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Àííîòàöèÿ

Ïðèìåðû

Ïðåäñòàâëåíû ðåøåíèÿ 8 ïðèìåðîâ íà èññëåäîâàíèå ðàâíîìåðíîé ñõîäèìîñòè
ôóíêöèîíàëüíûõ ðÿäîâ, à òàêæå äîêàçàòåëüñòâî ïðèçíàêà Äèíè è òåîðåìû î
íåïðåðûâíîñòè ðàâíìåðíîãî ïðåäåëà íåïðåðûâíûõ ôóíêöèé. Ðåøåíèÿ îñíîâàíû
íà ïðèìåíåíèè òåîðåì, ïðåäñòàâëåííûõ íà ïðåäûäóùèõ ñëàéäàõ. Ïðèìåðû âçÿòû
èç çàäàâàëüíèêà äëÿ ñòóäåíòîâ ôàêóëüòåòà ÔÀÊÒôàêè (ñì. 3 áëîê, 3 ñåìèíàð,
C2 �18 + T.6). Ïðåäñòàâëåíî ðåøåíèå âñåõ ïðèìåðîâ íà ðàâíîìåðíóþ ñõîäèìîñòü
ðÿäîâ èç äàííîãî ñåìèíàðà.



Ìåòîä ðåøåíèÿ

Ðàâíîìåðíàÿ ñõîäèìîñòü íà ñ÷¼òíîì ìíîæåñòâå

Ñóòü ìåòîäà ðåøåíèÿ ñîñòîèò â òîì, ÷òî ðàâíîìåðíàÿ ñõîäèìîñòü (ïîòî÷å÷íî
ñõîäÿùåãîñÿ) ôóíêöèîíàëüíîãî ðÿäà

∑∞
i=1 fi (x) íà íåêîòîðîì ìíîæåñòâå E

ñâîäèòñÿ ê å¼ ðàâíîìåðíîé ñõîäèìîñòè íà ñ÷¼òíûõ ïîäìíîæåñòâàõ E ′ ⊂ E ,
èìåþùèõ åäèíñòâåííóþ ïðåäåëüíóþ òî÷êó íà ðàñøèðåííîé ÷èñëîâîé ïðÿìîé, ò.å.
ê ðàâíîìåðíîé ñõîäèìîñòè íà ñõîäÿùèõñÿ ïîñëåäîâàòåëüíîñòÿõ. Â ñâîþ î÷åðåäü,
ðàâíîìåðíàÿ ñõîäèìîñòü ôóíêöèîíàëüíîãî ðÿäà

∑∞
i=1 fi (x) íà

ïîñëåäîâàòåëüíîñòè xk åñòü íè÷òî èíîå, êàê ðàâíîìåðíàÿ ñõîäèìîñòü

ïàðàìåòðè÷åñêîãî ðÿäà
∞∑
i=1

ak,i , ãäå ak,i = fi (xk ).

Òåîðåìà äëÿ ïîñëåäîâàòåëüíîñòåé

Ïóñòü Sn, S : E → R, è äëÿ âñåõ x ∈ R âûïîëíåíî Sn(x) → S(x) (ïîòî÷å÷íàÿ
ñõîäèìîñòü). Òîãäà âûïîëíåíî:

1 Åñëè Sn ̸⇒E S, òî ñóùåñòâóþò a ∈ E è ïîñëåäîâàòåëüíîñòü xk → a òàêèå, ÷òî
äëÿ äâîéíîé ïîñëåäîâàòåëüíîñòè Ak,n = Sn(xk ) è ïîñëåäîâàòåëüíîñòè
Bk = S(xk ) âûïîëíåíî Ak,n ̸ ⇒

n→∞
Bk . Îòäåëüíî îòìåòèì, ÷òî

ïîñëåäîâàòåëüíîñòü xk âîçìîæíî âûáðàòü òàê, ÷òîáû ôóíêöèîíàëüíàÿ
ïîñëåäîâàòåëüíîñòü Sn íå ñõîäèëàñü ðàâíîìåðíî òàêæå íà ëþáîé å¼
ïîäïîñëåäîâàòåëüíîñòè.

2 Åñëè Sn ̸⇒E S, xk → a ∈ E . Òîãäà äëÿ äâîéíîé ïîñëåäîâàòåëüíîñòè
Ak,n = Sn(xk ) è ïîñëåäîâàòåëüíîñòè Bk = S(xk ) âûïîëíåíî Ak,n ⇒

n→∞
Bk



Ìåòîä ðåøåíèÿ

Òåîðåìà äëÿ ðÿäîâ

Ïóñòü
∑∞

i=1 fi (x) � ôóíêöèîíàëüíûé ðÿä, ïîòî÷å÷íî ñõîäÿùèéñÿ íà ìíîæåñòâå
E . Òîãäà âûïîëíåíî:

1 Åñëè äàííûé ðÿä íå ñõîäèòñÿ ìíîæåñòâå E ðàâíîìåðíî, òî ñóùåñòâóþò a ∈ E
è ïîñëåäîâàòåëüíîñòü xk → a òàêèå, ÷òî äëÿ ñîîòâåòñòâóþùåé äâîéíîé

ïîñëåäîâàòåëüíîñòè ak,i = fi (xk ) ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i íå ñõîäèòñÿ

ðàâíîìåðíî. Àíàëîãè÷íî, ïîñëåäîâàòåëüíîñòü xk âîçìîæíî âûáðàòü òàê,
÷òîáû ðÿä íå ñõîäèëñÿ ðàâíîìåðíî òàêæå íà ëþáîé å¼
ïîäïîñëåäîâàòåëüíîñòè.

