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,ZLOK&SI)IB&GTCH runoresa Pumana o HETPpUBUAJIbHBIX HYJIAX )136T&—(1)YHKHHH.

Ecsin HEKOTOpOe KOMIIJIEKCHOE YHCI0 Sy = 0 + ity ABJsSeTCS HeTPUBAAIBHBIM HYJIEM,
To mapa (0, tg) SIBIASETCS PEIIeHneM HEKOTOPOi CHCTEMBI JABYX YPAaBHEHUii IBYX JAeHCTBH-
TEJIbHbIX II€PEMEHHbIX 0 U t.

N3zyuenue 0JIHOrO U3 3TUX JIBYX yPABHEHUI 1IOKA3aJI0, YTO OHO UMEET €JIMHCTBEHHOEe
pemenne upu t = tg.

3 cBoficTBa CHMMETPUYHOCTH HETPUBUAJILHBIX HYJIEH OTHOCUTEJIHHO MPAMOii

1 1
g = — CJIe eT, 4YTO O0g = —.
9 JyeT, 0 9

KiroueBsbie ciaoBa: runoresa PuMana, j3era-pyHKIMS, HeTPUBUAJIbHBIE HYJIH.
Abstract

The Riemann hypothesis on nontrivial zeros of the zeta function is proved.

If a complex number sy = oy + ity is a nontrivial zero, then the pair (oy,t) is a
solution to a system of two equations of two real variables ¢ and t.

Considering one of that two equations one can found that it has a unique solution at
t= to.

1 1
As nontrivial zeros are symmetric about the line ¢ = 3 it follows that oy = 3

Keywords: the Riemann hypothesis, zeta function, nontrivial zeros.



BBesnenune n moctaHoBKa 3a/1a4n

[Iycts s = 0 + it — KOMILIeKcHasd epeMeHHas, I7le 0 = Re s, t = Im s.
Hanee, x € R - neficTBUTeTbHAS TTepeMeHHAL.

NzeectHo [1, c. 40|, uro npu o > 0 azera-byuxiust Pumana ((s) Moxker ObITH mpe/-
CTaBJICHA B BHUJIE

_ 1 {z}
Q(s)—l—l—:—s/qj_sﬂdm (1)

BriBog, hopmyabt (1) umeerca Takzxke B [2].

Toryia HaX0K IeHue HETPUBUAIBHBIX Hy el (byHKImU ((S) CBOAUTCS K PENICHUIO YPaB-

HeHnud
+oo

/iﬁdmzsil. 2)

1

HMeroT MecToO paBeHCTBA

1

=== (cos(tlnzx) — isin(tlnx)),
s g

1 oc—1 ) t

s—1 (0—121£ (o—12+e

[Tosromy ypasuenue (2) GyaeT 9KBUBAJIEHTHO CJAELYIONIEH CHCTEME:

¢ +0o
{z} o—1
/ gjo'+1 COS(tlHI’)d{E = m,
1
X .
/ xUJrl Sln(tlnx)dx = m

1

Kak wusBectno, nysu j3era-pynknun Pumana cuMMeTpUYHbI OTHOCUTEJIbLHO Bellle-
CTBEHHOW OCH O, IO3TOMY JOCTATOYHO PacCMOTpPeTh ciydait ¢ > 0.

B nanbreiimem m3goxkennn Bcerma 0 < o < 1, ¢ > 0. Kpome TOro, HEKOTOPHIi
HETPUBHUAJIBHBINA HYJIb Sg = 0( + ity Oy/meT cuanTarbed (GUKCHPOBAHHBIM.

['unoreza Pumana yTBepzkjiaer, 4T0O BbIIOJIHIETCH PABEHCTBO 0y = 5>



O 7n1eBBIX U NPaBBIX YaCTAX YPaBHEHUil cucTeMsl (3)

Bregem caeayionue 4 GyHKIUNT:

+o0

ui(o,t) = / ji}l cos(tInz)dz,
1
+o0o
vi(o,t) = / %sin(tlnx)dm,
1
oc—1
us(o,t) = CEEE
t
UQ(U, t) = m

Takum o6paszom, cucteMy (3) MOXKHO 3alHCATH B BHIE

{ul(a, t) = us(o,t), (4)

v1(0,t) = ve(o, t).

