPOBAHHONW TAaOIUIEH M BCEBO3MOXKHBIMU IIa-
pamu wmcen, a ciaokenne 4+ — filz npu E = o(q) x R3, s1 = o(q). Iycrs
A : U — L wunapgekcupyer TabJIHUIbI, 110 KOTOPBIM BO3MOXKHO IIpaBOe JejIeHHe U
s = A(x), s§ = A(y) Torma %, Bo BrOpoM onpezesennn — 910 cyxenue f|o dyn-
mwn fg = f, ® = A(z) X A(y) x Ri, T. K. IPDUHAMAET JiBe (DUKCHPOBAHHBIX TAOJIHITHI
¥ JBa "nciIa, npoberaomue Bee napbl u3 R

IIporeaypsr Boraucaenuns 3uadennit oneparnuit DRy OymyT onpenesenst B pa3mie-
se «/leficTBusi» 1mocyie HEOOXOANMBIX OOIUX COTJIAIIEHWH W OIpeIe/TeHUiA.

3. OBLIUE COTJIALIEHUS U OIIPEJEJIEHN 1

Cornamenne 3.1. (mecaruunas 3anuchk) Iloj gecaTUYHON 3aIMCBbI0 HEOTPHUIA-
TEJIHOTO JIEICTBUTEILHOTO YHCIa T OyIeM MOHUMATH 3aIliCh

r==xLp...T1L0.T1L3 ...,

B KOTOPOM Xy, . . . £1To — MUPPBHI LEJIO YacTu, HyMepyeMble CIIpaBa HaJIeBO HEOTPHU-
[ATEJIbHBIMHU IeJIBIMU YUCJIAMU, & LT3 ... — UU@PbI JPOOHOI YacTu, HyMepyeMble
CJIEBa, HAIIPABO OTPUIATEbHBIMEA YHCJIAMHU, C MUHYCOM IE€PEHECEHHBIM JIJIsi KOM-
nmakTHOCTH HasepX. [losaraem, uro umciio 0 MOXKET 3aIMCHIBATHLCS KaK KOHEYHAs U
KakK OeCKOHedHasT JeCATUIHAS APOOb. N

Cornamenne 3.2. (nenas, ApoGHast 9acTh uncia) B mpemesax JTaHHON paGOThI
«IeJIasl 9aCTh YUCIa» U «JIPOOHAsS 9aCTh YHUCJIa» — TO COKPAIIEHUE JJIs «yCedeHre
JIO TIEJIOH 9acTh 9ucjiay M «yCedeHue JI0 JIPOOHON d9acTu Iucias. <

st perysisipHOTO MCMOIL30BaHMS B HAIleil paboTe 0603HAUNM IeHCTBUTEIHHDBIE
qucia

9=9Ga ---90-917---9b" - - -,
h=he...hohi...ha ...,
P=Dn ---Po-P1---»
q=4dqe ---q0-917 ---qf7 .-,
MOrymue HadruHaTbCAd HE3HAYaIIUMU HYJIAMM.

(31) R+ =

Cornamenue 3.3. (ynorpebieHus CJIOB «TabJHIa», «ceTKay ) Ecan B ganbHeiinmem
M3JI0KEHUU MbI OyeM mojapasyMmeBarh Tadiuily 1 jeiicTBusi, TO OyjeM NOBOPUTH
«TabIAIAY, a K PAIy APYTUX TaOJINI], UCIIOJb3YEMBIX B OMPEACTCHUIX CIOKEHUN 1
YMHOYXKEHUi OyIeM TPUMEHSITH CJIOBO «CETKa». N
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Ounpepgesienne 3.4. (Boiosnumas cerka) CeTka HA3BIBAETCS BLIIOJHUMOMN, €C/In
OHA MOYKET OBITH 3AIIOJIHEHA IO MPaBUIaM 3aIl0JTHEHUs JAHHOU CEeTKH. N

Ounpenesienne 3.5. (4iensl apudmerndeckoro geiicrsust) JeiicrBuresbHble Yucia
g, h, p B BbIpaKeHUU

gSh=p
HA3BIBAIOTCS YiIeHAMH JeficTBus €, IepBBIM, BTOPBIM U TPETBUM COOTBETCTBEHHO.<

Ounpenesienne 3.6. (arom seficTBust, aroMapHble ypaBHenus) Boipaxkenue
r¢s= (tars =1,
rme r,s € G u (tt),s — smeMeHT aueiiku rs Tabmunbl T NefcTBUS @ HA3BIBAETCS

aromoM jeficTsus a (1o Tabsure T'). Ecim B 1aHHOM BBIpakKeHHN €CTh HEN3BECTHBIE,
OBITH MOXKET, BCe, TO IMeeM aTOMapHOe ypaBHEHUE, IIPU 9TOM BapUAHTEI

(3.2) r¢s = ar,
(3.3) yos = tz,
(3.4) roz = tz,

C HEU3BECTHBIMU T, j?, Y, £ Ha3bIBaIOTCA NPAMBIM aTOMapHBIM YpaBHCHUEM, JIEBOHE-
HU3BECTHBIM aTOMapHBIM M IIPABOHEU3BECTHLIM aTOMapPHBIM YPaBHECHHUAMH COOTBET-
CTBEHHO. <

IIo nepBoMy MBI Oy/ieM HAXOIUTH CyMMY WJIA [IPOU3BEEHHE UMD, 10 BTOPOMY
Oy/eM HaXOJUTh JIEBYIO IU(PY-CllaraeMoe Wik U@ pPy-COMHOKUTEb, 110 TPEThEMY
— mpaByIo Iudpy-ciaaraeMoe Uil mudpy-COMHOKUTEb.

Ounpepnesienne 3.7. (penienne aroMapHbix ypaBHenuil) Pernenuem ypasaenus 3.2
Gyser epuncrsentoe (tt),s, T.e. tt = xZ. Pemenuem ypasnenust 3.3 GyjeT BCIKoe
(tt'),r5, KOTOpPOE Hafijiercd B cToabue s, T.e. T = ¢, y = r'; uHade pelleHUs He
cymecryer. Pentennem ypasnenus 3.4 Gyzer Beskoe (tt'),s/, KoTOpoe Haifijnerca B
CTpOKe T, T.e. T = t', z = §'; UHaue pelIeHns He CyIIeCTBYeT. <

IIpemyioxKM ABHBIM AJITOPUTM PEIIEHUs ABYX ITOCIEIHUX YPABHEHUN TPONKY J1JTsT
ciIydasi, KorJla CyIIecTByeT eJIMHCTBEeHHOe DellleHue.

IIponieaypa 3.8. [Ina euHCTBEHHOTO peIieHus ypaBHeHus 3.3 1o Ttabsmre 1

(1) saittu B croaben s Tabmurpbt T

(2) maiiTu B HeMm 3Havenue tf ¢ HENEPEHOCOM i

(3) ¢ MOJIOXKUTH penIeHneM epeHoca T;

(4) cTpoKy 7, B KOTOPOii HAXOIUTCS HANHEHHOE 3HAUEHUE [IOJIOKUTH PellleHneM
JIEBOIT HEM3BECTHOU TTUMPHI Y. <

IIponenypa 3.9. lns enuncrBennoro pemrenns ypaBuenus 3.4 o tabsuie 1':

(1) =aifitu B cTOKy 7 Tabuubl T

(2) maiitn B HeM 3HaveHmE { ¢ HEMEPEHOCOM t;

(3) t mOMOKUTE permeHneM TEepeHoca T

(4) cromber s, B KOTOPOM HAXOAMUTCS HANAECHHOE 3HAYEHHE II0JIOXKUTD PEIIEHAEM
IIpaBOil HEM3BECTHOH IUMPHI 2. N

IIpeanoxenne 3.10. Vpasnenus 3.8, 8.4 pazpewsumv, 0aa A0bwvix 1,8, t, ecau T
ecmv SL-mabauua. Kpome mozo, sesoneussecmHoe u npasoHeu3secmHoe ypasHe-
HUA TMOYHO B0CCTNAHABAUBAIOM GP2YMEHIBL NPAMO20 0eTCmEUs.
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Zloxasameavcmeo. JloKa3aTeIbCTBO CJIEIyeT MPsIMO U3 ONPeesIeHUs: €CU B KaxK-
JIOH CTPOKE U KaXKJ0M cToJibIe Tabsmipt 1’ cymecTByer Jioboe t € (G, TO ypaBHEHUS
pa3pentuMsbl st JIIOOBIX T, S, t. UTO KacaeTcs BOCCTAHOBJIEHUSI APIyMEHTOB IIPSIMOIO
JIeiCTBUS, TO $ICHO: €CJIN BBIIIOJIHSIETCS YCJIOBUE IOJIYJIATUHCKON TaOJIUIbI, TO 3HA~
qeHue ¢ TAKUM Ha4daJIOM HAXOJUTCHA TOJBKO B CTPOKE T, U HU B KaKOIl JIPYTOil, U B
croJibrie s, u HUKaKoM JpyroM. CiieoBaTesbHO, sl JIeBOHEM3BECTHOIO YPABHEHUS
BOCCTAHOBUTCA MMEHHO 7', & JIJId IPABOHEU3BECTHOI'O — €JUHCTBEHHO S. O

4. JIENCTBUA

4.1. CaoxxeHusi. [ljis cioKeHusi 9ucesl HAM MOTPEOYIOTCs TIOJTOTOBJIEHHBIE CJIa-
raemble.

Omnpegesienne 4.1. (noaroroseHHble st cjoxkenus caaraembie) CraraeMbie g,
h TTOATOTOBJEHBI [JIsI CJIOYKEHUSI, €CJIU ISl HUX BBIITOJIHEHO:

(1) B g, h orGpoIiensbl HE3HAYAIIME HYJIEBbIE IU(DDHI;
(2) uesble u APOGHBIE YACTU BHIPOBHEHBI HYJIEBBIMU [(PAMHU. <

Hanpumep, umeem g = 99.400000, A = 002.13. Torpa (1) g = 99.4, h = 2.13, (2)
g = 99.40, h = 02.13. 3amerum, ecjiz ObI MBI He OTOPOCHJIN HYJIX HA IIEPBOM IIIATe,
TO pe3ysbrar O6bw1 661 Apyrum: g = 099.400000, h = 002.130000.

SageM 4ncjia MOArOTOBIUBAIOTCA! FKcym Jijist OOBIYHOTO CJIOXKEHUS] BEPHO
99.40 + 02.13 = 099.400000 + 002.130000,

TO JIJI BBOJAMMBIX CJIO2KEHUN PABEHCTBO MOXKET HAPYIIUTHCH, IOCKOJIbKY Pe3yIbTaT
3aBUCHUT OT OOpaMJIeHUs HYJISIMU:

99.40 + 02.13 # 099.400000 +, 002.130000.

D710 03HAYAIO ObI, BOOOIIE rOBOPsI, HECKOHEYHO3HAYHOCTh HOBBIX CJIOXKEHMUIA, a IOJI-
TOTOBKA JIaeT HAM OJHOZHAYHBINA Pe3yJIbTaT.

Ha crpanure 63 naxonsrcst TabJIUIbI, UCIOIH3YEMbIE B TAJHHEHIITNX TPUMEDAX.
VIx HETIEPEHOCH — B TOYHOCTH JIATHHCKYE TUATOHAJILHBIE KBAIPATHI B3sThIE U3 23],
a [ePEeHOCHl — IIPOU3BOJIbHBIE [IEPECTAHOBKU UX CTPOK. COOCTBEHHO INOBOpSI, S4deli-
KU MOKHO 3aIIOJIHATH IIPOU3BOJIBHBIME TapaMu udp, HO JJIs Tesiell BHIYUTaHuUs,
BBIIIOJIHUMOTO JIJIsl JIIOOBIX HEOTPHUIATEIBHBIX JIEACTBUTENbHBIX YUCEsI, HAM HYKHO,
9TOOBI B KaXKJOU CTPOKE U KaXKJOM CTOJIOIE CyIIeCcTBOBAJI JII000i Henepenoc u3 G.

Omnpegesienne 4.2. (ciaoxkenue Hadaabubix mudp) IycTs B mociem0BaTe IHOCTH
ceToK HuKe: cuMBoJI B, — ceTka, HaXOI4IIasics ¢ CIpaBa OT HEro, 4epTa | B CUMBOJIe
= | OKAa3bIBAET, UTO CIIpaBa HAXOJUTCHA CeTKa, ¢ — rabiuna neiicrsus, r, r — 1 —
HOMepa Pa3pPs/IOB, gy, N, — HadaJIbHbIE IUMPHI IOATOTOBJIEHHBIX K CJIOZKEHHIO THCE
g, h n3 3.1, Toukn «.» 0603HAYAIOT Hen3BeCTHbIE NGB, HEOOI3ATETBHO PABHBIE,
cuMBOJI | = | 0603HAYAET PABEHCTBO CETOK CJIEBA U CIPABa OT HETO U DpMy_] =
gr + h, — pellleHHMe IPSMOro aTOMApPHOIO ypaBHeHHs. Torma mocjeroBaTeIbHOE
3aII0JIHEHIE CETOK HUKE €CTh CJIOKeHNEe HAYaJIbHBIX IUudp:

A 6|
rlr—l r| r—1
_ 9l _ 9l
(4.) Bo=| =1

| . |mr—1
| prl
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N

Ounpepenenune 4.3. (caoxkenne HeHauaIbHbIX 1dP) [ycTh CHMBOJIBI CETOK HIKE,
coBHaaroIIye ¢ cuMpojiamu u3 4.1, 0603Ha9a0T TO XKe camoe, 9To u B 4.1, u, Kpome
TOrO: gy, hy, — HeHaYATBHBIE TIMPBI TOATOTOBJIEHHBIX Yucesa u3 3.1, m,, — mepeHoc
U3 NPeJbIAyHero paspsdjia, a lplp—1 = In + hn; PnPn—1 = I + My, Mp_1Mp_2 =
Zn,l + Dn—1 — DeIlIeHHbIEe IIPsIMble ATOMAPHbIE yDaBHEHUS, IIPUYEM 771, _2 OTOPOIIIEH.
Torya mociieioBaTeIbHOE 3aI0THEHNE YKA3AHHBIMU PEIIEHUSIMU CETOK HUXKE €CTh
CJIO’KEHNe HEeHAYAIbHBIX 1Tudp:

s | s | s |

6 |
n |n—1 n |n—1 n |n—1 n | n—1
9n | gn | gn | n |
(42)Dn:| hn| |_| hn|_ |:| hn|_ |:‘ hn|_
: | : ln |ln—1 ln |ln—1 ln | ln—l
m”i My My My |
| . | : Pn |13n—1 Pn |]5n—1

- |- M1

,HOHOJ'IHI/ITGJ’IBHO BBeAEM JIJIdd HEHAYaJIbHOT'O Ppa3ps/la paBEHCTBO

6 |
n | n—1 ® |
g’ﬂ| n | n—1
hn n
e e A
ln | ln—l n|
mn| mn|mn—l
pn|pn—1 pn|
|mn—1
IIpumep:
1] 1] 1| 1|
1|O 1‘0 1|0 1|0 1|
0] 0] 0l 0l 1o
_ .0 o _ ;O ,_,0 ,_,0 _
6| 6 6 6| 63
| | 54 514 5]
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Ilpensoxxenne 4.4. Cemku 4.3 Hudce SuiMOAHUMDL.

s |
o 2 fnos |
r |r—1 gn‘ n |n—1
gr| hn‘ gn|
4.3 E, = , Dp= = = &,.
(4.3 7 =l
| |

DTO cielyeT U3 pa3perninMOCTy IPSIMOTO ATOMAPHOTO yPABHEHUST: €CJIN M3BECTHDI
apryMeHTBhI JefiCTBUS, TO Pe3YJIbTaT OIIPeJIeJIeH.

