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TEOPEMA PUCCA-®EWNEPA U EE CJIEACTBUSI

Crynun . JI.

N3znoxena kjaccumdeckada TeopeMa Pucca-®efiepa ajd TpUTOHOMETpHUUE-
CKUX MHOTOYJIEHOB, OXapaKTEPU30BAHO MHOXKECTBO BCEX MHOTOWJIEHOB C
[IOJIO?KUTEIbHON B €JUHUYHOM Kpyre NefCTBUTEJIbHONH 4acTbhlO, JJAHO OJHO
YCJIOBHWE €IMHCTBEHHOCTH TAKOTO MHOTOYJIEHA W CBA3b ITOTO PE3yabTaTa C
yCJIOBHEM eIMHCTBEHHOCTH IKCTpeMaJjIbHOM dyHKImM B mpobiaeme Kimmxka.

The classical Fejer-Riesz theorem for trigonometric polynomials is expo-
unded, the set of all polynomials with a positive real part in the unit circle
is characterized, and one condition for uniqueness of such a polynomial
and the connection of this result with the condition for uniqueness of an
extremal function in the Krzyz problem is given.

Kuarouessbie cioBa: Teopema Pucca-®eitepa, TpuroHOMeTpHIECKHE MHOTO-
4JIEHBI, TPUTOHOMETPUIECKUE [TOJTMHOMBI, MHOT'OWIEHBI JIopana, moJimHOMbI
Jlopana, MHOrO4JIEHbI C IOJIO2KUTEJILHOM eHCTBUTEIbHON YaCThIO, [IOJIMHO-
MBI C TTOJIOXKUTETHHON BeIlleCTBEHHOM YacThio, Kiaacc Kapareomopu, runore-
3a Krmmmka, mpobsiema Krmmka, orpannviennabie He 00paIamuecs B HYJIb
PyHKIHIN

Keywords: Fejer-Riesz Theorem, trigonometric Polynomials, Laurent Po-
lynomials, polynomials with positive real part, Caratheodory class, the
Krzyz conjecture, the Krzyz hypothesis, the Krzyz problem, bounded non-
vanishing functions

BBenenue
Bripaxkenne Buma

n

T(t) =aog+ Z(ak cos kt + by, sin kt)
k=1

HA3bIBAETCS TPUrOHOMEeTpHuYecKuM MuorodaenoMm. Quesuauo T'(t) € R mua Bcex t € R
SKBHBAJIEHTHO ag, G, br € R.
JI1060# TPUTOHOMETPUYECKHIT TOJTMHOM MOXKHO 3aMKUCaTh B SKBUBAJEHTHON (opme

T(t) = Z crettt,
k=—n

Awnanornuno, T'(t) € R ans Bcex t € R 9KBUBAJIEHTHO ¢ = ¢k, kK =0,...,n.

Kax ykassiBaercs B [4], B Hagase neBaraagnaroro sexa JI. @eiiep [1] nepsbiv orme-
THJI BA2KHOCTD KJIACCA TPUIOHOMETPUIECKUX IIOJMHOMOB, IPMHUMAIOUMX TOJILKO HEOT-
pUIaTeIbHbIE 3HAYEHNS Ha JIefiCTBUTeIbHOM npsiMoii. Ero npemnooxenne o cTpyKType
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TAKMX MHOrowieHoB 6buio jokazano @. Puccom [2] u ceropns uzBecTHO KaK TeopeMa
Pucca-®eiiepa.

O6oznaamm enmamanbil KpyT wepes A = {z : z € C, |z| < 1}, a equawanyo
OKpYKHOCTB depe3 OA.

Jlemma 1. Ecau H(z) = Y hi2*, hy € C, mo cyocenue Re H(z) na edunuu-
n=0

ny1o oxpyscrnocms OA ecmv mpuzonomempuneckuti nosunom T(t) = Re H(e''). Ecau
ReH(z) >0,z€ A, moT(t) 20,teR.

CrpaBeIyiInBOCTh JIEMMBI 1 OYeBHIHA.

B 310it craThe MBI H3TOKUM JTOKA3ATETHCTBA KIACCHIECKOi Teopembl Pucca-Deiiepa,
JIJIS. TPUTOHOMETPUYECKAX MHOTOYJIEHOB C JI€ICTBUTEIbHBIMA U C KOMILIEKCHBIME KO-
duimenTaMu 10 OT/IeJILHOCTH YUCTO U3 METOINYEeCKUX COOOparkeHuil, TaK KaK IOHATHO,
YTO TEPBBIA PE3yAbTAT MPOCTO YACTHBINA caydail BTroporo. /loKa3aTeabcTBO TEOpeMbI
Pucca-Peitepa MoxuO0 Haiitu B [3] u B [5, cTp. 154].

Hanee, oxapaKTepru3yeM MHOXKECTBO BCEX MHOTOUJIEHOB C TOJIOKUTENIHHON B e1u-
HUYHOM Kpyre JefiCTBUTENbHOM 4dacTbio. B kuure [6, crp. 64] umeercs 3azaga 4 o
MHOTO4JIeHaX C IOJOXKATENbHON NeCTBATEIbHON 9aCThIO.