AW

Puc. 1: ILnockocrs t = ¢,

Ecnu sy = 0¢ + ity - HeTpUBHAIBHBIN Hy/b n3eTa~-GyHKIMH, TO napa (0g, o) ABITET-
cst perierneM cucrembl (4) W, B 9acTHOCTH, ypaBHeHust vi(o,t) = vy(o,t); B naabHeiinem
u3JI07KeHnn (puKcupyeM 3Hadenue t = to > 0. lanee u3ydaem moBefieHne 00enx dacreit
MMEHHO 3TOTO ypaBHeHHs Kak (DYHKIMH IepeMeHHOi o; Oylder IIOKa3aHo, 9To Ipaduku
06erx YacTeil JOJIZKHbI EPECeKATHCS TOJbKO B OJHOM TOUKe ¢ abCHUCCOl 0g, U U3 ITOr0

I[I0J1ydaeTCd IIpOoTUuBOpEYNEe IIPEeaIIOJIOZKEHNIO O TOM, YTO 0 7£ 5 II0O3TOMY U3Yy4Y€HHE APYIO-

ro ypaBHEHUA 3TOH CHUCTEMBI JOIHIECKON H€O6XO,ZLI/IMOCTI/I AJ1d DOKa3aTeJIbCTBa I'MIIOTEe3bl



He mMeeT (BBIOOD yPaBHEHHUST PEINaics MyTéM MOAODACHIBAHUS MOHETHI; TIPH KeJAHUHU JI0-
Ka3aTeabCTBO MOYKHO TPOBOJINTE, N3ydasi TOJABKO ypaBHeHUe u1(0,t) = us(o,t), cxema Ta
Ke caMasi).

JIemma 1. Qynryus w = ve(0, ty) npu dukcuposanmom ty > 0 6ozpacmaem xak Pynryua
om nepemernnol o.

,ﬂOHCLSGm&/LbCTnGO. CHpaBe,D;JII/IBOCTb JIEMMBI CJIeJIyeT U3 HEPABEHCTBA

@ _ 2(0’ - 1)t0
do (o0 —1)2+t2)?

> 0.

CaencrBue. Uz semmo, 1 caedyem, wmo ece snavenus Pynkuyuu w = vy(o,ty) npu

t 1
o € (0;1) npunadsescam unmepsany U = —02, — .

Onpenenenune 1. Ilpamoyzorvrur {(O’, w) ‘ o€ (0;1),w e U} bydem Ha3vi8aMYH KPU-
MUYECKUM TPAMOY2ONOHUKOM.

W=,(5%)

Puc. 2: Kpurnyeckuit npgamMoyrojibHuK

Sameuanue. Kpumuyeckue npamoy2oibHuKky 04eHb MOHKUE, UL WUPUHE DABHA

1 t 1

- 5 = 5 Yoice O HEMPUBUANLHOZ0 HYAAL C CAMOT MANEHBKOT NOA0IHCU-
meavHolt MHUMOT wacmoro to = 14.134725141... noaywaemcs wupuna 0.0003523461812...

Harnee nac maTepecyer dacth rpaduka dbyHkumn vi(o,ty), JeKamas B 9TOM IPSIMO-
YTOJIbHUKE.

Onpenenenne 2. 3nauenue nepemennoti o, Npu KOMOPOM COOMEEMCMEYIOULAA TOYKA
(o,v1(0,ty)) epadura Pynryuu vi(o,ty) HaTOOUMCA 8 KPUMUHECKOM NPAMOY20ADHUKE,
6ydem HaA3BLEAMb KPUMUUECKUM 3HAMEHUCM.

Takum 06pa3oM, 3HAYCHUE 0 ABJIAeTCS KPUTHICCKIM 3HAYeHHEeM IIePeMeHHOi o, T.K.
Touka (0g, v1(0g, tg)) HAXOAUTCS B KDUTHIECKOM MPSIMOYTOJIbHUKE KAK TOUKA ePECeTeHusT

rpacdukoB Gynknuit vy (o, tg) 1 va(o, to).



to 1
Ecu o - KpuTrieckoe 3HaYeHHe, TO, COTIACHO ONpefenenuo, vi(o,ty) € ( —, — | ;
B qacTHOCTH, V1(0, to) > 0.
O6o3naunm R[a, b] MHOKECTBO Beex GYHKIHUIT, HHTErPUPYEMBIX 110 PUMaHy Ha 0Tpe3-
ke [a,b].

Hawm GyjeT mosie3Ho cyreficTBHe U3 cJeyoleii Teopemsl |3, ¢. 347]:

Teopema (mepBas TeopeMa 0 cpejHeM Jjist uarerpaia). Hycmo f,g € R[a,b],

m = il[lfb]f(x),M = sup f(z). Eeau dynruus g neompuuamensvra (Uit Henosotcu-
z€la, z€a,b]

meavha) Ha ompeske |a,b|, mo

/f(x)g(x)dx = ,u/g(x)dx, ede € [m, M].

CaenctBue. I[lycmbv ycaosus meopemv, 0 CPEOHEM BUINOAHAIOMCEA 04 N100020
b

b € [a,+00) u cywecmsyem makoe deticmsumenvroe B, wmo /g(x)dx > 0 npu ecex

a
“+oo “+o00

b > B, nycmos cywecmsyiom HecobCmeenHbie UHmeepaJm/ f(z)g(z)dz u / g(x)dx, mo-

a a

2da
—+o00

+/oof (2)g(z)dr = a / g(x)dz, 20e a € [m, M.

a

Jokaszamenvcmeo. CorjiacHO TeopeMe 0 CpejHeM
= u(b) mpu b > B, rne u(b) € [m, M].

