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Awnnorarus: B crarbe npejicraBien HOBbI UTEPAIMOHHBIA METO, JIMHEITHOIO MPOrPAMMUPOBAHUS,
MOy YUBINKI Ha3BaHUE “MeTO/I IIOBEPXHOCTHOTO ABMKeHusT . JTaHHbIH MeTOd, CTPOUT Ha MOBEPXHOCTH
MHOTOT'PAHHUKA, OTPAHMYMBAOINIErO JOMYyCTUMYIO O0JACTh 33a49u JIMHEHHOTO MPOrPAMMUPOBAHUS,
[yTh OT HAYAJIBHOM IPAHUYHON TOYKH JIO TOYKH, B KOTOPOI JOCTUIAETCs ONTUMAIBHOE 3HAYECHHE 116~
JsieBoii pyukuuu. BekTop gBuKeHUs CTPOUTCs B HAIPABJIEHUM MAKCUMAJILHOIO YBEIMYEHUsyMEHb-
IeHns 3Hadenus neaeBoit dyukiuu. Ilpeacrasieno dopMaibHOE ONKUCAHUE AJTOPUTMA, PEATUIYIO-
IIEr0 METO/I IIOBEPXHOCTHOIO jBuzKenus. JJokazana reopema cxoaumoctu. OUUCAHHBIA METOJ IPe/I-
[IOJIATAET HMCIIOJIb30BAHUE TUIyOOKOW HEWPOHHOM CeTH MPsIMOr0 PACIHPOCTPAHEHUs! [IJisi OTPE/IeTeHUs
HAMPABJIEHUST JBUXKEHUS 110 TPAHAM JOMyCTUMOrO MHOTOrpAHHUKA. JIJIg 9TOr0 CTPOUTCS MHOTOMED-
HBIN JIOKAJBHBIN 00pa3 3aJa4Yu JTUHEHHOr0 MPOrPAMMUPOBAHUS B TOYKE TEKYIIErO MPUOIMKEHUS,
KOTOPBIH MOAaeTCs HA BXOJ, HeWPOHHOM ceTr. MHOXKECTBO pa3MedeHHbIX MPENeJeHTOB, HEOOX0IUMOe
IUIst ODydeHusT HEMPOHHOM CeTH MOYKET OBITH MOJIYYEeHO C TIOMOIIBIO AMEKC-METOIA.

KuaroueBble cjioBa: JinHEHOE TPOrPAMMUPOBAHKE, METOJI, TIOBEPXHOCTHOTO JBUKEHUsI, HTE€PAITUOH-
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Abstract: The article presents a new iterative method of linear programming, called the surface
movement method. This method builds a path from the initial boundary point to the point at which
the optimal value of the objective function is achieved on the surface of a polytope that restricts
the feasible region of linear programming problem. The movement vector defines the direction of
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the maximum increase/decrease in the value of the objective function. A formal description of the
algorithm implementing the surface movement method is ed. The convergence theorem is proved. The
described method involves the use of a feed forward deep neural network to determine the direction
of movement along the edges of a feasible polytope. To do this, a multidimensional local image of
the linear programming problem is constructed at the point of the current approximation, which is
fed to the input of the neural network. The set of labeled precedents necessary for training a neural
network can be obtained using the apex method.

Keywords: linear programming, surface motion method, iterative method, convergence theorem,
deep neural network.
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1. BBexenune. Boicrpoe paspurue rexnosioruii o6paboTku u xpaHeHus GoJbiiux JaHHbIX [1] npuseno kK
BO3HUKHOBEHHWIO ONTHMHU3AMUOHHBIX MATEMATHIECKAX MOl B BUIE 33349 JIMHEHHOTO MPOrpaMMUPOBAHUS
(JIIT) Goubioit pazmepuocru [2]. Ocobplit unrepec npejcraBidor Hecrauuonapubie 3agaqdu JIII, cea3anubie ¢
onTUMuU3anUel HecTanuoHapHbIX mporeccos [3]. B necranmonaphoit 3anave JIII orpanudenus u nesneBas QyHK-
st MOTYT MEHATHCS JUHAMUYIECKH B Xofe ee pernenus [4]. Cieayroiiye onTHMU3AIMOHHEBIE 3391 MOTYT OBITH
CBEJIEHBI K HECTAIMOHAPHBIM 3a1auam JIII: BEIGOp ONMTHMAaNbHBIX cTpaTeruii B podorpeiiannre [5, 6], onTuMaisb-
HOe YIPaBJIEHUE JIeTaTeJbHbIMK alnaparamu [7], onrumusanus TexHojorndeckux upoueccos [8; 9, 10], soru-
CTHYECKHEe U TPAHCIOPTHBIE 334a4u [11, 12, 13|, mraHupoBaHne W ynpaBJieHHe IPON3BOACTBOM Ipoxykuuu [14].
OtTnenbHO MOYKHO YIOMSIHYTH ONTHMUI3AIMOHHBIE 334N, KOTOPHIE TOJIZKHBI PEIIATHCSI B PEKUME DPEATHHOTO
Bpemenu [15]. B kauecrBe npuMepoOB MOXKHO [IPUBECTU YIPABIEHUE XUMUYECKUM IIPOU3BOJCTBOM, YIPABJIEHUE
CHCTEMOI MHOTOTOYeYHOrO BIpbicka Tomnusa B JIBC, ynpasienue cOTOBBIMU CETSME, ABTOIMUIOTHPOBAHNE, CH-
CTEMBI CAMOHABEICHUST PAKET.

[Ipocreifinmit M0/X0/ K PELIEHUI0 HECTAIMOHAPHBIX 33/1a9 ONTUMU3AIUN 3aK/II0YAEeTCs B TOM, YTO BCAKOE
U3MEHEHUE UCXOJHbIX JAHHBIX BOCIPMHUMAETCH KakK OTaesibHas HoBas 3aiada [3]. Takoit mogxon moxer ObITh
MPUEMJIEMbBIM, KOTJA W3MEHEHHUsT MPOUCXOAAT OTHOCUTEHHO MEIJIEHHO, & ONTUMUBANMOHHAS 3a1a9a PEIIaeTCs
OTHOCUTENIHLHO Ob1CTPO. O THAKO 71T OOJIBIIIX HECTAIIMOHAPHBIX OMTUMU3ANMOHHBIX 33124 PEIIEHNE, MOy IaeMOe
TaKUM CIIOCOOOM, OKA3bIBAETCs JAJIEKUM OT ONTHMAJIBLHOIO B CHJIY W3MEHEHWsS WCXOIHBIX JAHHBIX B HPOIECCEe
BbrancjieHuii. B 9ToM cirydae HEOOXOAMMO KCIIO/IB30BATh AJTOPUTMBI, TUHAMUYIECKH KOPPEKTUPYIOIINE BBITIC-
JINTETHHBIA MPOIECC B COOTBETCTBUU C M3MEHSIIONIUMUCST WCXOTHBIMHU JAHHBIMUA. 1eM CaMbIM, BBIYHCIIEHUS C
U3MEHEHHBIMU JTAHHBIMUA HAYUHAIOTCS HE C HYJIsl, & UCIOJIb3YIOT HH(MOPMAIHIO, OIYYeHHY0 B nponuioM. Takoit
MOJIXO/T IPUMEHUM JIJIsl PEIIeHUs 3a/1a9 PEeaJTbHOrO BPEMEHU MPU YCIOBUH, 9TO AJTOPUTM JOCTATOYHO OBICTPO
OTCJIEXKWBAET JABUKEHWE TOUYKN onTtuMyma. [irs bombimux 3amaq JIIT mocsiennee TpeboBaHue Me1aeT akTyaabHOM
pazpaboTKy MACIITAOUPYEMbIX METOJOB U MAPAJIIEJbHBIX AJIFOPUTMOB JIMHEIHOIO POrPAMMUPOBAHUS .

1o HACTOSIIErO BPEMEHU OJHUM W3 CAMBIX MOIMMYISPHBIX CIOCODOB PEIeHUs 33/1a49 JIHHEHHOrO TPOrpaMM -
POBaHUS SBJISETCS CEMENHCTBO aJITOPUTMOB, pa3paboOTaHHBIX Ha OCHOBe cuMILIeKc-Meroza [16]. CumMrurere-MeTor
cuocoben periars 6oubiuue 3axadu JIIT, addexrusuo ucnonp3ys paziudnble Buipl runeppaspexentocru [17].
OHAKO CHMILIEKC METO/Y HPHUCYIH psijl (pyHIaMEHTAIbHBIX HEJIOCTATKOB. BO-MEPBbIX, Ha HEKOTOPHIX 3aa9aX
CHUMILJIEKC-METOY TPUXOAUTCH OOXOIUTH BCE BEPIITUHBI CUMILIEKCA, YTO COOTBETCTBYET IKCIOHEHIINAIBHOM Bpe-
MeHHO# cyioykHOCTH [18]. BO-BTOPHIX, IPW PEIIEHNN CHMTLIEKC-METOIOM OYeHb Gombimx 3a1a4 JITI, pasmepHocTh
koropbix npesbimaer 50 000, yacro nabmrogaercs noreps Tognoctu [19], KOTOPYIO HE yJaercs KOMIIEHCUPOBATH
MPUMEHEHUEM [TayKe TAKWX MOIIHBIX AJTOPUTMOB, Kak adduHHOE MACIITAOMPOBAHUE WM UTEPATHUBHOE yTOU-
werve [20]. B-rperbux, nHGOPMAIMOHHAST CTPYKTYpPa AJITOPUTMOB, OCHOBAHHBIX HA CHMIIJIEKC-METOJE, MMEeT
OIPAHUYEHHBIH PECype Mapasiesin3Ma, 9TO JejiaerT HeBO3MOXKHBIM uX 3(MEKTUBHOE pacuapalyieMBaHue Ha
GOJIBIIUX BBIYUCIUTEIBHBIX CUCTEMAX C paclpeiesenHoil namsarbio [21, 22|. Bee nmepeuunciiennoe 3arpynHser
HCIIOJIb30BaHUE CHMILIEKC-METOIA JJIs PEIeHns HeCTanuoHapHbIX 3aa4 JIII B pexkxume peasbHOTO BpeMEHH.