B zakmiouennn, mokaykeM eIWHCTBEHHOCTH MHOTOYJIEHA C TOJIOYKUTETLHON Bele-
CTBEHHON YaCThIO W OrpaHuvYeHuneM Ha K03 dunmentsr hg = h,, a TakkKe yKaykeMm Ha,
CBI3b ITOrO PE3y/JIbTaTA W YCJIOBUS €IUHCTBEHHOCTH SKCTPEMAJBHONW (DYHKIMH B TPO-
6ueme Kummzka. Orvernm, uro B [12] moka3ano, 9TO €IMHCTBEHHOCTb SKCTPEMAJIBHOMN
byHKIMY BII€YET CIpaBeInBOCTD rumore3bl Kimmka.

1. HeiictBuTeabHbie KO3 PUIIMEHTHI

Eciu muorounen H(z) crenenu n umeer jgeiicrBuresibubie KO3 duuuenTol, T0 co-
OTBETCTBYIOIINI TPUTOHOMETPUIECKUH TTOJTMHOM HE DYIEeT COMepKaTh CUHYCOB, TO €CTh

n
T(t) = > aycoskt.

k=0
OueBunno, uro eciu P(z), z € C, — HoIMHOM CremeHu n ¢ AeHCTBUTEIbHBIMU
Y ) )
kospbunmnentamu u T(t) = |P(e')|?, To T(t) > 0. Herpyano Takske nokasarb, 4To
n

T(t) = > ajcoskt, ar € R. Takum 06pa3oM, IMeEET MECTO CJIE/IYIOIIee
k=0

Vreepxkaenue 1. Ecau P(z) = kiopk.zk, pn # 0, pr €ER, 2 € C uT(t) = |P(e)|?,
teR, moT(t)20uT(t) = ki ay coskt, ay, € R.
=0
Cdopmynupyem u JI0KaxKeM 0OPATHOE yTBEPZKICHHE.
Teopema 1 (Pucc, ®eiiep). IIycms T(t) = an: apcoskt > 0, ap, # 0, t,ar € R,
=0
mozda natidémes P(z) = zn: pr2®, pr € R, 2z € C, maxoti, wmo T(t) = |P(e™)|*.
Boaee mozo, P(z) Momcemkzgtmb n0dobpar max, 4MobbL 6CE €20 HYAU AEHCANU GHE

edunuwnozo xpyza. B nocaednem caywae P(z) onpedeasemcs eduncmeennvim 06pazom
¢ MOYHOCTBIO 00 YHUMOOYAAPHOT MYALTMUNAUKGMUSHOT KOHCTGHTIbL.
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2k + zk

it rorma zF = e u coskt = — ITo-

HokazareancTBo. [lomoxum 2z = e

cJie TaKoil 3aMeHbI epeMeHHOi TpuroHoMeTpryeckuii monurom T'(t) mpeBpaiiaercs B
mHuorodseH Jlopana

1

n k _k n
. ¥+ z . Ak _p Ak
Q(2) ~—kz_0ak?—zjz +a0+’;?z .

k=n

MpHorounen @Q(z) nmeer 2n kopreii B ockoctu C. leiicTBUTENBHO,

2"Q(z) = In Ol o+ Dty ggen ¢ it g G en
2 2 2 2 2
Tak Kak a, # 0, TO TO OCHOBHOI Teopeme anreGpbl MHOTOUIEH z"Q(z) uMmeer 2n
KopHeii. IIpu atom z = 0 He sBagercs KopHeM z"Q(z), Tak Kak a, # 0. 3amernm, 9T0
2"Q(z) — BO3BpATHBINA MHOTIOYJIEH.
OueBuzno, 9ro Kopuu Q(z) n 2"Q(z) coBmagator. I3 cBOMCTB KOMILIEKCHOTO CO-
[PSZKEHUs CJIEJYEeT, ITO

To ectb, eciu z, — KopeHb Q(z), 2z ¢ R u |zx| > 1, 10 Zk, 1/2 u 1/Z; TOXKE KOpHE
Q(z). Ecmu 7, — xopeub Q(z) u 1, € R u |rg| > 1, To Tonbko 1/r), Gyner xopuem. B

9ACTHOCTH, ecyu T, — Kopenb Q(z) u |rx| = 1, To 1y Gyner mmers 9€THYI0 KPATHOCTD
(Tak Kak BCEro KOpHeit 2n).
Ecin z;, — xopenb Q(z) u |zi| = 1, 2z ¢ R, 10 TONBKO Z); GymeT KopHeM, Tak

Kak 2z = 1/Zk, Z = 1/z;. TlokaxeM, 9T0 2, ¥ Z — KOPHHU Y€THON KparHocTu. Puk-
cupyeM k M IPEINONOKUM O0GPATHOE, TO €CTh IIPEeJIIOIO0KHM, YTO KOPeHb 2z = e'Pk
MOXKeT ObITh HEYETHON KparHocTd. Torjga 3HAK TPUNOHOMETPHYECKOTO MHOIOYJIEHA
T(t) B JOCTATOYHO MAaJIOi OKPECTHOCTH TOYKM (O OMPENENSIeTCs 3HAKOM TTPOM3BeIe-
aus ug(t) = e (et — el?r) (et — e7¥r), mak Kax wuy(t) — meifcTBHTENbHO3HAUHASA
dyuxims (ug(t) = 2(cos(t) — cos(¢k))). Ho o4eBUaHO, 9TO u), MEHSIET CBOIi 3HAK B yKa-
3aHHON OKPECTHOCTU M MbI IPUXOAMM K HpoTuBopednto ¢ rem, uyro 1'(t) > 0. Cuyqait
C KOpHeM Zj pasbupaercs anasorudHo. Berony nasee cumraem, 4o |zx| > 1, 1ak Kak
cayun |zi| =1 u |2zx| > 1 Huuem He orIMHAIOTCA.
Takum obpaszom,