Tak Kak HecOOCTBEHHBIE MHTErPAJIBI CYIIECTBYIOT, TO TPU b — 400 CyIecTBYeT Mpees

JIEBOH YACTH, & 3HAYUT, CYNIECTBYET U o = blim p(b). Tax kak u(b) € [m,M], To u
—+00
a € [m, M]. O
Jlemma 2.
T t
: 0
/ ot Sln(t() In I)dl' = 0‘2——|—t8 (5)



Jlokasamenvemeso. O6oznadum F'(x) nepoobpasHyo QyHKIHH sin(tgInz).

LUUJ’_I

1
F(z) = /— sin(tpInx)dr = /sin(to Inz)e "™ dlng = |u =Inz| = /sin(tou)e”“du =

Q30+1

1 1 1
= - /Sin(tou)de_au =—= (Sin(tou)e_"“ - /e_"“d sin(tou)) = ——sin(tou)e 7"+

o o o
t 1 t 1 1
+ 22 [ e cos(tou)du = —— sin(tgu)e 7" + = / ——cos(tou)de 7" = ——sin(tou)e 7" —
o o o o o
t 1 t
- J—(; (cos(tou)e"“ - /e”“d cos(tou)) = sin(tou)e 7" — 0—02 cos(tou)e 7" —
2
_ 5 sin(tou)e “du = ! sin(tolnz)e ™7 — k] cos(tolna)e M —
o2 o o2
1 sin(fo In )e "W d1n 1 — _lsin(tolna)  to cos(tolnz) ﬁ/sin(to lnx)d _
o2 o xro o2 xro o2 ro+l

Isin(tglnz)  tocos(tolnz) ¢
o a0 o2 ar o?

Isin(tolnz)  ty cos(tglnz) ¢
o i o2 x° o2
Isin(tglnz)  to cos(tplnx)

[Mosyunnu pasencrso F(z) = F(x), cnegoBarensHo,

F(a:)—l—%F(x):—

x° o2 x°

t2 2 1 sin(ta1 ’ i1
Mrax, 7 F(z) = __w _ _(;M_
il 7 o 7 g z
anee,
te + o? e Lsin(tolnz) |7 to cos(tolnz) |7t
2 F(‘T) = D ==,
g 1 o A 1 o T L o

OTCIONA CIEIYET, UTO

]

Bameuanue. Ecau 6vi mvi smecmo pasercmea vi(o,t) = ve(o,t) cucmemos (4) 6vibpanu
pasencmso uy(o,t) = ug(0,t), Mo Ham npuwLLoct Obi JOKA3BLEAMH PAEEHCMBO

—+00

1 o
/ g cos(tpInz)dr = i
1

[TocTpoum byHKITHIO

1
01(o,t) = / g sin(tInz)dz.

Jlemma 2 o3nadaer, 9To

b1(0,t0) = PURTE
0



['padbuku byuxmii 01(0, ty) 1 v9(0, tg) PACTONOKEHBI NEJUKOM B KPUTHIECKOM TMpsi-

MOYTOJIbHUKE U CHMMETPUYHBI B HEM JIPYT JAPYTY OTHOCUTENBHO NMPAMOH 0 = 3 nepece-

KasgCh B TOYKe ¢ abCIUCcCoi 3

B camom gene, dbyukuus 01 (o, to) yobisaer ua [0; 1] or % 110 %t%’ dbyukIHs v3(0, tg)
1 N to lo
e 110 ™ upu atom 01 (0, tg) = R = 1T 0oz =
ve(1 — o0,tg). PaBencrBo 01(0,ty) = v1(0,tg) O3HAUAET TO Ke caMoe, YTO U aQt—j—tg =
to

(1—0)?+15

Bospactaer Ha [0; 1] ot

OTKYJa CJeJyeT 0 =

N —

Jloka3areabCcTBO runore3bsl Pumana

Teopema. Ecau dzema-dpynrkuyus Pumana umeem nempusuasvroil nysv sg = og + ito,

2de tg > 0, mo o9 = —.

2

Jlokasamenvemso. Kak n3BecTHO, B KOMILIEKCHO( LI0CKOCTH (0, 1), €cau ToUKa
So = 0g + ity - HeTPUBHAJBHBINA HYJIb JA3eTa-OYHKIUUA, TO ToUuKa 1 — og + ity, TO eCThb
1

CUMMeTPHUYHAS eli OTHOCUTE/IHHO IPSAMOR 0 = 5> TOe ABJISETCA HeTPHBHANBHLIM HYJIEM
n3eTa~-(pyHKITHH.