JpyruM nomyisapHbIM IOAXO0I0M K perneHuto dosbiiux 3aaa4 JIII sBisercs kiace ajiropurMoB, OCHOBAH-
HBIX HA METOJE BHYyTPeHHuUX Todek [23], npezmyioxkennom IukunbiM [24]. DT anropuTmbl CHOCOOHBI pellaTh
3amaun JIII ¢ MUJUTMOHAMHM MEpeMeHHBIX M orpaHuveHuil [25]. JIOCTOMHCTBOM MeToja BHYTDEHHHX TOYEK sB-
JISTETCS TO, YTO OH CAMOKOPPEKTHPYETCS U CIOCO0EH 0OECTIeUNTh BBICOKYI0 TOYHOCTh BHIUUCIeHUH. OCHOBHBIMU
HEJOCTATKAMHU METO/a BHYTPEHHUX TOYEK SIBJISIOTCH cJefayomniie. Bo-mepBbix, 3HAYUMBIN MOIKIACC AJITOPUT-
MOB, OCHOBAHHBIX HA METO/I€ BHYTPEHHUX TOYEK, TpeOyeT B KAadeCTBE HAYAIHHOTO MPUOJIUKEHWS HEKOTOPYIO
BHYTDPEHHIOI0 TOYKY momycTuMoit obiactu 3amaqdn JIII. Haxoxkmenne Taxoil TOYKH MOXKHO CBECTH K DEITIEHIIO
JonosauTebHoi 3aga4au JIIT [26]. Ipyrum criocoboM HAXOXK/IeHUs BHY TDEHHUX TOYEK BJISI€TCs UCHOJIb30BAHUE
deiiepoBckux npubsmzkenuii [27]. Bo-Bropbix, MeTO BHY TPEHHUX TOYEK ILJIOXO MACIITAGUDPYETCs B GOJIBIINX Bbi-
YUCIUTEIHHBIX CHCTEMAX KJIACTEPHOTO TUMA. MI3BeCTHBI HEKOTOPBIE YACTHBIE CIYydae, KOTIA YIAETCs BBIMOIHUTH
addekTuBHOE pacnapavie MBaHUe METOAA BHYTPEHHUX TOYeK (CM., Haupumep, [28]), Ho B o0iiem ciydae 1o-
crpout 3G HEKTUBHYIO TAPAIIETHHYI0 PEATH3AIIIO 9TOT0 METO/IA, /sl KIACTEPHBIX BEIYUCIUTETHLHBIX CHCTEM HE
yaaercs. B-Tperbux, uTeparmoHHbIil XapakTep METOa BHYTPEHHUX TOYEK HE MO3BOJISET 3apaHee MpecKa3aTh
BpeMsi BBIMUCAEHUI /it KOHKpeTHo! 3ajaqn JIII. Ykazanubie HEIOCTATKH 3aTPYAHSIOT TPUMEHEHUS METOIA
BHYTPEHHHUX TOYEK /sl perrenus Oosbinux 331a4 JIII B pexkumMe peasbHOro BpeMeHwu.

HoBbIM mepCreKTUBHBIM TOAXO0I0M K PEIIEHUI0 ONTUMU3AIMOHHBIX 33/a4, BI3bIBAIOIINM OOJIBIION WHTE-
pec, ABIAIOTCA UCKYCCTBEHHBIE HEHPOHHBIE CETH [29], MPEICTABJISIONME COOOM MOIIHBIN YHUBEPCAJIHHBIN WH-
CTPYMEHT, IPUMEHUMbIH TPAKTUYIECKH BO BCeX MpoOseMHbix obiactax. OMHuM U3 MepBbIX MPUMEHEHUN UCKYC-
CTBEHHBIX HEHPOHHBIX cereii K perenuio 3ama4 JIII 6puta pabora Xomndwuana u Tarka [30]. Heitponnas cersb
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Xomdunma-Tanka cocTonT 3 ABYX MOTHOCBSA3HBIX CJI0EB U SBJISETCS PEKYPPEHTHOH. YuC/I0 HeipOHOB TIEPBOTO
CJ10s COBIAJAET ¢ yucjoM nepemeHHbix 3aga4un JIII. Yucsio HelipoHOB BO BTOPOM CJIO€ PABHO YHCJIy OrDaHHYe-
unit. Beca u cMmerennst HePOHHOM CEeTH MOJTHOCTHIO OMPEIEIAIOTCS MapaMeTpaMu 3391 JTHHEHHOrO Tporpam-
MHUPOBaHMs. BBIXOMHON CHTHAJ IMUKJIMIECKH MOJAeTCsd Ha BXOM HeifporHoit cetu. Heitponnasi cerh paboTtaer 10
JIOCTUKEHWST COCTOSTHUST PABHOBECHSI, KOTA BBIXOJ, CTAHOBUTCS PABHBIM BXOIY. JTO COCTOSTHHE COOTBETCTBYET
MUHAMYM CIEIUaIbHON Suepreruyieckoil pyuknun u spisgercs pemenuem 3aga4u JII1. ITonxon Xondunna-Tanka
OBl pa3BUT B GOJIBIIOM KOHYecTBe pabor (cM., HampuMmep, [31, 32, 33, 34, 35]). I'1aBHBIM HEJOCTATKOM 3TOTO
MOIXO/A SIBJIIETCS TO, YTO HEBO3MOYKHO MPEICKA3ATH KOJUYIECTBO IUKJIOB PAOOTHI HEPOHHOI ceTu, HEOOXOau-
MOE€ JIJTsl JJOCTUYKEHUsI COCTOSTHUST PABHOBECHS. DTO JIEJIAeT HEBO3MOXKHDBIM HCIIOTH30BAHUE TAKUX PEKYPPEHTHBIX
cereit mys pemrenus 6osbimux 33aa4 JIII B pexkxume peasbHoro spemenu. s 3Toit memu 6ojiee mepCleKTHBHbI-
MU TIPECTABISIOTCS TIYDOKHUE HEHPOHHBIE CETH MPSMOrO PACITPOCTPAHEHUS. APXUTEKTYpa U MapaMeTPhl TAKUX
ceTeil, KaK [IPABUJIO, HE 3ABUCAT OT BXOJHBIX JAHHBIX 33/a4d. Pelrenue mosy4aercd 3a OJUH IPOXOJ C (PUK-
CHPOBAHHBIM BPeMeHeM PabOThI CETH, 9TO 0OECHeINBAET BO3MOKHOCTh UX MPUMEHEHUS JJIs PerieHus 3371349 B
pexxnme peasbHOro BpemeHu. OcoOblil HHTEpEC TMPEJICTaBIsAI0T CBEPTOUHbIE HEHPOHHbIe ceTH [36], opueHTHpO-
BaHHbIE HA PACIIO3HABAHKE U Kilaccudukanuio 00pa3os. B nenasueii pabore [37] Oblil 1IPe/1jI02KEH OPUIHHAJIbHBLI
MeToz, IocTpoenusi 00pa30oB MHOTOMEPHBIX 33134 JIII, oTkpbIBatoOmit BO3MOXKHOCTD HCIIOIH30BATH HEIPOHHDIE
CeTH IPSMOr0 PACIPOCTPAHEHHs, BKJIIOYas CBEPTOYHbIE, I UX perrenusi. HeoOXoamMo OTMEeTHTD, 9TO TUIyOOKHe
HEHPOHHBIE CETU TPEOYIOT 00y UeHUsT HA OOJIBIITOM KOJNIECTBE PA3MEUYEHHBIX MPEIEIeHTOB, KOTOPOE MOYXKET ObITh
s dekTuBHO BbiOIHEHO Ha rpaduyeckux nponeccopax [38]. B crarbe [39] npemioxken urepanuoHHblii amekc-
Meroz, pererns 3agad JIII, mo3BoagiONmMit MOCTPOUTH HA MOBEPXHOCTHU JIOMYCTHMOIO MHOTOIDAHHUKA MyTh B
HAMTPABJIEHNN MAKCHMAJBHOTO YBEJIMYEHNs /YMEHbIIEHNsI 3HAUEHUST [eJIeBOi (DYHKINN, TPUBOIAIINGA K TOYKE
onTuMyMa. AMEKC-MeTo/] IPUHAJIEKUT K KJIACCY IMPOEKIMOHHBIX METOOB, /IJisi KOTOPBIX XapaKTepHA HU3Kas
JUHEeHAS CKOPOCTh CXOJUMOCTH, 9TO JETAeT WX HEMPUEeMIIEMBIMH JJis PEKUMa peanbHoro Bpemenu. OIHAKO
ameKC-MeTO/T MO3BOJISIET MOCTPOUTH PA3MEYEHHOE MHOXKECTBO TMPENEIEHTOB, Jis O0ydYeHUsi HEHPOHHBIX CeTeit
[PAMOrO PACIPOCTPAHEHUA.

B nmammoit crarbe mpeicTaBiieH HOBBIM HTEPAIMOHHBIN MeTox MeTon pemenus 3amad JIII, momygwuBimmit
Ha3BaHWE “METOJ MOBEPXHOCTHOTO [BUKEHWs . YKA3aHHBIA METOJ OPUEHTHPOBAH HA WCIOJIH30BAHUE WCKYC-
CTBEHHBIX HEHPOHHBIX CETEHl MPSIMOrO PACIpPOCTPAHEHWS, B TOM YHCJIe CBEPTOYHBIX HEHPOHHBIX ceTeil. CTaThs
opranm3oBaHa cjemyomuM obpazom. B pazaesne 2 npezicraBien teopernueckuii 6a3mc, Ha KOTOPOM OCHOBAaH
METOJ], TIOBEPXHOCTHOTO JABUKeHus. Pa3nesn 3 mOCBAINEH ONMMCAHUIO METO/a MOBEPXHOCTHOTO JABUXKEHWUS U J0-
Ka3aTeJIbCTBY TEOPEMbI CXOAuMOCTu. B pasmerne 4 0O6CyKIAI0TCs CUIbHBIE U CJIa0ble CTOPOHBI TTPEIJIOXKEHHOTO
METO/A, a TAKKE PACKPBHIBAIOTCS IIyTH €ro MPAKTUIEeCKON Pean3aluu Ha OCHOBE CHHTE3a CYIMEePKOMIIHIOTEPHBIX
U HEeHPOCeTeBbIX TeXHOIOTH. B pasmesre 5 cyMMUpyOTCs MOy YeHHBIE PE3YIbTATHI U IPUBOAATCS HATPABICHUS
nmanbsHeiimux uccaenopanuii. CBogka 0003HAYEHI, UCIONIB3YEMbIX B CTaThe, IPUBEIEHA B pasaese 6.

2. Teoperuueckmii 6a3uc. B aTom pasaesne onuchbIBaeTCs TeopeTudeckuit (pyHIaMeHT, Ha KOTOPOM 0Oa-
3UPYETCsT METOJI, TOBEPXHOCTHOTO [IBUXKEHUSI.
Cdopmynupyem 3amaqay JIII B ciaenayromem Bume:

T = arg max {{c,z) |[Az < b}, (1)
xzeR"

rrec € R, beR™ A e R™™ m > 1, c+#0.3uech (-, ) obo3Hagaer CKajagpHOe IIPOU3BEIECHHE IBYX BEKTOPOB.
Mpbr mipeanosaraeM, 9To orpanndenne x > 0 Takke BKIIOYEHO B MATpUIHOE HepaBeHCTBO Ax < b B dpopme
—x < 0.
O603naunM depe3 P MHOXKECTBO HHIEKCOB, HYMEPYIONUX CTPOKU MATPHUILI A:
P={1,---,m}.
Jluneiinas nenesas dbyuxius 3agaun (1) umeer Bu
f(@) = (e,).

