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st quHamMu4eckoii 3ajia4u o ObicTpeiinem mepeMenieHun MezK/1y 3a/[aHHbIMU Bep-
muHamMu rpada ¢ TpOU3BOJIbHBIMU (DYHKIUSAME 3aJIePXKEK MPeJIoKeH U 000CHOBaH
MotucpunmpoBanubiil aaroput™ JlefikcTphr.

Karuesvie caosa: DKcTpeMaibHbIe 3a/1a9d HA Tpadax, 3ajada o ObICTpeiIneM Ie-
peMelneHnn, mepeMeHHbIe 3a/IePKKA JIYT, adrTOPUTM Tuma /leiKcTpol.

1 IlocranoBka 3aga4n

Hanomuuwm, uro rpad 3ajaercs muozxkecTBoM Bepiiun V', Koropoe Oyjer cuuTarb-
Csl KOHEYHBIM, MHOYKECTBOM JyT A 1 0TODparKeHnem, CTaBsIiiM B COOTBETCTBHE Mape
BepiiuH ¢ u j saeMent a € A. Eciau 3nadenme orobpazkeHus JJigd ¢ U j HEIYCTO, TO
onpejesiena jgyra a = (i, 7), /i KOTOPOii BEPIIHHA | ABIAETCS UCXOJAIIEH (HAYATb-
HOit), a j — BXoasIeii (KoHewHoii). Ecin 3nauenne oTobpazkeHust Jjis § U j MyCTO, TO
BEPIIUHBI ¢ U ] He cBA3aHbl jayroi. [lociaepoBaresbHOCTD JIyT

ai, az, as, . .., ag,

rae ay = (iy,12), ax = (ig,igs1), U JHOOBIE JBE COCEJHUE TYTH UMEIOT CMEXKHYIO BEPIIH-
HY, Ha3bIBAETCS HENblo, COCAMHSIONCH BePIINHBI i1 U i) 1. [ pad HA3BIBACTCA CBA3HBIM,
ec/1m JIIo0BIe JIBe ero BepUIMHLI MOKHO COeJIMHHUTD Ienblo. [IyTem HasbBaeTcs nenb, Ko-
TOPYIO MOXKHO IIPOATH OT HAYAJLHO /10 KOHeYHO BepIINHBl B HAllpaBaeHun Ayr. ['pad
HA3LIBACTCS CBA3ZHBIM II0 IIyTAM, €CIH JI00BIe IBe ero BePITNHLI MOXKHO COeMHUTD IIy-
rem. [TuKJIOM Ha3bIBAETCS 3aMKHYTasl Lellb, Y KOTOPOil Haua/lbHasd U KOHEUHad BepIlu-
HBI COBIIAAAIOT. 3AMKHYTHII yTh, T.¢. IIUKJI, KOTOPbLIl MOYKHO NPOATH B HAIpPaBJCHUN
JIyT, HA3BIBACTCA KOHTYPOM. /lepeBoM HasbiBaeTcs CBA3HBIA rpad 6e3 MUK/IOB.



C rpadavu cBI3aHO MHOYKECTBO NPHKJIAJIHBIX SKCTpeMaJbHbIX 3aad. OHol u3
Hamboee M3BECTHBIX M YACTO MCIOJb3YEeMBIX ABISIETCS 3ajada O KpaTdaifiem cBs-
3piBafoleM 1ytu B rpade. Beem jyram rpada npuinucbiBaioT 3HaueHust, Ha3blBaeMble
BecaMu. 3a/1aqa OyJIeT COCTOSITh B TOM, 9TOOBI JjIs 33/ IaHHOTO rpada U mapsl ero Bep-
IUH U ¥ W HAWTU TyTh ¢ MUHUMAJIHHBIM CYMMAapPHBIM BECOM JIyT u3 v B w. Beca ayr
MOI'YT UMETh Pa3JIMYHBIA cojepzKaTebHblil cMbica. Ecau Bec ayru a € A — 510 Bpe-
Ml TIPOXOZKICHUS JIYTH (3a1ePZKKA), TO MOTYyIaeM 3a/1a4y O ObICTPeiieM mepeMerieHnm
MezK/1y 33/laHHbIMU BepiinHnaMu rpada. HaunboJiee nuzyyennoii sipjisiercs 3ajiaya 0 Kpat-
Ja#IeM IMyTH ¢ TOCTOSHHBIMEU BECaMU.