To ectb, ecau napa (oo, ty) siBisiercst perieHueM ypasHenusi vi(o,t) = vy(o,t), To
napa (1 — 0g,ty) Toke GyaeT pereHreM 3TOro *Ke yPaBHEeHHS.
to

[Ipu sTom Touka A(oy, v2(0g, tg)) umeer opauHaTy vo(0g, ty) = m

to
o8 + 13

, & TOIKa

B(1 — 09, v2(1 — 09, ty)) mmeer opaunary ve(1l — og,ty) =

W = \/a(‘gl%n }

Puc. 3: Tlepeceuenune rpadpukoB U u vy



1
OIIYCTHM, 4YTO O —. Ilonaraem ajag onpeme€HHOCTH, UTO o < —. Torna Touyka
’ 9 ’ 9

A nexut mmxke rpaduka byakuuum 01(0g, ty), a ToUka B - BbIIIIe.

Takum obpazoMm, rpacduk (GyHKIUU v1, COTJIACHO HAIIEMY MPEINOJOKEHUIO O TOM,
q9TO 0 SABISETCS perenneM ypaaerus vi(o, ty) = va(0, ty), mpoxoauT yepes Touky A, u
Tenepb MPEJACTOUT BBIACHUTH, NPOHAET M OH M ¥epe3 TouKy B.

CoryiacHO CJIEJICTBHIO M3 HEPBOIl TEOPEeMbl O CPeJIHeM JJIsi HHTerpaJia, JJist KayKJI0ro
o > 0 u, Tem Gosee, s kaxkaoro o € (0;1) maitnyres rakue a(o), f(o) € [0; 1], aro

—+00 “+o00 —+00 “+oo

{z} . 1 +sin(tgInz) 1 sin(to In )
/ po (1 +sin(tgInz))dr = a(o) xa+(1) dx = a(o) mo_Hdm + a(o) %dw =

1 1 1 1

= a(a)l + a(o) fo

o o2+t

(6)
+oo +oo +00 .
./ﬁgﬂHaMMm@Mx:m>/PUHW+/{}“”“m%mzﬂw%+/{@§%%$ﬁm-

1 1 (7)

[IpupaBHUBag npaBble YaCTH paBeHCTB 6 U 7, MOTydaeM

(o) +alo) " = 8o)> + [ (o e,

o o2 + t2

OTCIOJa IIOJIYy4daeM

/{}$““m@ — (a(0) = B(0)) - + a(o) "

xot+l o o +t3

Takum obpasom,

0 (0,10) = (a(0) ~ B(0))~ + alo)ir o, 1), ®

Paccmorpum cradasa Tpu ciaydas, Korya MyHKIus « — [ nepeMeHHol o cOXpaHsgeT
3HAK Wid HyjdeBoe 3Hadenue Ha (0;1).

1. a(o) — B(o) <0 ma (0;1).
U3 paBencrsa 8 cireayer, uto v1(0,ty) < a(o)vi(o,ty) < 01(0,to) upu Beex a € (0;1).

2. a(o) — B(c) =0 ma (0;1).
13 pasenctsa (8) caemyer, uto vi(o,ty) = a(o)vi(o,ty) < 01(o,to) npn Beex o €
(0;1). TIpu (o) < 1 rouka vy (0o, ty) mexuT HUZKe TOuKE U1 (0, to). [Ipu a(o) = 1 gomkuo

BBIIOJIHATECS U pasenctso (o) = 1. Ho Bean Toraa us paBeHCTBa
+oo +o0 +oo
iz}

{e} 1
ﬁdx = (o) / o= +1 Iaﬂdx, KOTOpOe

1 1 1 1
HE BBINIOJHIETCS. 3HAYNT, paBeHcTBO (o) = 1 He jocruraercs, nosromy (o) < 1.

8



B cinyuasax 1 u 2 rpacduk dpyukimn vy JexxuT Huke rpaduka pyHKIun 01, HO TOTIA
n Toukn A u B jexxanum Obl HuzKe rpaduka GYHKIMT U1, HO, KaK OBLIO YKa3aHO paHee,

OHHM JIOJIZKHBI JIE?KATh 10 Pa3Hble CTOPOHBI OT TOro rpaduka.

CuenoBaTebHO, ecan rpaduk (hyHKIUT v IPOXOIUT depe3 TOUKY A, TO 4epe3 TOUKY

B yike He TPOHIET, U €€ abcImeca oy He MOXKeT ObITh PEeleHHeM yYPABHEHHUST
Ul(O', to) = ’02(07 t()).

3. a(o) — B(c) > 0 na (0;1).

O6o3zunaunm §(0) = a(o) — B(o).