BekTop ¢ B manHOM ciyuae siBisieTcs rpajueHToM 1esiesoil dyukuuu f(x).
IIycrs a; € R™ obo3nadaer BEKTOp, MPEJACTABIISIONINN (-TyI0 CTpOKY MaTpuilsl A. Mbl npesmnoaraeM, 9To
a; # 0 gasa Bcex ¢ € P. Obozuaunm uepe3 H; 3aMKHYTOE MOJIYIPOCTPAHCTBO, OMPEIE/ITEMOe HEPABEHCTBOM
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(a;,z) < b;, a yepe3 H; — OrpaHNYMBAIOIIYIO €r0 THUIEPILIOCKOCTh:
H;, = {x e R"(a;,z) < b;}; (2)
OnpenesuM JTOMyCTUMBIH MHOTOMPAHHUK
M= () H, (4)
i€P
LPEACTABJILAIONIUI MHOXKECTBO JoiycruMbix Touek 3agadu JIII (1). Bamerum, uro M B 31OM cilydae Oyuer
3aMKHYTBIM BBIMYKJIBIM MHOXKECTBOM. MbI OyeM mpejmnojararh, 9T0 MHOXKeCTBO M sBJIgercs OrpaHH9IeHHbIM

nu M # 0, o ecrp 3amaga JIII (1) nmeer pemenwme. O6o3namum gepe3 ['(M) MHOKECTBO MDAHWIHBIX TOYEK
MHOrorpanuuka M1,

VYreepxkaenue 1. Ilycts M — gomycrumbriit Muororpanauk 3amnaun JITI (1), onpenensiembiii hopmyioit (4).
Torna ans so6oit Touku w € I'(M) cymecrsyer € > 0 Takoii, 4To s J1060# IPAHUYHON TOYKM W, IPUHAIJIE-
skamieit e-okpecrnoctu Ve(u) 10Uy w, Haiigercs i’ € P, 1y KOTOPOro CIpaBeiyiuBo u, w € Hy:

Vu e (M) Je > 0:Vw € Vo (u)NT'(M) I’ € P:u,w € Hy.
HoxkaszaresnberBo. 3abdukcupyem upoussosbhyio Touky 4 € I'(M). O6o3nauum
Pu={i€PlucH}. (5)

Ipyrumu cioBamu, P,, — MHOXKECTBO WHJIEKCOB BCEX TMIIEPILIOCKOCTEH H;, KOTOPHIM TPUHAJIEKUAT TOIKA U.
ITonoxxum

Pru = P\Pu,
TO €CTh P\, — MHOKECTBO MHJIEKCOB BCEX TUMEPIIOCKOCTel H;, KOTOPBIM TOYKa w He npuHaiexKut. Onupeeamum
6 = min { dist(u, H;)|i € Py},
. _ 2
rue dist(u, H;) obo3Ha4aeT eBKIUJOBO PACCTOAHUE OT TOYKM U 10 rumnepusiockoctu H;?. Tlo oupenenenuro

6> 0.

BosbMeM €, yIOBIETBOPSIONIUIN YCIOBUIO
0<e<h.

Torma as soboro w € V. (u) NT(M) umeem
Vi€ Py :w ¢ H;.
ITockobKy w — rpaHMYHasg TOYKA, TO OTCIONA CJELYeT, YTO Haiimercs i € P, Takoii, 4To
w € Hy.

BamernM, 910 B cuity (5) Takke UMeeM
u € Hy.

Ymeepotcoenue doxasano. O
Ounpenenenne 1. Ilenesoii npoekuueit Touku z € R™ ma runepmiockocrs H; HasbiBaerca Todka v;(z) €
R™ U {o0}, onpeznensiemas dbopmysioii

L(z)N H;, ecnw (a;,c) # 0;

00, ecmu (a;,c) =0,

vi(2) = (6)

rae L(z) — npsimasi, TPOXOJIAIILYIO Yepe3 TOUKY Z TapajlieIbHO BEKTODY C:

L(z)={yeR"y=z+ Ac, A\ e R}. (7

lox rpamwanott Touko#t muoskectsa M C R™ mommmaercs Touxa B R™, ajst KOTOPOH Jrobast OTKPHITAsS ee OKPeCTHOCTH B R”™
AMeeT HeIlyCTOe IlepecedeHne KaK ¢ MHOXKeCTBOM M, Tak U C ero JOIOJTHEeHHEeM.

2B gamnowm crywae dist(u, H;) = %
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HpyruMu coBaMu, €CIi BEKTOP € He TapaJiiesieH Tunepriockoctu H;, To
[IeJIEBOII IIPOEKIueil TOYKM Z HAa IUMIEePIJIOCKOCTb H; sBiisiercsa TOYKa Iie-
pecedeHnsd 3TOU THUNEPIJIOCKOCTU € OPAMON, NPOXOAAIeill 4depe3 TOYKY 2z
napaJiiesibHo BekTopy ¢ (cM. puc. 1). B ciydae, Korjga BeKTOp ¢ mapaiiie-
JIEH TUTEPTLIOCKOCTH H;, 1esieBast MpOEeKIHs TOJIaraeTCsl PABHON OECKOHETHO
YIAJIeHHON TOYKe OO.

Crenyroriiee yTBEep:K/I€HNE TIPEIOCTABIAET (POPMYJTY /I BHIYUCICHUS
11eJ1eBOI TIPOEKINH ~Y;(Z) TOYKN Z Ha TMIEPIIOCKOCTh H;.

YrBepxkaenue 2. Ilycrs (a;, c) # 0. Torna

Puc. 1. IlesieBas npoexuus ~; ()
<a’i7 Z> bi
TOYKH Z HA MHIEPIUIOCKOCTH H; vi(z) =z — Wc. (8)
(2]
Fig. 1. Objective projection ;(2)
of point z onto hyperplane H; Hoxka3zaresnbcerBo. B coorsercrsuu ¢ (6) u (7) umeem
Wi(2) = 2+ Ae (9)

upu nekoropom A € R. C upyroit croponsl, B coorsercrsuu ¢ (3) umeem

(@i, vi(2)) = bi. (10)
IMoacrasum npasyio acTh dopmyst (9) B dopmymy (10) Bmecto v;(2):

(a;,z+ Ae) =b;.

Orcrona
a;,z)—b
)\ = _<<a->c>' (11)

IMopcrasue npasyio gactb dhopmysbl (11) Bmecro A B hopmyny (9), monydaem
o (ai, Z> - bl
vi(z) =z (a5, 0 c.

Ymeepotcoenue doxasano. O

Onpepnenenne 2. IleneBbiM cMemenneM TOUYKH z € R™ OTHOCHTEIBLHO THMEPIIOCKOCTH H,; Ha3bIBaeTcs CKa-
JspHas Besuuuna (;(z), Bbluuciusemas 1o Gopmylie

<G,Z‘, Z> — bl

<ai’ C>

Pi(z) = - el - (12)

Jlayee MBI [j1 KpATKOCTH OyJIeM HCIOJb30BATh TEPMUH ‘CMeIeHre”’, ToApa3yMeBas M0 STUM “IeJIeBOe CMeIIe-
nue”’. Obo3HauuM

c
€c = ——. (13)
llel
Torma dopmyiy (8) MOKHO nepenucarsb B BUJE
Yi(2) = z + fi(2)ec, (14)
9TO PABHOCHUJIBHO
Bi(z)ec =~i(z) — =.
C yuerowm (13) orcioma ciemyer
1Bi(2)] = [l7i(=z) — =[] (15)

Takum obpasom, |5;(z)| sBisercsa paccrosgHueM OT TOYKU Z JI0 €€ LEeJIeBOil IPOeKIUuK Ha IMIePILIOCKocTh H.

Onpepesienne 3. llenepoit runepniockoctbio H.(z), Mpoxonsime depe3 TOUKy z, OyneM Ha3bBaTh THIED-
IJIOCKOCTD, 33aBaeMyio (popmyJioi

H.(z) ={xz e R"|(c,z) = (¢, 2)}. (16)
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CrpaBeJInBO CJIEAYIONIEe YTBEPIKICHHUE.

VYreepxkaenne 3. Badukcupyem nponssonbHyio Touky z € R™. Torga nos mobeix touek z’, 2" € H.(z), 2/ #
2" cupasenmuBo

(€,7i(2) < (e, 7i(z") & Bi(2) < Bi(z")

IJ1 BCeX 1 € P.
HokasarenbcTBo. [lockonbky 2/, 2" € H.(z), a ¢ apasercs HOpMaibio K runepriockoctu H.(z), cnpaBenimsbt
CIEYIONIFE 1B PABEHCTBA

CiiemoBaTeIbHO
(c,2") = (c,z) = (¢, 2').

Ucnonn3ys (14) u (13), orcioga noaydaem CaedyOlly0 HEIOYKY SKBUBAJIEHTHBIX HEPABEHCTB.

(€,7i(2) < (e,%(2")) & (e, 2" + Bi(2)ec) < (e, 2" + Bi(2")ec)
& (¢, ) + (e, Bi(2)ec) < (c,2") + (e, Bi(2")ec)
< (e,
< (e,

Bil#)ee) < (e, Bi(2")ee)
AU el < {05/ el
o tee) < A e
& Bi(2') < Bi(z").
Ymeepowcdernue doxasano. O

Caenys [39] naaum onpejiesieHue PELECCUBHOIO MOJLY IPOCTPAHCTBA.

Onpegenenne 4. IlonynpocTpancTso fIZ Ha3bIBAETCA PEIECCUBHBIM, €CJIU
Vo € Hi,VA>0:x+ ¢ H,. (17)

TeomeTpudeckuii CMBICTT 3TOTO ONMpeeeHNus COCTOUT B TOM, UTO JIYY, UCXOAAIINN B HAIPABJIECHUN BEKTOPA C
u3 J1000i1 TOYKH T'UIEPIIOCKOCTH, OIPDAHUYHUBAIONIEN PEIIECCUBHOE II0JIyIPOCTPAHCTBO, HE MMEET OOIIMX TOYEK
C 9TUM IOJIyIPOCTPAHCTBOM, 33 UCKJIOYEHHEM HadasibHOil. V3BecTHO [39], 9To Ccienyroiee ycjioBue sBJIS€TCs
HEODOXOIUMBIM U JIOCTATOYHBIM JJIS TOrO, YTOOBI MOy TPOCTPAHCTBO IL OBLITIO PEIECCUBHBIM:

(ai,c) > 0. (18)
PereccuBHOE TOIyTIPOCTPAHCTBO 06IAIALT CIIEIYIONUMA CBOACTBAMIL.

CsoiictBo 1. Ilycts momympocrpancTtBo H; saBiserca pereccuBHBIM. Torma jobasi mpsiMasi, MapasiienbHasd
BEKTODPY C, TEPECEKAET TUIEPILIOCKOCTh H; B €IMHCTBEHHONU TOYKE.