B nacrosimieit pabore msydaercs 3ajada 0 ObICTpeiiieM repeMenieHnn MexKIy 3a-
JIAHHBIME BepIInHaMu rpada ¢ nmepeMeHHBIME 3ajepKKaMu JIyT. Kazkmoii mpyre rpada
a = (i,j) € A npunucsiBaercsa Heorpurarensuas Gbynkmus t;;(d;) — BpeMs IpOXOK-
JIeHUs1 AYTH @, €CJIM JABHUXKEeHHe W3 BepIINHBI ¢ HAaYaTO B MOMEHT BpeMenu d;. I'pad
[PEJIII0/1araeTCsl CBI3HBIM 10 myTsM. Tpebyercs Jiist 3aaHHON TTapbl BEPIIUH U U W U
HAaYaJIbHOIO MOMEHTA BpeMeHHU dj, HAWTH MyTh ¢ MHHUMAJLHBIM BDEMEHEM IepeMere-
HHEM T10 JiyraM U3 v B w. [[jis yupolnenus gajiee cautaeM, 910 dy =

C/IOKHOCTH peleHus 3TOH 3aJa4d 3aBHCHT OT HPUMEHSEMBIX TOMOTHUTETbHBIX
ycaoBuil. B 4acTHOCTH, MOYKHO JIONMYCTUTD WM PA3PENIUTh MIPOCTOU B IBUKEHUH B Bep-
HIMHaX, HpuieM 3aja4a 6e3 mpocToes ropas/io cjaoxkuee. MOKHO BBECTH JIOTIOJIHUTE/ b
Hble ycJoBus Ha GyHKIuIo 3agepxkku. B wactHocrn, B [1] sTa 3agada u3yvanack npu
YCJIOBUU MOHOTOHHOCTH TPUOBITHS, 9TO ABTOMATHIECKH BJI€YET HEBBITOIHOCTH MPOCTO-
eB B BepiinHaxX. Tam zKe B 3TOM cjydae IpeJIo’KeH U 000CHOBAH IMPOCTOIl aJropuTM
Heitkerpsl. OHAKO BO MHOTUX TMPUJIOKEHUAX (DYHKIHUH 33TeP:KKU MOTYT OBITH J0-
CTATOYHO HPOU3BOJIbHBIME, HE 00/1a/1aTh CBOiCTaMu MOHOTOHHOCTH. TOrja ajaropurm
JlefikcTphl HEpUMEHUM TPU TPeDOBAHUU OTCYTCTBUS IIPOCTOEB, UTO WLIIOCTPUPYET
CJIeLY IO IpuMep.

ITpumep 1 I'pad copepzKuT dYeThipe BEPUINHBI, KOTOPbIE CBA3AHBI ISITHIO JIyraMu, KaK
nokaszano Ha puc. 1. IIycTb v = v; B w = vy, Ly, 0o = 2, Ly s = O, Lugwy = 2, boguy = 71,

by () = 4, ecm 4 < d,, <5,
vl ] 2, ecm 5 < dy, < 6.

Torpa nyTh v1 — V9 — V3 — U4 JAET 8, MPUYEM MOJANYTh U1 — Vg — VU3 — ObICTPEHIINIi,
IyTh U1 — Vs — U4 JIAaeT 9, HO HMyThb V1 — V3 — Uy JaeT 7. DTO ObICTpeHIIuil myTh,
XOTs €ro 4acThb U; — U3 He HAWTYJIIas.