B srom cayuae v (0, ty) = 5(0)l + a(o)vi (o, ty) > (5(0)l + (o)1 (o, tg) =

= (o) (% + 01 (o, to)) : ’ ’

Buaunt, rpaduk GyHKINY v1 JeKUT Bhiliie rpacduka byHKIWT v = §(0) (— +

W3yunm B3aMMHOE pacioJioKeHue rpaduKoB Y U 7.

1 to
o o+t
to
o2+t o +t3

1 t
st mpoussosibroro 0 € (0; 1) mocTponM Beipazkernue 0(o) <— + )
o

[Tocste mpeoGpa3oBanuii moydaeM Apobb ¢ MOMOKATEBHBIM 3HaMeHaTeaeM o (o2 + 12) u

¢ Beipakernem 6(o)o? — to(1 — §(0))o + 6(0)t3 B amcamTeE.

Mg ykazannoro o € (0;1) mocTponM KBaJIPATHBINA TPEXUIEH

P,(z) = 6(0)x*—to(1—8(0))z+0d(0)t2. Mbl kak 661 «3aMopo3um» Koadduruent a(o) us
JaHHOTI'O O. BaTeM U3y4YuM IIOBEAeHUue TpéX‘{JIeHa 1 IIOACTaBUM B HEI'O 3Ha4YCHUEC T = 0.

1
Bbrumucum JucKkpuMuHanT —3t3 (5(0) — 5) (0(0) 4+ 1).

Xora koabduiuent §(o) oupejessiercs o o OJHO3HAYHO U B Tpéxuiene P,(x) on
IOCTOSTHEH, MBI €10 TOYHOE BhipazkeHue 110 opmyaam (6) u (7) HCHONb30BATH HE CMOZKEM,
II09TOMY HaM MPUIETCS «nepedupaThy BO3SMOKHbBIE BADHAHTHI €10 3HAYEHUH U3 MHTEPBAIA

(0;1).

B namem ciaydae koadbdunuent §(0) moaoKATENeH, TOITOMY BapuaHT (o)

OTIIaJdaceT - OH OTHOCHUTCA K CJIy4dalO 1.

1
2. =
3

1
[Ipu §(0) = 37 Tpéxuiena P,(x) e TMHCTBEHHBINH KOPEHb To =

= -1

=ty U Ha

ayde (—o0,tg) oH mojoxkuTeseH. Tak Kak y HOTPUBUATIBHBIX HYJIHl HAUMEHbIIA TTOJTOMKHI-
TeJIbHAST MHUMAsl 4acTh paBHa to = 14.134725141..., o (0;1) C (—o00, tg), cliegoBaTeIbHO,
rpéxaien P,(z) nosoxurenen Ha (0;1) u, B 9acTHOCTH, HA HALIEM 0. DTO O3HAYAELT, YTO
TOUYKa ¢ ab0CIMCCOoli 0 Ha rpaduKe 7y JIEXKUT BBIIIE TOYKH ¢ TAKOI 7Ke abcImccoil Ha rpaduke

01.

1
[Ipu 3uavenusix §(o) € (g, 1) tpéxunen P,(x) He umeer Kopueii, Kosbduiment

upu x? nosioxuresien, noaromy P,(x) > 0 Ha Beeil 4UCI0BON IPAMOfi U, B 4aCTHOCTH, Ha

)



HalieM 0, 9YTO HaC BIIOJIHE YyCTPaHBaeT.

1
[Tepeiiném K 3Hauenusam (o) € (O; g) :

1—8(0) £ /(1 —358(0))(6(c) + 1)‘

Kopnu kBaIpaTHOro Tpexiiena P, HaxoIuM 110 GpopMylie T2 = to

24(0o)
CpaBuuM 1 u KOpHH, IIpOBeIst HeoOXoauMBble peobpaszoBanus. s yrobounraeMocTn
oboznaunm (o) mpocTo 6.

1—6—/(1-36)(6+1) 20—to(1—6—+/(1—30)(6+1))
26 B 20

[Ipeamno/iozkuM, 9T0 Pa3HOCTH OTPUIATEIbHA U IIPOBEIEM SKBUBAJEHTHBIE TPEOOpa-
30BaHUA:

CocraBum pasznocTb 1—ty

20 <ty —6tg —tor/(1 —38) (6 +1) & to /(1 —36) (0 + 1) <ty — g — 26 &

—30%3 — 2013 4 13 < 13 + 6213 + 46 — 2513 — 45ty + 46ty &

—30%2 — 2012 + 12 — 12 — 6212 — 40 + 2512 + 4ty — 46%ty < 0 &

—46%2 — 46% + 40ty — 40%ty < 0 & =0t — S+t — Gty < 0 &

Mg+ (0 —Dtg+0>0& =5(tf+to+1)+to >0 6(t5+to+ 1) <ty <
to 1

0 < B34+1t+1) = 3

1
[TocienHee HepaBEHCTBO BBITIOTHSAETCS HA (O; 3 U IIOTOMY, YTO HamObO/IbIliee 3HAYCHUE

BBbIpaKeHU s upu ty > 0 paBHO 3 cJIeJI0BATE/IbHO, B CUJIY 9KBUBAJIEHTHOCTH

0
2+to+1)
peobpa3oBaHuii BEPHO W UCXOJHOE HEPABEHCTBO.