JlaHHOE CBOWCTBO HEMOCPEICTBEHHO BBITEKAET M3 TOTO (haKTA, UTO THIEPIIOCKOCTh H;, OrpaHMYMBAOIIAS Pe-
[IECCUBHOE MOJYIPOCTPAHCTBO H; 1O OompeneseHnto He MOXKeT ObITh IapasiieibHa BEKTOPY C.

CsoiicTBo 2. IlycTs moaynpocTpancTBo ﬁi ABJsieTca perneccuBHbIM. Torma
x e H; < Bi(x) > 0. (19)
Joka3saresbcTBo. CHavasa MPeInooKuM, 9T0 & € H;. Torna B COOTBETCTBHH ¢ (2) cipaBeTIMBO HEPABEHCTBO
(a;,z) —b; <0.

B cuny (12) umeem

e ey I<1 (20)
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IMpunumas Bo BHUManue (18), mosydaem
Teneps npegmonozkuM, uto S;(x) > 0. B coorsercreun ¢ (20) 310 03HaUAET, UTO

(ai, IE> — b,

< 0.
o el

YaursiBas (18), orcioza momydaem
(ai,sc> - bi < 0.

Coruacuo (2), orcrioga ciezayer, 4To
Takum obpazom

Cesoticmeo doxasaro. O

Onpenenum
T—{iePlase) >0}, (21)

TO ecTh L NpEeCTaBIgeT MHOXKECTBO MHIEKCOB, [/IJIsi KOTOPBIX MOJIYIPOCTPAHCTBO H; sIBJIsI€TCH PEIECCUBHBIM.
ITockoabky momycTuMbIii MHOrOrpanauK M mpencTaB/isieT COO0M OrpaHUYeHHOE MHOXKECTBO, NMEEM

Z+#0. (22)
ITonoxxum
i = () . (23)
ieT

OueBniHo, uT0 M SABJISIETCS BBIMYKJIBIM, 3aMKHY THIM, HEOTDAHNYEHHBIM MHOTOTPaHHUKOM. By/iem Ha3biBaTh ero
peueccusibiM. U3 (4) u (21) caenyer
Mc M. (24)

O603uaumum vepes I'( M) MHOKECTBO rPAHUYHBIX TOYEK PENECCUBHOrO MHOrorpanauka M. CormacHo yrBepxKme-
urio 3 B [39] nmeem

zel' (M),
TO ecTh permrerue 3amaqu JII1 (1) JIEZKUT Ha I'PAHUIE PEIeCCHBHOIO MHOI'OIDAaHHUKA M.

YrBepxkaenne 4. Ilycts M— PeLeCCUBHbBIN MHOIOIPAHHUK, Onpeesdembrii ¢hopmysoii (23). Torxa mist aroboii

rouku u € ['(M) cymecrsyer € > 0 Takoii, 9T0 115 1060 IPAHUYHON TOYKH W, IPUHAJIEKAIIEH €-OKPECTHOCTU
Ve(u) Toukn u, maiinercs i’ € T, 11 KOTOPOroO COPaBeIIuBo U, w € Hy:

Vu e (M) 3e>0:Vw e Vo(u)NT(M) I’ € T:u,w € Hy.
Hoka3zaTeabcTBo. J[0Ka3aTeIbCTBO HACHTHIHO T0KA3ATEIbCTBY yTBEPKIeHus 1. O

Ounpenenenne 5. llesepoii npoekuueit Touku z € R™ ua rpanuny I'(M) peueccuBnoro muororpantuka M
Ha3bIBAETCS TOUKA (2), BhIUMCAsgeMas o dopmyie

A(z) = L(z) NT(M),
riae L(z) — npsiMas, IPOXOSILY0 9epe3 TOUKY Z MapaJlIeJibHO BEKTOPY C:
L(z)={yeR"y=2z+ Ac,\ e R}.

Cransapuyio semauny 3(z) € R, yI0BIETBODSIONIYIO YPABHEHHIO

A(z) = 2+ B(2)e (25)

6y,ZLeM Ha3bIBATh CMENIEHUEM TOYKU Z OTHOCHUTEJIHBHO I'PAHUIBI PENECCUBHOTO MHOI'OTDAaHHUKA M.
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3ameTnM, ITO KOPPEKTHOCTH 3TOTO ONpeiesienus 6azupyercs Ha coiictBe 1. Cremyioriee yTBepKaeHue mpeio-
craBisger (POPMYILY /Jisi BBIYUCJICHUS 1[EJIEBOH [IPOEKIMK HA IPAHUILY PEIeCCUBHOIO MHOIOIDAHHUKA.

YrBepxkaenune 5. Ilycrs 3anana npoussosbaas Touka z € R™. Tlomoxum
i' =argmin{B;(2) i€ Z}. (26)

Torua
¥(2) = vi(2). (27)

JIpyruMHA CJIOBAMH, IeJIeBAsl IPOEKIMs TOUKH Z HA TPAHMUIY PENeCCHBHOTO MHOTOrpaHHHKa M COBIAJAET ¢
MPOEKINEH ITOM TOYKU HA TUIEPILIOCKOCTh H,/, MMEIoIeii MUHIMAIBHOE CMEIEHNe OTHOCUTEIBHO 2.
Hoka3sareabcTBo. 3adukcupyem mpousBoJibHYIO TOYKY z € R™. B coorBeTcTBUY € ONpEIeIeHreM 5 OCTPOUM
OPSAMYIO, MAPAJIETbHYI0 BEKTOPY €, KOTOPas MPOXOIUT Yepe3 TOUKY Z:

L={yeR"y=2z+ XA, A\ €R}.

Nmeem

¥(z)=LNT(M).

Cornacuo cpoiictBy 1 a5 sroboro ¢ € Z npsamast L mepecekaer H; TOIBKO B OJHOIM TOYKE, KOTOPYIO MbI 0003HAUNM
yepes y;:
LNH; ={y}.

Onpenennm

Y:U {vi},

i€T
TO ecThb Y — MHO2KECTBO TOYEK, B KOTOPBIX IpAMas L mepecekaer rpaHuilbl PenecCuBHbIX mosrynpocrpancts. 1o
omnpejienennio 1 mmeem

Viel : vi(z) =y, (28)
u
B cuy (23) Takxke umeem
¥(z) €Y.

910 o3madaer, 4To Halimerca ¢ € Z Takoii, 9TO

¥(2) = v (2).
ITokazkewm, 91O
i' € Argmin {B;(2)|i € Z}.
ITpeao102KuM IPOTUBHOE, TO €CTh
Bir(z) > min{Bi(z) i€ ZL}.
Torna cymecteyer ¢/ € Z Takoii, 4To
Bir(z) < B (2) (30)
B cuy (14) un (28) nmeem
yi =z + B (2)ec;
yir =z + Bin(z)ec.
Orcrona
yir = Yir + (B (2) — Bin (2)) e,

aro B cuity (30) u (13) paBHOCHIBLHO

yo =y + '5"”(2)||;“@"z) c. (31)
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B coorBercruu ¢ (17) u (29), u3 (31) cieayer

D10 O3HAYAET, YTO
yi & M.
IMpunumas Bo BHUMaHUE (28), OTCIONA CJlIEIyeT
A(z) ¢ M.
[Monyuunu nporuBopedne ¢ onpejgeseHueM 5. Ymeepotcdenue doka3ano. O

Cuenyroriee yrBep:KIeHUE MpeAocTaBisder (GOPMYILy [Jisd BBIYUCICHHS CMEIIEHUsT TOYKHA OTHOCUTEIHHO
CPAHUIIBI PEIECCUBHOIO MHOT'OIPDAHHUKA.

YrBepxkaenue 6. Ilycts 3amana mpon3BosbHasg TouKa z € R™. Torma
5 (c.%(z) — 2)
B(z) = ’HT (32)

HokasaresbcTBo. B coorBercruu ¢ (25) Toukn Y(z) u 2z HAXOAATCA Ha HOPMAW K Tumnepiiockoctd H(z).
Tosromy Touka z € H.(z) sBISeTCS OPTOrOHAJIBHOM MpoeKImeil Toukn 4(z) Ha runepmniaockocTh H.(z), u ¢
yderom (16) moxer ObITh BBIYHCJIEHA 110 U3BECTHON hopMyIte

:w@—mmigda (33)
Ilepenuiiem 3T0 B BUIE
A( ) <c,'$/(z) _z>
- e

Cornocrasiistst 310 ¢ (25), moxydaem

Ymeepowcdernue doxasano. O

3. MeTO,E[ IIOBEPXHOCTHOTO JiBU>K€eHu4. MeTOﬂ TMOBEPXHOCTHOTO ABUXKEHUA CTPOUT Ha MOBEPXHOCTHU
JOILyCTUMOI'O MHOI'OIDAHHUKA IIyTh W3 NPOU3BOJBHONM I'DAHUYHON TOYKU u® e Mn F(M ) 110 TOYKU T, ABJIsi-
tomieiica pernenuem 3agaqu JII1 (1). Ilepememnienue mo moBEPXHOCTH PELECCUBHOIO MHOTOIPDAHHUKA TPOMCXOIUT
B HAIPABJIEHUY HAWOOJIBINEr0 yBeIUUIeHUs 1eieBoil dynknun. Peanm3arus MeToga mOBEpXHOCTHOTO JBUKEHUS
npuBesieHa B Buge anaropurma 1. IIpokomMmenTtupyem mmarm 3Toro ajaropurma. Ha mare 1 BBOAUTCS HAYAIb-
HOe MpuOINKEeHme w9, D10 MOKeT GBITH IPOU3BOJIbHAA I'DAHUYHAA TOYKA PELECCUBHOIO MHOIOIDAHHUKA M
YAOBJIETBOPAOIIadA yCIOBUIO

u® e M NT(M).