OTMmeruM, 9TO TPOU3BOIbHBIE (DYHKIINN 33€PKKI MOT'YT OBITH CBSI3aHBI HE TOJTHKO
C pa3/IMIHBIMU PezKUMaMU PabOTHI JIYT 110 BDEMEHU, HO ¥ C UCIIOJIH30BAHUEM PA3JIMIHbIX
CPEeJICTB IepeMEIEeHUs 110 JyTaM.
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Puc. 1: Hawny4amuit myTh co/iepzKuT HEBBITOJHBIHN MOy Th

2 Ajaroputm m ero o00CHOBAHUE

st 3aga4qm 0 ObICTpeiieM TepeMeIeHnn MeyK1y 3aaHHBIMIA BEePITUHAMA U U W
rpada ¢ BO3MOXKHOCTBIO NMPOCTOEB B JBUKEHUU B BEPIIMHAX OMUIIEM MOJAUMDHUIIIPO-
BaHHBII anroput™m /leiikcTpbl. OYHKINN 3a1epKeK MPeInoIaraioTcsa TPOn3BOJIbHBIMI
HEOTPHIATELHBIME U MOJYHENPEPLIBHBIMI cHu3y dyHkmuamu, toraa d; + t;;(d;) —
+00, ecsim d; — +00.

Agropurm. Brawane nomaraem V' =@, V' =V, H' = @, t, =0, t}; = +00 ana
jeV"\{v}.

Ha ouepennoii urepanun soioupaem saeMment k u3 V", takoii aro

t/ — : t/-

k jrg%/r}/ R
nonaraem V' = V' J{k}, V" = V"\{k}. Eciu V' # {k}, 10 Taxxke nomaraem H' =
H'J{(i(k),k)}. Ecmu k = w nm t), = +00, To ocTanos. [Janee 1is KaxK10il BepITUHDI

se V" (k,s) € A oraucisem
dy,, = argmin{dy, + tys(dy) | di, > 1.},
nosaraeM t! = dj., + tys(d),). Ecau t7 <t vo nonaraem t, =t/ i(s) = k.

B sTom ajnropurme BeJqHdYHHA t; ONpejesiser TeKyllee HaMMeHbIee BpeMs IepeMe-
IIeHNUs U3 BEPIIUHLL U B 4, V' ompejeser TeKyliee MHOXKECTBO BEPIINH, JJI KOTOPLIX
TOYHOE HaMMeHbIee BpeMs HepeMelleHns Bhaucaeno, V' omnpenenger Tekyimee ocTa-
IOIeecss MHOXKEeCTBO BepuiuH, H' onpenessier aepeBo Ayl ¢ HAMMEHbIIUM BPEMEHeM



nepeMerenus. Kcjm 0CTaHOB MPOUCXOAUT IO YCJIOBHIO ), = +00, TO He CyIIeCTBYeT
KOHEYHOT'O MO BpPeMeHU TepeMeIeHns] MeyKy BepIimHaMu v U w. Ecam B aaropurMe
BBIIIOJIHATH OCTAHOB 110 ycjoBuio V' = & Bmecto yciaoBust k = w, 10 agropurm Haii-
JieT ObIcTpeliniue mepeMenieHnsi MezK/1y BepIIMHON| U U BCEMU OCTAJbHBIMU BePITHHAMEI

rpada.

Teopema. Eciiu B aaropurve 0CTaHOB He HPOUCXOIUT IO YCJIOBHUIO ) = +00, TO
St JI000ro ¢ u3 V' ompemessieTcss TOUHOe HANMEHbIIee BpeMsl TIepeMeIeHust ¢, MeyK Iy
BEPIIMHOI U U BePIIUHOM 4, B TO 2Ke Bpemd H' oupeje/iser 11 HUX JyId ¢ HAMMEHbIIHM
BPEMEHEM IIepeMeIeHns.