Ounpenesienne 4.5. (cerka cioxkenust) CeTKOl CII0KeHMsI II0IOTOBJIEHHBIX JIeii-
CTBUTEJILHBIX UUCESI OyIeT Tab/IuIa

Tun caoorcenus yudp E. &1 &_—o ... & | &
Tabauya, nomep paspada  ¢; 1 r—2 ... 0 1

Jesoe caazaemoe g L 9 -1 G2 - G0 | 01
IIpasoe caazaemoe h * hy hy_1 hp—_a ... hg | hg
Cmpoxa nepenocos Mp_1 Mp_1 ... Mgy | Mi
Cymma p Pr Pr—1 Pr—1 ... Do | P1

e TUII CJIOZKEHH A — CJIOZKEeHUE HaYaJIbHBIX L[I/I(i)p (E7) HJIN CJIOZKEHNE HEeHaYaJIbHBIX

(En) madp. <

Onpepenenue 4.6. (cioxeHne NeficTBUTEIBHBIX unces, ux cymma) Ciioxkennem
+ JefiCTBUTEIBHBIX Yucel ¢, h > 0 Oyzer BBIIOJIHEHUE IIATOB:

(1) momgroroBurs umcia g, h;

(2) BBITOTHUTH TIO TabIHIE ¢; cnoxenne HadaabHBIX TP E,. = g, + h, =
DrMy_1; HEIIEPEHOC P, €CTH T-asl M Pa Pe3ysIbTara p; [IEPEHOC 1M,-_ 1 BHECTHU
B CTPOKY IIEPEHOCOB, B cToJiber 1 — 1;

(3) g Bcex CIeyIOnmX BIPABO UMD Jn<ry Mp<y MOCIEIOBATENHHO, HAUNHAS
¢ mudpsl 7 — 1, BBINOTHATE IO TabMHIE ¢, CIOKEHNe HeHATAJTLHBIX QD
En = Dn = (gn £ hn) + my, = ppMmy,_1; C HElEPEHOCAMY P, U IIEPEHOCA-
MU Myp—1 HOCTYIUTH AHAJOIMYHO IIPEABbIAYINEMY IIary; €CJIu cjlaraeMble —
KOHEYHBIE APOOH, TO IEPEHOC CJIOXKEHUS MOCTAETHUX IUdP 0TOpachIBACTCS;

(4) orbpachiBaeM He3HAYAIINE HYJIU Y BCEX TPEX YUCEJI, €CJIA TAKOBBIE HMEIOTCS.

CTpoKa p = pyrPr—1...P0-pPi ... €CTb CyMMa g + h. N

IIpusenem mpumep cnoxenusa 99.8000 4; 004.57. IIpomenypa IOATOTOBKH cCila-
raembix: 99.8 + 4.57 (orbpocwin Hesnauarmue myau), 99.80 4 04.57 (BbIpoBHsLIN
cjlaraeMble).
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ITpumep 4.7. Caoorcenue wucen 99.8 4+ 4.57 = 31.19.

E150|515§ Eq Do Dy Ds E150|51 3
210|123 o ot ilz als 2iolia
+99|80 9| 9| 8| 0| +99|80
204|557 0| 4| 5] 7 204|57
B |2 0|6 6/9 5|2 2164
T 3 2 6 4 51119

119 116 9|7

T

Wnn onpobuee st E1, & B TepMuHax nmpeobpaszoBaHuil CETOK:

Eq Eq

2| 2|

1|0 1|O

9] =19

0] 0]

|- 2

. 3]
Eo Do Do Do Do Eo
ol1 ol1 ol1 ol1 ol ol
9] 9] 9| 9| 9| 9]
4l =14l I=141 |1=14 I=14 |=1 4
2| T 0/6 0[6 0[6 2(6
T 2| 2| 2| 2| 1]

T T 19 19
|

: B |6
Bo uzbexxanue HenopaszyMeHuit IpuBeIeM CJIOKEHUE OJHOPA3PAIHBIX YHUCET § U

h. Ecinu pp 3nadenue sueiiku gh, To umeeM cymMMmy g + h = p. Bmecre ¢ npumepom
110 TabJiuiie 2 3TO BBITVISJIAT TaK:

ol ol ol ol
2=l 9= g =1y
_hl _hl 2 2L
| Pl | 1

Teopema 4.8. Cuoorcenue + onpedeseno oan mooux g, h € Ry, npuvem g + h =
peRy.

Loxazameavcmeo. U3 4.4 caenyer BoimosHuMOCTD E,.. MBI 0Ty Ynn mepexoc m,._q
JUTsT pa3psifa r — 1, CIeIyIonero 3a HAYaJIbHBIM T, TAKUM 00Pa30M, y HAC €CTh BCe
apryMeHTbI iUl BBITOTHUMOCTH &, tpu n = 1 — 1. IIpenmnonoxuM, 9T0 BBIIOTHE-
HBI CETKU 110 pa3psij d. DTO 3HAYUT, YTO U3BECTEH IEpeHoC Mmy_1. CienoBare/ibHO
ceTka £q—1 BBIIOTHNMA. V1 HaKoHer, poreypa CJIOXKeHns 000l mape mudp gf,
hy cmaraeMbIX Beerjia comnocTapisdeT mudpy py € G, 1aBad 3aMUCh—IeHCTBATEIHHOE
9UCJIO. (]
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4.2. Bpranranuda. Beenem 0603HaUYeHUs 1y BBIYUTAHAN, ecyd g + h = p:

p7 g=h — JeBOoe BBIYUTAHHE WU BBIYUTAHUE JIEBOI'O CIAraeMoro,
p7h=g¢g — mpaBoe BEIYUTAHNE WM BBIYUTAHNE IPABOTO CJIArAE€MOro,
p—a=>b — BbluuTaHue 6€3 PA3INIEHUA CTOPOHBDI.

MBI TIepeHec/In IPUBLIYHBIA HOPAIOK YI€HOB OOBIYHOTO BBLIYUTAHUS HA HAIMHM BbI-
YUTAHUS; TEPMUHOJOIMIO HOCTPOUJIN 1O NPUHIMIY T€OPUU GHHAPHBIX CHCTEM, HO
obpalraeM BHUMAaHHUE, 9TO B JUTEpaType UCHOJb3yeTcs JAPYTOH MOPAJIOK WICHOB.
Hanpwnmvep, BRUCK [24] npusoswr:

In a halfquasigroup G, left-division (\) and right-division (/) are
defined by the requirement that the equations ab = ¢, a\c = b,
¢/b = a are equivalent; all hold or none hold.

HawMm npejcrasisercs 6osee Ba>KHBIM COXPAHUTD IIPEEMCTBEHHOCTD ¢ OOBIYHBIM BbI-
YUTAHUEM, B IIEPCIIEKTUBE UCIIOJIH30BAHUS BLIYUTAHUI BO BCEX AJT€OPANMIECKUX BbI-
PaXKeHUsIX ¢ OOBIYHBIM CJIO2KEHUEM U YMHOXKEHUEM, XOTsi Obl 9TO U BHOCHJIO HEKO-
TOPYIO JIOJII0 PA3HOYTEHUS.

Onpepenenue 4.9. (OArOTOBIEHHBIE WIEHB BhlunTanus) Yucaa p, u f = gV h
Ha3bIBAIOTCA IOJATOTOBJIEHHBIMUA K BBIYMTAHUIO — IO CJIOXKEHHIO -, €CJIH OHU IIPO-
IIIJTN TIOATOTOBKY B ompeiesiennu 4.1, B KOTOPOil CUMBOJIBI ¢, h 3aMEeHEHBI CUMBOJIAMUI

D, f- 4
HaLIHeM OHpe,HeHeHHH C BbIYUTAaHNUYA JIEBBIX HaYaJIbHBIX M1 HEHaYaJIbHBIX H‘I/I(i)p

Omnpegesienne 4.10. (neBoe BoruuTanue HadaabHbix 1udp) I[lycTh Bee CUMBOJIBI
CeTOK HUXK€e MMEIOT TOT Ke cMBIc, 9To u B 4.1. Torna BoccTaHOBIIEHWE CETKH CJIO-
2KEHUsI HAYAJIbHBIX UMD

s | s |

r |r—1 r | r—1
(4.4) F=) o = ol -
. he|
| - M1
Prl Pr
peleHreM IPAaBOHEN3BECTHOTO YPABHEHUS! G+ Ay = P11 €CTH BHITUTAHUE JIEBBIX
HaYaJbHBIX UdP. N

Omnpepenenne 4.11. (neBoe BhIUnMTaHWE HeHadadbHBIX 1Udp) Ecam Bee cumpo-
JIBI CETOK HUKEe MMEIOT TOT K€ CMBICJ, 4TO U B 4.2, TOIJja BOCCTAHOBJIEHUE CETKU
CJIOYKEHUsI HeHAYAIbHBIX 1D

| 6 | ¢ | 6 |
" |n71 n |n71 n |n71 n | n—1
n | gn | In | gn |
. . h h

Sh= - —l == — =)o el

. . ln | . ln |ln71 ln | lnfl
m"i M| My, | M|
Pn |7 Pn |ﬁn71 Pn |pn71 DPn |ﬁn71

| . | . |mn,1
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[IOCJIeIOBATE/IHBIMA PEIICHUMI YPABHEHNHN: JIEBOHEH3IBECTHOTO [y, + My, = DpPr—1,
IIPABOHEU3BECTHOIO ¢p + Ny = Ll 1, IPAMOTO ly_1 + Pr—1 = Mp_1Mp_2 — €CTh

BbIYUTaHuE JIEBBIX HEeHaYaJIbHBIX U;I/ICI)p

IIpumep

;| i 1] 1]

1‘0 1|0 1|O 1‘0 1|

0] 0| 0 0| 1o
: : 0 0 0

St ===l =I5 1 =1 1= 15 =1 o

6| 6| 6| 6| 6/3
5. 5[4 B4 B4 5|

B |- - 3

AHajgoruyHo CIIOXKEHUIO BBOJIUM

6 |
n |n-1 |
gnl ﬁ
(4.5) Sh=l—=——l=1 " =7
M| Moy |.
pul . Pol

N

ITpengioxxenmne 4.12. Cemxu 4.4, 4.5 048 410061 Py, My, Gy, U = TV N GBINOA-

HUMDL ecat @ asasemcs S L—mabauuyed.

DTO TPUBUAIBHO CJIEAYET U3 YCJIOBUI PA3PEITUMOCTH ATOMAPHBIX YPABHEHUI.

Onpepenenne 4.13. (cerka BeIamuTaHUS JeBOrO caaraemoro) CeTKoi JIeBOro Bbl-

YUTAHUS [TOATOTOBJIEHHBIX JEHCTBATEILHBIX YnCes OyaeT Tabuia

Tun sviuumanus yugp Y Y F ]-'%
Tabruya, womep paspada  ¢; ,  p—1 2 0 i
Jesoe crazaemoe g L 9 91 gre2 go | 91
IIpasoe caazaemoe h ’

Cmpoxka neperocog

Cymama p Pr Pr—1  Pr-1 Po | P1

1€ TUII BbIYUTaHUA — BbIYHMTAaHUE HaYaJIbHBIX H,I/I(bp (F,l,) I BbIYUTaHUE HEHa-

qapHbIx (F)) mudp.

N

Onpepenienune 4.14. (yeBoe BbIUUTAHUE JEHCTBUTENBHBIX UHCEJN, UX PA3HOCTH)
JleBbIM BbIUUTAHMEM (BBIUATAHHEM JIEBOTO CJIaraeMoro) p g = h Jyuisi jeficTBu-

TEJIBHBIX IUCes P, ¢, h > 0 Oymer BBIIOJHEHNE IIAr0B:

(1) momgroroBurh UmCIA P, g;

(2) BBIMOMHUTL 1O TabMIUIE ¢; BOCCTAHOBIEHME CIOXKEHHsI HAJAIBHBIX IH(P
Fl = g, + h, = p,m,_1; mudpa h, ects r-as mudpa pesyabTaTa h; IepeHoc

My_1 BHECTH B CTPOKY IIEPEHOCOB, B cTOJIOEI 1" — 1;
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(3) mig Bcex ciemyOmuX BIPABO UMD Pp<r, Jn<r MOCIEIOBATEIHLHO, HAUU-
Hag ¢ IUdPHI r — 1, BBITOJHATH IO TaOINIE ¢; BOCCTAHOBJICHHIE CIOKEHHA
HeHauabHbIX mubp F, = S. = (g + hn) + My = ppmy_1; ¢ mabpamu
hy, u mepeHocaMu M, _1 MOCTYIUTHh AHAJOTUIHO MPEIBIAYIIEMY IIary; ec-
JIX cJIaraeMble — KOHEUYHbIe JIpO0OH, TO TIEPEHOC CJIOXKEHUS [TOCTeHUX 1Tudp
0TOpaChIBAECTCST;

(4) orGpaceiBaeM HE3HAUAIIME HYJIM Y BCEX TPEX UHCEJ, €CJIU TAKOBBIE IMEIOTCSL.

Crpora h = hyhy—1...ho.hi... ecTb pa3uocts pr; g = h. <

IIpusenem npumep Berautanus 31.1900 - 99.8000. IIponenypa moaroroBknu cia-
raembix: 31.19 — 99.8 (or6pocuin HezHavamme Hyan), 31.19 — 99.80 (BbIpOBHsIIN
cylaraemble).

ITpumep 4.15. Jlesoe svivumarue wuces 31.19 — 99.80 = 04.57.

rrlrr R st st st v 7|7 R
210lia o ot iz 33 2i1olia
99|80 9 9 8 0 99]8 0
L o 4 5 71 To4ls7
. 2 06 69 52 206 4
31(19 3 2 6 4 3119

9 16 o7

6 |4 T

Wnu nmoapobuee Jiy1st Fll, ]-'é B TepMMHAX IIpeoOpa30BaHMUil CETOK:

Fi Fi

1|O 1|0

9 =19

N 0l

|- 2

3| 3
F S} S} St S} F
2| 2 2| 2| 2| 2]
ol1 ol1 ol1 ol1 ol1 ol1
9| 9| 9| 9| 9| 9|
d =0 =0 =14 =14 [=] 4
2|. - 0. 0/6 0[6 2(6
1 2| 2| 2| 2| 1]

1. 119 19 119

- B B |6

Omnpepnesienne 4.16. (upasoe Bbrunranve HadaabHbiX 1udp) Ilycrs Bce cumBo-
JIBI CETOK HIKe MMEIOT TOT ke cMbicy, 4To u B 4.1. Torma Boccranossienne ceTku
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CJIOYKEHUST HA9aIbHBIX [dP

s | 6|
r| r—1 r| r—1
r_ - gl _
(4.6 S I T N B
|- |mr—1
prl prl

peleHneM JIeBOHEN3BECTHOTO YPABHEHUS g+ Ay = DpMy—1 €CTH BBITUTAHNE IPABBIX
HAYAJIBHBIX TUOD. N

Ounpenesienne 4.17. (upasoe BblunTanue HeHada bHbIX 1udp) Eciu Bce cumBo-
JIBI CETOK HUKe MMEIOT TOT K€ CMBICJ, 4TO U B 4.2, TOrJa BOCCTAHOBJIEHUE CETKU
CJIOZKEHUSI HEHAYAJIbHBIX P

¢ | ¢ |

) | [ ‘

" | 1 n ‘ n—1 n ‘ n—1 n ‘ n—1

] - gn | gn |

h h h h
A T " .Y E— .Y S 1

. I ln ‘ ln ‘lnfl ln ‘ lnfl

m"} My, | My, | My, |

b | . Dn ‘ﬁnfl Dn ‘ﬁnfl DPn ‘ﬁnfl

‘ : ‘ . ‘mnfl

[IOCJIE/TOBATEIBHBIMA PEIIEHUSMI YPABHEHUI: JIEBOHEM3IBECTHOTO 1), + My, = DpPr—1,
JIEBOHEU3BECTHOIO ¢Gp, + hy = l:l,,—1, upsiMoro l,_q1 + Pp—1 = Mp_1Mp_2 — €CTh

BBIUMTAHUE IIPABBIX HEHAYAJIBHBIX ITUMP. N
IIpumep

1] 1] 1] 1]

1lo 1lo 1lo 1lo 1]

] ] 0f 0 1o

r_ O _, 0 ,_, 0 ,_,0 ,_,0 ,_

6| 6| 6] 6| 6/3

5|.7 S\i 5|i 5|i 5]

| | | 3

Kaxk JJId CJIO?KEHHA M JIEBOI'O BBIYUTAHUA HaM HOHa,D;O6I/ITCH

s |
n |n71 P |
: | n |n—1
r hy, . r
@) S=lt—l=l g 1= A
My M|
Pl
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Ilpensoxxenne 4.18. Cemxu 4.6, 4.7 0as a1060x Py, My, By, 4 =TV 1 601N04-
HUMDBL ecat @ asasemcs S L-mabauyed.

Hoquy TaK IIPOUCXOIUT, MbI OO'bSICHSIJIM B JIEBOM CJIy4dae.