T (t) = ‘%" ﬁ(e“ ) <e“ - :k) ﬁ(e” — 2) (e — zx) <6“ - ;) <e” - ;) )

k=1

rae ny + 2ns = n.
3amMeTus, 9TO

1 et 1 et — 1 et
L S M N ey NS S i 2 D)
Tk Tk Zk Zk Zk Zk
nMeeM

2inat 2

. H |€it _ Zk|2|eit -z 27
E3] R KA ]
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TO €CTb

— - -
S H@it—erHeit_Zk2€it_2k2-
*) 27"1~...-7“n1‘|Zl|2'~"‘|Z”2|2k:1| | k*1| .

Tak xak T'(t) > 0, T0

an (=)™ |an|

R SR R R A s T N T N P N PN

>0,

3HAYUT
ny

P(z) = \/Eﬁ(z—rk) H(z —21) (2 — Zp).

k=1 k=1

Tak KaK Mo NOCTPOEHHUIO BCe KOPHU P(z) JIEKAT BHE OTKPBITOrO €JIMHUYHOTO KPYTa U
T(t) = |P(e')]?, To muorousen P(z) onpe/e/éH eIJMHCTBEHHBIM 00PA30M ¢ TOYHOCTBIO
JIO YHUMOJYJITPHON MYJbTUILTMKATUBHON KOHCTAHTHI. ]

SameTuM, 4TO ecjiu yoparb TpeboBaHue 0 TOM, 4TO0bI BCe KOpHU P(2) Jlexkasu BHE
A, 1o T(z) oupenensiercss He OJHO3HAYHO, YTO BUHO U3 [OCTPOEHUil, IIPOBEAEHHDIX B
JI0OKa3aTeIbCTBE TeopeMbl 1.

2.B03BpaTHbK3MHDFOqﬂeHH

Ecnu y nac ectb muorounen P, (z) = pg + ...+ pp2", TO B3AUMHBIM MHOTOWIEHOM

x P, Gynem masemars momunoM P (z) = poz™ + ... + Py, T0 ecthb Pj(2) = 2"P, (1).
Meuorounen P Gynem Ha3biBaTh BO3BpaTHBIM, eciu P(z) = P*(2).

TTo amHaszorum ¢ 1OKa3aTETHCTBOM TEOPEMBI 1 MOJKHO TTOKa3aTh, YTO BO3BPATHOCTH
nonuHOMa Py, paBHOCHIIBHA CYIIECTBOBAHWIO MHOTOUJIEHA P, Takoro, 4ro

Pon(2) = Pn(2) By (2)-

[TousaTre BO3BpATHOCTH MOYKHO TIEPEHECTH HA JIOPAHOBCKUE MTOJIMHOMBI, TIOCJIE 9€r0
Teopemy Pucca-®eitepa 1719 TPUTOHOMETPHIECKUX TTOTHHOMOB C KOMILIEKCHBIME KO-
durnmenTaMu MOXKHO Oyzer cpOpMyTUPOBATDH CIEIYIONIAM 00PA30M:

n
nycets T(z) = Y, cx2 >0,¢, #0,c0 ER, c_p = ¢, k= 1,...,n, Torma HaiiasTCs

k=—n

P(z) = Y prz®, pr € C, Taxoit, aro T(z) = P(z)P(
k=0

=

ITo sTomy mosoxmy cM. [3].

Hanee mui chopmynupyem Teopemy Pucca-®eiiepa B KJIaCCHYECKOM BapHUAHTE.

3. Kommitekcubie k03dPunmeHTHI

Ouesugno, a0 ecnu P(z), z € C, — mOJIMHOM CTemeHH 7 ¢ KOMIUIEKCHBIMH KO-
spummentavu u T(t) = |P(e')|?, To T(t) > 0. Herpyano Take TmOKa3aTh, 4TO
n

T(t) = > (ay cos kt + by sin kt), ag, by, € R. Taknum 06pa3oM, MEET MECTO CIEAYIOIIEe
k=0
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VYreepxkaenne 2. Ecau P(z) = Y piz*, pn # 0, 2,p1, € C u T(t) = |P(e)|?,
k=0

n

teR, moT(t) 20 uT(t)= > (arcoskt + bgsinkt), ag, b, € R.
k=0

Teopema 2 (Pucc, ®eitep). IIyemo T(t) = > (arcoskt + bysinkt) > 0, a, # 0
k=0

n

uau b, # 0, t,ay, by, € R, mozda natioémea P(z) = > prz*, z,pr € C, maxoti, wmo
k=0

T(t) = |P(e)|?. Boaee mozo, P(z) mooicem 6vimnb nodobpan max, wmobv. 6ce €20 HyAU

Ae2ICaNY 8He eduruwH020 Kpyea. B nocaeduem cayvae P(z) onpedeasemcsa eduncmeen-
HBLM 00PA3OM ¢ MOYHOCTNDIO 00 YHUMOOYAAPHOT MYALMUNAUKAGMUBHOT KOHCTMAHTbL.

it ko ikt 242"
HokazareabcTBo. [lonoxkum z = e, Torma 2" = '™, orkyna coskt = s
2k — 27k
sin kt = ————. Tlocne Tako# 3aMeHBI TEPEMEHHOH TPUTOHOMETPUIECKHH TTOJTHHOM

i
T(t) npeBpammaercss B MHOro4IeH JlopaHna

n

1 . .
ar +ibr _ ay — iby,
Q(z) = E TZ k4 ag+ E Tzk.
k=n k=1

Tak kak a, — ib, # 0, To Q(z) umeer 2n kopweii, upu 3rom z = 0 He ABJETCH
kopHeM. 13 CBOMCTB KOMILIEKCHOTO conpsizkenus cieayer, aro Q(z) = Q(1/2). To ecrp,
ecam zr — Kopeub Q(z), |zx| > 1, To 1/Z); TOXe KOpeHb.