JLnst obocHOBaHUS OYIET JOCTATOTHO TOKA3ATh, YTO IIPHU ONPeJIeIeHIN UHIeKCA k Ha,
7000 WTepanny BeJIndYuHa t) ONpejessieT TOYHOe HauMeHbIee BPeMs MepeMeleH st
MeZKIy BepIIHHOI v U BepIInHOil k.

I !/ !/ . "

Brauane mpu k = v 3T0 04eBHIHO, OCKOMBKY t, = 0, t; = +o00 ama j € V'\{v}.
Cremyromum Oyer BeIOpaH uHIeKC k, Takoii uto (v, k) € A u

' ! r_ ! .

tk - tvk(dvk> S tj - tvj(dvj>7 V(U,]) < "4
DTO 3HAUMUT, YTO UHIEKC Kk Ha STOH UTEPAINU ONPEIe/geT BEPIINHY U TOUHOEe HAMMEHb-
1ee BpeMsi [epeMereHust ¢, MeK/ly BePIINHON U U BEPITHHOI K, TOCKOJIBKY OCTaIbHbIE
BEJIMYUHBI HE MOT'YyT 6bITb MEHDBIIIE.

[IpeamonoKum, 9T0 MOCJe KOHEYHOIO YHC/a HUTepaIuii U HOJyYeHHBIX TEeKYIIIX
muoxkectB V' 1 V" nng moboro i w3 V' Benumuuna t) ompeenser TOUHOE HANMEHbBIIEE
BpeMsl IepeMeIIeHns MeXKIY BepIInHOl v u BepmiuHoil . [IycTh BeIOpan uumexc k €
V" wa wrepanuu, HO BeJIM4nHA 1) HE SIBJISETCS HAMMEHBIINM BPEMEHEM [epeMelleHust
MeZKJ1y BEPHIMHON ¥ M BePIIUHON k. DTO 3HAYMT, 9TO CYIIECTBYET HOC/IEI0BATCIbHOCTE
BEPITNH

il,ZQ, B 2 7 A

Takasg 4To i, = v, iy = k M COOTBETCTBYIOIIAA IIOCIEI0BATEILHOCTD JIyT
(2'571,7;5) S A, S = ﬂ
Temeps ecn onpeaents t, = ) = 0,
ti, = min{d;,_, +t;, i, (di, ) | dipy > 8}, s =24,

To t, < t,. Takum oGpa3oM, BeqmdHHA t;, ONpEJeIseT HANMEHbIIee BPeMs IepeMe-
HICHUS] MeZK/ly BEPIIMHON U U BepUIMHOMN 7, Jijld BLIOPAHHOIO IIyTH, KOTOPbIH JIyule
IOJIyYeHHOTO B aJIrOPUTME.

Ormerum, 9To Tpu ITOM Hadijgercs napa Bepuud iy € V' i ¢ V' 10cKoIbKY
v=1d €V k=1 ¢V Bo3dmoxuo, uro [ = t. [lycrb | — HauMeHbIIHI HOMED



BepIIUHBI B MyTH € TaKUM cBoiicTeoM. [lo mocTpoenmio mytn mveem t;, < 1;, < ),
no iy ¢ V'. C apyroit croponsr, t; =~ < ti,_ ., TOTIA ti, < t;, A9 TeKymeil mTepamum
U3-3a COBLJIEHUS IIPaBU/ia BbIOOpA MOMeHTA JiBuzKeHus. [leficTBUTE/IbHO, UHIEKC 7)1
0 AJITOPUTMY JIOJIZKEH ObL1 nonacth B V' panbiie Tekyineil urepamnuu, Toraa ke OblIo
BbBIUYUCJIEHO 3HAYEHUE t{” - TeKyH_[ee HanMeEHbIIIee BpeMﬂ HepeMeH_[eHI/IH ns3 BepH_H/IHbI U B
i1, MOCKOMBKY (i1-1,1%;) € A, a 0HO He MOrI0 yBenumanThed. OTciofa ceyer ¢, < t) s
TeKymeil urepanun, npu 3toM i; € V. OaHako 3TO IPOTUBOPEYNT IIPABUIY BHIOOPA
UHJIEKCA k HA UTepaIyu.