Urak, moayuniun, aro 1 < x1 < xg.
Tpéxuanen P,(x) > 0 na (—o0,ty) u, B uactaoctu, Ha Beém (0; 1), BK/IOYast, KOHEYHO, U
HAIE 0.

Nrak, rpacduk v; JeKUT BbIlie rpaduKa vy, KOTOPHIi, B CBOIO OYepe/ib, JEKUT BHIIIIE
rpaduka ¢pyuknun v1. Ho Benp 06e Toukn A u B gaBagroTcd ToUYKamu rpaduka v, u
O9TOMY 00e OKa3bIBAIOTCS BBIIIE I'paduka 01, a JOJXKHBI ObITH 00€ 10 pPa3Hble CTOPOHBI
OT HeTo.

[Ipexk e dem mepeiTn K caydaio 4, caeaaeM caeayolniee
Bameuanue. B paccmompenvir mpeéx cayywaar emecmo unmepsanda (0;1) moocno 6viio

UBHAUAALHO Gpamb npoussosvruid unmepsan (p,q) C (0;1).

4. a(o) — B(0) - 3nakonepemennas dyuxuus na (0;1).

—+o00 n+1

“+o0o
Pacemorpum dyuknmio ¢(o) = / ﬁdm = Z / T +?dx. g xaxkmgoro n € N
xa’
n=1 n

$0'+1
1
n+1
r—n
o+l T = no'Jrl’

nMeeM HepaBEeHCTBO / M03TOMY (DYHKIIMOHATBHBIN P I (PYHKITHT

n

10



—+00
1
(,O(O') MazKOpHUPYETCA pAIOoM Z

n=1
CJIeJJOBaTEeJIbHO, OH 11O MPU3HAKY BeﬁepHJTpacca Ha 9TOM OTpe3Ke CXOJAUTCA PaBHOMEPHO.

Tak Kak Bce caaraeMmble QYHKIMOHAIBLHOTO psiia [yist bYyHKIUE ¢(0) HENpepbhIBHLL Kak
MHTErPajbl OT HEMPePLIBHBIX (GYHKIWM, To (yHKIms (o) HempepbiBHa. B cuiy mpomns-
BosibHOCTH € DyHuKIms (o) veupepbisaa ua (0, 1] u, 3naqur, u na (0,1).

— Ha orpeske [¢, 1] as nponssoiasoro £ € (0;1),
n

Oyuknua [ spisiercs HenpepbiBHON ¢yukimeil Ha (0;1), Tak Kax, COIJIACHO Olpe-

plo . ..
nesennio, (o) = %, 9TO OTHOIIEHUE JBYX HEIPEPLIBHBIX (DYHKIMil, NpHIEM

1
/ 1-0+1 dx

1

—+o00

1 1
/$U+1d$:; > 0.

1

lo
0%+t
Hero a0), yCTAaHABJIMBAEM €€ HEelPEePBIBHOCTD, MMOCKOJIBKY BbIpayKeHHE B CKOOKAX HeIpe-
pBIBHO U He paBHo Hurme nysto Ha (0;1), a dyukmus vy (0, ty) HenmpepbiBHA KaK JAeHCTBH-
+0o0o

{=} 1 <(s)

Tdr = — =—=, B COOTBETCTBHUH C
xSt s—1 S

1
Banmrem pasenctso (6) B Buge p(o)+v1(o,ty) = a(o) (— + ) ; BBIparKas U3
o

TeJbHasd YacTh aHAJIUTUYECKON (hYHKIUN

paBercTBoM (1).

Urak, dbyukus « — [ nenpepsiBHa Ha uaTepBase (0;1), caegoBaTenbHo, OHA JTU60
BOOOIIE He MMeeT HyJiell (TorIa OHA 3HAKOMOCTOSTHHA | TIOJNAIAET HOJ caydan 1 u 3, HO He
oy, cay4vaii 4), 6o unrepsaa (0;1) Gyaer o6beauHeHEEM JBYX MHOXKECTB: MHOXKECTBA,
HyJIeil, 3aMKHYTOr0 Kak Ipoo0pa3 OJHOTOYEYHOTO (M MOTOMY 3aMKHYTOI'O) MHOZXKECTBa
{0}, 1 oTKpBITOrO MHOXKECTBA, KOTOPOE ToJydaeTcs yaatenuem u3 narepsana (0;1) yka-
3AHHOTO 3AMKHYTOI'O0 MHOKECTBA.