Ecan 2z, — xopenb Q(z) u |zx| = 1, 10 2, = 1/Zj. Ilokaxkem, 9To 2, — KOPEHb
48THOI KpaTHOCTH. BLIOpAB ITPOU3BOJIBHBIN HOMED k BHJIMM, YTO KOPEHb zj, = e'?* He
MOKeT ObITh HeuéTHOH KPAaTHOCTH TaK KAk BbIpaxkenue e'! — /¢ npummmaer 4amero
KOMILJIGKCHBIE 3HAYEHUS B JIOCTATOYHO MAJIOH IPOKOJIOTON OKPECTHOCTH TOYKH . C
JPYTO#t CTOPOHBI Uy (t) = —e~(tH9k) (¢t —ei¥k)2 ecTh bynKIMA JeHCTBUTELHOZHATHAS
U HeOTpHIATesNbHas Tak Kak ug(t) = 2(1 — cos(t — ¢y)). Berony namee cumraeM, 9To
|zk| > 1, Tak Kak cayau |zx| =1 u |z;| > 1 HEYeM He OTIMYAIOTCS.

Takum obpazom,

eMT(t) = an — iby ﬁ(eit — ) (et - 1
2 k Zk ’

k=1

3ameTus, 9TO

nMeeM
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3HAYHUT
n
P(z) = \/EH(Z — 2k)-
k=1
Tax Kax Mo MOCTPOEHHIO Bee KOpHH P(z) MekaT BHe OTKPBITOTO eIUHIIHOTO KPyTa 1

T(t) = |P(e')|?, To muorousnen P(z) onpe/e/éH eITMHCTBEHHBIM 00PA30M ¢ TOYHOCTHIO
JIO BpAIIleHUM. |
3aMeTuM, 4TO TaK KaK He BCe 1 KOpHel mojguHoMma P Jieskar Ha eIUHUIHON OKPY K-

HOCTH, TO TPUTOHOMETPUYIECKNH MHOrOUIeH 1 mMeeT He 60jee deM 21 KOpHEit.

4. XapakTepusalus KJjacca IMOJAHOMOB C MOJOXKHUTEJbHON B €JIUHUIHOM
Kpyre JeACTBUTEJIBHON YacTbhIO

Teopema 3. Mnozounen H(z) = > hpz¥, hg > 0, hy € C, k = 1,...,n, umeem
k=0

NOAOAHCUMENbHYIO deticmeumesbHyo wacmsb 6 A mozada u moavko mozda, x020a

n n—~k n
hoZZLDk\z, thQZPﬁkﬁj, Z|Pk\2>0, po,pk €C, k=1,...,n. (1)
k=0 =0 k=0

Boaee mozo, h; € R pasrocuavmo pi € R.

HokasaresnbcrBo. Heobxomumocrs: pokazkem, 4ro ecnu Re H(z) > 0, z € A, 1o H
nmeer koaddunuents (1). o memmve 1, Boipaskenne T'(t) :== Re H(e) ecth Tpurono-
merpudeckuii mosmHoMm u T'(t) > 0, t € R. CorytacHo Teopeme 2, HalAETCS MHOTOUYJIEH

P(z) = prz*, pr € C, k=1,...,n, taxoit, aro T(t) = | P(e')|?. Taxum ob6pazom,
k=0

1) =P P = Y ™S e =
k=0 k=0

=[pol> + ...+ Ipnl*+

+(pop1 +p1p2 + ... + Pnflﬁn)e_it-i-
+(p1Po + poP1 + ... + pnﬁn,l)e”—i—
+(pop2 + p1P3 + .- + Prn—2Pn)
+(p2Po + P3P1 + - -« + Pubn_o)e i+

+p0ﬁn e—int +
+PnDo et

To ecTb

:‘pO‘Q +...4+ |pn|2_|_
+2Re({p1po + p2p1 + ... + pnpn—l}eit)—F
+2Re({p2po + p3p1 + ... + p7tﬁn—2}6i2t)—|-

+2Re(papoe™).
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Bcenomvunast, 9To ajis nepexozga oT OObIYHOI0 MHOIOY/IEHA K TPUTOHOMETPUYECKOMY MbI
MCTONMB30BAIN 3aMeny z = e'f nmeem

h(z) =

pol® + ... 4 pnl+
+2(p1Po + p2b1 + - - - + PpPn—1)2+
+2(papo + p3Pr + - - + Prbn_2)2>+

+2pnﬁozn~

Nraxk, Mbl cHavas1a 0TOpocun MEUMYTO YacTb dbynknun H u dhakropusosamu Re H (e't)
9TOOBI MOTYyYIuTh Tpebyemoe mpescTaBienne €€ K0d(OPUINEHTOB, 3aTeM BOCCTAHOBHU-
v aHazmTHuecKyw dyHkimio h(z) mo meiicrBuTenbroit wactu, dyukumn H(z), 3a-
JIAHHOW HA €IUHUYHON OKPYYKHOCTH U MPOMOJIKUIN €€ C eIUHUIHOU OKPYKHOCTH HA,
BCIO KOMIIJIEKCHYIO IIJIOCKOCTD. Tak Kak aHAJIUTHYECKOe IPOIOJIKEHNE eIMHCTBEHHO, TO
H(z) = h(z). Yro u TpeboBaioch.

