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Êàçàêîâ È.Á. ÌÔÒÈ

Ôóíêöèîíàëüíûå ðÿäû íàòóðàëüíîãî àðãóìåíòà



Àííîòàöèÿ

Ïàðàìåòðè÷åñêèå ðÿäû

Èññëåäóåòñÿ ðàâíîìåðíàÿ ñõîäèìîñòü ðÿäîâ, ñâÿçàííûõ ñ äâîéíûìè
ïîñëåäîâàòåëüíîñòÿìè, èíà÷å ãîâîðÿ, ðàâíîìåðíàÿ ñõîäèìîñòü ôóíöèîíàëüíûõ
ðÿäîâ ôóíêöèé íàòóðàëüíîãî àðãóìåíòà. Óñòàíàâëÿþòñÿ ïðèçíàêè ñõîäèìîñòè,
àíàëîãè÷íûå ïðèçíàêàì ñõîäèìîñòè ÷èñëîâûõ ðÿäîâ è ÿâëÿþùèåñÿ èõ
îáîáùåíèåì. Ïîëó÷åííûå òåîðåìû äàëåå áóäåò ïðèìåíåíû äëÿ èññëåäîâàíèÿ
ïðîèçâîëüíûõ ôóíêöèîíàëüíûõ ðÿäîâ íà ðàâíîìåðíóþ ñõîäèìîñòü.

Îáîçíà÷åíèå

Ïàðàìåòðè÷åñêèé ðÿä îáîçíà÷àåòñÿ êàê
∞∑
i=1

ak,i , ãäå ak,i � äâîéíàÿ

ïîñëåäîâàòåëüíîñòü. Ïîä ÷àñòè÷íûìè ñóììàìè ïîäðàçóìåâàåòñÿ äâîéíàÿ

ïîñëåäîâàòåëüíîñòü Ak,n =
n∑

i=1
ak,i .

Ïðèìå÷àíèå

Äàííûå ðÿäû ìîãëè áû áûòü íàçâàíû ¾äâîéíûìè¿ âìåñòî ¾ïàðàìåòðè÷åñêèõ¿,
îäíàêî íàçâàíèå ¾äâîéíîé ðÿä¿ òðàäèöèîííî óæå èñïîëüçóåòñÿ äëÿ ðÿäîâ âèäà
∞∑
n=1

(
n∑

k=1

n∑
i=1

ak,i ), òàêæå ñâÿçàííûõ ñ äâîéíîé ïîñëåäîâàòåëüíîñòüþ, îäíàêî

ñóììèðóåìûõ ïî äðóãîìó ïðèíöèïó.



Ïîòî÷å÷íàÿ è ðàâíîìåðíàÿ ñõîäèìîñòü

Îïðåäåëåíèå 1

Ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ïîòî÷å÷íî ñõîäèòñÿ, åñëè ñóùåñòâóåò

ïîñëåäîâàòåëüíîñòü Bk òàêàÿ, ÷òî ñîîòâåòñòâóþùàÿ äâîéíàÿ ïîñëåäîâàòåëüíîñòü
÷àñòè÷íûõ ñóìì ñõîäèòñÿ ê íåé ïîòî÷å÷íî, ò.å. âûïîëíåíî Ak,n −−−−→

n→∞
Bk

Îïðåäåëåíèå 2

Ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî, åñëè ñóùåñòâóåò

ïîñëåäîâàòåëüíîñòü Bk òàêàÿ, ÷òî ñîîòâåòñòâóþùàÿ äâîéíàÿ ïîñëåäîâàòåëüíîñòü
÷àñòè÷íûõ ñóìì ñõîäèòñÿ ê íåé ðàâíîìåðíî, ò.å. âûïîëíåíî Ak,n ⇒

n→∞
Bk

Îïðåäåëåíèå 3

Ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ àáñîëþòíî ðàâíîìåðíî, åñëè ðàâíîìåðíî

ñõîäèòñÿ äâîéíîé ïàðàìåòðè÷åñêèé
∞∑
i=1

|ak,i |. Åñëè ïàðàìåòðè÷åñêèé ðÿä ñõîäèòñÿ

ðàâíîìåðíî, íî íå ñõîäèòñÿ àáñîëþòíî ðàâíîìåðíî, òî áóäåì ãîâîðèòü, ÷òî îí
ñõîäèòñÿ óñëîâíî ðàâíîìåðíî.