3 O6cyxaenue

[Tpexk/ie Bcero 3aMeTuM, 4TO B JIAHHOM OCTAHOBKE 3a/a4a O OblcTpeiilieM nepemMe-
HnieHuy B rpadpe MOKeT U He MMeTh pelleHud. IIpe /I0zKeHHbIi aJIrOpUTM HO3BOJIdeT OT-
caeanTh 1y curyannio. OHa MOXKeT BOBHUKHYTh, KOrja t;;(d;) = +00 JJisi HEKOTOPBIX
ayr (i,7) € A u HeKOTOpbIX MOMEHTOB d;. PakTudecku jayra (i,j) I/ TAKAX HePHOIOB
BpPEMEHH 3aKPbITa /IS IIepeMeIIeHus. Takas CUTyanus J0CTATOYHO TUIIMYHA, /IS MHO-
I'MX pea/ibHbIX TPAHCIOPTHLIX cereil u cereil csasu. TpeboBaHue 110/1yHEIPEPbIBHOCTH
cHusy QpyHKIUil 3ajepzKeK Torja BjedeT 3aMKHYTOCTb MOJMHOXKECTBa II0JIYOCH, IJIe
JIyTa, OTKPBITA JJIs1 IIePeMeIleHls. DTO MOKeT ObITh, HAIlpUMep, INUKIMYeCKHi HAbOP
OTPE3KOB.

[TocTanoBKa 3a1a49d ¢ 3aKPBITBIMU MIEPHOJAMH BPEMEHH YT IPEJCTABIACT HHTE-
PeC U B CJlydae HOCTOSHHBIX BECOB OTKPBITHIX JyI' (BPEMEH lepeMelleHus), T.e. KOrjia
tij(d;) = l;j st OTKPBITHIX 11eprojioB Bpemenn jyru. Ecian xe [;; = 0, 0o 910 1pocro
3a/ia4a 0 HAMMEHbBIIIEM BPEeMeHHU OXKUJIaHUd IPH IepeMelleHuN MeyK/ly BepITuHaMi v 1
w. B obmeM caydae rapaHTHpOBATh CYIIECTBOBAHUE PEIICHUS 3a0a4K O ObICTpeiimem
IepeMeIeHnn MOYKHO, HAIIpUMep, Korja [t Jito6oit ayru (i, j) € A u 11060ro MoMeHTa
d; > 0 maiinercs uncao d; > d;, Takoe 4TO tij (CZ,) < +400.

XOpouIo U3BECTHO, YTO CYIIECTBEHHbIe KoJlebanus IapaMerpoB HOTOKa JI0CTATOYHO
TUNUYHBI JJId Pa3/IMYHBIX TPAHCIIOPTHBIX ceTeil n cereil cBsasu. [103TOMy IOCTAHOBKA
3aa41 0 OBICTpelIeM IepeMeNeHnd ¢ IPOU3BOALHLIME (DYHKIUIME 3a,1ePKKH FOpas-
110 Ty dire OyaeT HOAXOANTh B KaueCTBe MaTeMaTHIeCKOM MOIeIH pealbHoii cern. Boee
TOrO, TaKas IIOCTAHOBKA yA00HA Jayke MPHU CTAIMOHAPHOM IHOBEJICHHU TPAHCIOPTHOTO
LOTOKA, KOIJIa HepeMelleHre 110 JlyI'e MOXKeT IPOMUCXOJMTh B HECKOJLKO BbIOpaHHBLIX
JIMCKPETHLIX MOMEHTOB BPEMEHHU, 1O PaCIHCaHuIo. Ecju Bce TpaHCIOPTHLIE CPeJCTBa
Ha, JIyTe OJIHOTHIIHLL, TO B (DYHKIUIO 3aePKKHM MOYKHO BKJIIOUUTH U BPeMsd OYKUJIAHWUS
peiica.