HocrarounocTs: mokazkem urto ecan H nmeer koadduimentsr (1), To Re H(z) > 0,
z € A. [leiicrBurenbho, nycrb H umeer koaddunumentor (1). IIpocMoTpes Bbruuc-
JIEHUsI U3 JOKa3aTe/bCTBA HEOOXOIMMOrO yCJIOBHS B OOPATHOM MHODsJKE MPUXOAUM K
Re H(e') = P(e')P(eit) =: T(t). Cramno 6bith, Re H(e') > 0, t € R, cornacuo yTBep-
xkaenuto 2. Tak kax H(0) > 0, To nmo npunnuny coxpasenus obnactu Re H(z) > 0,
z € A. YUto n TpeboOBaIOCH.

Ecin Bce koabdunnents muorousiena H(z) neficTBuTeIbHBIE, TO BMECTO TEOPEMBI 2
MOZKHO HCIOJIB30BaTh TeopeMy 1. ]

5. YcioBUe eJUHCTBEHHOCTH MHOTIOYJIeHA C IIOJOXKHUTEJIbHONI OeHCTBUTEb-
HOI YacTbIO

Jlemma 2. Iycmv n € N u H(z) == ho+ hiz+ ...+ hpz™, ho > 0, u Re H(z) > 0,
z € A, mozda cywecmeyem u npumom eduncmeernoili muozousen H marotd, wmo
ho = hy,. Boaee mozo, hy =...=h,_1 =0.

HokasaresberBo. Muorounen H(z) := hg + h1z + ... + h, 2™ no Teopeme 3 Moxker
OBITH TIPEJCTABIICH B BUIE

H(z) = (Ipol® + ...+ pal>)2° + ... + 2pnpo2™,
OTKY/Ia CJIEIyeT, ITO
ho=Ipol® + ...+ pul®,  hu = 2papo.
Crajo ObITh, Tak Kak hg = h,, TO
pol® + .- + [pnl® = 2pnpo,
YTO IKBUBAJTEHTHO

Ipol? — 2Repupo + [pnl® + p1]* + .. + [Pa—1|?® = 2i Im p,, po,
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YTO PAaBHO3HAYHO

Ipo — pul® + 1> + ... + [Pn—1]* = 2i Im p,po,

a 3TO PAaBHOCHIBHO TOMY, 9TO Pg =Pp U P; = ... = Pp_1 = 0. ]

6. 'mnoreza Kmmxka

Teitoposckue koadbduimentsl dyukimn f(z) 6yaem obosuadars { f},, n € {0}UN.

Knaccom B 6ymeMm HA3BIBATH MHOXKECTBO, COCTOSINEE M3 TOJTOMOP(MHBIX B eIUHAY-
HoMm Kpyre A dyukuuit f, rakux, uro 0 < |f(2)| < 1, z € A.

B 1968 r. fu Kiuunxk Bbickaszas runoresy [7, 8] o rom, uro eciu f € B, 1o

{finl <2/e,  neN,

IpUYeM PaBEHCTBO JOCTHTACTCA TOBKO Ha byHKImAX suaa eV F(e'$ 2" 1), rae
1—=2
F(z,t) = e "7z p,p €R, te|0,+00). (2)

3aja4dy 0 HAXOXKJIEHUU
my, = r}1€a§<|{f}n|, n €N,

MbI Oyz1eM Ha3bIBaTh podsiemoil Kimmka. @yukuuto [ Oyaem Ha3bIBATH IKCTPEMaJIbHON
B npobneme Kmmzka, ecmu [{f}n| = my,.

I'umoreza Kmmka nmpuBieKaeT BHUMaHUE PSATa MATEMATUKOB. B HacTosIIee BpeMs,
OHA JIOKA3aHA TOJBKO JIO LIIECTOrO TEHIOPOBCKOrO K0I(DDUIMEHTA BKIIOIHTEIBHO [9].
CyiecrBoBanme dKcTpeMasieil B 370 3a1a4e O9eBUIHO, TIOCKOJIBKY MOCTE TPUCOETHHE-
Hus K kaaccy B dyukuuu f(z) = 0 mosyuaercs KOMIIAKTHOE B TOIOJIOIUU JIOKAJIBHO
PABHOMEPHON CXOTUMOCTH CEMEHCTBO (DyHKIHII.

Yepes )y 0603HAUNM KJIACC, COCTOSIMIA 13 TOMIOMOPGHBIX B A DYHKIWIA W, TAKUX,
qaro |w(z)| <1, z € A, w(0) = 0.

ITycrs dyukuuu G(z) u g(z) romomopdust B A. Oyukims g(z) Ha3bIBAETCS O IM-
Hennoit B A mus dbyukuuu G(z), ecau oHa moxer ObiTh npejacrasiesa B A B dopme
g9(z) = G(w(z)), toe w € Qy. Pynkuio G(z) OyneM HA3BIBATH MAXKOPAHTON 1 (%)
B A. Tlompo6GrocTn cM. B [11].