Ounpenesienne 4.19. (cerka BbluuTaHus IpaBoro ciaaraemoro) CeTkoii IpaBoro
BBIYUTAHUS TO/ITOTOBJIEHHBIX JIEHCTBUTEILHBIX THCes OyIeT Tab Ul

Tun evivumanus yudp Fr A Fro o FO|F
Tabauya, nomep paspada  ¢; 1 F_2 ... 0 1

Jesoe crazaemoe g n

IIpasoe caazaemoe h * hp hy_1 hy_o ... hy| hy
Cmpoxa nepenocos

Cymma p Pr Pr-1 Pr—1_ .-+ Po | D1

rJe TUI BBIYUTAHUSA — BblYMTanue HavdaabHbix mudp (FL) win Berauranue HeHa-
qasbHbIX (F) mudp. <

Omnpenesienne 4.20. (1paBoe BblYUTAHUE JEHCTBUTEIBHBIX YUCE], UX PA3HOCTD)
[IpaBbiM BblYnTaHEEM (BBIYUTAHUEM [IPABOIO CJIANAEMOro) p 7 h = g JJid jeficTBu-
TeJIBHBIX 4uces p, h, g > 0 Oy/ieT BBIIOJHEHNE IIAr0B:

(1) momroroButk umcya p, h;

(2) BBIMOIHUTL 1O TAbGIULE ¢; BOCCTAHOBIICHUE CIOXKCHHS HAYAILHBIX LHQP
Fl =g, + hy = prm,_1; nudpa g, ectb r-ag mudpa pe3yJbTaTa ¢; IEPEHOC
M,_1 BHECTH B CTPOKY MIEPEHOCOB, B cToJiber r — 1;

(3) mig BCcex CieIyiomuX BHPABO HUMDD Pr<ry Rp<y IOCIEIOBATEILHO, HAUU-
Hasl ¢ TUMPLI 7 — 1, BBIIOJHUTD 110 TaO/IUIE ¢j BOCCTAHOBICHHE CIOKCHHS
HeHauaJbHBIX 1P Fir = S = (gn + hn) £ My = DuMy—1; ¢ nudpamu
gn ¥ TIEPEHOCAMU M,_1 MOCTYIHUTb AHAJOTUIHO IIPEIBIAYINEMY IIary; ec-
JIX cJIaraeMble — KOHEUYHBIe JIpOOH, TO TIEPEHOC CJIOXKEHUS TOCTeTHUX 1Tudp
0TOPAaCHIBAECTCST;

(4) orGpacekiBaeM HE3HAUAIIME HYJIN Y BCEX TPEX THCE, €CJIN TAKOBBIE IMEIOTCSL.

Crpoka g = grgr—1--.90.97 - - - €CTb PA3HOCTb p 7 h = g. <

IIpuBenem npumep Bbrautanust 31.1900 5 004.57. IIponenypa mOAroToBKN ciia-
raembix: 31.19 5 4.57 (or6bpocuiu Hesmadamwe Hysnu), 31.19 5 04.57 (BbIpOBHSIN
cllaraemble).

ITpumep 4.21. Ilpasoe svivumanue wucea 31.19 5 04.57 = 99.80.

G T - ry 7|7y s
2101 3 to o ilz 23 21 0l1 3
R 99(8 0
045 of 4 5 7  TRoa|57
.. 2 06 69 52 206 4
311 3 2| 6 4 31[19

19 16 97
N
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W nogpoduee nng Fy, F§ B TepMuHax IpeoOpa30oBaHUl CETOK:

ol ol
2| 2|
1o 1lo
J =19
0 0l
| 2
3 3
5o So So So S 5o
2| 2| 2| 2| 2| 2|
ol 0|1 ol ol olt ol1
| | | 9| 9| 9
Al I=1_4] I=14 =14 [I=14 1I=1 4
2]. . al. 0[6 0[6 206
1 2| 2| 2| 2| 1]
1] 1]9 1|9 1|9
| B - 6
Teopema 4.22. (1) Ecau daa mobwx p, f € Ry swnoanumo p — f = d, mo
dER,.

(2) Ecau mabauya ¢ — noayaamunckas (SL), mop f =dy up o f = do
BHINOAHUMDL 00HOBPEMENHO s M00bx p, f € Ry .

Jokasameavemeo. (1) Ecim Berauranne BBIIOJIHIMO, TO OHO I paM apryMeHTOB
p, [ paspsga k craBuT B cooTBercTBHE UMDY pe3yibraTa d TOTO XKe paspsjia, a
nockonbky p, f € Ry, o d € Ry

(2) Yenosus seimonnumoctu F, F—ceTok paccMorpensl B npeiozkenusx 4.12, 4.18.
Tak Kak BbIYNTAHNE WHTEPIPETUPYETCS KAK BOCCTAHOBJIEHHE CJIOKEHUS, TO IIPUH-
IIUII JIOKA3aTEJIbCTBA BBITOJTHUMOCTH CJIOXKEHUs [IEPEHOCUM B JIAHHOE J[OKA3aTesIb-
CTBO, CJIeIOBATEJILHO TEOPEMA JIOKA3aHA. O

B xakoM OTHONIEHNH HAaXOJATCS CJIOXKeHHe + U BbluuTaHue —! Paccmorpum
cnoxenue 04.50 4 39.43 = 06.12 mo Tabsuue 2 ¢ JIEBBIM U IIPABBIM BBIYUTAHHEM
JJ1s HeTO, IPeJICTaBJIeHHbIMI B TpuMepax 4.23, 4.24

ITpumep 4.23. Bwuivumanue saeozo caazaemozo 6.12 - 4.5 = 3.43.

232100123 ot 1z 33 23210123
450 4 5 0 4150
- 3
Jo. 3 4 3 3143
.. 8 97 o7 180
612 6 8 0 6|12
15 20

0 7
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ITpumep 4.24. Buuwumarue npasozo caazaemozo 6.12 7139.43 = 4.5.

2 1o0lizs 1lo olt il 33 2 10lizs
ool o A s o oso
39143 3] 9 4 3 39|43
.. 7 93 97 07 780
o612 o 7 8 o 0612
63 15  2[0
8 |0 |7

MpbI BumuM, 9TO MpaBOe BLIYUTAHNE BOCCTAHAB/IMBAET JIEBOe cjaraemoe 4.5, HO
JIEBOE BBIUNTAHNE He BOCCTAHABJ/INBAET IIpaBoe ciaraeMoe 39.43, xors cymma 4.5 4
3.43 = 6.12 o npyromy HaiijieHHOMY 3Ha4deHUIO 3.43 BepHa.

[Touemy st0 mpomsomuio? Beramranue ompejieser OJHOZHAYHYIO HOJATOTOBKY
4JIEHOB, TaKylo, KoTopas B ciydae 6.12 5 4.5 = 3.43 "e Haxo/uT 3HaYaIUX udp B
paspsizie 1, BujuMbIe €10 B IpaBoM BeauTanuu 6.12539.43 = 4.5. Nnade rosops, Jte-
BOe BBIMUTAHUE C JIOIMCAHHBIMYU BIIEPe/IN HYJISIME j1a710 Ob1 nckoMoe 06.12 04.50 =
39.43. Benga yder He3HAYAIUX HyJIel, Mbl BOCCTAHABJINBAJIN OBI cjlaraemoe Jo00it
CTOPOHBI, HO y4eT TpeOyeT 3aTPaTHBIX YCUINI CBEPX CJIE’KEHHS 38 HEKOMMYTATUB-
HOCTBIO, HEACCOIMATUBHOCTHIO, ITOITOMY JIJIsI Hadasa IpejjiaraeTcsa paborarb 6e3
Hero.

Teopema 4.25. [Iycmo umeem g+ h = p ¢ mabauyed ¢. Tozda, ecau ¢ — noayaa-
munckan (SL), mop~ g =h, p7h = g, dasa mobwx p, g, h € Ry, npu nadaescauem
06PAMACHUU HESHAMAULUMU HYAAMU, k0204 90 HeobTooUMO.

Joxazameavcmeo. Pacemorpum coydait

g+th=p P79
¢ r r—1 .. O | ¢ r r—1 .. O|
GrGr—1 -+ 9o | Grgr—1--- 9ol
+ + ,
Cheheo1 . ho| L L
mey_q1... m0| . el |
DPrPr—1 --- Do | PrPr—1 - - - Dol

KOIJIa TIeJIble YaCTH IOJNOTOBJECHHBIX TJIABHBIX YJIEHOB BBIUMTAHWS COBIAJAIOT C
9aCTIMU OJHOMMEHHBIX WIEHOB cjioxkeHus. Ecim B yi000it ctpoke g, € G Tabinib
¢ mmoboe Hagaso p, € G 3HAUCHNs SUCHKH BCTPEYAETCS TOIBKO OHAZKIBL, TO OHO
OyzeT B crosibne h, 1 HUKaKoM aApyroMm. PacnpocrpaHsis 3To paccyzk/ieHnue Ha HeHa-
YaJIbHBIE PA3PS/IbI C JTOJIZKHBIMI 3aMEHAMHU CJIOB «CTPOKA U» Ha CJIOBO «CTOJIOEIT W»
1 Hao60pOT, MBI IPHUJEM K 3aK/IIOUEHHIO, YTO B Pr; ¢ = h BOCCTAHABIUBAECTCH 1leJIas
qacTb h,yh,_1...hg 1 TOJIBLKO OHA.

ITo xomy Hamwmx paccyKjeHuil Jjis HeHAYAJbHBIX udp, MBI JOJKHBI ObLIA 3a-
METHUTH €Ille OJIHO: €CJIN CJIOYKEHUE NMEeEeT IEePEeHOC My TO TAKOH Ke ImepeHoc Oyaer
UMeTh BLIYUTaHHE B paspsae s. CiaenosaTenbno, n IpobHas JacTh yucia hihs ... hy
BOCCTAHABIMBACTCS] BBITUTAHUEM OJTHO3HATHO.

AHAJIOTUYIHBINM PE3YJIBTAT MOJIYIAEM JIJIsl IPABOIO BHIYUTAHMUS.

9STO SKBUBAJIEHTHO YCJ/IOBUIO TE€OPEMBI, IYTO UMEEM SL-TaGJH/IL{y.
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Korja moaroToBka riiaBHbIX apryMEHTOB BBIYHTAHUS JIAeT 60Jiee KOPOTKUE, YeM
B CJIOYKEHUH, IeJIble YacTH (IIepBBIC JIBE CETKU) —

g+th=p P79 gth=p
v or-1 o k.0 | O kk—1 .. 0ol -1 .. k .. 0 |
9rGr—1 -+ gk «-- 9o | 9k Gk—1- - 9o| 070r—1 «.. gk --- 9o |
+ 1, +
St hi e hol o U T hhely . b ... ko
Myp—1... Mg .. Mgl | Myp—1... Mp... Mgl
PrPr—1 --+ Dk --- Do | DkPk—1 - - - Do 0,-0p—1 ... Pk -~ Do |

— TO p ¥ g HAYUHAIOTCs HYJIAME (TPeTbs CeTKa). SHAYUT, JOIKUCAB HYXKHOE YHCIIO
HyJleil crepe/id K IOJATOTOBJIEHHBIM IVIABHBIM apr'yMEHTaM BBIUYATAHUA, MBI IIOJIy-
9UM 3allUCH, UJIEHTUYHbIE 3aIIUCAM OJIHOUMEHHBIX YJIEHOB CJIOXKEHUS; JIJIT HUX MbI
IIOBTOPSIEM JI0KA3aTEIbCTBO IIEPBOM YaCTH.

IToBTOPpOM MMEOIMUXCST TPUEMOB K JPOOHBIM YaCTSM U ITPABOMY BBIYUTAHUIO MBI
3aBepIINM JJOKa3aTeJIbCTBO TEOPEMBI. g

4.3. YMHO>XKeHus. YMHOXKeHne OyeT 0003HaIaThCs JTHO0 CHMBOJIOM *j, JIHOO -,
KOTJ1a TIocieiHuil OyieT yao0Hee st YTeHUs.

4.3.1. Ilodzomoska wucenr ® ymHooceruro. 11oAroOTOBKA ONPEIEUT, CKOJIBKO OyIeT
nudp B COMHOXKHUTEJISIX IIePe)l YMHOXKEHUEM U KOJUYECTBO Iudp B OYIyIIEM IIPO-
U3BEJIEHUN U U3 MHOXKECTBA IIPEJICTABJICHUIl COMHOXKUTE e, 0OpaM/IEHHBIX HE3HA-
JaIUMU HYJISIMH, BBIOEPET OJIHO, YeM 3aJIaCT OJHO3HATHOCTH YMHOYKEHMUSI.

Ilpouenypa 4.26. s qucen 3.1:

(1) orGpocuTh HE3HAUAIME HYJIW y TEJOH M IPOOHOI HvacTeil COMHOKUTEEH,
HOJIYYUB §g<q’; Ne<er — CTapHne 3sHavantue TUdPLL, gy >pr, har>q — Mtau-
e 3Hadgarye udpbl KOHEYHBIX JIpodeit;

(2) mocumrarh HOMED € crapineii udPbI g HEJIOH YaCTH IIPOU3BEICHUS §:

e=a+c+1;

(3) ecsm xoTst ObI OJMH COMHOXKHUTEJb SBJISIETCsl GECKOHEYHOi IpO0bIO, Hepeii-
TH K IIary 5, uHadYe MOCYUTATDH JJIMHY L BBIPDABHUBAHUS IIOATOTOBJIEHHBIX
YJIEHOB KaK

L=max{a+ V| +1, c+|d"|+1, e+1=0a+c+2};

(4) BBIPOBHSTH BTOPO¥ COMHOXKUTENb 1O JyinHe L, B IpOGHO# YacTh 1onuchBast
He3Hadallye HyJIN, TOJIyIuB

9g=4Ga---90-91 - - 9b,
N—— —

L
h=he.. hohi...ha,
—_————

L
a+c+2

—
9=4Yqe---90-91---4f
— —

L

(4.8)

1 OCTaHOBUB IIOAI'OTOBKY YJIEHOB YMHOXKEHUNA;
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(5) aprymeHnT-KOHEYHYIO JIpO0b, €CJId MMEETCsl, JONOJHUTL B JApPOOHOH yacTu
HE3HAYAINNMY HYJISIMA JI0 OECKOHEYIHOM IPOOU U 9UCIaMU BUIA

9=ga---90-91- -
(439) h :?hc...hﬂ.hi...,
a+c+2

A,f_-A__\ B
qd=4(qe-.-q90-97 - - .
3aBEPIINUTH IIOJATOTOBKY YJIEHOB YMHO2KE€HU . <

Ounpenesienne 4.27. (cumpodst nogrorosku) Cumsossl a, b, ¢, d, e, f u3 npouemy-
Pl 4.26 HA3BIBAIOTCA CUMBOJIAMH MOATOTOBKU K yMHOXKEHUIO, [ — JIJIMHON BBIPaB-
HUBaHUS, a duciaa g, h, g mocie JaHHOH IPOIeyphl — IIOArOTOBJICHHBIMU YJIeHAMUI
YMHOKEHHUSI. N

IIycts Tpebyerca ymuox)uth g *; h = 00.120 *} 034.5670 = ¢. 3anuniem B Tab-
JINIIAX HUYKe JIEBBIII COMHOXKUTEJIb BBEPXY, IIPABbIN IIOCEPEIHE, PE3Y/ILTAT OyIeT
pa3MemaTbCs HI2Ke IO 9€PTOii:

A B C D
43210/12315 43210(12315 43210(12315 43210|12315
g, 00[120 R R . 0[1200
h? 0345670 J 34567 J 34567 I 34|567
p | | ] .

Beimosiasiem orbpachiBanne He3HaYAIUX HyJIel, noaydas B npuMepe 0.12 x4 34.567
(xkosmonka B). Cauexyromum marom 6yJeT BbIYHCICHHE HOMEpa Da3psija craplieil
1 pbl 1eJI0i YacTu npousseaeHud cioxenueM 2 = 1+ 0+ 1 (B npumMepe B KOJIOHKe
C orMerwau ee W BCIO LEJIYI0 YacTh TOYKamu). J[JIMHA BbIDABHUBAHUS PABHSIETCS
L=max{0+|—-2|+1, 1+|-3|+1, 24+ 1} = 5. B D noAroroBka KOHEYHBIX
npobeit 3akonyuena gonucoiBanueM 00 y ¢, ZIONUCHIBAHUEM JIBYX TOYEK Y .