I. Êðèòåðèé Êîøè

Òåîðåìà 1 [Êðèòåðèé Êîøè, íåîáõîäèìîñòü]

Ïóñòü nk ,mk → +∞ � ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ ÷èñåë òàêèå, ÷òî

âûïîëíåíî mk > nk , ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî. Òîãäà

Sk =
mk∑

i=nk+1
ak,i → 0

Òåîðåìà 2 [Êðèòåðèé Êîøè, äîñòàòî÷íîñòü]

Ïóñòü ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ïîòî÷å÷íî, íî íå ñõîäèòñÿ

ðàâíîìåðíî. Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ ÷èñåë

nk ,mk ↑ +∞ òàêèå, ÷òî mk > nk , è âûïîëíåíî Sk =
mk∑

i=nk+1
ak,i ̸→ 0

Ïðèìå÷àíèå

Ñóùåñòâåííî, ÷òî ïîñëåäîâàòåëüíîñòè nk ,mk âîçðàñòàþò ê áåñêîíå÷íîñòè
íåñòðîãî.



II. Îáùèå ïðèçíàêè ñõîäèìîñòè

Òåîðåìà 1 [Íåîáõîäèìîå óñëîâèå ðàâíîìåðíîé ñõîäèìîñòè]

Ïóñòü ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî. Òîãäà ak,i ⇒
i→∞

0.

Òåîðåìà 2 [Ïðåíåáðåæåíèå íà÷àëüíûìè ñòîëáöàìè]

Ïóñòü I � íàòóðàëüíîå ÷èñëî. Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ðàâíîìåðíî

ñõîäèòñÿ òîãäà è òîëüêî òîãäà, êîãäà ðàâíîìåðíî ñõîäèòñÿ ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

a′k,i , ãäå a′k,i = ak,i+I .

Òåîðåìà 3 [Ïðåíåáðåæåíèå íà÷àëüíûìè ñòðîêàìè]

Ïóñòü K � íàòóðàëüíîå ÷èñëî, è ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ

ïîòî÷å÷íî. Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ðàâíîìåðíî ñõîäèòñÿ òîãäà è

òîëüêî òîãäà, êîãäà ðàâíîìåðíî ñõîäèòñÿ ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

a′k,i , ãäå

a′k,i = ak+K ,i .



II. Îáùèå ïðèçíàêè ñõîäèìîñòè

Òåîðåìà 4 [Ñõîäèìîñòü àáñîëþòíî ñõîäÿùåãîñÿ]

Ïóñòü ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ àáñîëþòíî ðàâíîìåðíî. Òîãäà îí

ñõîäèòñÿ ðàâíîìåðíî.

Òåîðåìà 5 [Ïðîèçâåäåíèå ñõîäÿùåãîñÿ íà ïîñòîÿííóþ âäîëü ñòðîêè
îãðàíè÷åííóþ]

Ïóñòü ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî, ïîñëåäîâàòåëüíîñòü bk

îãðàíè÷åíà. Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,ibk òàêæå ñõîäèòñÿ ðàâíîìåðíî.

Òåîðåìà 6 [Ïðîèçâåäåíèå àáñîëþòíî ñõîäÿùåãîñÿ íà îãðàíè÷åííóþ]

Ïóñòü ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ àáñîëþòíî ðàâíîìåðíî, äâîéíàÿ

ïîñëåäîâàòåëüíîñòü bk,i îãðàíè÷åíà. Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,ibk,i

òàêæå ñõîäèòñÿ àáñîëþòíî ðàâíîìåðíî.



II. Îáùèå ïðèçíàêè ñõîäèìîñòè

Òåîðåìà 7 [Ëèíåéíàÿ êîìáèíàöèÿ ñõîäÿùèõñÿ ðÿäîâ]

Ïóñòü α, β � äåéñòâèòåëüíûå ÷èñëà, ïàðàìåòðè÷åñêèå ðÿäû
∞∑
i=1

ak,i ,
∞∑
i=1

bk,i

ñõîäÿòñÿ ðàâíîìåðíî. Òîãäà ðàâíîìåðíî ñõîäèòñÿ ðÿä
∞∑
i=1

(αak,i + βbk,i )

Òåîðåìà 8 [Ëèíåéíàÿ êîìáèíàöèÿ àáñîëþòíî ñõîäÿùèõñÿ ðÿäîâ]

Ïóñòü α, β � äåéñòâèòåëüíûå ÷èñëà, ïàðàìåòðè÷åñêèå ðÿäû
∞∑
i=1

ak,i ,
∞∑
i=1

bk,i

ñõîäÿòñÿ àáñîëþòíî ðàâíîìåðíî. Òîãäà àáñîëþòíî ðàâíîìåðíî ñõîäèòñÿ ðÿä
∞∑
i=1

(αak,i + βbk,i )

Òåîðåìà 9 [Ñóììà àáñîëþòíî è óñëîâíî ñõîäÿùåãî ðÿäà]

Ïóñòü ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ àáñîëþòíî ðàâíîìåðíî,

ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

bk,i ñõîäèòñÿ óñëîâíî ðàâíîìåðíî. Òîãäà

ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

(ak,i + bk,i ) ñõîäèòñÿ óñëîâíî ðàâíîìåðíî.