ITockonbKy KMacc B WHBapHAHTEH OTHOCUTEIHLHO BPAIEHUH B MJIOCKOCTH TTEPEMEH-
Hoit w (w = f(z)), To 6e3 ymeHbleHusT OOUIHOCTH MOYKHO OIDAHUYUTLCH WU3YIEHU-
em dynkuuii g koropeix f(0) > 0. Tak kak 0 < {f}o < 1, TO MOXKHO MOJIOKUTH
{f}o = e, tye napamerp ¢ € [0, +00). D1u nojkaaccH 0603HaUMM vepe3 By. Kak us-
BECTHO U3 Teopuu 1noxuuuéunbix dyuxuuit [11], kaxayo dyskuuo kiacca By MOXKHO
MIPEJICTABUTE B BUIE

f(z) = e tM=), heC, (3)

rne C — u3BectHbIit kiacc Kapareomopu ronomopdubix GyHKINNE h ¢ HOPMUPOBKO
h(0) = 1, Reh(z) > 0, z € A. Ormernm, yto mpu Kaxkaom ¢t > 0 sra dopmyna
YCTaHABJIMBAET B3AUMHO OJHO3HAYHOE COOTBETCTBHE Mexkay Kjaaccamu C' u By.

3aMernM TakzKe, 4TO KIacc By COCTOUT TOJIBKO U3 0aHOoM (pyHKmuu f = 1, mosroMmy
By MOKHO CYUTATH MTOJTHOCTHIO U3YUEHHBIM. B masbHeiinemM Mbl OyaeM st TOJTHOTHI
yKa3bIBaTh, 410 t > 0, oaHaKO (PaKTUIECKH MOXKHO BCIO/LY JaJjiee CYuTarb, 4ro t > 0.
DTa OrOBOPKA MO3BOJISIET HAM HAMPUMEDP CBODOIHO JIEJIUTH HA t.
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7. HekoTopble cBoiicTBa 3KcTpeMaJjibHOI hyHKIuu B runorese Kmmka

Kiacc B wHBapruaHTE€H OTHOCUTEIHLHO BPAIIEHWI B MJIOCKOCTH MEPEMEHHON 2 U OT-
HOCHTEJIbHO BpAIIEHuil B 1j10cKocTu nepementoit w (w = f(z)). To ects, eciu n € N u
f — sxcrpemanbhas B npobaeme Kinuxa, To nf((z), |n| = |¢| = 1, Toxke sxcrpemasib-
nas. [Ipu 3TOM BpallieHne B IJIOCKOCTH MEPEMEHHON 2 He 3aTparumBaeT Kodduinent
{f}o. CrenoBaTennHo MBI MOYKEM CUNTATH G€3 OTpAHWYEHNsT OBITHOCTH, YTO ecan [ —
srcrpemasbHas, To {f}o > 0 u {f}, > 0. Bcrogy masee, roBopsi 06 3KCTpeMasbHOl
dbyuknun f B npobimeme Kmmmka canraem, aro f € By, t > 0.

Bce pesysbrarbl 31010 nyHkTa nodauMcrsoBanbl u3 [12]. s m0gHOTHL HpuBeaéM
WX C JOKA3aTETHCTBAMU.

Jdemma 3. Ilyemvn €N, f€ B, g€ C,e —0,e € R uv(z) = f(2)e 9% mozda

{vhn ={f}n —e({Ftnlgbo +{fIn-1{ghr + ... +{F}o{g}n) + (o). (4)

JokasaresbcrBo. Paccmorpuy Bapuarmio dbysakimn f dyukimeit e292) ¢ € R. Yerpe-
MHUB € K HYJIIO HMEeM:

v(z) = f(2)e ) = f(2)(1 —eg(2) + o(e)) = f(2) — ef(2)9(2) + oe).
Boruucaus repeps {v}, nosyuum rpebyemblii pe3ysibrar. [ |

YrBepxkaenune 3. [lycmvn € N, f — dynryus sxcmpemarvras 6 npobaeme Kwuorca

wH(z) = {f}n+2{f}n12+.. . +2{f 02", npuwém f(z) = e~ th(z) {fto>0,{f}n >0,
h € C, mozda das mobot g € C

Re ({f}n{g}o + {fn—1{g}1 +... +{f}olg}n) = 0. (5)
B wacmnocmu
Re ({f}n{h}o + {fIn-1{h}r + ...+ {f}o{R}n) =0, (6)
{F}n=2{f}o, (7)
ReH(z) >0, z¢€A. 8)

HoxkazaresbcrBo. Bapuanusa v dyukiuu [ opu € > 0 €CTb BHYTPEHHSsS BapUAallUs,
o ecth v € B. Ilpu ¢ — 0 cnpasegimea jemma 3, a no ycaosuwo {f}, > 0 u f
— sKcrpeMarnbHas B npobreme Kimmka, suaunr Re {v}, < {f},. Orcioma BerTekaer
cupasenuBocTb hopmysbl (5).

Ecau reneps BMecTo g B3aTb (pyHKIHIO A, TO MBI CMOXKEM HANTH JOCTATOYHO MAJIOE
e < 0 Takoe, uto v(z) = f - f¢ € B. IIpoBezst paccyKIeHHsT W3 MPEeIbIIYIIero ab3ama
s € < 0 momygaem Re ({f}n{h}to + {f}n-1{h}1+ ...+ {f}o{h}n) <O. Jua e >0
cnpaseamusa popmyna (5) — Re ({f}n{h}o + {ftn-1{h}1 + ...+ {f}o{h}n) > 0, or-
KyJa JieaeM BbiBoJ, 4o ¢opmyia (6) BepHa.