Eciu 661 xXoTs1 ObI OJUH COMHOXKHUTEJH OB OECKOHEUHOHN IpOOBIO, HAIPUMED,
00.12 ¢ 034.(5), TO 1OCJIE BBIYUCIIEHUS] € MBI [P Obl K JOIIOJHEHUIO JIPYIoro
COMHOXKUTENST 0 OECKOHEYHOU JIpOOH JIONMUCHIBAHIEM HE3HAUAIIUX HYJIeH C IT0Iy-
JeHUEM

A B C D
43210]123 ... 43210|133 ... 43210]123 ... 43210(133
U P P . 0[120
h’ 034|555 ... I 34|555 ... I 34555 ... I 34555
g | | ] T

IIpoussenenue q Toxke OyaeT GECKOHEYHOM JIPOOBI0. A TIOJIrOTOBJIEHHBIE K YMHOMXKE-
HUIO OJHOPAa3PsiIHbIE COMHOYKUTEJIH-TUC/IA He TPEeOYIOT 0TOpaChIBAHUSI HE3HATAIINX
Hyseit — myctasg B — u ganyT

A B C D
43210(12345 43210‘1?3215 43210|I§3215
0 0 ~ 00
% 4} " 4} " 4{0

LI
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nockombky € =0+ 041, L=max{0+ (0] +1, 0+ (0] +1, 1+ 1} =2

4.3.2. Vmnoorcenue. Kak B OOBITHOM yMHOXKEHUU, MBI CHa4YaJa OyIeM IIE€PEMHO-
JKaTh IMUMPBI OJIHOTO CJIATAEMOr0 Ha, BTOPOE CjIaraeMoe, a 3aTeM CKJAJbIBATH O~
JIyYEHHBIE [IPOU3BEIEHNS, UCIIOJIb3YsI MOIUMDUKAIIAIO CIIOKEHMSI.

Onpepenenne 4.28. (cerka c-cnoxenust) Ilycts ¢, d, m, p — (HenpepbIBHbIE) T10-
CJIEZIOBATEJILHOCTH JECATHYHBIX (D, 3aHYMEPOBAHHBIX IEJIBIMU IUCIAME, PE-
CTaBJICHHBIE B Tab/IAe HUKE:

Tun cioxenust mudp Eu_1 Eu—a Eu—s
Ta6ﬂHHav HOMEDa pa3p:AJ10B ¢ teZ u u—1 u—2 u—3
Bamuce ¢ Ct ... Cy Cy—1 Cy—2 Cyu—_3
Samucs d o dyr dus dus
IIepenocsr m My—_2 My_3
Bammcn p Ct coe Cy Pu—1 Pu—2 Pu—3

Torja Tabnuna BbIle Ha3bIBACTCA CETKOH c-ClloxkeHud ¢ +, d 3anucefi ¢ u d. <

IIpumenarnue 4.29. (o caocumbix 1udpax) Crocumbie udpbl GyIAyT UMETh APyIrHue
0003HAYEHNs], TPOIUKTOBAHHBIE IMEHEM CTPOKH, B KOTOPOIl OHU HAXOJSITCS. <

Ounpepenenne 4.30. (c-cioxenue, c-CyMMa) 3allOJHEHHE CETKH C-CJIOXKEHHS II0
HIaraM:

(1) cUMBOJIBI ¢4 . ..Cy, U3 KOTOPBIX BCE WM HEKOTODbIE, OBITH MOYKET, DABHbBI
HYJII0, JJIsI KOTOPBIX HET COOTBETCTBEHHBIX CUMBOJIOB dy . . .d, 3aIuCaTh B
CTPOKY P;

(2) nyst paspsa u — 1 BBIIOJMHATE CJIOXKeHUe HadaabHbIX nudp E, 1, 3amuce-
Bas PE3YNBTAT Cy—1+, dy—1 = Py—1My—2 B CTPOKH P, M, CTOIOIBI U — 1, 1 —2
COOTBETCTBEHHO;

(3) mayunasi ¢ paspsizia U — 2 BBIIOJHHUTH CJIOKEHHE HEHAYaIbHbIX mudp &,
3aIUCBIBAA PESYIIBTAT Cy—n T, dy—n = Pu—nMy—_n_1 B CTPOKH P, M, CTOJIOITHI
U — N, —n — 1 COOTBETCTBEHHO;

— Ha3BIBAETCsl C-CJIOYKEHMEM 3aICeil ¢, d, 3aIiCh P HA3BIBAETCS C-CyMMO JTAHHBIX
3anuceil, a CUMBOJIBL Cy .. . C, — CHOCUMBIE (B ¢-CyMMYy) OUMDbI, HA3BIBAEMbBIE TaK
7K€ HOJHUMAEMbIMU (U3 C-CyMMBbI) I PaMH. N

OHo orpejiesieHo He TOJBKO JIJIsT YUCEJT, HO U JIJIsl «IICEBJIOYNCEN» — HeIpepbIB-
HBIX [IOCJIE/IOBATEIbHOCTEH IECATHIHBIX UMD, C HAYAIHHBIM Pa3PsIIOM-IIEJBIM IIC-
JIOM.

IIpumepsr sTOrO AeiicTBUst OyIyT B IPUMEPE YMHOXKEHUSI.

Onpepenenue 4.31. (ymHOKeHne mudp COMHOXKUTENEH, X npoussejerne) Ecin
o, hy — U pBI TTPaBoro U JTeBoro comHOXKUTENEH g U h 13 3.1, TO B3ITHE 3HAUCHUS
(QQ) guhy W3 AIEHKN g, h,, TaOmmre!r T 1 IpHCBOEHME TIOABIHEKCA U + w + 1 174
Q, mombIHIEKCa U + w it (Q W HaIbIHIEKCa v 00enM nudpaM 3HAYEHHS sSUeHKH
HAa3bIBAETCsI YMHOXKEHUEM JAHHBIX UQP, & 3HAUYEHNE TYEHKN — UX IIPOU3BEICHUEM.
Bcee BmecTe obozmnavaeTcst

(410) Gv *3 hw = (QQ)gvhw = Qz+w+1Qf}+w'

Hampumep, nmeem 4.5 = 44.57, 39 = 319¢. Torma

51 %% 31 = (06)53 = OI_1+1+161—1+1 = 0}63'
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Ounpepnesienne 4.32. (cerka ymuoxkenus 1udpsl Ha comuoxkuTesn) Eciu g, nud-
pa jieBoro comHoXkuTest g 1 h w3 3.1 — mpaBbIii COMHOYXKHUTEJIb, ¢ — HOMED CTapImeit
mudpst ancaa h, t = v + ¢ To TabHIa HIXKE

Tun croxenust mudp tr1 By &1 &g
Howmepa paspsinos ¢ -1 ‘9
¢~ HeIepeHoCHl 110 * QY b ? 1 FaY
610K 1 "~ HepeHoCHI TI0 *} Q7 Q). Q)
m"~ MEepPEeHoCHl 10 + 21 2o
P'=¢"+£q" =gux; h Qiyn P 1 )

HA3BIBAETCS CETKON YMHOXKEHU ¢y, %} h MUDPBHL ¢y, JIEBOI'O COMHOXKUTEJS § HA IIPABBII
comuOKUTEND h. 10 <

Ounpenesienne 4.33. (yMHOXKeHHE TUMPHI HA COMHOXKHUTEb) Y MHOXKEHUEM (y, %} I
udpsbl g, JEBOrO0 COMHOXKUTEJIsI § HA TPABBI COMHOXKUTEb h HA3BIBAETCS 3AI10JI-
HEHUE CeTKM YMHOXKEHUsI U3 omnpejeserus 4.32 mo maram:
(1) ymuoxurs 1udpy ¢, Ha KasKAyio HHGPY hy,<e IPaBOro COMHOXKUTENS h
u nenepenoc @y, ., npoussesennda 4.10 zanucarh B CTpoKy ¢, crosberr
v+ w + 1 ceTku, a nepeHoc Qg+w — B CTPOKY @', B cTojbert v + w;
(2) BBIOJHUTH c-CIIOKEHUE CTPOK ¢¥, G";
Crpoka p” = QY PY P’ P/ ,... ecrs mpoussejienue g, *; h (HesHadarmue Hyu
COXPAHSIOTCH). q

IIpumep 4.34. Vmmnoowcenue 51 *3 1199.7155 no mab. 3 co caoocenuem no mab. 1.

HOMepa pPa3pA10B 3 2 1 0

7" 6 1 29

7" 129
1 1

m 4 7

pl = 51 *‘;’ 1190.7152 == 6 1 3 3

,Haﬂee onpejgesideM CeTKY YMHOXKEHHs JUCeJI.

Omnpenesienne 4.35. (cerka yMHOXKeHHs dnces-KoHedHblx Jpobeit) Cerka 4.1 Ha
cTpaHune 29 yMHOXKEHHUS ¢ *; h IHCeJI-KOHEYHBIX IPOOeil COCTOUT:
(1) crpoka —1 — unenTUdUKATOPHI TAOIUIBI YMHOXKEHUS A 1 TaBJIUIbI CI0Ke-
HUSA ¢, HOMEPa Pa3psAI0B; cTPoKa () — CHUMBOJIBI TIOATOTOBKH; CTPOKHU 1 — 3
— TIOJITOTOBJIEHHBIE YJIEHBI YMHOXKeHUsl (Pl ¢s TPOU3BEIEHNs ¢ HEU3-
BECTHBI); CTPOKA 3 HOCHT BCIIOMOTATeNbHY0 (DYHKIHMIO, IPEIHA3HAYCHHYIO,
MpeK/JIe BCETO, JJIs JeJICHUST;
(2) mmxe nuet 670K 2 BHrMMCITCHni TponsseaeHmii udp grx:h = p*, a > k > b;
OJIOK 2 — 3TO TOC/IeIOBATEILHOCTD CBEPXY BHU3 MOAOJJIOKOB a,a— 1,...,b+
1, b u3 onpenenenns 4.32;
(3) HmKe uaeT 610K X OCJIE0BATENHHOIO CYMMUPOBAHUSI IIPOU3BEICHUT g, *:
h = p”* u3 610K 2; BepxIsis €ro cTpoKa L¢ = p® COCTABJISET OAHOCTPOUHBIIL
610k (%), a Besknmit ocranbHoi 6710k (1), k < a, cocront 3 Tpex crpok: pF —

1OI/IH01",E[a UAEHTU(DUKATOPOM i YMHOXKEHUs OyIeT BBICTYIIATh UACHTU(MUKATOD TAOIUIBI Y MHO-
JKEHUS, UCTIOJIb3YEMOTO B JIAHHOM YMHOXKEHUH *) .
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KOIIMH OJHOMMEHHO CTPOKH 6JI0Ka 2, n* — CTPOKH IepeHoCOB ¢-CIIOZKEHHIS
yhtl + pk = E"“‘, 1, COOCTBEHHO, PO CTPOKH YIIOMSIHYTOM C-CYyMMBIL.

CuMmBOIBI pa3psioB u < f Bcex CTPOK OJIOKOB 2, Y. He 3alUCHIBAIOTCS. N

TasuiA 4.1. Cerka yMHOXKeHUsi K ompeesiennto 4.35 Ha crpanute 28

-1 >‘7¢ e e—1 e—2 c a f . d . b
0 e c a d b
1 g a <o GF -9d Gb
2 h he ha hf ...ha
3 \ \q de  ge—1 Ge—2 qc -+ da . gf
q* Qe QZ—l ngg o a Q;
a | q* Qo1 Qe_s X . Q.. Qf
me ME, . ME L ME M
p° P¢ P, P, P¢ ... P§ ... P!
gt QITIQIT, .. QYT L Qi Lyt
a—1 | g ! Q=5 2 Qi Q!
me—1 CMETE Mgt L Mgt
2 pa—l potpom} pa—t opetto PJ‘?_I
q*? QI ... Q¥ ... Qi Qf?
a—2 | g2 Qe Qe Qs
me—2 cMETE Mg My
pe—2 [F TS AR R o
b b
q Qf
b T
mb
P’ Py
@ |z Te Bg_i ¥, ... X ... Zg ... %%
pot IS o SN N T
(,*)) | no? N{Tp o NETH O NGTU L NPT
zeol wmlmidiwmen) omettoomgtt Lo
= pa—2 P2 L PETE L PRI P}‘_Q
(,%,) | no2 ... N2 . N2 . N;—Q
pe-? wmgTiwzeiwmesl omet? L.omem? L o3yt
P’ Py
b
(&)
b e o ¢, .me o oxmp L3

Ha crpanumne 30 npusomgum ceTky 4.2 BMECTE C IPUMEPOM yMHOKEHUS.
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Tapmua 4.2. Cerka u HOpuMep YMHOXKEHHUsI JUIsl CJIydast
9190-9193 *; ho-hihzhs

-1 2,0 21 0l1 23 |210l133
0 e a clyf bd| eaclfbad
1 g g1 go | 91 92 60[21
2 h ho | hi hahg 0]243
3‘ ‘x ‘ T2 T1 Xo | X7 ‘x2x1x0|xi
4 q" Q3Q1 Q51 Q1 943]|5
s |1 | QLQbIQ! 5710
6 m! M§| M7 1]0
7 pt=gix3h  P}P! PJ| P} 9747
8 q° Q1@ 218
9 0o | Q5 1Q7 0[9
10 m0 |M2 |5
11| 9 p0 =go*2 h P) PY| PP 2315
12 q' Qilel 60
13 1 7t | Q1 |7
14 mt | |

15 pl=g;+2h P} | Pl 6|3
16 7 Q2 |8
17 2 q | |

18 m?2 | |

19 p* =gz %3 h | P2 |8
20 (1) | =t=p sizist|=nl 97 4|7
21 p° P PY| PP 235
22 (o) | n° NQ|N? 319
23 $O=x!4p° 3IxIn] %0 94 7|5
24 | % pt Py | P} 63
5| | @) [ N 2
26 St=s04p! ZyTIB)|%: 945 |4
27 p? | P2 | 8
28| [ () |n? | |

29 2=l p? XIRITE T2 945 |1

Ounpenesienne 4.36. (yMHOXKeHUE YHCEI-KOHEYHBIX JIpobeil, X Ipou3BeeHue)
YMHOKeHNEe KOHEYHBIX JIpo0eil ¢ x4 h = ¢ — 3TO BBIIIOJIHEHNE [IAr0B:

(1) moAroTOBUTH YJIEHBI-KOHEUHBIE JIPOOH YMHOXKeHUs g, R, ¢;

(2) oupemesuTh TAGHUILL A, @;

(3) BbInONHUTH yMHOXKeHUE gk *: h, a < k < b uudpbl gx JIEBOr0 COMHOXKUTEJIS
g Ha TPaBbIii COMHOXKUTENb h JisT BcexX k W BIMCATH pe3yabTaT B OJI0K k;
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(4) mocnenoBaresbHO B GII0KAX (afl), cee (‘;) BBITIOJIHUTD C-CJIOYKEHUS TIOJTY-
JeHHBIX Ipou3BeaeHuii p?, . .., p:
a—1 __ ya a—1 a—2 a— 1 -2 b _ vb+1 b
by =X'+p", X =% +£p*7E L, XV =34 pl
b __ o
Yucso X° = ¢ ecTb IpOu3BEIeHUE TUCET-KOHEIHBIX Apobeit g, h. N

Paszbupaem npumep 0060.21 *% 0.243 crpanunst 30. Ilogroroska:

A B C D
43210|12345 43210(12345 43210[12345 43210[12345
. 006021 . G0[21 L, 60[21 L 60[21
J 0\243 J O|243 g 0|243 g 0|243

LR RSl
*

— orGpocuiu Heuavainue uyuau (B); nocuurammm e =a+c+1=14+0+1=2 —
pa3ps/i crapiieil tudpbl IPOU3BEIEHUST U OTMETHIIH IIEJIYI0 ero yacTb roukamu (C);
[HoCUATAIN JIMHY BbipasHuBanus L =4 = max{1+|—2|+1, 0+|—-3]|+1, 2+1},
BBIPOBHSIIN BCE YJIEHBI 110 Hel (D).

Ornpesesium TabUIly yMHOXKeHUST A = 2 u Tadjuiy ciaoxenus ¢ = 0. [Ipous-
BojM ymHOXKeHue 61 *§ 09.274533. Unnexkc 1 npu 6 omupejessier HoMep v OJIOKA.
ITepemuoxkaem nmudpset 61 *3 0:

61 %8 00 = (95)60 = 9110415140 = 9251 = Q5Q1.

Henepenoc 9 = 9} = QI zammcpiBaem B cTpoxy q , CTOJIOEI] 2, OIpee/IsTeMbIit
HOJIBIHIEKCOM 2; TlepeHoc 5 = bl = Ql — B CTPOKY ¢'. B TabsmIie npuMepa HaIuep-
KUBAHUsI ¥ WHJIEKCHI OIYIIEHbI, YTOObI HEe 3arPOMOXKIATH 3HAUEHUS siieeK. AHajo-
TUYHO C APYTUMHA IUpPaAMU:

61 %3 21 = (4T)e2 = 41141711 = 4175 = Q1Qp
61 %3 45 = (30)6s = 3% 2+10% 2 = 3601 = Q(l)Q_%
61 %3 33 = (51)63 = 51_5,111_3 = 5115 = Q1 Q4.