III. Ïðèçíàêè ñðàâíåíèÿ ðÿäîâ

Òåîðåìà 1 [Ïðèçíàê ñðàâíåíèÿ]

Ïóñòü äëÿ âñåõ i , k âûïîëíåíî 0 ≤ ak,i ≤ bk,i , è ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

bk,i

ñõîäèòñÿ ðàâíîìåðíî. Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i òàêæå ñõîäèòñÿ

ðàâíîìåðíî.

Òåîðåìà 2 [×àñòíûé ñëó÷àé, çàìåíà íà ýêâèâàëåíòíóþ]

Ïóñòü äëÿ âñåõ i , k âûïîëíåíî 0 ≤ ak,i , ïàðàìåòðè÷åñêèå ðÿäû
∞∑
i=1

ak,i è

∞∑
i=1

ak,ibk,i ñõîäÿòñÿ ïîòî÷å÷íî, à òàêæå âûïîëíåíî bk,i −−−−−→
k,i→∞

1. Òîãäà

ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî òîãäà è òîëüêî òîãäà, êîãäà

ðàâíîìåðíî ñõîäèòñÿ ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,ibk,i .



IV. Ïðèçíàêè ñõîäèìîñòè çíàêîïåðåìåííûõ ðÿäîâ

Òåîðåìà 1 [Ïðèçíàê Äèðèõëå]

Ïóñòü:

1 Ñóùåñòâóåò ÷èñëî M òàêîå, ÷òî äëÿ ëþáûõ n è k âûïîëíåíî |
n∑

i=1
ak,i | ≤ M

2 Äëÿ ëþáûõ k è i âûïîëíåíî bk,i ≥ 0

3 Äëÿ ëþáûõ k è i âûïîëíåíî bk,i+1 ≤ bk,i

4 Âûïîëíåíî bk,i −−−−−→
i,k→∞

0

Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,ibk,i ðàâíîìåðíî ñõîäèòñÿ.

Ïðèìå÷àíèå

Äëÿ ñðàâíåíèÿ ðàññìîòðèì òåîðåìó C2, �18, ¾Ïðèçíàêè Àáåëÿ è Äèðèõëå
ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîé ñõîäèìîñòè¿. Äàííàÿ òåîðåìà
ñîäåðæèò óñëîâèå an(x) ⇒ 0. Äàííîìó óñëîâèþ äëÿ ôóíêöèé íàòóðàëüíîãî
àðãóìåíòà ñîîòâåòñòâîâàëî áû óñëîâèå bi,k ⇒i→∞ 0 âìåñòî áîëåå ñëàáîãî
óñëîâèÿ bk,i −−−−−→

i,k→∞
0. Òàêèì îáðàçîì, ïðåäñòàâëåí íåêèé óñèëåííûé âàðèàíò

ïðèçíàêà Äèðèõëå.



Êðèòåðèé Êîøè äëÿ äâîéíûõ ïîñëåäîâàòåëüíîñòåé

Íåîáõîäèìîñòü

Ïóñòü ai,j ⇒
j→∞

bi , nk ,mk → ∞ � ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ ÷èñåë. Òîãäà

âûïîëíåíî ak,mk
− ak,nk → 0

Äîñòàòî÷íîñòü

Ïóñòü ai,j ̸⇒
j→∞

bi , ai,j −−−−→
j→∞

bi . Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè

íàòóðàëüíûõ ÷èñåë nk ,mk ↑ +∞ òàêèå, ÷òî äëÿ âñåõ k mk > nk , è âûïîëíåíî
ak,mk

− ak,nk ̸→ 0.

Ïðèìå÷àíèå

Äàííûå óòâåðæäåíèÿ äîêàçàíû íà ñëàéäàõ ¾Äâîéíûå ïîñëåäîâàòåëüíîñòè¿



Äîêàçàòåëüñòâà òåîðåì I

Óòâåðæäåíèå 1

Ïóñòü nk ,mk → +∞ � ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ ÷èñåë òàêèå, ÷òî

âûïîëíåíî mk > nk , ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî. Òîãäà

Sk =
mk∑

i=nk+1
ak,i → 0

Äîêàçàòåëüñòâî.

