
Äâîéíûå ïðåäåëû è äèôôåðåíöèðóìîñòü. Ìåòîä
äîêàçàòåëüíîãî âû÷èñëåíèÿ, îñíîâàííûé íà âûäåëåíèè

ñõîäÿùèõñÿ ïîäïîñëåäîâàòåëüíîñòè â ïîñëåäîâàòåëüíîcòè
Ãåéíå

Êàçàêîâ È.Á.

ÌÔÒÈ

Ìîñêâà, 2023



Ïîíÿòèå äâîéíîãî ïðåäåëà (îïðåäåëåíèå Ãåéíå)

Îïðåäåëÿåìûé ïðåäåë

lim(x,y)→(0,0) f (x , y) = A

Äëÿ ëþáûõ ïîñëåäîâàòåëüíîñòåé xn, yn, òàêèõ ÷òî:

1 (xn, yn) ∈ dom(f )

2 xn → 0

3 yn → 0

4 x2n + y2
n ̸= 0

Âûïîëíåíî:

f (xn, yn) → A



Ïåðåõîä ê ïîëÿðíûì êîîðäèíàòàì

Ïîëÿðíûå êîîðäèíàòû

xn = rncos(ϕn)

yn = rnsin(ϕn)

Äëÿ ëþáûõ ïîñëåäîâàòåëüíîñòåé rn, ϕn òàêèõ ÷òî

1 (rncos(ϕn), rnsin(ϕn)) ∈ dom(f )

2 ϕn ∈ [0, 2π]

3 rn → 0

4 rn ̸= 0

Âûïîëíåíî:

f (rncos(ϕn), rnsin(ϕn)) → A

Ïðèìå÷àíèå:

Ïîñëåäîâàòåëüíîñòü óãëîâ ϕn ïðîèçâîëüíà.



Äîïîëíèòåëüíîå óñëîâèå ϕn → ϕ0

Òåîðåìà

Ïóñòü äëÿ ëþáîãî óãëà ϕ0 è ëþáûõ ïîñëåäîâàòåëüíîñòåé rn, ϕn èç âûïîëíåíèÿ
óñëîâèé:

1 (rncos(ϕn), rnsin(ϕn)) ∈ dom(f )

2 ϕn ∈ [0, 2π]

3 rn → 0, rn ̸= 0

4 ϕn → ϕ0

ñëåäóåò âûïîëíåíèå f (rncos(ϕn), rnsin(ϕn)) → A. Òîãäà lim(x,y)→(0,0) f (x , y) = A

Äîêàçàòåëüñòâî

1 Ïðåäïîëîæèì îáðàòíîå. Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè ϕn ∈ [0, 2π],
rn → 0, rn ̸= 0, òàêèå ÷òî zn = f (rncos(ϕn), rnsin(ϕn)) ̸→ A

2 Òàê êàê zn ̸→ A, òî ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë nk
òàêàÿ, ÷òî znk → B ∈ [−∞,+∞], B ̸= A.

3 Âûäåëèì òàêæå èç îãðàíè÷åííîé ïîñëåäîâàòåëüíîñòè ϕnk ñõîäÿùóþñÿ
ïîäïîñëåäîâàòåëüíîñòü ϕnkq → ϕ0

4 Âûïîëíåíî òàêæå rnkq → 0, rnkq ̸= 0. Â ñîîòâåñòâèè ñ óñëîâèÿìè òåîðåìû,

âûïîëíåíî znkq = f (rnkq cos(ϕnkq ), rnsin(ϕnkq )) → A.

5 Ñ äðóãîé ñòîðîíû znkq → B. Ïðîòèâîðå÷èå.