Jlig nosTy9eHrs XOPOLero Ha4a bHOrO IPUOINKEHAS MOXKET MPUMEHATHCS aJITOPATM, PEATH3YIONIHNA CTa, 10
Quest anekc-merona [39]. Ha mare 2 cyerdnk nrepanuii k ycranasimsaercs B 0 1 331aeTcs HA9aIbHOE 3HAYEHHE
napamerpa 7. Ha mare 3 cTpouTCst n-MepHbIi Iuck D, SBIAIOMANACA TTepeceIeHneM MEeJIeBOi THMEPILIOCKOCTH
H, (u(o)), npoxogsameii uepes Touky u'?), u n-mepuoro mapa V. (u(o)) MAaJIOro pajmyca r ¢ HEHTPOM B TOYKE
u(9). Ha mare 4 Bpramcisiercss To9ka v € D ¢ MAKCHMATBHBIM CMEIIEHHeM OTHOCHTETHHO IPAHHUIHI PEIeCCHB-
HOro MHOrorpannnka M. Cumemenne 3 (z) Berancasiercs ¢ nomornpio Gopmysst (32). Henepas mpoekuus “(z),
ucnosb3yemas B dpopmysie (32), Bbraucisercs ¢ nomoipio dhopmy (26) u (27). Cmewenue §;(z), ucuosnb3yemoe
B dbopmyiie (26), Boraucisercs ¢ nomorpio dopmyast (12). Iar 5 Boraucisier TOUKy W, ABJISIONLYIOCS 11€7€BOI
MPOEKIMell TOYKN ¥ Ha TPAHWUILy PEIeCCHBHOrO MHororpanuuka. Illarm 6-15 peaam3yioT OCHOBHOMH ANIPOKCH-
MUPYOLIMI IUKJI METO/1a, IIOBEPXHOCTHOIO JIBUXKCHUS, P€OMETPUIECKas HHTEPIIPETalus KOTOPOro IPUBEIEHA Ha,
pHC. 2. DTOT NUKJI BBIIOJHAETCH HOKa CHPABEIJIABO YCIOBHE

<c, w — u(k)> > ey, (34)



BBIYHUCJATEJIBHBIE METOABI 1 IIPOI'PAMMMPOBAHUE / NUMERICAL METHODS AND PROGRAMMING 11
2021, 77 (?), 1-26. doi 10.26089/NumMet.v??r??7

Auropurm 1. Meros 10BEpXHOCTHOIO JIBUKEHUS

Algorithm 1. Surface movement method

Require H; = {x € R"|(a;,z) < b;}, M = (| Hi, H.(z) = {x € R"|(¢,x — z) = 0}

i€
1. input u'9; assert u(® € M NT(M)
2: k:=0;r:=0.1
3. D:= H.(u?) NV, (u®)
4: v:=argmax{B(x) | x € D}
5 w:i=%(v)
6: while (c,w —u'®) > ¢; do
7 assert 3i € Z: w,u'™ € H; // Eciu He BbioHsercs, yMeHbIIATD T
8: d:=w—u®
9: L={u®™ +)d|\€cRso}
10: w* = argmax{||x — u®| | x € LNT(M)}
11: k=k+1
12: D = H.(u®) NV, (u®)
13: v := argmax{f(x) | x € D}
14: w =4 (v)
15: end while
16: output 'u,(k)
17: stop

rlie €; — MaJIblil MOJIOKUTEIbHLIH TapaMeTp. Ilar 7 mpoepseT, YTO CyIIeCTBYeT PElecCUBHOE MOy IpPOCTPaH-
crBo H; Takoe, 410 rpapmanbe Toukd w u w'F) jmexar ma runepmiockocrs H; OrpaHMYEBAIOIIEH TAHHOE MO-
JIYIPOCTPAHCTBO. DTO HEOOXOAUMO JJIsE TOTO, 9TOOBI EPEMEITIEHNE TTPOUCXOIIIIO O MOBEPXHOCTH PEIECCHBHOTO
MHOTOT'DAHHUKA, a HE Yepe3 ero BHYTPEHHIOI 00JacTh. Ecin yka3anHoe TpeOOBaHME HE BBINOJIHIETCS, HEOOX0-
JIUMO yMEHBIIUTHh PAJMUYC T N-MEPHOro mapa V. (u(k)). lonxonsmuit r naiinercsa B cumny yreepxkaenus 4. Ha
mare 8 hopMupyercs BeKTOp d, ONPeIessaionuil HAIIPABIEHNe [IBUKEHUSI:

d=w—u®,

Iar 9 crpour ayu L ¢ naganom B rouke u*) | cona-
npasseHHbIHi ¢ BekTopoMm d. Ha mare 10 onpenensercs
crenyiomee mpubmuxenne w1 kak Touky mHa myUe
L, nexarryio Ha rpaHuIie JOMyCTUMOTO MHOTOTDAHHH-
ka M u makcumasbuo yaasennyio or rouku ), ITo
nocrpoenuto u3 (34) ciemyer

<c,u(k)> < ({e,w) < <c, u(k+1)>. (35)

[MTar 11 yBeanuuBaeT CICTYNK UTEPAIU k HA €TUHU-

my. [lTar 12 crpout HOBBIH runepauck D paauyca r ¢

IIEHTPOM B u®):
Puc. 2. reparusa 0CHOBHOTO IUKJIA B METOIE

[IOBEPXHOCTHOTO JBHUKEHUS D:=H. (u(k)) nv, (u(k)) )

Fig. 2. Iteration of main loop of surface motion method MTar 13 maxoaur HA I'UIEPAUCKE TOYKY ¥ C MAaKCH-
ManbHBIM cMmerenneM. Ha mare 14 BbIYHCIAETCA TOYKA W, SIBJSIONIALCS IEIEBOH MPOEKInell TOYKN ¥ Ha Tpa-
HUILy PEIeCCHBHOrO0 MHOrorpannwka. Ha mrare 15 mpomcxoauT mepexoi Ha HadvajJ 0 OCHOBHOTO Imkja while.
ITar 16 BHIBOANT B KadecTBe pe3yiIbTaTa mocaeanee mputmmkenne u*) . Illar 17 3aBeprmaer paGoTy anropuTMma.
OrMeruM, 9TO IO MOCTPOEHUIO AJropuT™Ma 1 s aroboro k uMeer MecTo

u®) e M NT(M), (36)

TO ecTh Bee Toukn mociaenosarenbroctn {ul®}, remepnpyemoil aaropuTMom 1, OTHOBpEMEHHO JeXaT W Ha
TpaHuUIle JOMYCTUMOTO MHOTOTpAHHMKA, M, W Ha TPAHUIE PEIECCUBHOTO MHOTOTpaHHmKa M.
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Crenyromas jeMMa rapaHTHPYeT 3aBEpINeHrne PAdOThl AJITOPUTMa 1 33 KOHEYHOE YUCJIO0 UTEPATIHIA.

Jlemma 1. Ilycrs momycrumbiit muororpanauk M 3amaun JIIT (1) saBjisgercda orpaHUYeHHBIM HEMYCTHIM MHO-
2kectBoM. Torja mocsienoBaresbHOCTD {u(k)}, reHepupyemMasi ajaropurMom 1, saBiisiercd KOHEYHOU /i JiI000ro
€f > 0.

HoxkazareabcTBo. [IpeamnomokuM TpOTUBHOE, TO €CTh AJITOPUTM 1 reHepupyeT OECKOHEUHYIO MOCJIeI0BATE b~
wocts Touek uF). Ho torma, B ciay (35), MBI MoyuaeM GECKOHEUHYI0 MOHOTOHHO BO3PACTAIONIYI0 UHCIOBYIO

<c,u(0)> < <c,u(1)> < <c7 u(2)> < ... (37)

TaK KaK 110 yCJIOBUIO T€OPEMbI ,ZLOHyCTI/IMbH./JI MHOT'OT'PDaHHUK M ABJIAETCA HETYCTHIM OTPaHNYCHHBIM MHO>KECTBOM,
pemenve & 3amaun JIII (1) cymectsyer. B cumy (36) musa scex k = 0,1,2, ... nMeem

<c,u(k)> < (e z,).

IIOCJIEe10BATEJIbHOCTD

D10 O3HAYAET, UTO MOC/IEN0BATEILHOCTD (37) aBjgercsa orpanndennoii ceepxy. ITo Teopeme Beitepirpacca MoHo-
TOHHO BO3PACTAIOIIAS OIPAHUYEHHAS CBEPXY YHCJIOBAs [MOCJIEJ0BATEIBHOCTD UMEET KOHEYHbIH [Pe/Iet, PABHbII
ee cynpemymy. To ects cymecrsyer k' € N Takoii, 94To

Yk >k <c,u(k+1)> - <c,u(k)> < €.
B cuny (35) orcioma ciemyer
Vk >k : (e, w) — <c,u(k)> < ey,

9TO PaBHOCHUJIBHO

Vk >k - <c,w —u(k)> < €f.

IMosy4ymiu uporusopedue ¢ yciaosueM (34) BblIOJHEHUs IMKIIA, UCIOJAb3yeMOM Ha ware 6 anropurma 1. Jemma
doxasana. O

Cremyrolas TeopeMa MOKa3bIBaeT, YTO IPU JOCTATOYHO MAJIOM € f PE3Y/IbTATOM PaboThl anropurma 1 6yser
rovHoe perenue 3amaan JIIT (1).

Teopema 1. Ilycrs gomycrumbiit Muororpanuuk M 3amaqu JIIT (1) aBisiercs OrpaHUYeHHBIM HEMYCTHIM MHOKE-
crBoMm. Ilycrs & — rounoe pewenue 3auaqu JIIT (1). Ilycrs 3a/iana MOHOTOHHO yObIBAIOLIAS 110C/IE10BATEILHOCTD
MMOJIOKUTETbHBIX YUCEN €] > €3 > €3 2> ..., CTPEMSINAsICI K HYIIO:

Klgnoo ex =0. (38)

O6o3naxmm wepe3 uX) komeunyo ToUKy, TeHepEpyeMyIo aaropuTMoM 1 mpn e ; = €x (OHA CYIIECTBYET B CHILY
aemumbr 1), Torna naiinerca K € N rakoe, uro mis Bcex K > K

<c,u(K)> =(c,x).

o0
HokazareabcTBo. CHava a MOKAXKEM, UTO TOCIEI0BATEIHHOCTH {<c,u(K)>} e ABIIETCS MOHOTOHHO BO3-
pacrarorreii. 3acdukcupyem npousBosibHoe K € N 1 npe/nosio’kuM npoTuBHOE, TO €CTh

(eu®) > (eulftV),

<c, u(K)> - <c, u(K+1)> > 0. (39)

Tax kax u'%) sBasercss Koneunoit TOUKON PN € f = €K, TO B COOTBETCTBUM ¢ marom 6 axropntma 1 nmeem

9TO PaBHOCHUJIBHO

<c,w—u(K)> <ex. (40)

Ananormuno nmeem
<C’ w— U(K+1)> S €K 41 (41)
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Berurst (40) n3 (41) w npuBenst oJ00HBIE, IOy YaeM

<c7 u(K)> — <c,u(K+1)> < €41 — €K

ITo ycnoBuio Teopembl

€K+1 S €K

CJies0Bare/IbHO ClIPABEJINBO HEPABEHCTBO
<c7 u(K)> - <c,u(K+1)> <0.

(K)\1 9
IMosnyuuiu uporusopedne ¢ (39). 3HauuT HOCJIEAOBATEIHHOCTD {<c7u >} j—p ABJIFETCH MOHOTOHHO BO3pac-
ratonieil. OueBUIHO, YTO 3Ta IOCIENOBATEILHOCTh OrPAHUYEHA CBEPXY BesmduHoil (¢, ). CienoBaresbHO OHA

UMeeT KOHEYHBIH MpeIes:
lim <c,u(K)> =f.
K—oo

Asropurm 1 B paMKaxX Kazk/I0if uTepaiuu HPOXOJIUT OJlHYy IPaHb/pebpo’ perneccuBHOrO MHOIOIDAHHHMKA M B
HAIPABJIEHUM MAKCUMAJIBHOIO yBeJUYeHust 3Hadenus tesneBoit pyakuuu. Ilpu sToMm Kaxzaas rpanb/pebpo mpo-
XOAMUTCs He 0oJjiee OIHOTO pa3a, TaK KaK MHOTOIDAHHHUK M smasercs BBIMYKJIBIM MHOKECTBOM. DTO O3HAYAET,
aro cymectByer K € N takoe, uto ans seex K > K nveem

<c,u(K)> = f.