1 Òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî, òî ñóùåñòâóåò

ïîñëåäîâàòåëüíîñòü Bk òàêàÿ, ÷òî ñîîòâåòñòâóþùàÿ äâîéíàÿ

ïîñëåäîâàòåëüíîñòü Ak,n =
n∑

i=1
ak,i ÷àñòè÷íûõ ñóìì ñõîäèòñÿ ê íåé

ðàâíîìåðíî, ò.å. âûïîëíåíî Ak,i ⇒
i→∞

Bk

2 Â ñîîòâåòñòâèè ñ êðèòåðèåì Êîøè äëÿ äâîéíûõ ïîñëåäîâàòåëüíîñòåé,

âûïîëíåíî Ak,mk
− Ak,nk =

mk∑
i=1

ak,i −
nk∑
i=1

ak,i =
mk∑

i=nk+1
ak,i → 0

Òåîðåìà I.1 äîêàçàíà.



Äîêàçàòåëüñòâà òåîðåì I

Óòâåðæäåíèå 2

Ïóñòü ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ïîòî÷å÷íî, íî íå ñõîäèòñÿ

ðàâíîìåðíî. Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ ÷èñåë

nk ,mk ↑ +∞ òàêèå, ÷òî mk > nk , è âûïîëíåíî Sk =
mk∑

i=nk+1
ak,i ̸→ 0

Äîêàçàòåëüñòâî.

1 Òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ïîòî÷å÷íî, íî íå ñõîäèòñÿ

ðàâíîìåðíî, òî ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü Bk òàêàÿ, ÷òî

ñîîòâåòñòâóþùàÿ äâîéíàÿ ïîñëåäîâàòåëüíîñòü Ak,n =
n∑

i=1
ak,i ÷àñòè÷íûõ

ñóìì ñõîäèòñÿ ê íåé ïîòî÷å÷íî, íî íå ñõîäèòñÿ ê íåé ðàâíîìåðíî, ò.å.
âûïîëíåíî Ak,i −−−−→

i→∞
Bk , Ak,i ̸⇒

i→∞
Bk .

2 Â ñîîòâåòñòâèè ñ êðèòåðèåì Êîøè äëÿ äâîéíûõ ïîñëåäîâàòåëüíîñòåé,
ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ ÷èñåë nk ,mk ↑ +∞, mk > nk

òàêèå, ÷òî âûïîëíåíî Ak,mk
− Ak,nk =

mk∑
i=1

ak,i −
nk∑
i=1

ak,i =
mk∑

i=nk+1
ak,i ̸→ 0

Òåîðåìà I.2 äîêàçàíà.
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Ïóñòü ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî. Òîãäà ak,i ⇒
i→∞

0.

Äîêàçàòåëüñòâî.

1 Òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî, òî ñóùåñòâóåò

ïîñëåäîâàòåëüíîñòü Bk òàêàÿ, ÷òî ñîîòâåòñòâóþùàÿ äâîéíàÿ

ïîñëåäîâàòåëüíîñòü Ak,n =
n∑

i=1
ak,i ÷àñòè÷íûõ ñóìì ñõîäèòñÿ ê íåé

ðàâíîìåðíî, ò.å. âûïîëíåíî Ak,i ⇒
i→∞

Bk

2 È, ñëåäîâàòåëüíî, òàê æå âûïîëíåíî Ak,i−1 ⇒
i→∞

Bk , è

Ak,i − Ak,i−1 = ak,i ⇒
i→∞

0

Òåîðåìà II.1 äîêàçàíà.
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Ïóñòü I � íàòóðàëüíîå ÷èñëî. Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ðàâíîìåðíî

ñõîäèòñÿ òîãäà è òîëüêî òîãäà, êîãäà ðàâíîìåðíî ñõîäèòñÿ ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

a′k,i , ãäå a′k,i = ak,i+I .

Äîêàçàòåëüñòâî.

1 Ðàññìîòðèì äâîéíûå ïîñëåäîâàòåëüíîñòè ÷àñòè÷íûõ ñóìì Ak,n =
n∑

i=1
ak,i ,

A′
k,n =

n∑
i=1

a′k,i , è óñòàíîâèì ñîîòíîøåíèå

A′
k,n =

n∑
i=1

a′k,i =
n∑

i=1
ak,i+I =

n+I∑
i=I+1

ak,i =
n+I∑
i=1

ak,i −
I∑

i=1
ak,i = Ak,n+I − Ak,I .

2 Ïðåäïîëîæèì, ÷òî âûïîëíåíî Ak,n ⇒
n→∞

Bk . Òîãäà

A′
k,n = Ak,n+I − Ak,I ⇒

n→∞
Bk − Ak,I .