Ïðèìåðû-1

f (x , y) = x√
x2+y2

. Ïîëàãàåì rn → 0, rn ̸= 0, ϕn → ϕ0

zn = f (xncos(ϕn)), ynsin(ϕn)) = cos(ϕn) → cos(ϕ0). Ïðè âûáîðå ϕ0 = 0 è ϕ0 = π
2

çíà÷åíèÿ ïðåäåëà ðàçëè÷àþòñÿ. Äâîéíîãî ïðåäåëà íå ñóùåñòâóåò

f (x , y) = xy√
x2+y2

zn = rncos(ϕn)sin(ϕn) → 0. Äâîéíîé ïðåäåë ðàâåí 0

f (x , y) = xy

1− 3√1+xy

zn =
r2n cos(ϕn)sin(ϕn)

1− 3
√

1+r2n cos(ϕn)sin(ϕn)
∼ r2n cos(ϕn)sin(ϕn)

(−1
3

)r2n cos(ϕn)sin(ϕn)
= -3. Äâîéíîé ïðåäåë ðàâåí -3

f (x , y) = sin(y−x2)

y−x2

zn =
sin(rnsin(ϕn)−r2n cos

2(ϕn))

rnsin(ϕn)−r2n cos
2(ϕn)

∼ 1, òàê êàê rnsin(ϕn)− r2n cos
2(ϕn) → 0 Äâîéíîé ïðåäåë

ðàâåí 1.



Ïðèìåðû-2

f (x , y) = (x2 + y2)x
2y2

ln zn = r2n cos(ϕn)sin(ϕn) ln(r
2
n ) = r2n ln(r2n )cos(ϕn)sin(ϕn) → 0, òàê êàê x2 ln x2 → 0

ïðè x → 0 Äâîéíîé ïðåäåë ðàâåí 1.

f (x , y) = (1 + xy2)1/(x
2+y2)

ln zn =
ln(1+r3n cos

2(ϕn)sin(ϕn))

r2n
∼ r3n cos

2(ϕn)sin(ϕn)

r2n
= rn → 0. Äâîéíîé ïðåäåë ðàâåí 1.

f (x , y) = xy2(x2+y2)

1−cos(x2y2)

zn =
r5n cos(ϕn)sin

2(ϕn)

1−cos(r2n )
∼ r5n cos(ϕn)sin

2(ϕn)

− 1
2
r2n

= −2r3n cos(ϕn)sin
2(ϕn) → 0. Äâîéíîé ïðåäåë

ðàâåí 0.



Ïîíÿòèå äèôôåðåíöèðóìîé ôóíêöèè

Ôóíêöèÿ f (x , y) äèôôåðåíöèðóåìà â (0, 0), åñëè ñóùåñòâóþò A,B òàêèå, ÷òî:

lim(x,y)→(0,0)
f (x,y)−f (0,0)−Ax−By√

x2+y2
= 0

Çíà÷åíèå êîýôôèöèåíòîâ

Åñëè f äèôôåðåíöèðóåìà â (0, 0), òî ñóùåñòâóþò ÷àñòíûå ïðîèçâîäíûå, è
A = fx (0, 0), B = fy (0, 0)



Ïðèìåðû-1

f (x , y) = 3
√

x3 + y4

f (0, 0) = 0, f (x , 0) = x , f (0, y) = 3
√

y4, fx (0, 0) = 1, fy (0, 0) = 0. Ïðåäåë:

lim(x,y)→(0,0)

3
√

x3+y4−x√
x2+y2

. zn = g(rncosϕn, rnsinϕn) =
3
√

r3n cos
3(ϕn)+r4n sin

4(ϕn)−rncos(ϕn)√
r2n

=

3
√

cos3(ϕn) + rnsin4(ϕn)− cos(ϕn) → 3
√

cos3(ϕ0) + 0sin4(ϕ0)− cos(ϕ0) = 0.
Ôóíêöèÿ äèôôåðåíöèðóåìà â (0, 0).
Ïðèìå÷àíèå: äàííûé ïðèìåð çàòðóäíèòåëüíî ðåøèòü áåç ïðèíÿòèÿ îãðàíè÷åíèÿ
ϕn → ϕ0

f (x , y) = (sinx + 3
√
xy)2

f (0, 0) = 0, f (x , 0) = sin2x , f (0, y) = 0, fx (0, 0) = fy (0, 0) = 0.