IMoucrasus ko3 dunuenror Gynxuuu g(z) = }fin =14+22"+... B bopmyay (5)
nosyunm (7).

IMoxncrasus ko3 dunuentor byuximu g(z) = % =1+2Cz+2¢%2%+... B dop-
myay (5) monyuum Re ({f}n + {f}n-1C+ ...+ {f}oC™) = 0, |{] < 1, ur0o paBHOCKIBL-
HO (8). [
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IIycte n € N. Hasmuame Bbimykio#t CTPYKTYPhI HA MHOXKeCTBe Bcex (yHKIuit g,
MOIYNHEHHBIX (DYHKIUN
—t
e " +z
Mzt)=———=et+(1—e)z+....
O (1-e)

N03BOJIAET Oy YT ONeHKH [{g},| < 1—e~ 2!, npudéM paBeHcTBO B 9TOM HepaBeHCTBe

JIOCTUraeTCsd TOJNbKO Ha Bpatnerusx M (z,t) B MJIOCKOCTU MEPEMEHHOMN 2.

Kaxnas dynkuusa f knacca By nomuunena mébuycoBy orobpazxkenuto M (z,t), crano

OBITH
{finl <1—e™ =1~ |{f}ol”. (9)
HepasencrBo crporoe, Tak Kak M(z,t) ¢ B.

Ormernm, aro mpu ¢ € [0, 1] 9Ta oneHka 4aéT xXoporiee NPHOIMIKEHNe IS TPEIToa-
raemoii BepxHeil rpanuupt |{ f},| (runoresa cocrout B ToM, uro [{f}.] < 2te™t, f € By,
t € [0, 1]). Ilpu t = 1 morpemHoOCTh MakKcUMaabHa U papHa 1 — e~ 2 — 271 < 0.129,
LOIPELIHOCTD MOHOTOHHO yObIBAET 1 CTPEMUTCH K HYJIIO 1ipu crpemsienuu ¢ K wysuo [10].

Ouenka (9) MO3BOIAET BHIYUCIATE 3HAYEHHUE {( TAKOE, YTO

{Fhnl <1—e 20 =971,

Berancnenmsa gaior tg = —Inv/1 —2e~! ~ 0.665. Caemorarennno, ecmn f € B m
{f}ol = vV1—2e~! =~ 0.514, o cnpasennmesl HepaseHcTBa |{f},] < 2/e.

W3 nepasencrsa (7) u onenku (9) BbITeKaer

CaencrBue 1. Ecau f — sxcmpemansvras dynkyus e npobaeme Kwuotca, npuswém

{f}o>0, {f}n >0, mo
2{fYo <{f}n <1-{f}
W3 caencrBug 1 BoITEKaET

CaencrBue 2. [Iyemos n € N, [ — dynuxyus sxcmpemanrvhnas 6 npobaeme Kuuoca u
{f}o >0, mozda {f}o < V2 —1~0.414 uaut > —In(v/2 — 1) ~ 0.881.

HoxkazaresberBo. [loacrasus B (4) dynkuuio g(z) = }_‘én =1-—22"+ ... nonyaum

{vin = (1 —e){f}n + 2e{f}o + ofe).

Bnaromapst aroit dopmyne u ciaeacTtBuio 1 MbI MOXKEM BUIeTh, 9TO eciau f € B u
{f}n >0, 10 {0}y, > {f}n upu t < tou {v}, < {f}n upu t > 1. 3ueco ty — KOpeHbH
ypasuenus 1 — e~2% = 2¢~!. (Jlerko nokasarb, ato {v}, > 0.)

OcHoBHOE CBOICTBO 9KCTpeMasbHON (ByHKIUK f COCTOHT B TOM, 4TO {v}y, < {f}n,
a MbI 3HaeM, 1o mpu {f}, > v/2 — 1 mmeer mecto Hepasenctso {v}, > {f}., caemo-
Barespno {f}o < v/2 — 1, 4T0 u TPEGOBAIOCH JTOKA3ATD. [

8. O eIMHCTBEHHOCTH SKCTpeMaJibHOI (hyHKIUU B rumore3e Kimmka

Kak ymomunasioch BbIlie, KjiacC B WHBapraHTEH OTHOCUTEIBHO BPAIIEHUHN B TIJI0C-
kocrax nepementbix z u w (w = f(z)). To ectb, eciu n € N u f — skcrpemasibHas B
upobsieme Kmmzka, 10 Mbl MOkeM cuurarh 6e3 orpanudenus obuaocrd, 410 {f}o > 0
u {f}, > 0. Ilpu Takux OrpaHUYEHHsX HA YKCTPEMAIBHYIO (DYHKIMIO MOXKHO CTABATDH
BOIPOC O €€ eANHCTBEHHOCTH.
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Teopema 4. [Iycmv n € N, f — sxcmpemanrvras dynxyus 6 npobaeme Kwuorca u
{f}n =2{f}o > 0, moeda f — eduncmeennas v {f}1 = ... = {f}n—1 = 0, Ipyeumu
crosamu f = F(2",1).