ITo mocTpoenuio anropurma 1, yaursisag (38), 970 BO3MOXKHO TOJBKO B TOM CJIydae, KOrIa
<c, w — u(K)> =0. (42)

Ilokazkem, 9TO B 3TOM CIydae

<c,u([()> ={c,x),

10 ecrb Touka u(K) naer rounoe perenue 3agaun JIII (1). O6o3nauum u' = w(K). IIpeamnonoKumM IpoTUBHOE:
CYIIECTBYET TOYKA
u” €M (43)

TaKas, ITo

(e,u”)y > (c,u).
OTO PABHOCUIBLHO

(e,u” —u') > 0. (44)
Puc. 3 mumocTpupyeT mocTIeyIony0 9acTh JOKA3aTeabCTBa. VICX0asa W3 Onpeeennus 3, BBIYUCAUM OPTOTO-

HAJIBHYIO TIPOEKIINI0 P TOYKY ¢’ Ha IeeByIo TUnepruiockocth H,. (u'), MpoXoasinyo yepe3 TouKy u':

1

p=u’' - ———c (45)

Samernm, 9TO
Ip — 'l #0, (46)

TaK KaK B IPOTHBHOM CJydae, B COOTBETCTBUH C ompejesnenueM 4, ToYKa u'’ He MOXKeT IPUHAJIIeKATh PEeIec-
cuBHOMY MHOrorpanuuky M, aro nporusopedur dopmyie (43). Boibepem r € R, yaoBieTBopsonuii ycaioBuo

r>0, (47)

3Tloa mpoXOXKaeHueM Ipaiu/pefpa MHOTOTPAHHEKA IOHIMAETCA ABHIKeHHe BHYTPH MHOTO06pa3ns pa3sMepHOCTH k IpU HATHYUK
k creneneit ceobouer (0 < k < n).
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Puc. 3. UnmocTpanus K J0Ka3aTeIbCTBY T€OPEMBI 1

Fig. 3. Illustration to proof of Theorem 1

17151 KOTOporo cymectsyer i’ € T Taxoii, 4To
A(v),u' € Hy NT(M),

riue
v:u’—&—#(p—u’). (48)
lp— |

D10 BO3MOXKHO B cuity yTBepxkaeHus 1. Torga B COOTBETCTBUU C yTBEPKICHUEM 5 UMEEM

¥() =i (v).
O6o3na9UM
w = vy (v).
CoryiacHO yTBEPXKICHUIO 2
i’y - bi’
w=v— wc. (49)
<ai’7 C>
IMockonbky w' € Hy, u3 (3) cremyer
(ai/,u’> = bi/. (50)

ITosromy (49) MOXKHO mepenucarb B BHJIE

<ai’7v> — <ai” ul>

<ai” C>

w=v—
IMoxcrasus BMecTo v upasyio yactb dhopmyibl (48), orciona nouaydaem

(anw + iy (0 - w)) = (@)

w:u’—l—L(p—u’)— c,
Ip— | (ai,c)
YTO PABHOCUIIBHO
@, ey (P~ ')
[p—u]l
w:u’—k#(p—u')— < c. (51)
lp — /]| (ai,c)
B coorBercrBuu ¢ (2) umeem
Hy ={x e R"[{ay,z) <by}. (52)
HUcnoubsys (50), dopmyiy (52) MOKHO nepenucarb B BUJE
Hy = {x e R"|(ay,x) < (@i, u)}. (53)

U3 (43) crepyer uw” € Hy. Conocrassis a0 ¢ (53) nomydaem

(ap,u") < {ay,u'),
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9TO PABHOCUIIBHO
(ay,u' —u") > 0. (54)

IMockosbKy mostynpocrpanctBo Hy sBJsIeTCsl PELIECCUBHBIM, B COOTBETCTBMM C yTBepxkieHuem 1 B [39]
CIIpaBeITUBO

(aiy,e) > 0. (55)
B cumy (51) u (45) nmeem
a.“;(p_u/) /

v e . S

few—u) = e prapp—v) - < e el o) - = <<c7p - ) - ) ||c||)
” <c,u”7u,> ,

= =t ) lear—wy o\ (e B ew)
= Tp—u/]] Cc,u ”C”2 C u o) ||C||

- <c,u”7u,>
il

!
W T g e > rllel| (eu—u’)
o r - — _ . "no_ oy
= T (@0 el Tp—w[{a,.c) @i, o e €~

_ rlle| oo, (ew =) (a0
—m(@’v“ w e

lp—v'[[{a
B coorBercruu ¢ (47), (46), (55), (54) u (44) orcroga ciemyer
(e,w—u') > 0.

Bcenomuug, uro u’' = u(K ), [EPEenuIeM oCaeHee HEPABEHCTBO B BUE
<c,w — u(K)> > 0.

IMony4uiu nporusopeune ¢ (42). Teopema doxasana. O

4. Ob6cyxnenune. B mannom paszesne 00CyKIAIOTCs CUIbHBIE U Ca0ble CTOPOHBI MPEIIOKEHHOIO MeTO-
Ja, & TaKXKe PACKPBIBAIOTCA TMYyTHU €r0 HpaKTquCKOﬁ peasm3anun Ha OCHOBE CHUHTE3a CYyHNEePKOMUbIOTEPHBIX W
He#poceTeBbIX TexHooruit. Mbl paccMOTpUM CJ1eIyIONKe BOIPOCHI.

1. KakoBwI yTH peann3anuu ajJroput™a 1 B BUIe mporpaMMbr g IBM?

2. Y10 MOXKHO CKa3aTh O BPEMEHHON CJIOKHOCTH ajaropurma’

3. MozxkeT Jii MeTOJ, MOBEPXHOCTHOTO JIBUKEHUS TPUMEHITHCS K HECTAITMOHAPHBIM 33/1a9aM !

4. Kakoe OTHOIIIEHWE METO/I TOBEPXHOCTHOIO JBUKEHUS UMEET K MpodJeMe PeaJbHOTO BPEeMeH! !
5. ¢Basercs U MyTh, CTPOSIIUIICS B METO/IE TIOBEPXHOCTHOIO JIBUKEHUS, KPATIANITAM !

6. B dem cirabbie CTOPOHBI MPEJIOKEHHOIO MeToa?

7. B uem 3akmouaercs Hay4YHad HOBH3HA U 3HAYUMOCTHb METOIA ITOBEPXHOCTHOI'O ,ZLBI/I)KGHI/IH?

Haunewm obcyxnenue ¢ orsera na nepsbiii Bonpoc. Ha marax 3 u 13 anropurma 1 meobxoauMo HaiiTu To4-
Ky runepancka [, UMeroIyo MakcuMaabHoe cMmerrenne. HaMm Hem3BeCcTeH ajirOpuTM, MO3BOJSIONIAN MOy IATD
YUCIEHHOE pernenue 31oi 3a1a4uu. OHAKO MbI BUIUM CJIEAYIONINN My Th PEIEHNs, TTPEIOIATAIONIANA HCITOIb30-
BaHUE UCKYCCTBEHHON HellponHoil ceru. IIpumensis noaxo/, onucannplii B crarbe [37], Mbl 3aMEHsAEM TUIIEPIUCK
D na perynsgpHoe MHOKECTBO TOYEK, HA3bIBAEMbIX PEIENTUBHBIM moaeM. Kazk1oit Touke perenTuBHOrO MoJist Mbl
COTIOCTABJISIEM €€ CMEIEHNe OTHOCUTEIHFHO TPAHUIEI MHOTOTPDAHHUKA. TakuM 0Opa30M MbI MMOJIYyYaeM MATPHUILY
pasmeprocTn (n — 1), mpezacTapastonei coboii JokanbHbI 06pa3 3amaun JIII. JlokaabHOCTH 06pa3a O3Havaer,
9TO MBI TIOJIyIaeM BU3YyaJIbHOE IPeJICTaBJIEHNE TTOBEPXHOCTH HE BCETO JIOMMYCTUMOTO MHOTOTPAHHUKA, & TOJHKO
HEKOTOPOI €ro 9acTu B OKPECTHOCTU TOYKU TEKYIIEr0 TPUOINKEHU. ITOT 00pa3 MOJAETCS HA BXOJ IIPEIBAPU-
TEJILHO ODYUEHHOW HEHPOHHOM CETH MPSMOT0 PACIIPOCTPAHEHHsI, KOTOPAsS OMPEIeseT BeKTOp d, YKA3BIBAIOIIHI



16 BBEIYMCJAUTEJIBHLIE METOAB! I IPOTPAMMWPOBAHUE / NUMERICAL METHODS AND PROGRAMMING
2021, 77 (?), 1-26. doi 10.26089/NumMet.v??r???

Ausropurm 2. Merog JIII ¢ ucnonbzoBanuem DNN
Algorithm 2. LP method using DNN

Require H; = {x € R"|(a;,z) < b;}, M = (| Hi, H.(z) = {x € R"|(¢,x — z) = 0}

i€T
1. input u'9; assert u(® € M NI(M)
2: k:=0
3. D:==6&wu?)
4 d:= DNN(D)
5: while d # 0 do
6: L={u®™ +)d|XecRso}
T w* ) = argmax{||x —u®| | x € LNT(M)}
8: k:i=k+1
9: D = &(u®)
10 d:= DNN(D)
11: end while
12: output u®
13: stop

HAIIPABJIEHUE JBUKEHUS HA IIOBEPXHOCTH JIOIyCTHMOIO MHOIOI'DAHHUKA B CTOPOHY MAaKCHMAJIbLHOIO YBeJrde-
Hus 3Hadenusd neseBoit pyakuuu. O603Hauum yepe3 G(u) GyHKIMIO, CTPOLIIYIO PEHENTUBHOE I0JIe C LEHTPOM
B TOYKE U W BBIYUC/ISIONIYIO JIOKAJIbHBIN 00pa3 3ama4uu JIII B 9T0it TOUuke. JleTajbHO AJTOPUTM MOCTPOEHUS
MHOTrOMepHOTo obpasa 3amaun JIIT ommcan m nccaenoran B padore [37]. O6osnaunm wepes DNN riyGokyio
HEHPOHHYIO CEeTh MPAMOrO PACIPOCTPAHEHUs, HA BXOJ KOTOPOW MOMAETCH JOKAJbHBIN 00pa3 3amauu JIII, a na
BBIXOJIE TTOJIy9aeTCs BEKTOP d, 33al0IINii HAPABJIEHNE MOBEPXHOCTHOTO MBUKeHus. 1ormga aaroputm 1 Moxker
OBITH TPeOOPA30BAH B AJITOPUTM 2, JOMYCKAIOIINI PEATN3aIIni0 Ha MpaKTuKe. MHOKECTBO pa3MEeUeHHBIX TTPeIe-
JleHToB, Heobxoaumoe s obyuenus DNN, Moxer ObITh OJyYEHO C HOMOIIBIO anekc-merona [39], crposiuero
1IyTh, GIU3KHI K ONTHMAIBHOMY HETeBOMY IIyTH?.