Ilepenoc 1 mocnemnero mpounsseienus 1udp oTd6packiBaeM, IOCKOJIBKY €ro pa3ps
—2 upasee f = —1.

BbolnosisieM c-cjIo¥keHue MoJyueHHbIX ¢Tpok ¢! + ¢' = 9%4%3(1)5% + 5%7(1)0% =
9%7:1[4(1)7% IIpoussenenue 61 x5 00.274533 = 9%7%4(1)7% rOTOBO.

BrimosiHuB aHAJIOTMYHBIE BBIYHUCJIEHUs IS YMHOXKEHUN IPYrux nudp JIeBOro
COMHOYKUTE s Ha NPaBbIii COMHOXKHUTEJb, Mbl 3aIlOJHUM OCTaBIIuecs: 6jioku 1 — 2.
Ckonupyem crpoku 7, 11, 15, 19 B crpoku 20, 21, 24, 27 cOOTBETCTBEHHO U II€-
peiizeM K OJI0KaM CTPOK 20 29. HOCJ’IG,Z];OBaTe.HbHO HpOI/ISBe,D;H y2Ke 3HaKOMble HaM
c-crowerns st Y0 = B4 pO vl= ¥04 pl, y2=y! +;p? = g*2 h, Mbl 3aBepIUM
ymuao)kerne 60.21 3 0.243 = 945.1.

[IpuBenem nmpumMep yMHOXKEHUST OJHOPA3PAIHBIX YUCEJI, TIOCKOJIBKY OHO HE sIBJIS-
eTCsl MPOCTHIM B3ATHEM 3HAYEHHS s4eifiKu TabJIMIbI MOJCTAHOBOK, KaK 3TO MMEET
MECTO B KJjiaccuueckoil apudmerure. jist 9TOro mpoJojizKuM IPUMeEp [I0/I'OTOBKI
Ha crpanurie 26, 3aMeHuB 4 Ha 5, BBIITOJTHUB €10 0 Tabyinam: 2 — JJjist YMHOXKEHUS,
0 — cyoxkenus (J1J1s1 SKOHOMHUU BBICOTHI TAOJIUIILI CUMBOJILI BHECEHBI CJIEBA OT 3HAKA
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YMHOXKEHNS):

210|12345
2 0|0
50
92|
6|
93|
9]
9|
93|
9]
92|
Takum obpazom, umeem 0 *x2 5 = 92 BmecTo 96, ecau GBI TPOCTO B3N 3HAYCHHUE
staeitku 05.
W3BecTHBIE ONpeIe/IeHNsT YMHOXKEHNsT KOHEIHBIX Ipobeil m3MeHnM Ha 6eCKOHe -
HBII ciydaii

Omnpepnesienne 4.37. (cerka ymuoxkenus OeckoHedHbix npobeit) Tabiuna 4.3 Ha
crpaHuiie 33 MOBTOPSIONIAs CETKY YMHOXKEHUsSI KOHEYHBIX Ipobeil m3 ompezee-
uus 4.35 cTpaHuIpl 28, HO IPOIO/IKEHHAsT OECKOHEYHO BIPABO M BHU3, HA3BIBAETCS
CETKOI yMHOXKeHUsT OECKOHEIHBIX JPOOEii. N

Omnpegesienue 4.38. (yMHOXKeHNE YnCe/-06CKOHEUHBIX Apo0eii, UX IPOU3BEICHHE)
YMmHOXKeHuEM ¢ *) h = ¢ OeCKOHeYHBIX Ipobeil Ha3bIBAETCS BBILIOJHEHUE IIaroB:

(1) momroroBuTh WieHbI-GeCKOHEUHBIE J[POOH YMHOXKeHUs ¢, h, ¢;

(2) BBINOJIHUTH yMHOXKEHUE g %% hehe1 ... ho.hi..., e k =a,a—1,... mud-
PHI g), JIEBOI'O COMHOKUTEJIS Ha, TIPABBIA COMHOKHUTEJIb /I U BIIMCATH PE3YJIb-
Tar B OJIOK k;

(3) mocsenoBATENILHO BBIIOJIHUTL B GJIOKAX (Z),( “ ), ... C-CJIOKEHWSI IOJTY-

a—1

YeHHBIX IIpOU3BegeHuit p®, p®~ 1, .. .:

Eafl — yoa + pafl Za72 _ Zafl + pa72
i ) i )

Ipenen limy,_, _ o ¥ = ¢ mocrenoBareIbHOCTH {Ek} CYMM BBIIIIE €CTh IIPOU3BEIE-
Hre OeCKOHEIHBIX Apobeit g, h. N

Teopema 4.39. Ymmnoorcenue xi onpedenero das mobwx g, h € Ry, npuvem gt h =
qc R+.

Hoxasamenvemeso. s mobbix nudp-COMHOKUTEEH (i, Nj, BEIIOJHIMO yMHOXKe-
HEE g) *; hj, cIem0BaTe bHO, MOKHO HOTYyYNUTD JTIOOLIE CTPOKH q*,q". c-cnoxenne
qk + (jk = p]C BBIIIOJTHAMO B CHJIY BBIIIOJHHMOCTH CJIOXKEHH:A . DTO Ke BEPHO I
cioxkenns LF = Ykt =+ p, npu mobom k < a. Jjist KoHeUHBIX 1pobeil 0Ty daen
HEOTPUIATEIFHOE JefICTBUTEILHOE YUCIIO.

ITokazkem, aro mpemen limy_, o ¥ = ¢ cymecrsyer s mobbix g, h. B camom

Jeste, MBI BHAM, 9TO B 4AaCTHUHYIO cyMMy LF cmnocures a — k, k < a, HauaIbHBIX
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TasuiaA 4.3. Cerka ymMHOXKeHUst K omnpeesennto 4.37 Ha cTpanuie 32

-1 A\é e e-1 e-2 .. ¢ ... a .. 0 1
0 e c a
1 g Ja .. 9o 91
2 h he ha ho hi
3 ‘ ‘q e de—1 Ge—2 --- {c -+ da <+ 4o q1
q* Qe Q_1Qc, -~ Q ...Q ...Qf i
a | Qi @i, .. Q@ ..Qp | Q
me MO, o ME L ME MG | M
P PP, ... P ... Pd ... P | P
" QUTlQeTy ..ot L it L it @t
a—1| g1 QeTh ... Qe L Qut Qe @t
mae—1 coMET Mg L My Mt
2 p! petpe) Pt Rt L R et
q"? QT3 ... QI QI QY @it
a-2 | g2 QTP Qe L QuT?| et
ma—2 c METR L METE L MY MR
p*—2 AT ¢ SRR ¢ R v S I
() |s*  x¢ wa we, ... 3¢ ..z .m0
p! P PIT P Pt L P Pt
(,%y) | not N¢Zy .0 N&TU NG NG Net
yool wgtlyioiwes; omgt LLomgttLLomt met
= po2 P} L PSR PR PR PR
(aiz) na72 Né172 Ng,72 N(()172 ;72
xo—? w?yesives? omg?oLLomgt? L xR me?
q 9e de—1 de—2 ... (c -+ 4a - 40 a1

nudp. DTO 3HAYNUT, MBI KaXKJIblii pa3 HOJyYaeM YBeJIMYMBAOIIEECS HEU3MEHIEMOe
Hadaj0 dnucia u3 k mudp, a upegen g oymer aeficTBUTEIbHBIM HEOTPHUIATETEHBIM
YUCJIOM. O

4.4. Henenusi. AHAJIOTUIHO BBIYUTAHUSIM, MbI IEPEHOCUM MOPSIJIOK YJIEHOB 00BIU-
HOTO JleJIeHnsl Ha Hanmm. BBejgeMm 0o003HadMeHns 1JIs JIeJIeHni 110 YMHOXKEHHIO ¢ *: h =

q:
q J\ g=~h — JeBoe JejieHUE WU JIeJIEHUE HA JIEBBIII COMHOXKUTEJIb,

q/,h=g — mpaBoe jieJeHne WK JEJICHHAE HA PABbIi COMHOKHUTEID.

qi

,a=0b — genenue Ge3 pa3/MYeHUs CTOPOHBI, ¢ JEIUTCA Ha a.
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Ilepsrie 1Ba cuMBOsIa 6e3 WHAEKCOB B3aTH u3 [24].11

4.4.1. Ilodzomoska wucen ¥ deaenuro. Kax BolYMTaHIE BOCCTAHABINBAET CETKY CJIO-
JKEHUs, TaK JIeJICHHEe BOCCTAHABJIMBAECT CETKY YMHOXKEHHUS U TPeOyeT IOJITrOTOBKHU
WJIEHOB JIJIsi BBIIIOJIHIMOCTU U OJHO3HAIHOCTHA. CHUMBOJIBI TIOJTOTOBKH K JI€JIEHUSIM
— Te 2Ke CHUMBOJIBI ompenenernd 4.27, mo-apyromMy MOCYUTAHHBIE, a ITOATOTOBJIEH-
HBIe YJIEHBI IeJIeHNs COOTBETCTBYIOT IOTOTOBIEHHBIM daeHaM 4.8, u 4.9, ¢ yaeTom
3aMevYaHuii 0 BocCTaHOBJIeHUH Ha crpanie 43. Oupemeanm

ITpouenypa 4.40. (Ilogroroska k jesenuto) s aucen 3.1 nycrb
Y=Y’ ---Yo-Yi - - - Yau’ - - -

— JleJIUTesIb YUCia ¢,
=Ty .. T0.L]..-Lg! ..
— 9acTHOe OT JIeJeHus ¢ ‘|, x Torza:

(1) orbpocuTh He3HAYAIME HYJU Y €0 U APOOHON dYacTell NPOU3BEIECHUS
n gejmresid, IOJMYIUB (e’ <e’, Yp<t' — CTapHIde 3Hadalllue LH/ICpr:L qfr>f,
Yu/' >y — MIJIINE 3HAYAIIe IUQPHI, I KOHEYHBIX JIpobeil;

(2) mocumrarh HOMED e crapiieii TUdpPHI g NEJNo YaCTH IPOU3BEJIECHUS ¢:

"

e’, ecmm e’ >t

t+1, ecme” <t
(3) mocumrars HOMep crapineii UdPBl YACTHOTO
r=e—t—1

(4) ecnm xoTst GBI ONMH WIEH U3 ¢ WM Yy — OeCKOHEUHas Jpobhb, mepeiTn K
mary 6, mHaYe BBIYUCJIUATH JJIUHY L II0JIrOTOBJIEHHBIX YJI€HOB yMHOXKEHUSI

L =max{e+ |f'|+1, t +|u"| +1};
(5) BBIPOBHATH BTOPOii apryMmeHnTt 1o jymHe L, B apoGHOIl 4acTu JIONUCHIBAs
HesHadJallue HyJd, U C II0JIydeHueM
tHr+2
q=4dge---90-91---4f,
L
Y=Y Y0YT - Yu,
L
T=1Tp...T0.T7...Tg

L
OCTaHOBUTH IOAT'OTOBKY YJIEHOB JI€JIeHNU,;

(6) apryMeHT-KOHEUHYIO JpOOb, €CJIM WMEeeTCsl, JONOJIHATh B JAPOOHON HYacTh
HE3HAYAINUMY HYJISIMEA JI0 OECKOHEYHOM JpO0U U 9UCIaMU BUIA

t4+r+2

—
q=4dge---90-97 - - -,
Y=4t---Y-Y1.--,
T=1T,...20.27...

3aBEPIIUTH IIOArOTOBKY YJICHOB OEJICHUAA. <

11Tal\/l ,ZprI‘OfI IIOPAJIOK CJI€IOBAHUA YJIEHOB NEJIEHHA, KaK YyIIOMHUHAJIOCh paHee.
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Omnpepnesienne 4.41. (cumBosibl oarorosku) CUMBOJIBL T, 8, ¢, U, e, f U3 npouey-
pot 4.40 HA3BIBAIOTCS CHMBOJIAMH HOJTOTOBKH K JeJIeHnt0, L — JJIMHON BBIPABHU-
BaHWs, & YHUCIa T,Y,q MOCJe JTAaHHOI IPOIEIyPhl — IOJTOTOBJIEHHBIMU YJIeHAMH
JeJIeHusl. N

IIpumep HUKE MOKA3BIBAET B KOJOHKe B OoTOpachiBanne He3HAYAINMX HyJel; B
C — urto HOMep cTrapieil dphI JeJUMMOro ¢ OCTAETC 6e3 N3MEHEHUH, TOCKOJIbKY
3 > 0, nomep ke crapiieii nudpbl dacTHOro pase 2 = 3 — 0 — 1 (orMedeHa TOYKOI
BMeCTe CO BCeil IIeJIOif UacThio); a BBIPOBHEHHBIE 110 JymHe L = 5 = max{3 + | —
1]4+1, 04| —1|+ 1} uenst Mbl HaxoxuM B D: jyist g porucasu 000, B b Bcero nsith
TOYEK:

A B C D
43210/73345 43210]13315 43210]13315 43210/13315
9. 001 T T ~0[1000
5 | i | i A I
q 9870|4O 98704 98704 98704

BzsiTpie B 1pyrom nopsisike —

A B C D
43210]12345 43210(12345 4321012345 43210|12345
g, 9870|4O : 9870|4 s 9870|4 s 9870|4O
R B K ]
q 00|1 01 00000|1 00000|1

— JIAIOT APYTOil Pe3yJabTAT MOATOTOBKH: MOCKOJIBKY JIJIT HOMEpa CTapiieil mudpol
JesumMoro BeimosHsteTess € = 0 < 3, to e = 4 = 3+ 1 (C); crapmas nudpa
gacTHOro Gyzier B paspsge 0 = 4 — 3 — 1 (tam xke); JyinHa BhIpaBHUBaHUS L = 6 =
max{4+|—1|+1, 34+ |— 1| + 1} aukryer gonucars 0 jis g ¥ 04T TOUEK JJIst I
(kosoKa D).

ITocsienoBarenbHoCTh TAOIAILL

A B C D
43210]133 ... 43210]133 ... 43210]123 ... 43210]133
P ] ] ..
R 034)555 ... 7 34555 ... Y 34j555 ... 34]555 ...
¢ 9999 9999 9999 9999[000 ...

TTOKA3bIBAET KAKUM OYIET JieJIeHre, ec/Iu JenMoe — OecKoHeuHas 1poob. [Iporiey-
pa orbpachiBaeT HesHadamuii HOIb y h (cM. B), ocrapiser 6e3 u3MEHEHUs] HOMED
e = 3, maer paspsg r =1 =3 — 1 — 1 crapmeii udpsr gacraoro (C), monucsiBa-
er i ¢ OECKOHEYHOe YHCJIO Hyseil B IPOOHYIO 9acTh U 0003HAYAET OECKOHEUHYIO
3anuch ApobHOit yactu dactHOro (D).
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JesteHnIo oHAPA3PSIHOTO YUCIA Ha OJHOPA3PSIHOE UHUCJIO COOTBETCTBYET IIO-
CJIeJIOBATEJIbHOCTD

A B C D
43210(12345 43210/12345 43210(12345
9. | - A
K90 SR 0o
q 0\ 00\ 00|

YMHOXKas 4uCJa, Mbl IPOU3BOJMIA KONUPOBAaHUSA Iudp U HAYaIbHBIE (DD
[IPOM3BEEHNS IOy YAlOTCsl [TOCJIeI0BATEIbHBIM KOIIMPOBAHUEM HAYAJ YACTHIHBIX
cymM. [TockoibKy IIpu JiejieHnr IIPOU3BeIeHNe H3BECTHO, TO AaBTOMATUIECKY U3BECT-
HBIMU CTAHOBSTCS COOTBETCTBEHHBIE HAYAJIA BCEX YACTUIHBIX CYMM M, KDOME TOTO,
nepBast nudpa PS¢ crpoku p®, nepsas nudpa Q¢ crpoku ¢¢. BoccranasimBaercs
BCE 3TO MTOCPEJICTBOM

IIpouenypa 4.42. (xonuposanue u3BecTHbIX 1udp mgesumoro) Ilycers a,b,e —
CUMBOJIBI TIOJITOTOBKU M3 CETKM YMHOXKeHusl, 0, w € Z. Torma:

(1) B ceTKe yMHOXKEHUs U3 CTPOKH JEIMMOro (mpousBejieHust) ¢ B siueiiku Q2,
P¢ cTpok g%, p® cCOOTBETCTBEHHO CKOIIMPOBATH IIEPBYIO UMDY e JETUMOTO;

(2) ycranoButb 0 = a, w = 1;

(3) B cTpOKY X%, HAUMHAS CO CTOJIOIA € CKOIMPOBATH MEPBbIe W NUMD JETUMOTO
q U3 CTPOKH 3;