[Ipuseném mosesnywo teopemy 21 u3 kuuru |4, ¢. 135]:

Teopema. Bcaxoe omrpvmoe muooscecmeo I' na wucaosoti npamot R ecmv cymma 1o-
HEYHO020 UMY CHEMH020 MHOHCECMEA QUSBIOHKMMHLLT UHMEPEANOE, KOHULL KOMOPHIL NPU-
nadaesrcam donoanumenrvromy k I samrnymomy muoscecmey ® = R\ T'; epedu smux
UHMEPBANOE MORYM OKA3GMBCA 00UH UAL 08G OECKOHEYHBIT UHMEPSasa euda (—oo;a)
usu (a; +00).

Urak, cornacuo 31oit reopeme, uurepsas (0; 1) sBiasgerca 00be MHEHTEM 3aMKHY TOTO
MHOKeCTBa HyJ1eit PYyHKIUT o — [ U KOHEYHOT'O WU CIETHOTO MHOYKECTBA JU3BIOHKTHBIX
MHTEPBAJIOB BU/A (P, ¢) C KOHIIAMI B 3aMKHYTOM MHOYKECTBe HyJell hyHKIun o — 3, Kpome
JBYX WHTEPBAJOB: OJWH C JEBBIM KOHIOM () M mpaBbIM KOHIIOM B MHOYKECTBe HYyJeil, n
JIPYTOii - ¢ TpaBbIM KOHIIOM | M JIeBHIM KOHIIOM B MHO)KecTBe Hyseil. Ha KaxkjaoMm Takom
uHTepBajie QYHKINI  — [ 3HAKOIOCTOSHHA.

Panee Mbl ycranouan, 9410 npu (o) — (o) < 0 coorBeTcTBYyIONIHE TOYKH IpaduKa
dbyuknun v, Jgexar nuxke rpaduka dynkuun 01, a npu (o) — F(o) > 0 coorBeTCTBYIONITE
TOUKM TI'pauka PyHKIMU v, Jexkar Bbiile rpaduka (pyHKnuu 07, B HYJIIX (PYHKIUU
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a(o) — (o) 6bL1u GBI PA3PHIBBI, HO BHIIIE OBLIO TOKA3AHO, Y4TO 9Ta (DYHKITHS HEIPpePhIBHA.

CaegoBaTeIbHO, TaK Kak rpaduk v; MPOXOAUT 4depe3 Touky A, To m Bech rpaduk
Haxo/IUTCsA HEKe rpaduka 0. Ho Touka B Toxke JiexKUT Ha rpaduKke v U IOITOMY TOXKE
JIEXKAT HuKe rpacduka 07. Ho MBI yxKe ycraHOBmIN paHee, 9TO TOYKH A um B I0J2KHBI
JIe’KaTh 10 Pas3Hble CTOPOHBI OT rpaduka v.

Uraxk, eciu rpaduk pyHKIuM v1 NPOXOAUT depe3 TOUKY A, TO OH HUKAK HE CMOXKET
npoiitu yepe3 Touky B.

1
CJIG,ZLOB&TGJH)HO, IIpeaIoJozKeHue og < 5 OKa3bIBaeTCdA HEBEPHDbIM.

Cayuaii, Korga abcrnucca ¢ HeTPHBHAJIBHOIO HYJISA J3eTa-QyHKIHH OOJIbIIe 2 CBO-

JIMTCA K PACCMOTPEHHOMY CJIY4Yalo: MPOCTO ToJiaraeM og = 1 — 4.

I'mnoresa Pumana Jgokas3aHa. ]

1 3akJjro4yeHue

B obmem ciaydae GyHKIUS v BeJET ceds COBEPIEHHO HENMpPeICcKa3yeMo, XOTsd, KaK
MBI YCTAHOBHJIM, OHA U SBJIAETCH JIHHEHHONW KOMOMHAIMel JBYX TJIQAKUX (DYHKIUH, HO

BBIYUCIUTH KO3 umuenTsl o u 3, 0T KOTOPBIX 3aBUCUT €€ MOBeJeHHe, TaK, 9TOOBI I'pa-

1
duk PyHkIuu vy TpoIeEn yepe3 TouKy ¢ abcnuccoit oy = 3 HETPUBUAJIBHOTO HYJIS, HE

IIpeacTraBadeTCd BO3MOXKHDBIM.

Ho, Tem He Menee, 06 3Tux Ko3dduimeHTax MOXKHO KOe-4TO cKa3aTb. Hampumep,
CAEAYIONIee: X MOXKHO, Paad WHTEpeca, TPUOIMKEHHO BBHIYUCINTH, YiKe 3Has IMOI0MKHU-
TEeJbHYIO MHUMYIO 9aCTb to HETPUBUAJIBHOI'O HYJIA.

O6oznaunm a(og) u 5(0g) cumBosaMu g 1 Sy COOTBETCTBEHHO.