JlamuM OIEHKY BPEMEHHOU CJIOXKHOCTU aJITOPUTMa, 2. MeTos TOBEpXHOCTHOIO JBUKEHUST MPOXOIUT KAXK-
Jy1o rpanb/pebpo ne 6osiee onHoro pasa. IIpoxoxkuenue rpanu/pebpa BbIIOJIHIETCH B [IPEJEIAX OJHON UuTepa-
muu ukia while (maru 5-11 anropurma 2). CiegoBaresbHo, 06iiee KOJIUYeCTBO UTEPAi MOKHO OLIEHUTh KaK
O(m), rie m — KommaecTBo orpannyenmii 3agaqn JIII 1. Haxox ieHue ciieryomero npuoinKeHus w1 Moo
Peasin30BaTh I[yTEeM JUXOTOMUM, M TAKHM 00PA30M KOJIMYECTBO OLE€PALMil /A5 mara 7 MOKeT ObITh OLIEHEHO KAK
O(1). Haubouiee TpymoeMKuM siBJISETCs IIOCTPOEHUE JIOKAJILHOrO 00pasa 3axauu JIII wa mare 9 asropurma 2.
PernerntiBHOE MOJIE B BHE THIEPKYOmdIecKoil permerkn cocront u3 7"~ Touek, rie n — pa3MepHOCTH MPO-
CTPAHCTBA, & 1) — KOJIMUECTBO TOYEK MO ofHOMY u3Mepenuto. OnHako nociennue nccienoBanus [40] mokasamnm,
4TO KPecToOOpa3HOEe PEeLEeNTUBHOE [OJIe C KOJM4ecTBoM To4ek (1 — 1)n + 1 naer pesysibrarbl, HE yCTYHAIOLIKME
Kybuaeckomy mo TounocTu pernerns 3aga4uu JIII. [Ipensapurensno obyueHHas HEHPOHHAST CETh MPSIMOTO Pac-
npocrpanenuss DNN Bbraucsisier BekTop aBuzkenus d Ha mare 10 3a BpeMs, 3aBUCSINEE TOJIBKO OT 7, TaK KaK
Ha Bx0J eii nogaercs (n — 1)n + 1 yucen (B ciydae KpecrooGpaszHOro peuenTuBHOrO 10dst). Takum o6pazom
BpPEMEHHAasl CJIOKHOCTh AJrOPUTMAa B LIEJIOM MOXKeT ObITh ouenena kak O(mn). B mononnenue ormerum, 4to
CPAHUIA MACIITAOMPYEMOCTH aJITOPUTMA TOCTPOEHMS BU3yaJbHOrO obpa3a 3amaum JIII moxker ObITH OIeHEeHA,

kax O(vV2n2m + m?n + 8nm — 6m) [37|. Ecim npeanonoxkutrs, uro m = O(n), T0O jjs rpaHurpl MacmTabu-
pyemocTu® Mbl iostydaeM onenky O(ny/n), 6M3Ky0 K JTHHEHHOH 3aBUCHMOCTH. DTO O3HAMAET, YTO AJTTOPHTM
TOCTPOEHHsT JIOKAJILHOrO obpa3sa 3amadn JIII moxkeT ObITH 3 PEKTUBHO pacHapasijiesieH Ha OOJBIITOM KOJIHUe-
CTBe TIPOIIECCOPHBIX Y3JIOB KJIACTEPHOMN BRIUMCIUTENHHON cucTeMbl. Tak st n = 7 u m = 15 BBIYUCIAUTETHHBIE
9KCIIEPUMEHT [IOKA3aJIM UK YyCKOpeHus Ha 326 nporeccopubix y3uax [37]. 3amerum, 4To KOJIMYECTBO UTepaIuii
aATOpUTMa 2 He 3aBHUCHT OT €f, TAK KaK TaKOil IapaMeTp B 3TOM aJTOPUTMe OTCYyTCTBYET.

MeTOﬂ TIOBEPXHOCTHOTO JIBUZKEHUA ABJIACTCA UTEPATUOHHBIM U CaAMOKOPPEKTUDPYIOIIMUMCI. HOSTOMy OH

4OnTHMaTLEDBIH TIeTeBoi IIyTh — 3TO IIYTh Ha IIOBEPXHOCTHU JOIYCTUMOTO MHOTOTDAHHHUKA U3 HAaYaJIbHOIl TOYKK B HAIpPaBIEHUN
MaKCHMAaJIbHOTO YBEJIMYEHUs] 3HAYCHUS TeJeBON (hYyHKIUU.

5TIox rpanumeif MacIITAOUPYEeMOCTH HOHIEMAETCH IHCIO IIPOIECCOPHBIX Y3108 KIACTEPHON BEIYMCINTENTHLHON CHCTEMDI, Ha, KOTO-
POM JIOCTHTAETCA MAKCUMYM yCKODEHHUS.
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MOXKET MOTEHIIHAIHHO MPUMEHATHCS IS PEIeHus HECTAIMOHAPHBIX 3a1ad. [Ipu 9ToM, ecm MeHseTcs TOJbKO
nesieBasg (PYHKIUsI, TO aJrOPUTM 2 BOOOIEe He TpeOyeT HMKAKAX IPUHIUINAJIbHBIX n3MeHenuil. Bazkno, 4ro-
6bI CKOPOCTb KOPPEKTUPOBKH OllepeKaJia CKOpocTh u3MeHenuii. Eciu xe mensercsa cucrema orpanudenuii (6e3
U3MEHEHUs PA3MEPHOCTH), TO AJTOPUTM 2 TOTPEOYET ONMpee/IeHHbIX MOAMMUKAIMHA, TaK KakK TEKyIlee MpH-
OJIMKeHne MOXKeT "Morpy3uThes'B MHOTOTPAHHUK WK "0TOPBATHCSA"OT €ro MOBEpXHOCTH. ABTOPHI MIAHUPYIOT
JIETAITBHO UCCJIEI0BATH 3TOT BOMPOC B Oy/IyIIeM.
AgroputMm 2 Takike MOMKET TMPUMEHSIThCS JJIs Perre-
Vi ung 3ama4q JIII B pexxume peanbuoro Bpemenu. [leficTBu-
TEJIbHO, KOJTMYECTBO UTEPAIHU OPPAHUIEHO [TAPAMETPOM M.
IIpu ¢dbukcupoBaHHOM 7 TOCTPOEHHE JIOKAJBHOIO 00pasa
3amaun JIII Tpebyer bUKCHPOBAHHOTO KOJIMYECTBA OMEpa-
nwmii. [Ipu aTOM mpornenypa nmocrpoenns odpasa 3 dexkTus-
HO PACHAPAJIETUBACTCA HA OOJBIIOM KOJUYECTBE MPOIEC-
COpHBIX y3J10B. VcKyccTBeHHas HEHPOHHAS CETh MPSMOTO
pacupocrpaneruss DNN ananmu3upyer j0oKaabHbBIH 00pa3 3a-
0 naau JIII 3a dbukcupoBannoe BpeMsi, 3aBHUCHIIEE TOIBKO OT
n. Pabora HeifipoHHO# ceTu Takke MOXKeT ObITh 3 dhexkTrB-
HO pacrmapajijieJieHa C TOMOIIbI0 TpadUIecKuX MPOIecco-

Z

Puc. 4. Ouruma/bHbIi 11e/1€BOH Iy Th 0603HAYEeH
poB. B mepcriekTrBe MOXKHO OTKA3aTbCd OT IIyTENIeCTBUS

0 IpaHAM / pebpam JOMyCTUMOTrO MHOTOI'DAHHUKA W AHAJIH-
3UPOBATH C TIOMOIIBIO HEHPOHHOI ceTu 0Opa3 BCEro MHOTO-

IIYHKTHUPOM; IIyTh MUHAMAJIbHOM JJIMHBI IIOKa3aH
TOYKaMn

Fig. 4. Optimal objective path is indicated by dashed

IPAHHUKA, ITOMy4eHHbIH 13 Touku amexca (cu. [39]). Heii-
line; path of minimum length is shown by dotted line

pOHHAs ceTh OyAeT BbIIaBaTh MPHUOINKEHHOE peIleHne, KO-
TOPOE MOXKET OBITH YTOYHEHO TTyTEM aHAIN3d, (PUKCHPOBAHHOTO YHCJIA, JIOKAJTHHBIX 00PA30B C YBEJIMINBAIOIIAMCS
Macirabom. OJHAKO 9TOT BOIPOC HY2KJIAETCA B JAJbHEHIINX MCCJIEI0BAHUAX.

Ajiropur™m 1 CTpPOUT HAa MOBEPXHOCTH JOILyCTHMOI'O MHOTOIPAHHUKA ONTHUMAJBLHBLIA 1IeJIeBOH IyTh K pe-
menwnio 3aaa4an JIII. 910 HemocpenCTBEHHO CieayeT u3 MOCTPOEHUs AJTOPUTMA W yTBep:xkaeHus 3. Uurepecen
BOIIPOC, SIBJISIETCS JIM 3TOT MyTh, IyTeM HAWNMEHbITEH IJIUHBI B CMBICIIE €BKJINI0BOM MeTpuku. Cireayromnuii mpo-
croif mpuMep B pocTparcTse R, mpommmocrpupoBaHHbLil HA PHC. 4, IOKA3BIBAET, 9TO ITO HE TaK. JIJIs CHCTEMBbI
OrpaHUYEeHU

u neneoli GyHkiwMn f(z,y,z) = y ONTUMAILHBIH 1EJEBON TTyTh, 0003HAYEHHBIN TYHKTHPOM, HE COBITAQJAET C
Kpardaiumm 1myreM, 0O03HAYEHHBIM TOYKAMU.

Takzke MOXKeT BO3HMKHYTb BOIPOC, MOXKHO Jiu Ha mare 10 anropurma 1 samenurs I'(M) na T'(M), Tak
KaK 9TO COKPAIAeT KOJIWYECTBO HEPABEHCTB, BOBJIEKAEMBIX B MPOBepKy ycioeus x € I'(M). OrBer — orpuiia-
resibublii. Hanpumep, B npocrpancrse R? i cucreMbl orpanuyenuit

T+ 2y < 2,
2 4y < 2
r+y=>1,
z =0,
y =0

b

u neseroii byukunn f(z,y) =y mis ul) = (%, %) TTOTyIaeM

argmax{||z —uV| | 2z € LNT(M)} = +o0

(cMm. puc. 5).
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B kadecTBe HemocTarka MeTOIA MOBEPXHOCTHOTO JIBUYKEHWS MOXKHO OTMETHUTH TO, 4TO OH ahdduHHO He
MHBAPUAHTEH, TAK KaK (DYHKIMOHAJI [IEHbI OTOXKJIECTBJIAETCH C BEKTOPOM. Takmm 00pa3oM, IIOBE/IEHUE METO/A
3aBUCHAT OT €BKJIMJAOBOI CTPYKTYPBI, ONPEIeJIEHHON CUCTEMON KOOPAUHAT.