zn =
(sin(rncosϕn)+

3
√

r2n sinϕncosϕn)
2

rn
=

sin2(rncosϕn)
rn

+ 2
sin(rncosϕn)

3
√

r2n sinϕncosϕn

rn
+

3
√

(r2n sinϕncosϕn)2

rn
→ 0

sin2(rncosϕn)
rn

∼ r2n cos
2ϕn

rn
= rncos2ϕn → 0

sin(rncosϕn)
3
√

r2n sinϕncosϕn

rn
∼ rncos(ϕn)

3
√

r2n sinϕncosϕn

rn
= cos(ϕn)

3
√

r2n sinϕncosϕn → 0
3
√

(r2n sinϕncosϕn)2

rn
= (rn)1/3sin2ϕncos2ϕn → 0

Ôóíêöèÿ äèôôåðåíöèðóåìà â (0, 0)



Ïðèìåðû-2

f (x , y) = ch( 5
√

x2y)

f (0, 0) = 1, f (x , 0) = 1, f (0, y) = 1, fx (0, 0) = 0, fy (0, 0) = 0.

zn =
ch( 5

√
r3n cos

2(ϕn)sin(ϕn))−1

rn
=

(1/2)( 5
√

r3n cos
2(ϕn)sin(ϕn))

2

rn
= 1

2
r
1/5
n

5
√

cos4ϕnsin2ϕn → 0

Ôóíêöèÿ äèôôåðåíöèðóåìà â (0, 0)

f (x , y) =
5
√
x4(cos( 5

√
y)− 1)

f (0, 0) = 0, f (x , 0) = 0, f (0, y) = 0, fx (0, 0) = fy (0, 0) = 0 zn =
5
√

r4n cos
4ϕn(cos(

5
√
rncosϕ)− 1)r−1

n ∼ r
4/5
n cos4/5(ϕn)(−1/2)r

2/5
n cos2/5(ϕn)r

−1
n → 0

Ôóíêöèÿ äèôôåðåíöèðóåìà â (0, 0)

f (x , y) = 1 + xy + sin( 5
√

x2y4)

f (0, 0) = 1, f (x , 0) = 1, f (0, y) = 1, fx (0, 0) = fy (0, 0) = 0.

zn = (r2n cosϕnsinϕn + sin(r
6/5
n cos2/5ϕnsin4/5ϕn))r

−1
n → 0

rncosϕnsinϕn → 0

sin(r
6/5
n cos2/5ϕnsin4/5ϕn)r

−1
n ∼ r

1/5
n cos2/5ϕnsin4/5ϕn → 0



P.S.

Ñâÿçü ñ ðàâíîìåðíîé ñõîäèìîñòüþ

lim(x,y)→(0,0) f (x , y) = A ðàâíîñèëüíî ðàâíîìåðíîé ñõîäèìîñòè T (r , ϕ) ⇒ A íà
ìíîæåñòâå [0, 2π], ãäå T (r , ϕ) = f (rsinϕ, rcosϕ)

Îáîáùåíèå íà òðåõìåðíûé ñëó÷àé

xn = rncosϕn
yn = rnsinϕncosψn

zn = rnsinϕnsinψn

Ñîîòâåñòâåííî ïîëàãàåì ϕn → ϕ0, ψn → ψ0

Âîçìîæíîñòü íàëîæåíèÿ îãðàíè÷åíèé ïðîèçâîëüíîãî âèäà

Ïîëîæèì wn = g(xn, yn). Ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ è ïåðåõîäÿ ê
ïîäïîñëåäîâàòåëüíîñòÿì, ìîæíî ïîòðåáîâàòü íàëîæåíèÿ (ëþáîãî) îãðàíè÷åíèÿ
âèäà wn → w0
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