ITpumep 2 Ilycrob B mpomexkyTke Bpemenu [0, 4] mo gyre (i, j) BBHIMOTHSIOTCS JBa peii-
ca o 1 gacy: B 1 yac u B 4 gaca. Torja MOxKHO onpee/uTh (PYyHKIMIO 38/ 1€PKKU

t:(d;) = (1—d;)+1, ecn 0<d; <1,
VT (A=dy) + 1, ecm 1 <d; <4
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31ech IBUZKEHHE OTOXKIECTBIIAETCS C BEIOOPpOM peiica.

Kpowme Toro, mo oamoii jJiyre B pasHoe BpeMs MOTYT BBIIOTHATHCS PeiiChl Pa3HbI-
MU TPAaHCTOPTHBIME CPEJICTBAMHU, C PA3HBIM BpeMeHeM peiica. Torma yaiooHee OTMETHTD
BCe JIMCKPETHbIE MOMEHTHI BPEMEHHM HadaJja PeiicoB ¢ yKa3aHUeM peasibHOrO Bpeme-
HU 33JIePKKHU, a 3aTeM MOCTPOUTH MHTEPHOJISIUOHHYIO KYyCOUYHO-JTMHEHHYIO (DYHKITUIO
3a/IePKKH JIJI ITOH JIyTH.

Takoii moIX0, MO3BOJISET YUYUTHIBATH TaKzKe JApyrue (pakToOpbl IPU BLIOOpE MapIi-
pyTa mepeMenieHus, HalrpuMep, CTONMOCTD U HaIe2KHOCTh. B 4acTHOCTH, TPU YCTaHOBKE
OrpaHUYeHU CBEPXY HA CTOMMOCTD M CHU3Y Ha HAJIEXKHOCTD [IPU IIePEeMEIIeHUN 110 JIyTe
cJaeJlyeT UCKJIIOYUTH He YJIOBJIETBOPSIONINE UM TPAHCIIOPTHBIE CPEJCTBA U CKOPPEKTH-
poBaTh (bYHKIHIO 33/ I€PKKH. AHAJIOTHIHBIM 00Pa30M MOXKHO OIEHUBATDH 110 CTOMMOCTHU
1 HaJIeYKHOCTH caMy Iyru B 1ieioM. C JIpyroit CTOPOHBI, MOC/Ie Oy deHNs HAWTY dlile-
ro pelreHus MOXKHO WCKATh YyTh XY/IIHE MO BPeMeHH, HO 3aTO JIYUIINe 10 JIPYTHM
KPUTEPUSIM MapUIPYThl, CJEJaB COOTBETCTBYIONLYI0O KOPPEKTUPOBKY ajiropurma. B cu-
JIy HEOOJIBIIONH CJIOYKHOCTU AJITOPUTMA IO YHUCJIY UTEpPAIUil OH MOXKET HPUMEHSTHCH U
npu HeOOXOAUMOCTH MOANMDUKAIINNA MAPIIPyTa TepeMeIieHns n3-3a N3MEeHEHUsT CBONCTB
rpada B pexKnMe peaJbHOTO BPeMeHH.

Pemenne 3amaun BbibOpa mara mo BpeMeHH d, 3aBUCHT OT CBOHCTB (byHKIUH
tks. Ecim arn dpyukiun juddepeHimpyemMbl, TO MOXKHO 1IPOBEPSATh KOPHU yYPaBHEHUS
vs(dp) = —1 npu dy > t, a Takxke d = t). TpeGoBanue MOJYHEPEPHIBHOCTH CHU3Y
byHKIMI 3a/1epKeK MOKHO CHSTh, JOCTATOYHO, YTOOBI 3aja4a BhiGOpa unciaa d, Ha
KayKJI0il UTeparuu mMesa pemieHue.
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