Hayunas moBuM3Ha W TeopeTWHUecKas 3HAYMMOCTD TPEIJIOKEHHOTO MEeTOJa 3aK/II0YaeTCsS B TOM, YTO OH
BTIEPBBIE OTKPBHIBAET BO3MOYKHOCTH TTPUMEHEHUS MCKYCCTBEHHBIX HEHPOHHBIX CETeil MPSIMOTrO PACTPOCTPAHEHUS
It perienusi MHOroMepHbix 3a1a4 JIII na ocHoBe ananmmsa nx 06pa3oB.

B macrosmee Bpemsi uaer pabora HAI peasn3aluei

Ay MIPEJICTABJEHHOTO METOJIa, B BUJE MPOTPAMMHOTO KOMTIJIEK-
ca ISl KJIACTEPHBIX BBIYUCTUTEIBHBIX CHCTEM. DTOT IIPO-

rPaAMMHBIN KOMILJIEKC BKJIIOYAET B ce0si MapaJiieIbHbII aJj-

TOPUTM TEHEPAINU MHOTOMEPHBIX JIOKAJIBHBIX 00pa30B 3a-

nmaqa JIII, napasienbHblit aJropuT™ reHeparuu pa3MedeH-

HBIX MIPEIeIeHTOB I/t 00y dYeHnsT HeHPOHHON CeTH W HEeHPO-

ceTeBble MOJENN I PA3INIHBIX pa3MmepHocTeil. I1o 3aBep-

LIEHUH PeAU3AlUy Mbl IIJIAHUPYEM I[IPOBECTU CPABHEHUE

{ MeTO/Ia TIOBEPXHOCTHOTO JBWIKEHHS C APYTHUMU METO/IaMU
pemenus 3aga4d JIII, B 4acTHOCTH, C CHUMILIEKC-METO/IOM.

Onucannio yKa3aHHOrO MPOTPAMMHOTO KOMITJIEKCA W aHA-

JIn3y Pe3yJIbTaTOB BHIYUC/IUTEIbHBIX SKCIIEPUMEHTOB Oy1er
MIOCBAIIEHA OT/eJIbHAA Hay9IHas CTAThd.

Puc. 5. OnTrManbHblil I€7€BOM Iy Th YXOIUT B
GECKOHEYHOCTh Ha PEIeCCUBHOM MHOroOrpaHuuke M

. . .. o 5. 3akirouenne. B crarnhe omucan HOBBIN WTEpaIy-
Fig. 5. The optimal objective path goes to infinity on

. ~ OHHBIN MeTO, eIleHnsd 3aa491 JIMHEHHOrO IIPOrpaMMHUPO-
the recessive polytope M AP A porp p

Bauus (JIII), mosyauBnmii Ha3BaHue “MeTO TIOBEPXHOCTHO-
rO JBUWKEHUsT . YKA3aHHBIM METOJ CTPOUT HA MOBEPXHOCTH
MHOIOI'DAHHUKA, OIPAHUYUBAIOIIEro ponycrumyio obsacts 3azaqu JIII, nyTs oT HAYaBHOU TOYKHU 70 TOYKH
pemienus 3anauu JITI. BekTop nBukenus Bcerga BbIOMPAETCd B HANPABJIEHUM MaKCUMAJIbLHOIO yBeJudeHus /y-
MEHDINEHUs 3HAUEeHUs 11ej1eBoi dbyHKIuu. [TogyanBImiicss myTh HA3bIBAETCSA ONMTUMAJIBHBIM II€JIEBBIM ITYTEM.

MeTo, 10BEPXHOCTHOI'O ABUKEHUS IIPE/IIIOIArAET UCII0Ib30BaHUE [JIyOOKOI HEIPOHHOI ceTu PsiMOro pac-
[IPOCTPAHEHUS [JIs OIIPeIeJIeHUsI HAIPABJICHNS IBUKEHUS 110 TPAHAM JOMyCTUMOTO MHOTOrpaHHuKa. s 3T0r0o
CTPOUTCS MHOTOMEPHbII JIOKAJbHBIN 00pa3 3a1a4uu JIII B Touke TekyIero npubiamKeHusi, KOTOPBIH OIaeTcs Ha,
BXOJT HEWPOHHOU ceTr. MHOXKECTBO pa3MEYEHHBIX MPENEIeHTOB, HEOOXOAMMOe JIJIsi OOyUeHUsT HEHPOHHOU CeTh
MOXKET OBITH TIOJIy9YEHO C [MOMOIIBIO AIEKC-METO/IA.

st nocTpoenust TeopeTnyeckoro pyHIjaMeHTa MeToa IIOBEPXHOCTHOTO JIBUKEH!SI BBEJIEHO [TOHATHE T1eJIe-
BO# MPOEKITNH — KOCOYTOJIHLHONW TPOEKINK B HAMTPABJIEHUH, MapajiebHOM BEKTOPY I'pajHeHTa IeaeBoil (pyHK-
muu. Oupejieniena CKajlsipHasi BeJIMYWHA, Ha3bIBaeMas cMmernenueM. MoJyib cMelnenusi paBeH PacCTOSHUIO OT
TOUKH JI0 €€ TEJIeBOM TPOeKINK. SHAK CMENIEHNsT OMPeIeIsieTcs MOJIOKEHHEeM TOYKY BHYTPH WU BHE JOIMYyCTH-
MOr0O MHOrorpaHuuka. Ilosydena ¢bopMysia BbIUUCIEHUST CMEIIEHNsT TOYKH OTHOCUTEIHHO TPAHUIIBI JOMYCTHMO-
ro muHororpannuka. llokazano, 4ro 60bIIEMy [[EJIEBOMY CMEIIEHUI0 COOTBETCTBYET DOJIbIee 3HAYEHUE [1EJI€BOIT
dyukiuu. Ipusenerno ¢popMann3oBaHHOEe ONMUCAHUA METOAA ITOBEPXHOCTHOIO ABMKEHHUs B BHe aaropurma. lo-
Ka3aHa OCHOBHAsI TEOpPEMa CXOAMMOCTH METOa TOBEPXHOCTHOIO JABUKeHuUs K perennio 3aaa4u JII1 3a konewuHoe
qncyio nrepamnuii. [IpuBeser BapmaHT ajroOpuTMa MOBEPXHOCTHOTO JBWIKEHUS, UCIOJIb3YIOMNH (DyHKIUIO MO~
CTPOeHWUSsI JIOKAJILHOTO MHOTOMepHOro obpasa 3aza4u JIII u riiybokyio HepOHHYIO CeTbh.

B kagecTBe HampaBJeHWi JATHHEUIIINX UCCAETOBAHUN MOXKHO yKa3aTh CJIETIYIOIIHE.

1. Paspaborka u obyaenne ceru DNN, cr1ocoOHO#M BBIMHCIATH BEKTOP IBUKEHUS B HAIIPABICHUN MAKCAMATb-
HOTO yBeJIMYeHus 3HAYEHUS 11e1eBoH dyHKImn s MHOroMepHbIx 3a7a4 JIII.

2. Pazpaborka nporpaMMHOIrO KOMILJIEKCA [IJIsi KJIACTEPHON BHIYMCJIUTEIHHON CHCTEMbI, PeaaIn3yoero aaro-
PHUTM 2 MyTeM CUHTE3a CYMEePKOMIIBIOTEPHBIX W HEIPOCETEBBIX TEXHOJIOTHM.

3. Uccnenoranme 3apucuMocTi TOTHOCTH PaboThl cett DNN OT MI0THOCTH PENenTUBHONO TMOJIS.

4. I/ICCJIQ,Z[OB&HI/IG IPUMEHUMOCTH METO/Ia IIOBEPXHOCTHOI'O ABHZKEHUA JJId PEINCHUA HEeCTAIUOHAPHBIX 3a/Ja4
JIIL.
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5. VccnenoBanne TPpUMEHUMOCTH METOJIa, TMOBEPXHOCTHOTO JIBUKEHUSA i pernenus 3amad JIII B pexume

pPeasIbHOrO BPEMEHH.

6. Pazpaborka u mcciesoBaHue HOBOTO BU3YaJIbHOTO MeTOAa pertenus 337a4 JIII ¢ moMormpio HeipoHHBIX

ceTeil HA OCHOBE aHAJM3a 00pa3a JIOIMYCTUMOrO MHOTOIDAHHHUKA B II€JIOM.

6. O6o3HaueHNndd.

BEIECTBEHHOE €BKJIMI0BO IIPOCTPAHCTBO
€BKJINIOBA HOPMA
CKaJIIPHOE MPOM3BE/ICHNE JIBYX BEKTOPOB

[,]  KOHKaTeHAIUs ABYX BEKTOPOB

(x)  nuneiinag uenesas QyHKIUs

rpajauenT nesesoit dyukuun f(x)

€IVHNUYHBIIN BEKTODP, COHAIIPABJIEHHBIN ¢ BEKTOPOM C

pererwe 3agaqn JI11

i-Tasl CTPOKa MaTpuisl A

IUTEPTITIOCKOCTh, onpeensieMast hopmynoit (a;, x) = b;
MOJTYTPOCTPAHCTRO, ompeessiemoe dbopMyoi (a;, ) < b;

MHOZKECTBO MHIEKCOB CTPOK MaTpHIbl A

JIONTYCTAMBI MHOTOIPAHHUK, OompeaesseMbrit popmymoit M = ﬂiep I;Q

I'(M) MHOXeCTBO TPAHUYHBIX TOYEK JIOIYCTHMOIO MHOTOrpaHHUKa M

MHOZKECTBO MHAEKCOB, JJId KOTOPBIX TOJYIIPOCTPAHCTBO H HBJ’IHQTCH peneCCuBHbIM

PEIeCCUBHBIII MHOTOIDAHHUK, OTPEIEIsIeMbIN (DOPMYIIOit M= szI

I'(M) MHOXeCTBO TDAHUYHBIX TOUEK DEIECCHBHOIO MHOIOIDAHHHUKA M

Z)  IesieBasi MPOEKIs TOYKU Z Ha TMIEPIIOCKOCTh H;

LeJIeBOe CMEILEHHe TOYKK Z OTHOCUTEJIbHO runepiuiockocru H;: |5;(z)] = ||vi(z ) —z|
) ueseBas UPOEKIUs TOYKU Z HA IPAHUILY F(M ) PEleCCHBHOIO MHOrOrDAHHHKA M
) IeseBoe cMeleHre TOUKH z orHocuTebHo rpanuisl D(M): |3(2)] = |5(z) — 2|

V.(x) rumepmmap pamuyca r ¢ IEHTPOM B TOYKE &
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