3 Ïðåäïîëîæèì, ÷òî âûïîëíåíî A′
k,n ⇒

n→∞
B′
k . Òîãäà

Ak,n+I = A′
k,n + Ak,I ⇒

n→∞
B′
k + Ak,I

Òåîðåìà II.2 äîêàçàíà.
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Ïóñòü K � íàòóðàëüíîå ÷èñëî, è ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ

ïîòî÷å÷íî. Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ðàâíîìåðíî ñõîäèòñÿ òîãäà è

òîëüêî òîãäà, êîãäà ðàâíîìåðíî ñõîäèòñÿ ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

a′k,i , ãäå

a′k,i = ak+K ,i .

Äîêàçàòåëüñòâî.

1 Ðàññìîòðèì äâîéíûå ïîñëåäîâàòåëüíîñòè ÷àñòè÷íûõ ñóìì Ak,n =
n∑

i=1
ak,i ,

A′
k,n =

n∑
i=1

a′k,i , è óñòàíîâèì ñîîòíîøåíèå A′
k,n =

n∑
i=1

a′k,i =
n∑

i=1
ak+K ,i = Ak+K ,n.

2 Òàê êàê ïàðàìåðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ïîòî÷å÷íî, òî ñóùåñòâóåò

ïîñëåäîâàòåëüíîñòü Bk òàêàÿ, ÷òî Ak,n −−−−→
n→∞

Bk

3 Ïðåäïîëîæèì, ÷òî Ak,n ̸⇒
n→∞

Bk . Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè

íàòóðàëüíûõ ÷èñåë nk ,mk ↑ +∞, mk > nk òàêèå, ÷òî Ak,nk − Ak,mk
̸→ 0.



Äîêàçàòåëüñòâà òåîðåì II

Çàâåðøåíèå äîêàçàòåëüñòâà

1 Îáîçíà÷èì xk = Ak,nk − Ak,mk
, yk = A′

k,nk+K
− A′

k,mk+K
. Òîãäà âûïîëíåíî

xk+K = Ak+K ,nk+K
− Ak+K ,mk+K

= A′
k,nk+K

− A′
k,mk+K

= yk . È, ñëåäîâàòåëüíî,

yk ̸→ 0. Òàê êàê nk+K ,mk+K ↑ +∞, òî îòñþäà ñëåäóåò, ÷òî äâîéíàÿ
ïîñëåäîâàòåëüíîñòü A′

k,n íå ñõîäèòñÿ ðàâíîìåðíî ïðè n → +∞.

2 Ïðåäïîëîæèì, ÷òî Ak,n ⇒
n→∞

Bk . Òîãäà A′
k,n = Ak+K ,n ̸⇒

n→∞
Bk+K

Òåîðåìà II.3 äîêàçàíà.
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Ïóñòü ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ àáñîëþòíî ðàâíîìåðíî. Òîãäà îí

ñõîäèòñÿ ðàâíîìåðíî.
Äîêàçàòåëüñòâî.

1 Ïðåäïîëîæèì îáðàòíîå. Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ

÷èñåë nk ,mk ↑ +∞, mk > nk òàêèå, ÷òî âûïîëíåíî
mk∑

i=nk+1
ak,i ̸→ 0

2 Ñ äðóãîé ñòîðîíû, òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ àáñîëþòíî

ðàâíîìåðíî, òî âûïîëíåíî
mk∑

i=nk+1
|ak,i | → 0

3 Ñëåäîâàòåëüíî, |
mk∑

i=nk+1
ak,i | ≤

mk∑
i=nk+1

|ak,i | → 0. Ïðîòèâîðå÷èå.

Òåîðåìà II.4 äîêàçàíà.
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Ïóñòü ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî, ïîñëåäîâàòåëüíîñòü bk

îãðàíè÷åíà. Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,ibk òàêæå ñõîäèòñÿ ðàâíîìåðíî.

Äîêàçàòåëüñòâî.

1 Ïðåäïîëîæèì îáðàòíîå. Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ

÷èñåë nk ,mk ↑ +∞, mk > nk òàêèå, ÷òî âûïîëíåíî
mk∑

i=nk+1
ak,ibk ̸→ 0.

2 Ñ äðóãîé ñòîðîíû, òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî

òî âûïîëíåíî
mk∑

i=nk+1
ak,i → 0.

3 È, ñëåäîâàòåëüíî, âûïîëíåíî
mk∑

i=nk+1
ak,ibk = bk

mk∑
i=nk+1

ak,i → 0, êàê

ïðîèçâåäåíèå îãðàíè÷åííîé íà áåñêîíå÷íî ìàëóþ. Ïðîòèâîðå÷èå.

Òåîðåìà II.5 äîêàçàíà.
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Ïóñòü ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ àáñîëþòíî ðàâíîìåðíî, äâîéíàÿ

ïîñëåäîâàòåëüíîñòü bk,i îãðàíè÷åíà. Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,ibk,i

òàêæå ñõîäèòñÿ àáñîëþòíî ðàâíîìåðíî.
Äîêàçàòåëüñòâî.