1
Hastee oy 0y Beerjia O6y1eT 10/ Ipa3yMeBaThCs 5

1
[Iyctb g — By > 0. Tak kak vy(0g,ty) € U, 10 - > v1(0g, tg) =
0
1 . 1 1
= (a0 — Bo) — + apd1(00, to) > (o — Bo) — = 2(an — Bo), crenosarensuo, ag — By < 5
o)) o1y 2t0

1 N
Eciu xe ag — o < 0, 1o (By — ao)a_ < vi(og,to) + (Bo — 040)0— = 01 (00, t0) <
0 0

< 01(00,tp). Tax Kak MO 09 MBI TIOPA3yMEBAEM 5> TIOVIy1aeM HEPaBeHCTBO

to
2(Bo — ap) < ——— < —, 3HaunT, By — ap < —.
(Bo = o) < G5z < 7,7 2Mauns fo— a0 < 5
1
Takum obpazom, |ag — fo| < —.
2,

PaCCMOTpI/IM Cﬂy‘laﬁ HETPHUBUAJILHOI'O HYJIA C HauMeHbINEH IIOJIOKUTEJIBHOU MHH-

1 1
MOM wacTbio tg = 14.134725141... Torna TR = 0.03537387498... Tlpu oy = 3 BBbI-
0
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1 .
nosiHgeTcst paBeHcTBO (g — Bo)— + aot1(00,t) = v2(00,tp), W3 KOTOPOro moJyvaem
o

0
1.035329666...cc0 — By = 0.03532966658...

+o0 +oo

- {z}
Haitném temepsb [y B COOTBETCTBUU C PABEHCTBOM p—— dxr = By
x

1 1

:C0'0+1 x

CHavaJjia BLIYHCIIM nHTerpaJ B JIEBOI 9acTH paBe€HCTBA.

k+1 1 1 1

x—k t k+t k
——dr=|lr=k+t —/—dt:/—dt—/—dt:
/ xa—i—l | | (k_|_t)0'+1 J (k_l_t)0'+1 J (k_l_t)0'+1

1 1
1 N
dt—k (k+t) T+ —-
/ / k—i—zf(f+1 (1—0 (k+1) 5 (/{:—i-t)a)
0

0
k 1 1 k1
Sz - )= ke 20 ) =
<1 7 +0 (k’+1)0) (1—0 5 k”)
(k1) k10+§ 1
l—0 o \(k+1)7 ko)

Haxkomner, mogydaem

+00 +0c0 k41 l1—0o 1—
{x} Z / (k+1) 7 —k'"° N k- 11
ZL‘U'H x(’“ :1 l—o o \(k+1)7 k)]

1 k=17

—_

+

“+o00 “+00

1 1
[lpuo =0y = 5 moayIacy / xao+1d$ = 2, / panl
1 1

R 2% 4+1—-2VEVE+ 1
22 NS :

k
Tpn k = 1000000 mosryaaem / =} e — 0.0170582237...
I(r

o+1
1

13 pasencrsa 0.9170582237 = [y - 2 noxygaem [y = 0.4585291118...

Bo + 0.03532966658
1.035329666

[Torrpobyem Ternepb X0Tst ObI TPUOIU3UTEHHO TPEJICTABUTD, KaK BeJAyT CeOsi JeBbIil

¥ TpaBblii wacTh ypabHenus vq(o,ty) = wvy(o,ty). Koneano, must sToro Hamo 6bl 3HATH

sHavenust Kodbdunuentos «(o) u f(0) Npu Beex OCTATBHBIX 3HAUYCHUSX 0, U BBIPAZKEHHUS
JIJIST UX BBIYHCJICHHUS ITPUBEJICHBI BO BTOPOM YACTH CTATHbHM, HO OHU OYEHb I'POMO3JIKH.

= 0.4770063050.

Tenepb MOxKeM HalTH oy =

1 1
Eciu npenookuTh, 910 o(o) ~ « 5)m Blo) = B (5) , TO paBeHCTBO (8) mpu-

0.0184771932+ 6.742353011
o o2 +199.7904548"

HUMaJI0 Obl HpuOAU3UTEILHO Buj v1(0, tg) =

1 310 BCE, 9TO MOKA yCTAHOBJIEHO.

B sTrom mpuuuna toro, 4ro aBrop, HaumHad ¢ 2017 rosga, 6e3ycHenino mbITaacd J10-
Ka3aTh, 4TO (PYHKIHA v1 YObIBaeT UMEHHO B 00IIeM ciaydae. B KoHIle KOHIIOB OKa3aJ10Ch,
YTO OHA M B cCaMOM JieJie YObIBAeT, HO TOJIBKO B COBEPIIEHHO CHEIU(MUICCKUX CIYUAsIX.
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Puc. 4: Ilepeceuenne rpadpukoB v; 1 vy
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