(4) ymenbmuTh 0 Ha 1, yBesmunThb w Ha 1;

(5) ecsm mesmumoe — GeckoHeuHas ApoOb IepeiiTu K mary 3, nHade nepeiTu K
CIIeZIYIONIEMY IIATrY;

(6) (nutst KOHEUHOM Apobu) ecam o > b, mepefiTu K mAary 3, WHAYE OCTAHOBUTH
KOIIUPOBAHHUE. q

Cobepem Jy1st y/100CTBA BMECTE BBIMIOJHUMBIE CETKH CJIOXKEHWSI W BBIYUTAHUS
uudp B cerku 4.13, 4.14, a TakKe BBeJeHHBIE JJIsl yJI00CTBa paszdopa NMpUMEpPOB
JIeJIeHUs] BBIIIOJIHUMbIE CETKM yMHOXKeHus-jejerns nudp (e aucen) 4.11 u cerku
korupoBanus 4.12. O6mmMu JIjTsi BCeX yKA3aHHBIX CeTOK obo3HavdeHusiMu OyayT: A
— HOMEp KOJIOHKHU TabJIuIbl npuMepa (CM. BEPXHIOI CTPOKY Tabiuusl 4.5, HAnpu-
Mep); , — HoMep cToJiblia B JaHHON KOJIOHKe A; v — HOMep 11010J10Ka B 6J10Ke 2 11pu-
Mepa; (‘;) — HOMeD 1o0/I0Ka B 6J10Ke Y. ipumepa. CumBoist g, h, @, Q, M, P,¥, N, ¢
OILYIIIEHHBIMU HAa/I-, TIOBIH/IEKCAMY TPAKTYIOTCs KaK IUQPBI U3 OIIPeIeJIeHNs] CETKU
YMHOXKEHUSI, TPUIEM TPAKTYIOTCs MMO3UIMOHHO: Y. B PA3HBIX CTPOKAX MOIYT OBITH
HE PaBHBIME JAPYT Apyry. st 9KOHOMUU NIUPUHBI, HOMEP z — 1 OIyIeH BO BCeX
CETKAaX.
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Omnpenenenne 4.43. (cerku ymuoxenns-genenus mudp'?) C yuerom abzama Ha
c. 36, ceTkn

A A A
Go *% Py v k5 Ry Go ¥}
(411) z=vtw+1 z=v+w+1 r=v+w1

HAa3BIBAIOTCS BBIMOJHUMBIMA CETKAMU YMHOXKEHUS-/I€JIEHUS TP U SABJIAIOTCHA Tab-
JINYHBIM TIPEJICTABJIEHNEM IIPSIMOTO, JIEBOHEM3BECTHOIO M IIPABOHEU3BECTHOIO ATO-
MAapHBIX ypaBHeHUH 3.2—3.4, IepenncaHHbIX Kak

g’u*;hw:QQa -v*;hw:Qw g1J*:§-w:Q-

COOTBETCTBEHHO; TOUKA 3aMEHseT HEN3BECTHYIO MUdpy ypaBHeHus; z = v +w+ 1 —
dopwmyita pacdeTa cTosIONa 2, B KOTOPBIl 3aIIUCHIBAETCS HEIIEPEHOC MTPOU3BEICHIUS
udp. 4

Onpepenenue 4.44. (cerkn xormpopanus) Cerkamu Konmposanust udp GyayT
TaOTAIBI

A A A A

(4.12) Mg" | Q TMg¢" | . TIp’|P Tp®
! 1 ! 1
IIp® | . Ip | P Xp¥ | . Xp' | P

B KOTOpBIX cuMBouibl 11gY, IIpY, 3p? yka3wiBaioT Ha cTpoku ¢V, p¥ B 6/10KaxX, 0003HA-
genHbIX npedukcamu 11, Y. Crpesika yKaspiBaeT OTKY/1a U Ky/ia KOnupyercs: nudpa
SAYENKU. <

K sByM rpynnam ceToK HUXKe OIpefie/IeHrsl 1 KOMMEHTAPUY O3By YMBAJIMCH; HIZK-
HUe CeTKU — JTO Te K€ BepXHHe, HO JaHHbIE JJIsi OOJbINEeH BU3yaJbHON CBSI3U C
OJIOKOM 2.

(4.13)
A A A A A A
E | 2 £l = FL | = Fl| =z Fr | z Fr| =
@ @ @ @ . .
v Q v Q v v ' v Q v Q
P P P P

12Ho ne OHOPA3PAHBIX dnce!
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(4.14)
A A A A A A
E z £ z Fl z Fl z F z Fr z
by ) ) b))
P P . P P
() 9 I ) I N ) B D GO V) B VR
) b)) b)) b))

Ounpenesienne 4.45. (nenenue japobeit, ux gacraoe) I[ycrs, ecm y = g, To & = h,
n Hao0OPOT, ecau y = h, To x = ¢. Henennmem ¢ * . Y = T Jipobeil 110 yMHOXKEHUIO *;
Oy/ieT BBINOJHEHNE IATOB [IJIs 3AIT0JIHEHUST CETKHU yMHOYKEHUST

(1) momgroroButrs Apodu q, Yy, T;

(2) mOCTPOUTH CETKY yMHOXKEHUS IIOJIOTOBJIEHHBIX YJIEHOB JICJICHUSI;

(3) B3gTH TAGJIMIILI YMHOXKEHUS U CJIOXKEHUs JIJI YMHOMKEHHUS *: ;

(4) cxonmpoBaTh u3BeCTHBIE IUMPHI TPOU3BEEHUS ¢ B SUeiiku 610Ka Y ceTKH
YMHOXKEHUsI MPOIEeAypoii 4.42 KONMpPOBaHUSI;

(5) ecsm pobu GECKOHEYHBI U CYINECTBYET BBINOJHUMAs ceTka u3 rpynn 4.11,
4.12, 4.13, 4.14 BBIIOJIHATH €e, MHAYE, €CJIU JPOOU KOHEUHBI, MEPEHTH K
mary 6;

(6) ecom Apobu KOHEUHBI, 2z > f W CYIIECTBYeT BBIMOJHUMAS CETKA Paspsaia z
u3 rpynm 4.11, 4.12; 4.13, 4.14, BBIIOJHATD CETKY.

Yucno B cTpoke & Oy/IeT 9aCTHBIM OT JEJeHus q * ,Yy=x. N

D10 ompejiesieHre obIee U Ui IPABOro, U JIJIsl JIEBOTO JiejieHusi. TeM He MeHee,
OHU OY/yT HECKOJIBKO OTJIUYATHCS B ITOPSIJIKE BOCCTAHOBJIEHUSI CETKH YMHOYKEHUSI.

Pasbupaem mpumep mpaBoro jejeHust q%. h = 945.13 % 0.243 = = 1o ymHOXKe-
o x *2 0.243 = 945.13, mpencrasieHublit B Tabaumax 4.5, 4.6, 4.7 Ha cTpaHu-
max 45, 46, 47 coorBercTBeHHO. B HMX MBI MIOC/IEIOBATEIBLHO 110 KOJIOHKAM OTOD-
pasuiu xof, jesenus. (Bce 910 MOXKHO GbIIIO OBl BBIIOJIHUTH B OJHOW KOJIOHKE.)
B nesiom npaBoe JiesieHne BOCCTAHABINBAET CETKY YMHOXKEHHS TaK: IIPOIEIypa KO-
MUPOBAHUS 3aIOJHAT OJIOK Y «TPEeyroJIbHUKOM» Hadaja JacTUIHBIX CYMM, KOIJa
nepsas (caMas BepXHsis) YaCTUIHAs CyMMa OyJer uMeTh oy nudpy, Bropas cyM-
Ma — JBe, ..., Hocjennss Oyzer umerb |a — b| + 1 mudp; 3areM BoCcTAaHOBUTCS
6aok Ila u cymma 2, 6ok H(a — 1) u cymma X271 ... TI(b) (cymma X yixe
cKommpoBaHa nporeaypoit). [lomuanm, aro ¢ = (IT)p°.

ToroBum wiens! ymuoxkernst 0060.21%30.243 = 945.1 x npasomy jesenuro 945.1%,
0.243.

A

C

D

43210112345

43210112345

43210112345

g . | y e I
K 0[243 00243 00243
¢ 945[1 945(1 945|1

Or6pachiBanne He3HAUYAIMX HyJel He HyxkHO (mycrast B). B cuny 2 > 0 BepHO
e = 2 jna crapmeir nmudpsl npoussenenud. Crapmras mudpa gactHOro g Oyner
Haxo/uThes B paspse 1 = 2—0—1. [mna: L = 4 = max{2+|—1|+1, 0+|—3|+1}.
ITo Heit MBI jTOIECHIBAEM TOJILKO JIBE TOYKH JIDOOHOI YaCTHU Y YACTHOIO.
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Tenepb OCTPOUM CETKY YMHOMKEHUS U OUPEAETUM TabJIMIbl OJACTAHOBOK (3TO
yzKe u3BecTHO 1o ymuoxkenuo 60.21 %2 0.243 = 945.1) — xouonka A. ITocie komu-
poBaHus Hadasl (KojoHKa B) B 6ii0Ke 1 MBI UMeeM IEPBYIO BBIIOJHUMYIO CETKY

B C
.1 %5 Og 61 x5 Og
214041 | _ | 2214041
2 2
1 ) 1 ) 5

aBTOMATHYIECKA BJIEKYIIyI0 yMHOXKeHHe 6 %3 0.243 = 974.7 (C) — xoMOWHAIIUIO BbI-
ITOJTHUMBIX CETOK YMHOXKEHHUI 1 cjoxkeruit nudp. Jlajibiie, TIOMHS U3 YMHOXKEHUSI,
MBI KormpyeM 974.7 B cTpOKy %', uTO SBJIsAeTCS cepueil BHIIOMHIMEIX CETOK KOIIH-
poBanust udP. JTO BJIEUET BBIIOTHUMOCTD CETKU BBIUYUTAHNS U JBYX KOITMPOBAHUI

F! 1 Fi 1 1 1
7 7
= me (2 T |2
1 1
(o) | - | 3 i T
4 4 sp0 (2 Ip | 2

CHoBa OyJj1eM UMeTh BBIIIOJHUMOE JleJieHne udp

D E
.0 *5 Og 0o *3 Og
1S0+0+1 | _ | 1=0+0+1
1 1
0 2 0 2 0

¢ mocaeayomuM epemuozkenneM 0 %2 0.24 = 23.5'3 B 6710ke 0 1 KOUIpoOBaHIEM €ro
pesysbTaTa B cTpoky Lp° (komonka E). Kosb ckopo y Hac ecThb /IBa MPOU3BeIeHIsT
mudp (crpokn 20-21), MBI HX MOMKEM CJIOXKHUTDH B GIIOKE (é), KoJIoHKe F'. D10 Beder
BBIIIOJTHUMOE BBIUATAHUE HAYAIbHBIX UMD OJJOKOM HUXKE M KOIUPOBAHUS

F G G G
rlo el : :
| — | 1 1
=1 6 IIp* |6 Ilg” | 6
1 1
(5) ()| 2 I I )
5 ) Ypt|6 Ip'|6

13y Muorxenne na mudpy 0 u3 0.24 yke OTparkeHO B CeTKe; IIOCJIEeIHIO HUudpPY 3 yMHOXKATH
He 00s13aTEJIBHO, T.K. 9TO IPOM3BEICHHE JICXKHUT IIpaBee IIOCJIEIHErO paspsjia IpousBencHus. B
JaJIbHENIIEM aHAJOTHYHbIE CUTYAIUN MbI Oy/IeM I10JPa3yMeBaTh.
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Ounsrs TIOJIYYIUM BBITIOJTHUMOE JIeJICHUe I_II/I(bp

G H
-1 %5 Og 21 x5 O
0=1+0+1 |=| 0=1+0+1
0 0
i 1%

3a mHuM mocsaenyer mepemuoxkenne 2 xg 0.2 = 6.3, konupoBanue pe3yabTaTa B OJIOK
>, CTPOKY Epl. IToxy4aaeM HOBYIO YacTH4IHYIO cCyMMY 947.54; 6.3 = 945.4 B KOIOHKE
I, crpoke X! u moBTOpSIEM BBIMMTAHIE HAYAJIBHBIX NP C KOMHPOBAHHIIMI

I J J J
F! 1 Fl 1 i i
4 4 _ _

| = 3 IMp? |8 g2 |8

1 1
(2) (2) |t |t
1 1 Yp? |8 Ip? |8

Ocraercd IOCYNTATD IIOCJIETHIOIO LLI/I(bpy HMCKOMOI'O COMHOZKUTEJIA:

K K
2 *(2) 00 1§ *3 00
1=240+1 | =| 1=240+1
1 1
5|8 5|8

IpaBoe meserne 945.1 % 0.243 = 60.21 3aKOHYEHO W BOCCTAHOBIJIO YMHOYKEHHE
60.21 %2 0.243 = 945.1.

Ipucrynaem kK mpumepy JeBoro fenenus q \ g = 945.1 ¥ 60.21 = h o ymuOKe-
auro 60.21%¢ x = 945.1, Tabmm 4.8, 4.9, 4.10 ma crpanunmax 48, 49, 50 cooTBeTcTBEH-
Ho. B 11es10M J1eBoe fiesienre BOCCTAHOBUT CETKY YMHOXKEHUsI MHAE, HEXKEJIU IIPABOE,
HO Ha4daJla 9aCTUYIHBIX CYMM BOCCTAHOBATCHA aHaAJIOI'MIHO. BaTel\l CeTKa 3allOoJIHAEeT-
Csl TI0 «JTHArOHAJISIM» : CHadaJja repsble 1Mudpel cTpok 6s0KkoB [la — IIb u mepBbie
uudpbl (1I0CIe CKOMMPOBAHHBIX IIPOIELYPOil KONUPOBaHUsT) GJIOKOB E(Z) — E(‘;),
3aTeM BTODBIe Iudpbl 3TUX K€ 010K0B ceknuit 11, 3, mocste — Tperbu, u T.1.

Hns nesoro genenus 945.1 ' 0060.21 no ymuozkenmio 0060.21 #5 0.243 = 945.1
IIO/IPOTOBKA, BBITJIAIAT TaK:

A B C D
4321013315 43210]13315 43210]12315 43210(12315
9 . 006021 6021 — 60[21 6021
B | *0 | oo S
q  9451] 945|1 945|1 945|1

— oTGpOIIeHbl He3HAYAIYE HYJIH Y ¢, HOMEpP crapiieil udphl JeJIMOro 0CTaeTCst
6e3 u3meHenuit B cuity 2 > 0, crapieit nudpoit yacraoro h 6yner 0 =2—-1—-1, a
qmaa L =4 = max{2+|—1|+1, 14| —2|+ 1} nonuceiBaer Tpu TOUKY B JPOGHOIH
9ACTH PE3Y/IBTATA.
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Cocrosiane mocje KOIIUPOBAaHUA 3KBHUBaJICHTHO KOJIOHKE B IIpaBOro JCJICHUA Ha

c. 45, caenoBaTebHO U MEPBOIl BHIMTOJIHUMON CETKOI OyieT meseHue mudp, ¢ pas-
HUILIEli, 9TO HeM3BecTHa paBas Hudpa (IepBble J[Be CETKH HUXKE):

B c C C C
61 %5 -0 61 %3 Oo 0o *3 0o 21 x5 0o 15 *§ Oo
2=1404+1 | _ |_2=1+0+1 1=040+1 0=1+40+1 1=240+1
2 Y 2 1 0 1
9 9 2 =16 518
1 . 1 5 0 0 1 7 2

CranoBsaTcs BO3MOXKHBIMU HiepeMuoxKeHust 1udp 0.21 3 0 (Tpu mocsesnue ceTkn),
BHOCHUMBIE TIO ITPABUJIAM YMHOXKEHUs B TIOJI0I0KH () — 2, 1 KOMMPOBAHUS U3 CTPOK ¢
B cTpoku p 6uiokos 11, X:

C C C C C C
1 1 _|o |0 |1 |1
IIg° |2 TIp° | 2 Ig' |6 TIp' | 6 g? | 8 IIp? |8
! T R
mp |2 3p° | 2 Ip' |6 Ip' |6 Ip? |8 Ip? | 8

)7

=i

B 6ut0ke ¥ 3T0 BiIeYeT BBITOJHUMbBIE CETKU BLIYUTAHUI B TOIOJI0KAX ([1)), (

C D C D
Fr 1 Fr 1 Fr 0 Fr 0
L 7 i 7
2 2 6 ' 6
@ - W3 O @2
4 4 5 5

1
— TaKoe K€ BBIYUTAHUE B IOI0IOKE (Q), onHo Kormposaune n3 X' B IIp! u Boram-
TaHue B 11o10Ji0Ke 1 6j1oka I1:

C D D D E
Fr | 1 Fr | 1 T Fr| 1 Fro|1
. 4 — . 4
| frnd | 1 frnd
1 1
(2) (2) T 1
1 1 |7 7 7

Teneppr HaAM [OCTYIHO BBIYUCJIEHHE BTOPOH IU(MPHI HEM3BECTHOI'O COMHOYKHUTEJIS
(mepBBIe J1BE CETKU) MOCPECTBOM

E F F F
61 %3 .1 61 %3 21 0 *3 21 21 %3 21
1=14+14+1 — 1=14+1+1 0=04+1+1 I=1+1+1
1 l l 1 0 1
4 4 1 =10
1 . 1 - 0 9 1

C yueToM TOro, UTO TIpaBee paspsma 1 MudpHl He ciegyeT MHCATh, HaM MOYXKHO
nepeMHOKUTEL BMecTo 60.21 %2 2 Tosibko 0.2 *3 2 (1ocieHre JBe CeTKU BBIIIE).
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HOHBJIHIOTCH BBIIIOJIHUMBIE€ CETKHU CJIOXKEHUA I_LI/I(bp " BBIIIOJIHUMBIE CETKU KOIIU-
POBaHNA UX PE3YILTATOB
F G F G Ie. Ie.
E 0 E 0 E 1 E 1 0 _
1 1 0 0 5 —
| =| | = mp° |3 Ip' |3
oY oY 1|7 |7
5 { B
3 3 w3 Xp'|3
aBTOMATUNYECKU BJIeKyH_LI/Ie CETKH BbIYUTaHUA U KOIIMPOBaHUA
H G H H
Fr o Fr o Fro|1 Fro|1 *0
= 4 = 5 1] 4
3 | =1 3 3 | = 3 Hp 4
1 1 1 1
(o) | 3- (o) | 39 (1) | 2 (5) |2 T
7 7 4 4 b)) 4

Beimostasiem BerunTaHne B MMOJ0J0Ke 1 U TaM »Ke JiejieHne mudp st HaXOXK IEHUSI
OYepeIHON MU@PHI MPABON0 COMHOXKUTEIS:

H 1 1 J
Frlo Frlo 61 %3 .3 61 %3 43
=] 3 0=1+2+41 | =] 0=14+2+1
117 1|7 0 0
1. 10 1 3 1 3
4 4 0

MsBecTHOCTH 1TMPBHI COMHOXKUTES JA€T MEePEMHOXKEHUsI ¢ IudpaMu JIPyroro co-
MHOXKUTEJI — B HaIlleM CJIydae TOJbKO OJIHO — U IIOCJIemyIolee CJIOXKeHue HeHa-
JaIbHBIX AP ¢ KOMHPOBAHUEM:

J J K K

0o *§ 45 el1 £l1 ?

T — 8 8 |~

;0;2+1 9 | = | 9 p° | 5

T 8 015 015 3

5 >l |5

BBI‘II/ITaHI/Iel\’I (HepBbIe AB€ CEeTKU HI/I}Ke)

K I L M
Fro|1 Fro| 1 7*1 Fr|1 Fr|1
i 7 TR o |
5 || 5 p L]0 L]0
(o) | 9 (o) | 9 T 0 0
5 5 etT 7 7




APUDOMETUKA DR . 43

HAXOIUM HOCTeTHIOI Iudpy YacTHIHON cyMMBI X!, KommpyeM ee B mombmox 1
(cpenusisi ceTka), BorauTaeM B OJjoke 1 (1Be mocsiennue ceTku), JgejeHueM nudp

M N
61 %5 .3 61 %5 33
I=143+1 | _ | 1=1+3+1

1 1
1 E 1 5

HAaXO/IUM IOCJIEIHION MDY HEU3BECTHOTO COMHOXKUTEJIsI, 3aBEPIIasl IPABOE Jeje-
are 945.1 ¥ 60.21 = 0.243 BepHBIM BOCCTAHOBJIEHUEM COMHOXKHUTEJSI B YMHOYKEHUN
60.21 %3 0.243 = 945.1.

Teopema 4.46. (1) Ecau das awobwzx q,y € Ry svinoanumo q°
T € R+.
(2) Ecau mabauyon i, — noayaamuncrue (SL), mo q Ny = x1 uqj, y = a2
BHINOAHUMDL 00HOBPEMENHO Ons N1000T ¢,y € Ry .

LYy =x, mo

Hoxazamesvcmeo. (1) IlockosbKy jejieHe BOCCTAHABIMBAET CETKY YMHOXKEHUSI, TO
JIOKa3aTeJIbCTBO yTBep:KIeHud y € R, 3anMcTByeTCsa M3 JIOKAa3aTeIbCTBA 3aMKHY-
TOCTH YMHOXKEHUSI.

(2) TloaroToBKa, KONMPOBAHUE U IOCTPOCHHUE CETKU YMHOYXKEHUS BBIIOJIHUMbL. Koru-
poBaHpe TMPeIOCTaBsIeT MUMPY s IEePBOit BBIMOJIHUMOMN ceTKu. i ceTok mese-
HUs TU¢P BBIMOJTHIMOCTD JO0KA3aHa YCJIOBUSIMU PEITIEHNsS AaTOMAPHBIX YPaBHEHUT B
pejioykeHun 3.10; BBITOJIHUIMOCTD CETOK BBIYMTAHUS PACCMATPUBAJIACH B pa3/iesie
o BuunTaHusx (npesgioxkenus 4.12, 4.18) — Bce 9TH yCIIOBUSI COBIAJAIOT C YCJIOBH-
eM TeopeMbl. [[Jisi CeTOK yMHOXKEHUsT U CJIOXKeHUsT udp OrpaHuvIeHnil Ha TabJIAIbI
TIOZICTAHOBOK HeT. IIporeaypa meneHus ompenesieHa TaK, ITO KarKaasl BBITOJTHEH-
Has CeTKa JaeT MUQPBI JIJI CIEIYIONEH BBITOJHIMON CEeTKI XOTh KOHEIHDBIX, XOTh
OECKOHETHBIX JApobeit. O

B Bompoce BoccTamoBieHnsT ApTYMEHTOB YMHOYKEHHUsST CYIIECTBYET Ta, YK€ CUTya-
IUsI, ITO U C BBIYUTAHUEM: JICJICHUE BCEIr/Ia BBIIOJHUMO, HO HE BCErJia BOCCTAHAB-
JINBAET COMHOYKUTEJIN; JTOMUCHIBAHUEM HYXKHOT'O KOJIMYIECTBA HYyJIEl, TeM He MeHee,
MBI UX TOYHO BOCCTAHOBUM.

Ha crpanune 44 naxonsrcs npumepbl. Ciea momerneno ymuoxkenue 93.555 3
71.198 = 0012.3 = 12.3, ¢ NOABIAIOMUMUCS ABYMS He3HAYAIIUMHI HYJISMHI PE3YJIb-
tara Brepeau. B cepenune — gesenne 012.30 Y 93.555 = 7.6191; noaroroska mese-
nus gobasmiia 0 K mestoit yactu 12.3 u gasa L = 5. Kak BugmM, OHO HE BOCCTAHOBIIIO
COMHOXKHUTEJB 71.198, omHAKO, TPOBEA AeIeHne B IpaBOil HE3aIIOTHEHHON Tab e
¢ mpomnssesienneM 0012.3 Bmecto 012.30 ynraress nosyanT nckomoe 71.198.

Teopema 4.47. IIycmov umeem g xi h = q ¢ mabavyamu i,j. Toeda, ecau i,
noayaamunckue (SL), mo q N\ g = h, ¢, h = g, dasa mobwx q,9,h € Ry, npu
HAOAEAHCAWEM 0OPAMAECHUYU HESHAMAUUMY HYAAMU, K0200 IMO HEOOTOOUMO.

Loxazameavcmeo. Kak m 711 aHAJOIMYHON TE€OPEMBI O BOCCTAHOBJIEHUN BBIYHTA-
HUEM HaM HYKHO CKa3aTb, YTO, KaK TOJHKO BBLIITOJTHUMAs CETKA BHIYUTAHUS U JIe-
JteHusi P MOJIyIaeT BCe apIyMEHTHI JJIsi BOCCTAHOBJIEHUSI, OHA, BOCCTAHABJINBAECT
TOYHO CETKU CJIOXKEHUsI U YMHOXKeHus mudp B cuity upeyoxkenns 3.10.
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Ecmm nonroroska wmcesn K AeeHUIO Jlaja TY Ke JJINHY BBIPDABHUBAHUS U T€ XKe
HOMEpa, CTapIINX Pas3psaioB, KOTOPBIE OBLIN y apryMEHTOB YMHOXKEHUs, TO, B CHU-
JIy paHee CKa3aHHOIO, JieJIeHe BOCCTAHOBUT COMHOXKUTEIb T U HUKAKOU IpPYTOil.
Ecau nmoxroroska maer Apyryro, HEXKeJIU Y YMHOXKEHUs, JJIMHY BBLIDABHUBAHUS U
(nnm) apyrue HOMepa CTapIInX Pa3paIoB, TO 3TO MPOU3OILIO TOJBKO U3-33 HEXBAT-
KM HE3HAYAINUX HYJEH y apryMeHTOB JejIeHWsl. JHAYUT, IOIUCAB HYKHOE JHUCJIO
Hysaeil, Mbl BOCTAHOBHM 00€ XapaKTEPUCTUKHU ITOATOTOBJCHHDBIX UJIEHOB IEJICHUSI.
Kaxk Tompko 3T0 cmemaHo, HaliIeHHBIH HEM3BECTHBIN COMHOKUATEb Oy/IeT B TOTHO-
CTU apr'yMeHTOM YMHOXKEHU: g *: h = q. (]

TABUIIA 4.4. Tlpumepbl BOCCTAHOBICHUST COMHOXKUTEJIEH.

93.555 %3 71.198 = 0012.3 012.303\3 93.555 = 7.6191 0012.33\3 93.555 = h
3,8 3210|713 3 3,8 210|133 1 3,8 3210|133
g 93|55 5 [l 9 3/555 g 9 3|55 5
h 71/19 8 h 716 19 1 h
q x3rgm1m0[mj q TIT2T1TOTT q T3T2T1TOX]
055 3|2 08 5|35
1330 16|30
1 1|8 818 3
06910 0228|9 8
400|5 4 9|0 5
6 5|5 67 5
319 6 5
45 7|3 4 8|7 1
2 6(6 213 6
9|1 98
1 4
2 412 2|5 8
216 23
9 9
214 25
2 2
2 2
06910 028|9 8
4573 4 871
9 8|5 319 4
000 38 01371
2 412 2|5 8
813 3 8
00136 01222
214 25
3 0
0012|2 012|314
2 2
0012|3 01230 00123
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Tabnua 4.5. Ilpasoe nemenne 945.1 7 0.243 (magaso)

45

A B c D
-1 210l123 | 210l1238 | 210l133 210|123
0 0 caclfbvd | ecaclfvd | caclrvad | caclyva
1 T1xo|Ti T3 T1Z0|T1T3 6 xolrizs 6 xo|rizs
2 0]243 0]243 0]243 0/243
3 9451 9451 945 |1 945 |1
4 ¢t . 9 . .. 9 43|5 9 43]|5
5 1| . . 570 57]0
6 m! - - 1]0 1]0
7 pt O 9 . .. 9 74|7 9 7 4|7
8 q° S L S 2 ..
9 0 |q° O O O O
10 mO | . | . | . | .
11 p° - - - 2 .|.
12 qt . . . .
13 1|4 | . | . | . | .
14 m! | \ | \
15 P . ] . .
16 7 | | . |- |-
17 2 | ¢ | \ | |
18 m? | \ | \
19 P> | - | - | - | -
20 ) | = . 9 . .. 9 747 9 74]|7
21 p° O O - 2 .
22 o) | n° A A A 3
23 0 . 94 .|. 94 .|. 94 ..
24 Pt . . . .
25 ¢ nl | . | | .
26 ! . 945 . 945]|. 945 |.
27 p? | |- | |-
28 5) | n? | \ | \
29 ¥2 9451 9451 945 |1 945 |1
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TabmuA 4.6. Ilpasoe nemenne 945.1 % 0.243 (upomosxenue)
E F G H
-1 2 210/i33 | 210l133 |[210l133 |210[133
0 caclfbvd | ecaclrbvd | eaclrvd| caclrbad
1 6 0 |zizs 6 0 |z7z3 6 0 |z7z3 6 0 2723
2 0243 0/2 43 0243 0243
s] [ ] 9451 9451 o451 9451
4 ¢ 9 435 9 43]|5 9 43]|5 9 43|5
5 1| g 57]0 570 570 570
6 m! 1]0 1]0 110 110
7 pt 9 747 9 747 9 747 9 74|7
8 q° 2118 218 218 2118
9 0 | q° 09 0]9 0]9 0]9
10 m0 |5 |5 |5 | 5
11 p° 23|5 23|5 23|5 2 3|5
12 q" - - 6. 60
13 1|4 |- |- | - |7
14 m! | | | |
15 p . . 6] . 613
16 e | . | . | . |-
17 2 | | \ | |
18 m* | | | |
19 P> | - | - |- | -
20 ()| =t 9747 9 74|17 9 7 4|7 9 747
21 p° 2315 235 2 3|5 2315
22 ) | n° 3] . 319 319 319
23 0 94 7). 94 7|5 94 7|5 94 7|5
24 pt . . 6] . 613
25 &) n | . | . | 2 |2
26 1 945, 945 |. 945]. 945 ].
27 P | . | . | . |-
28 (@) | »* | | | |
29 2 9451 9451 9451 945 |1
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Tabmua 4.7. Ilpasoe nemenne 945.1 % 0.243 (okomuamme)

I J K
-1 210/i33 210133 |210]133
0 caclfbod | ecaclfvd| ecaclfba
1 60 |2 60 |2 6021
2 024 3 024 3 024 3
s] [ ] 9451 9451 9451
4 ¢ 9 43|56 9 435 9 4315
5 1| q 5710 5710 5710
6 mt 110 110 110
7 pt 9 7 4|7 9 7417 9 7417
8 q° 218 218 218
9 0 | q° 0]9 0]9 0|9
10 m0 | 5 |5 |5
|, p° 2 3|5 2 3|5 235
12 qt 60 6|0 6|0
13 1|q |7 |7 |7
14 m! | | |

15 pl 613 613 613
16 7 | . |8 |8
17 2 | ¢ | | |

18 m? | | |

19 P> | |8 |8
20 |2 9747 9 747 9 747
21 p° 2 3|5 2 3|5 2 3|5
22 (o) | n° 319 319 319
23 0 94 7|5 94 7|5 94 7|5
24 |y pt 613 613 613
25 4 | nt |2 |2 |2
26 I 945 |4 945 |4 945 |4
27 P> | |8 |8
s | @) | | |
29 2 9451 9451 9451
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TabmuLA 4.8. Jlesoe nesenne 945.1 ¥ 60.21 (Hauaso)

C D E F
1 210/i33 | 210133 |[210l133 |210[133
0 0 caclfbd eac‘fbd eac'fbd ﬁas|fbd
1 6021 6021 60[21 60[21
2 0 |zizsT3 0 |zizsw3 0 |zizszs 0]2z3z3
3 \ 9451 9451 EXER 9451
4 g 9. . 9 . .| 94 .. 94 .|.
5 1| g 5.0. 5 .| 5 .. 57]|.
6 m! - N 1. 1.
7 b 9. . 97 .| 97 .. 97 ..
8 q° 2 .. 2 .| 2 .. 21].
9 0 |¢° of. 0] 0. 09
10 m0 | . \ | . | .
11 p° 2 .. 2 .| 2 .. 2 ..
12 qr 6. 6. 6. 60
13 1 |q |7 | 7 |7 |7
14 m! | | | |
15 p? 6] . 6. 6. 6] .
16 7 |8 | 8 | 8 |8
17 2 |q | | | |
18 m? | | | |
19 p2 |8 | 8 | 8 |8
20 Hysto9. . 97 .| 97 .. 97 ..
21 p° 2 .. 2 .| 2 .. 2 ..
22 o) | n° - 3 3. 3.
23 0 94 .. 94 7]. 94 7). 94 7).
24 pt 6] . 6] . 6] . 6] .
25 D) nt . | 2 | 2 | 2
26 I 945]. 945 |4 9454 9454
27 p? |8 | 8 | 8 |8
28 5 | n? | \ | |
29 2 9451 945 |1 9451 9451
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Tabnuia 4.9. Jlesoe nemenne 945.1 ¥ 60.21 (npogosrkenue)