1 Òàê êàê äâîéíàÿ ïîñëåäîâàòåëüíîñòü bk,i îãðàíè÷åíà, òî ñóùåñòâóåò ÷èñëî
M òàêîå, ÷òî äëÿ âñåõ i , k âûïîëíåíî |bk,i | ≤ M. Âûáåðåì òàêîå M.

2 Ïðåäïîëîæèì îáðàòíîå. Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ

÷èñåë nk ,mk ↑ +∞, mk > nk òàêèå, ÷òî âûïîëíåíî
mk∑

i=nk+1
|ak,ibk,i | ̸→ 0.

3 Ñ äðóãîé ñòîðîíû, òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ àáñîëþòíî

ðàâíîìåðíî, òî âûïîëíåíî
mk∑

i=nk+1
|ak,i | → 0

4 Ñëåäîâàòåëüíî,

0 ≤
mk∑

i=nk+1
|ak,ibk,i | ≤

mk∑
i=nk+1

M|ak,i | = M
mk∑

i=nk+1
|ak,i | → M ∗ 0 = 0.

Ïðîòèâîðå÷èå.

Òåîðåìà II.6 äîêàçàíà.
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Ïóñòü α, β � äåéñòâèòåëüíûå ÷èñëà, ïàðàìåòðè÷åñêèå ðÿäû
∞∑
i=1

ak,i ,
∞∑
i=1

bk,i

ñõîäÿòñÿ ðàâíîìåðíî. Òîãäà ðàâíîìåðíî ñõîäèòñÿ ðÿä
∞∑
i=1

(αak,i + βbk,i )

Äîêàçàòåëüñòâî.

1 Ïðåäïîëîæèì îáðàòíîå. Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ

÷èñåë nk ,mk ↑ +∞, mk > nk òàêèå, ÷òî âûïîëíåíî
mk∑

i=nk+1
(αak,i + βbk,i ).

2 Òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî, òî âûïîëíåíî

mk∑
i=nk+1

ak,i → 0. Òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

bk,i ñõîäèòñÿ ðàâíîìåðíî,

òî âûïîëíåíî
mk∑

i=nk+1
bk,i → 0.

3 Ñëåäîâàòåëüíî,
mk∑

i=nk+1
(αak,i + βbk,i ) = α

mk∑
i=nk+1

ak,i + β
mk∑

i=nk+1
bk,i → 0.

Ïðîòèâîðå÷èå.

Òåîðåìà II.7 äîêàçàíà.
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Ïóñòü α, β � äåéñòâèòåëüíûå ÷èñëà, ïàðàìåòðè÷åñêèå ðÿäû
∞∑
i=1

ak,i ,
∞∑
i=1

bk,i

ñõîäÿòñÿ àáñîëþòíî ðàâíîìåðíî. Òîãäà àáñîëþòíî ðàâíîìåðíî ñõîäèòñÿ ðÿä
∞∑
i=1

(αak,i + βbk,i ).

Äîêàçàòåëüñòâî.

1 Ïðåäïîëîæèì îáðàòíîå. Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ

÷èñåë nk ,mk ↑ +∞, mk > nk òàêèå, ÷òî âûïîëíåíî
mk∑

i=nk+1
|αak,i + βbk,i | ̸→ 0.

2 Òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ àáñîëþòíî ðàâíîìåðíî, òî

âûïîëíåíî
mk∑

i=nk+1
|ak,i | → 0. Òàê êàê ïàðàìåòðè÷åñêèé ðÿä

∞∑
i=1

bk,i ñõîäèòñÿ

àáñîþòíî ðàâíîìåðíî, òî âûïîëíåíî
mk∑

i=nk+1
|bk,i | → 0.

3 Ñëåäîâàòåëüíî, |
mk∑

i=nk+1
(αak,i + βbk,i )| ≤ |α|

∞∑
i=1

|ak,i |+ |β|
∞∑
i=1

|bk,i | → 0.

Ïðîòèâîðå÷èå.

Òåîðåìà II.8 äîêàçàíà.
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Ïóñòü ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ àáñîëþòíî ðàâíîìåðíî,

ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

bk,i ñõîäèòñÿ óñëîâíî ðàâíîìåðíî. Òîãäà

ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

(ak,i + bk,i ) ñõîäèòñÿ óñëîâíî ðàâíîìåðíî.

Äîêàçàòåëüñòâî.