Hoxka3zaresberBo. Muorowien H(z) u3 yrBepxkieHus 3 yI0BJIETBOPSET BCEM YCJIO-
BHSIM JIEMMbI 2, CTaJO0 ObITh MCKOMAasl KCTPEMaJibHas (DYHKIUS €IUHCTBEHHA U YI0-
Biaersopsier yeaosusm {f}, = 2{f}o, {f}1 = ... = {f}n-1 = 0. Pynkuns F(z", 1),
cM. (2) nmeer mamGomnbumit n-it koaddurment cpean Beex dyukumit F(z,t), ¢ > 0,
U COOTBETCTBYET BCEM 3THM TpPeDOBAHUSAM U, B CUJLY €IMHCTBEHHOCTH, JPYTOil TaKou
$yHKIIIN OBITH HE MOXKeT. UTo n TpebOBaIOCh JOKA3ATh. [ |

CrpaBeyTUBO Tak»Ke 00paTHOE yTBEPIKICHUE.

Teopema 5. I[Iycmv n € N, f — sxempemanrvrnas dynkyus 6 npobaeme Kuwiuoica,

{flo >0, {f}n >0, u{fti =...={f}no1 =0, moeda {f}n, = 2{f}o, [ — edun-

cmeennan u f = F(2",1).

HoxkaszarenbcrBo. 13 (6) crenyer, aro {f}, = —{f}oRe{h}n < 2{f}o. (Bmecp mbI
ucnonbzoain ouesky |{h},| < 2, h € C. Cm. [11].) Tak Kak f — IKCTpeMasbHAL,
to {f}n = 2{f}0, OTKyZa, cormacHo Teopeme 4 BBITEKAET €IMHCTBEHHOCTh [ M TO, 9TO

f == F(Z",l). [}

B crarbe [12] npuBeseHo 10BOJILHO-TAKM MHOIO CBONCTB 9KCTPEMaJIbHON QyHKIUU
¥ JOKa3aHa WX 9KBUBAJTEHTHOCTH. Bjaromapsi momaxomy, OCHOBAHHOMY HA HCIIOJIH30Ba-
HUW TeOpeMbl 3, JIOKA3aTeTbCTBO YTBEPKICHUH, comepKaImxcd B TeopemMe 4 ymaaoch
CYIIIECTBEHHO COKPATHTH 110 CPABHEHHIO C JOKA3aTebCTBAMH, TIPUBEIEHHBIMI B [12].

W3 reopembr 3 u yrBepKAeHUS 3 CPA3Y BHITEKAET

Caencrue 3. Ilycmo n € N| f — sxcmpemasvras pyrnxyus 6 npobaeme Kwuorca,
npuuém {f}o > 0, {f}n > 0, mozda natidymes pr, € C, k=0,...,n, maxue, wmo

n—k
{fInk= ij+kﬁj~ (10)

Jj=0

n
Bamerum, uro u3 (10) caenyer, uro {f}, = > |pj|%, a {f}o = pnPo u, Tak xKax
j=0
{f}o > 0, To argpy = argp,. Eciu mokasars, aro emé u |py| = |pn|, TO u3 Teope-
MbI 4 ciefyer, 4To 3KCTpeMalibHasg (DYHKIMA eJMHCTBeHHasd, a B [12] mokasano, 4rTo
€IMHCTBEHHOCTH IKCTPEMAIIbHOM (DYHKITUHU BIEYET CIPABEITUBOCTD TUoTe3bl Kimmxka.
B gacrHOCTH, eciu sKCcTpeMasibHast (PYHKIHMS €IMHCTBEHHAsS, TO BCe €€ Kovddurim-
eHTHI JeficTBuTeIbHbIE. JIefiCTBUTEIBHO, €CIN Y IKCTPeMaIbHON (DYHKIUU [ eCTh XOTs
GBI OJIH KOMIUTEKCHBII Koadbdununent, To f*(z) := f(Z) Toxe Gyaer SKCTpeMaIbHON 1

mputon f(2) # f*(2):

Eciu f — dyukuus sxcrpemanbuas B npobieme Krmmxka, To cf € B, 0 < ¢ < 1.
IIpu sTOM, X0TsT cf yKe He SABISETCS IKCTPEMAJIBHOM, [IJisi HEE TeM He MEHee BEPHBI
coornomenus (5), (6), (7) u (8).

Ecuu cymecrByer sxcrpemasibhas B npobieme Kimka ¢ynkuust f, Takas, 4ro
{f}o > et 10 {f}n = 2{f}o > 2e7 !, To maiinérca xoucranTa ¢ < 1 Takas, 4TO
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c{f}n = 2e71. dcno, uro c{f}o < e! u ¢f € B. Ecim cymecTByer sKcTpeMaibHAsA B
npobeme Krmxa dbynkmusa f, taxast, ato {f}o < e~ !, To {f}, = 2e~1, 1o naiingrea
KoHcTanTa ¢ < 1 Takas, aro c{f}, = 2e~ . dcno, uro c{f}o < e~ n ¢f € B. Taknm
obpasom, naiuuue B kaacce B dynkmuu f ¢ {f}o < e ! u {f}, = 2¢~! skpusasentHo
rTomy, uro runore3a Kinuxa ue sepua. [Ipu sTom nanpumep uz dpopmyist (6) scHo, 4To

{fhl+ .o+ {fnal > 0.

lunoresa Kiuumeka Oyjaer Tak:ke He BepHa eciu B Kaacce By Haiinérca dyskuus f,

takas, uto {f}, = 2{flo=2¢"tu [{fh|+ ... + {f}n_1]| > 0.
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