G H I J
1 210/133 210133 [210li33 ] 210133
0 caclfvd | caclybvd | ecaclfbd | caclfba
1 60[21 60[21 60[21 60[21
2 0]2z5x3 0]2z5x3 0|2 z5x3 02 4x3
s | ] 9451 o451 9451 9451
4 ¢t 94 .. 94 .. 943]. 943].
5 1 |G 57]. 57]. 57]. 57]0
6 mt 1]. 1]. 110 1]0
7 pt 97 .. 974]. 974]. 97 4].
8 q° 21]. 21]. 21]. 2118
9 0 |q 09 09 09 09
10 m0 | 5 | 5 | 5 | 5
11 p° 23]. 23]. 23]. 23].
12 gt 6|0 6|0 60 60
13 1|4t | 7 | 7 | 7 | 7
14 m! | | | |
15 pl 613 613 613 613
16 72 |8 |8 |8 |8
17 2 | ¢ \ | | |
18 m? \ | | |
19 p2 |8 |8 |8 |8
20 H[= 97 .. 974]. 974]. 974].
21 p° 23]. 23]. 23]. 23].
22 () | n° 3. 319 319 319
23 0 94 7). 94 7|5 94 7|5 94 7|5
24 Pl 613 613 613 613
25 1) | |2 |2 |2 |2
26 I 945 |4 945 |4 945 |4 945 |4
27 P2 |8 |8 |8 |8
28 () | »* | | | |
29 2 9451 9451 9451 9451

49
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Tasuia 4.10

AJIEKCAHJP H. 2KBAHBKO

. Jleoe nmenenme 945.1 ¥ 60.21 (okomuamme)

K L M
1 2 210/133 | 210l133 | 210l7133
0 caclfvd | eaclfbod | ecaclfbad
1 60|21 60|21 60[21
2 0]2 45 0]2 45 0243
3 9451 945N 945N

4 ¢t 943]. 943]. 943|5

5 1| 5710 5710 5710

6 m! 110 110 110

7 pt 97 4]. 97 4|7 97 4|7

8 q° 218 218 218

9 0 |¢q 0|9 0|9 0|9

10 mO |5 |5 |5

11 p° 235 235 235

12 qt 60 60 610

13 1| |7 |7 |7

14 ml | | |

15 pl 613 613 613

16 7 |8 |8 |8

17 2 | | | |

18 m? | | |

19 p2 |8 |8 |8

20 (|2 974]. 9747 9747

21 p° 2315 2315 2315

22 ) | n° 319 319 319

23 0 94 7|5 94 7|5 94 7|5

24 pt 613 613 613

25 () | ot |2 |2 |2

26 I 945 |4 945 |4 945 |4
27 p? |8 |8 |8

5| | ()0 | | |

29 2 9451 9451 9451
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5. BuIBOJ

B mamreit pabore Mbl cOpMYTUPOBAINA WO MCIOJIH30BAHUS HEKJIACCUIECKIX
apudmernk (HKA), uneo pasnoobpasuii 1 IpeyIoyKuiIl HEKOTOpble 000CHOBAHUS
nyien. Bolia onpenesena apudmernka DRy ¢ obpaTnMbiMu CTI0KEHUSME U Y MHOXKe-
HUSIMU, TIPEJICTaB/eHbl rpaduku QyHKIM Ha ee ocHOBe. HekoTopbie n3 rpadukos
UMEIOT POJICTBO C rpadrKaMy aKTyaJIbHbIX HAYJHBIX ncciaenoBanuit. Ha ocHoBe m3-
BECTHOM CxeMbl MM POBAHUs ObLIA IIPEJJIOZKEHA CXeMa C OTKPBITHIMU OIePAIUSIMA
U OTKPBITBIMU KJIIOYAMU.

OueHb MHOTHE KOHCTPYKIIMNA MOTYT OBITH IIEPECUUTAHBI B IPYTUX apuPMeTUKaX.
OTa camas IIPOTa MHOYKECTBA OOBEKTOB IIepecdeTa OIPEIEseT HOTEeHIHATBHYIO
IUPOTY IpUMeHeHus uen. Kakume-To epecanTaHHbIe BEIU Mbl HE CMOXKEM WHTEp-
[IPETUPOBATh U 3HATH O HUX 3a9€M OHU HYKHBI. DTO MOXKET OBITH TPUHITUIINIb-
HO#1 OECII0IE3HOCTHIO MOy YEHHOI'O MaTePUaJIa, HO MOXKET OBITH JIUIIb BPEMEHHBIM
He3HAHUEM O mojib3e. Hapsy ¢ mepencrnosb3oBaHreM KOHCTPYKIHI KJIaCCHIeCKOi
apudmernku (KA), Heknaccuueckue 6y1yT Hen30€2KHO OPOXKIATH HEM3BECTHBIE JI0
CHX TOpP CYIIHOCTH HAIO00ME YIOMSIHYTHIX BO BBEJEHUU OIEPAIMOHHBIX ypaBHEe-
amit' 4. DKOHOMUST MBINIIEHNS U [TOC/IE[0BATEILHOCTD B IIEPENCIIONIB30BAHNN H3BECT-
HBIX Bellleil MOATAJKNBAET HAC UCKATH apU(METUKHI, B KOTOPBIX BO3MOXKEH HanboJIee
MMAPOKUH MEPEHOC TEXHUK U KOHCTPYKIINH M3 KIACCHIECKON apudpMeTuK.

140Ouy MOI'YyT IIOHHMATBHCSI KaK 3HAKOMBIE COODIIECTBY (PyHKINOHAJIbHBIE YPABHEHNUSI, IIO9TOMY
aBTOP, IOBODs “Hen3BeCTHBIE " I0/Ipa3yMeBaeT JIMIIb HOBU3HY B KOHTEKCTE BOIIPOCA.
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ITPI02KEHUE A. I'PA®UKU D R-PA3BHOOBPA3UIL

Bcee ¢dyuknmm, m3obpaskennbie Ha rpaduKax HUXKE, ABISIOTCA OTHO3ZHATHBIMII.
BykBennoe okonvyanue nnjekca GyHKINA, KaK, HAaIpUMep, ¥ fi64, f168, yKa3biBaeT
Ha TO, YTO 3TO I'padUKU OJHON (PYHKIINU, KOTOPBIE, JIMOO N300parkaroT pasHble ee
MHTEPBAJIBI, JTUOO €e MOABIHTEPBAJIBI C MEHBIINM puparienneM Ax.

Ipumenanue A.1. T'padbuku byuxiuit fi6a, fi9, fo0, fo15 (c.c. 59, 61, 62 coorBer-
CTBEHHO) B 1ieJisiX obsierdenus haiijioB n300pazkeHbl ¢ HEIIOJIHBIM HADOPOM TOYEK, HO
epeiaoT Xapakrep GYHKIHA JOCTATOYHO TOYHO IS TieJieil JTeMOHCTpanun. Yia-
JISLJIUCh TOJIBKO TOYKH, HAXOJSIIMECsS] OUeHb OJIM3KO JPYyT OT JIpyra, 9TO COXPAHMJIO
aJIeKBaTHOCTL rpadukos. [lyist KpaTkocTn, ux mpupaienus Ax B HOAPUCYHOTHBIX
OTIPEJICJIEHUSIX YKA3aHbI Il [TOJTHOrO HAabOpa TodYeK; (haKTHUIEeCKOe COOTBETCTBUE
«UHTEPBAJ & — Tpupaiienne Ary NepedncjaeHo HUXKe:

(1) fiea, fio 1 foo:

[0, 20000), [40000, 50000) — Az = 10%;

20000, 40000), (50000, 100000) — Az — 102;
(2) faim:

[0, 1000), [8000, 10000), [22000, 23000),

(34000, 35000), [36000, 37000), [38000, 39000),

[52000, 54000), [55000, 57000), [81000, 82000), [87000,89000) — Az = 10°;
1000, 8000), [20000, 22000), [23000, 34000), [35000, 36000),
37000, 38000), [39000, 40000),[50000, 52000), [54000, 55000),
[57000, 60000), [80000, 81000), [82000,87000), [89000, 90000) — Az = 10%;

[10000, 20000), [40000, 50000), [60000, 80000), [90000, 100000) — Az = 10.

Kak BBIMIAIAT coefMHEHHbIe HeIpepLIBHLIMU TOBEPXHOCTAMHU TOHYKHU, 33JaHHbIC

DR-dyuknuamu, MOKHO HANTH 371€Ch:
https://youtu.be/DhV-piIEVQo.
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Puc. 4. Onpenenenns: f; : Ry — Ry, i = 10,11,
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fii(z) =[(5.55 3 2)] % [(5.55 37 )] %7 (8.88 31 x),
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Puc. 7. Onpenenenns: f; : Ry — Ry, fi = fiea, fi6B,

flsA(x)

fi

(a(z) 7 b(x)) #5 (a(x) % b(z)),

a(z) = (z + 248.136) \° (11229 z),
b(z) = (767.01 %} ) 4 (v 5 903.425),

flGB(-T) =

fiea(z),

Cwm. npumedanue A.1 ma c. 52.
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b(x) = (767.01 %% z) + (v 5 903.425),
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Cwm. npumevanue A.1 Ha c. 52.
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Puc. 10. Onpenenenus: f; : Ry — Ry, fi = fa14, fo1B,
fara(x) = d(z) % {[(alx) %3 b(x)) %% b(x)] %, c(x)}, Az =10

a
b

(z) =
(z) =
(z) = [(a(z)
d(z) = {[(a(x)
f2lB(£U) = f21A(I)’

Cwm. nmpumedanue A.1 ma c. 52.

Q

%9 b
*9

(z = 98765.43) \* 5.43,

(x +§ 5.43) % (x =4 5.43),

() %5 b(x)] % b(x),

b(x)) *5 b(x)] 7, c(x)} ' (),

Az =1
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0 1 2 3 4 5 6 7 8 9
45 76 35 96 05 66 25 86 55 16
15 46 75 36 95 06 65 26 85 56
55 16 45 76 35 96 05 66 25 86
8 56 15 46 75 36 95 06 65 26
25 8 55 16 45 76 35 96 05 66
65 26 8 56 15 46 75 36 95 06
05 66 25 86 55 16 45 76 35 96
95 06 65 26 8 56 15 46 75 36
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75 36 95 06 65 26 85 56 15 46
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22 11 00 99 88 77 66 55 44 33
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00 99 88 77 66 55 44 33 22 11

QXN WNFEFO® ©ON0 UK WNHFHOIW

CIHHUCOK JINTEPATYPHI

[1] Michael Grossman and Robert Katz. Non-Newtonian Calculus, ISBN 0912938013, Lee Press,
1972.
https://books.google.by/books?id=RLuJmESy8pYC&printsec=frontcover&
dg=%22non-newtonian+calculus22&hl=en&sa=X&redir_esc=y#v=onepage&q=
%22non-newtonian’20calculus,22&f=false

[2] https://sites.google.com/site/nonnewtoniancalculus/nonclassical-arithmetics.

[3] Hjortland OT. What counts as evidence for a logical theory?. The Australasian Journal of
Logic. 2019 Nov 18;16(7):250-82.
https://doi.org/10.26686/aj1.v16i7.5912

[4] Robert K. Meyer, Chris Mortensen. Inconsistent Models for Relevant Arithmetics.
Australasian Journal of Logic (18:5) 2021, Article no. 6, 380-400
https://doi.org/10.26686/ajl.v1815.6908.

[5] Priest, G. (2003). Inconsistent Arithmetics: Issues Technical and Philosophical. In: Hendricks,
V.F., Malinowski, J. (eds) Trends in Logic. Trends in Logic, vol 21. Springer, Dordrecht.
https://doi.org/10.1007/978-94-017-3598-8_10.

[6] Burgin, Mark and Czachor, Marek. (2020). Non-Diophantine Arithmetics in Mathematics,
Physics and Psychology.
https://doi.org/10.1142/11665.

[7] Burgin, M. (2019). On Weak Projectivity in Arithmetic. European Journal of Pure and
Applied Mathematics, 12(4), 1787-1810.
https://doi.org/10.29020/nybg.ejpam.v12i4.3545

[8] https://terrytao.wordpress.com/2008/11/13/ (Retrieved: February 3, 2023)

[9] Borges, Herivelto & Homma, Masaaki. (2015). Points on singular Frobenius nonclassical
curves. Bulletin of the Brazilian Mathematical Society, New Series.
https://doi.org/10.1007/s00574-016-0008-6.

[10] Asgarli, S., Duan, L., & Lai, K. (2022). Frobenius nonclassical hypersurfaces.
https://doi.org/10.48550/arXiv.2207.11981



66

(11]

(12]

(13]

(14]

[15]

[16]

(17]

(18]

(19]

20]

[21]

22]

(23]

[24]

AJIEKCAHJP H. 2KBAHBKO

DeBenedictis, E.A., Chory, E.J., Gretton, D.W. et al. Systematic molecular evolution enables
robust biomolecule discovery. Nat Methods 19, 55-64 (2022).
https://doi.org/10.1038/s41592-021-01348-4. (Retrieved: January 6, 2022)

Delgado, R.N., Allen, D.E., Keefe, M.G. et al. Individual human cortical progenitors can
produce excitatory and inhibitory neurons. Nature (2021).
https://doi.org/10.1038/s41586-021-04230-7. (Retrieved: January 6, 2022)

Shim, H.S., Horner, J.W., Wu, CJ. et al. Telomerase reverse transcriptase preserves neuron
survival and cognition in Alzheimer’s disease models. Nat Aging 1, 1162-1174 (2021).
https://doi.org/10.1038/s43587-021-00146-z. (Retrieved: January 6, 2022)

Liu, K., Deng, S., Ye, C. et al. Mapping single-cell-resolution cell phylogeny reveals cell
population dynamics during organ development. Nat Methods 18, 1506-1514 (2021).
https://doi.org/10.1038/s41592-021-01325-x. (Retrieved: January 6, 2022)

Foley, E.D.B., Kushwah, M.S., Young, G. et al. Mass photometry enables label-free tracking
and mass measurement of single proteins on lipid bilayers. Nat Methods 18, 1247-1252 (2021).
https://doi.org/10.1038/s41592-021-01261-w. (Retrieved: January 6, 2022)

Goodwin, A., Jones, E.J.H., Salomone, S. et al. INTERSTAARS: Attention training
for infants with elevated likelihood of developing ADHD: A proof-of-concept randomised
controlled trial. Transl Psychiatry 11, 644 (2021).
https://doi.org/10.1038/541398-021-01698-9. (Retrieved: January 6, 2022)

Asteria, L., Zahn, H.P., Kosch, M.N. et al. Quantum gas magnifier for sub-lattice-resolved
imaging of 3D quantum systems. Nature 599, 571-575 (2021).
https://doi.org/10.1038/s41586-021-04011-2. (Retrieved: January 6, 2022)

Trapp, A., Kerepesi, C. & Gladyshev, V.N. Profiling epigenetic age in single cells. Nat Aging
1, 1189-1201 (2021).

https://doi.org/10.1038/s43587-021-00134-3. (Retrieved: January 6, 2022)

Graham, S.E., Clarke, S.L., Wu, KH.H. et al. The power of genetic diversity in genome-wide
association studies of lipids. Nature 600, 675-679 (2021).
https://doi.org/10.1038/s541586-021-04064-3. (Retrieved: January 6, 2022)

Watts, S., McElroy, M., Migicovsky, Z. et al. Cannabis labelling is associated with genetic
variation in terpene synthase genes. Nat. Plants 7, 1330-1334 (2021).
https://doi.org/10.1038/s41477-021-01003-y. (Retrieved: January 6, 2022)

Zhao, D., Tian, X., Doronkin, D.E. et al. In situ formation of ZnOx species for efficient
propane dehydrogenation. Nature 599, 234-238 (2021).
https://doi.org/10.1038/s41586-021-03923-3. (Retrieved: January 6, 2022)

Akemann, W., Wolf, S., Villette, V. et al. Fast optical recording of neuronal activity by three-
dimensional custom-access serial holography. Nat Methods 19, 100-110 (2022).
https://doi.org/10.1038/s41592-021-01329-7. (Retrieved: January 6, 2022)

S.E. Kochemazov, O.S. Zaikin, The search for pairs of orthogonal diagonal latin squares of
order 10 in the volunteer computing project sat@home. Bulletin of the South Ural State
University. Series “Computational Mathematics and Software Engineering”, 2015, vol. 4, no.
3, (In Russian) pp. 95-108

Bruck, R.H. (1971). A Survey of Binary Systems. Springer-Verlag. ISBN 978-3-662-43119-1,
section 1.2

Email address: a.n.zhvanko@gmail.com