1 Òàê êàê ïàðàìåòðè÷åñêèå ðÿäû
∞∑
i=1

ak,i ,
∞∑
i=1

bk,i ñõîäÿòñÿ ðàâíîìåðíî, òî

ðàâíîìåðíî ñõîäèòñÿ òàêæå è ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

(ak,i + bk,i ).

2 Ïðåäïîëîæèì îáðàòíîå, ò.å. ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

(ak,i + bk,i ) ñõîäèòñÿ

àáñîëþòíî ðàâíîìåðíî.

3 Òîãäà àáñîëþòíî ðàâíîìåðíî ñõîäèòñÿ òàêæå ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

(ak,i + bk,i ) +
∞∑
i=1

(−ak,i ) =
∞∑
i=1

bk,i , ÷òî ïðîòèâîðå÷èò óñëîâèþ.

Òåîðåìà II.9 äîêàçàíà.
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Ïóñòü äëÿ âñåõ i , k âûïîëíåíî 0 ≤ ak,i ≤ bk,i , è ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

bk,i

ñõîäèòñÿ ðàâíîìåðíî. Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i òàêæå ñõîäèòñÿ

ðàâíîìåðíî.
Äîêàçàòåëüñòâî.

1 Ïðåäïîëîæèì îáðàòíîå. Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ

÷èñåë nk ,mk ↑ +∞, mk > nk òàêèå, ÷òî âûïîëíåíî
mk∑

i=nk+1
ak,i ̸→ 0.

2 Òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

bk,i ñõîäèòñÿ ðàâíîìåðíî, òî âûïîëíåíî

mk∑
i=nk+1

bk,i → 0.

3 Ñëåäîâàòåëüíî, 0 ≤
mk∑

i=nk+1
ak,i ≤

mk∑
i=nk+1

bk,i → 0. Ïðîòèâîðå÷èå.

Òåîðåìà III.1 äîêàçàíà.
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Ïóñòü äëÿ âñåõ i , k âûïîëíåíî 0 ≤ ak,i , ïàðàìåòðè÷åñêèå ðÿäû
∞∑
i=1

ak,i è

∞∑
i=1

ak,ibk,i ñõîäÿòñÿ ïîòî÷å÷íî, à òàêæå âûïîëíåíî bk,i −−−−−→
k,i→∞

1. Òîãäà

ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ ðàâíîìåðíî òîãäà è òîëüêî òîãäà, êîãäà

ðàâíîìåðíî ñõîäèòñÿ ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,ibk,i .

Äîêàçàòåëüñòâî.

1 Òàê êàê bk,i −−−−−→
k,i→∞

1, òî ñóùåñòâóåò íàòóðàëüíîå ÷èñëî N òàêîå, ÷òî äëÿ

ëþáûõ k, i > N âûïîëíåíî 1
2
< bk,i <

3
2

2 Ïîëîæèì a′k,i = ak+N,i+N . Òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ñõîäèòñÿ

ïîòî÷å÷íî, òî îí æå ñõîäèòñÿ ðàâíîìåðíî îäíîâðåìåííî ñ ðÿäîì
∞∑
i=1

a′k,i .

3 Ïîëîæèì b′k,i = bk+N,i+N . Òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,ibk,i ñõîäèòñÿ

ïîòî÷å÷íî, òî îí æå ñõîäèòñÿ ðàâíîìåðíî îäíîâðåìåííî ñ ðÿäîì
∞∑
i=1

ak+N,i+Nbk+N,i+N =
∞∑
i=1

a′k,ib
′
k,i .



Äîêàçàòåëüñòâà òåîðåì III

Çàâåðøåíèå äîêàçàòåëüñòâà

1 Ñîîòâåòñòâåííî, äëÿ âñåõ k, i âûïîëíåíî 1
2
< b′k,i <

3
2
.

2 Çàôèêñèðóåì ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ ÷èñåë nk ,mk ↑, mk > nk .

3 Âûïîëíåíî 1
2

mk∑
i=nk

a′k,i <
mk∑
i=nk

a′k,ib
′
k,i <

3
2

mk∑
i=nk

a′k,i .

4 È, ñëåäîâàòåëüíî, óòâåðæäåíèÿ
mk∑
i=nk

a′k,i → 0 è
mk∑
i=nk

a′k,ib
′
k,i → 0 âûïîëíåíû

èëè íå âûïîëíåíû îäíîâðåìåííî.

5 Ðàñôèêñèðóåì ïîñëåäîâàòåëüíîñòè nk ,mk . Òàêèì îáðàçîì, ïàðàìåòðè÷åñêèé

ðÿä
∞∑
i=1

a′k,i ñõîäèòñÿ (èëè ðàñõîäèòñÿ) ðàâíîìåðíî îäíîâðåìåííî ñ ðÿäîì

∞∑
i=1

a′k,ib
′
k,i .

6 Ñëåäîâàòåëüíî, îäíîâðåìåíííî ðàâíîìåðíî ñõîäÿòñÿ èëè ðàñõîäÿòñÿ òàêæå

ïàðàìåòðè÷åñêèå ðÿäû
∞∑
i=1

ak,i è
∞∑
i=1

ak,ibk,i .

Òåîðåìà III.2 äîêàçàíà.



Äîêàçàòåëüñòâà òåîðåì IV
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Ïóñòü:

1 Ñóùåñòâóåò ÷èñëî M òàêîå, ÷òî äëÿ ëþáûõ n è k âûïîëíåíî |
n∑

i=1
ak,i | ≤ M

2 Äëÿ ëþáûõ k è i âûïîëíåíî bk,i ≥ 0

3 Äëÿ ëþáûõ k è i âûïîëíåíî bk,i+1 ≤ bk,i

4 Âûïîëíåíî bk,i −−−−−→
i,k→∞

0

Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,ibk,i ðàâíîìåðíî ñõîäèòñÿ.

Äîêàçàòåëüñòâî.

1 Ïðåäïîëîæèì îáðàòíîå. Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ

÷èñåë nk ,mk ↑ +∞, mk > nk òàêèå, ÷òî âûïîëíåíî Sk =
mk∑

i=nk+1
ak,ibk,i ̸→ 0.

2 Îáîçíà÷èì òàêæå: Ak,n =
n∑

i=1
ak,i . Òàêèì îáðàçîì, äëÿ ëþáûõ n, k âûïîëíåíî

|Ak,n| ≤ M.



Äîêàçàòåëüñòâà òåîðåì IV

Îöåíêà Sk

1 Ïðåîáðàçîâàíèå Àáåëÿ: Sk =
mk∑

i=nk+1
ak,ibk,i =

mk∑
i=nk+1

(Ak,i − Ak,i−1)bk,i =

mk∑
i=nk+1

Ak,ibk,i −
mk∑

i=nk+1
Ak,i−1bk,i =

mk∑
i=nk+1

Ak,ibk,i −
mk−1∑
i=nk

Ak,ibk,i+1 =

(
mk−1∑
i=nk+1

Ak,ibk,i + Ak,mk
bk,mk

)− (Ak,nk bk,nk+1 +
mk−1∑
i=nk+1

Ak,ibk,i+1) =

Ak,mk
bk,mk

− Ak,nk bk,nk+1 +
mk−1∑
i=nk+1

Ak,i (bk,i − bk,i+1)

2 Òîãäà |Sk | ≤ |Ak,mk
bk,mk

− Ak,nk bk,nk+1|+
mk−1∑
i=nk+1

|Ak,i (bk,i − bk,i+1)| ≤

|Ak,mk
||bk,mk

|+ |Ak,nk ||bk,nk+1|+
mk−1∑
i=nk+1

|Ak,i ||bk,i − bk,i+1| ≤ M|bk,mk
|+

M|bk,nk+1|+
mk−1∑
i=nk+1

M|bk,i−bk,i+1| = M(|bk,mk
|+|bk,nk+1|+

mk−1∑
i=nk+1

|bk,i−bk,i+1|)

3 Â ñèëó óñëîâèé òåîðåìû âñå ïîäìîäóëüíûå âûðàæåíèÿ ïîëîæèòåëüíû.



Äîêàçàòåëüñòâà òåîðåì IV

Îêîí÷àíèå äîêàçàòåëüñòâà

1 Äàëåå, |Sk | ≤ M(bk,mk
+ bk,nk+1 +

mk−1∑
i=nk+1

bk,i − bk,i+1) = M(bk,mk
+ bk,nk+1 +

mk−1∑
i=nk+1

bk,i − bk,i+1) = M(bk,mk
+ bk,nk+1 +

mk−1∑
i=nk+1

bk,i −
mk−1∑
i=nk+1

bk,i+1) =

M(bk,mk
+ bk,nk+1 +

mk−1∑
i=nk+1

bk,i −
mk∑

i=nk+2
bk,i ) = M(bk,mk

+ bk,nk+1 +

mk−1∑
i=nk+1

bk,i −
mk∑

i=nk+2
bk,i ) = M(bk,mk

+ bk,nk+1 + bk,nk+1 − bk,mk
) = 2M ∗ bk,nk+1

2 Òàê êàê bk,i −−−−−→
i,k→∞

0, òî bk,nk+1 → 0.

3 Ñëåäîâàòåëüíî, Sk → 0. Ïðîòèâîðå÷èå.

Òåîðåìà IV.1 äîêàçàíà.
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