2 Åñëè äàííûé ðÿä ñõîäèòñÿ ðàâíîìåðíî, xk → a, òî äëÿ ñîîòâåòñòâóþùåé

äâîéíîé ïîñëåäîâàòåëüíîñòè ak,i = fi (xk ) ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i

ñõîäèòñÿ ðàâíîìåðíî.

Ïðàêòè÷åñêîå ïðèìåíåíèå

Ïóñòü fi : E → E, ôóíêöèîíàëüíûé ðÿä
∑∞

i=1 fi (x) ïîòî÷å÷íî ñõîäèòñÿ. Äëÿ òîãî,
÷òîáû èññëåäîâàòü ðÿä íà ðàâíîìåðíóþ ñõîäèìîñòü íà ïîäìíîæåñòâàõ E ′ ⊂ E ,
íóæíî âûÿñíèòü, íà êàêèõ ñõîäÿùèõñÿ ïîñëåäîâàòåëüíîñòÿõ xk ôóíêöèîíàëüíûé
ðÿä

∑∞
i=1 fi (x) íå ñõîäèòñÿ ðàâíîìåðíî. Ðÿä áóäåò ñõîäèòñÿ ðàâíîìåðíî íà òåõ è

òîëüêî íà òåõ ïîäìíîæåñòâàõ, êîòîðûå íå ñîäåðæàò äàííûõ ïîñëåäîâàòåëüíîñòåé.



Âûäåëåíèå ïîñëåäîâàòåëüíîñòè

Ïîñëåäîâàòåëüíîñòü

Ïóñòü fn ̸⇒ f . Òîãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü xk → x0 ∈ E è
ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë nk ↑↑ +∞ òàêèå, ÷òî fnk (xk ) → A, A ̸= 0.
Ðàññìîòðèì ïðîèçîëüíóþ ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë ks ↑↑ +∞, è
ïîëîæèì ys = xks . Îáîçíà÷èì as,i = fi (ys)− f (ys) = fi (xks )− f (xks ). Òîãäà
as,nks = fnks (xks )− f (xks ) → A ̸= 0.
Òàêèì îáðàçîì, as,i ̸−−−−−→

s,i→∞
0. Ñëåäîâàòåëüíî, as,i ̸⇒i→∞ 0. Òî åñòü

fi (ys) ̸⇒i→∞ f (ys), è fn íå ñõîäèòñÿ ðàâíîìåðíî íà ïîñëåäîâàòåëüíîñòè ys .
Cì. ñëàéäû ¾Íåêîòîðûå êðèòåðèè ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîé
ïîñëåäîâàòåëüíîñòè¿.



Ïðèçíàê Àáåëÿ

Òåîðåìà

Ïóñòü:

1 |bk,i | ≤ M

2 bk,i ìîíîòîííà ïî èíäåêñó i

3 Ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ðàâíîìåðíî ñõîäèòñÿ

Òîãäà ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,ibk,i ðàâíîìåðíî ñõîäèòñÿ.

Âñïîìîãàòåëüíûå îáîçíà÷åíèÿ

1 Ïîëîæèì Ak
n =

n∑
i=1

ak,i , A
k
0 = 0. Ïîëîæèì òàêæå Ak

m,n = Ak
m − Ak

n .

2 Ñîîòâåòñòâåííî âûïîëíåíî: ak,i = Ak
i − Ak

i−1 = Ak
i,i−1

3 Óñòàíîâèì ñîîòíîøåíèå:
Ak
m1,n

− Ak
m2,n

= (Ak
m1

− Ak
n)− (Ak

m2
− Ak

n) = Ak
m1

− Ak
m2

= Ak
m1,m2

.

4 Ïîëîæèì Sk
n =

n∑
i=1

ak,ibk,i , S
k
0 = 0. Ïîëîæèì òàêæå Sk

m,n = Sk
m − Sk

n .



Äîêàçàòåëüñòâî

Ïðåîáðàçîâàíèå Àáåëÿ

1 Sm,n =
m∑

i=n+1
ak,ibk,i =

∑
i=n+1

Ak
i,i−1bk,i =

m∑
i=n+1

(Ak
i,n − Ak

i−1,n)bk,i =

m∑
i=n+1

Ak
i,nbk,i −

m∑
i=n+1

Ak
i−1,nbk,i =

m∑
i=n+1

Ak
i,nbk,i −

m−1∑
i=n

Ak
i,nbk,i+1

2 Â ñëó÷àå m > n+ 1: Sm,n = Ak
m,nbk,m − Ak

n,nbk,n+1 +
m−1∑
i=n+1

Ak
i,n(bk,i − bk,i+1) =

Ak
m,nbm,k +

m−1∑
i=n+1

Ak
i,n(bk,i − bk,i+1)

3 Â ñëó÷àå m = n + 1: Sm,n =
n+1∑

i=n+1
Ak
i,nbk,i −

n∑
i=n

Ak
i,nbk,i+1 =

Ak
n+1,nbk,n+1 − Ak

n,nbk,n+1 = Ak
n+1,nbk,n+1 = Ak

m,nbk,m

4 Â ñëó÷àå m = n: Sm,n = 0.

5 Â ñëó÷àå m < n: Sm,n = −Sn,m



Äîêàçàòåëüñòâî

Îöåíêà
m−1∑
i=n+1

|bk,i − bk,i+1|

bk,i ìîíîòîííà ïî i . Âîçìîæíû äâà ñëó÷àÿ.

1 Â ñëó÷àå bk,i+1 ≤ bk,i :
m−1∑
i=n+1

|bk,i − bk,i+1| =
m−1∑
i=n+1

(bk,i − bk,i+1) = bk,n+1 − bk,m

2 Â ñëó÷àå bk,i+1 ≥ bk,i :
m−1∑
i=n+1

|bk,i − bk,i+1| = −
m−1∑
i=n+1

(bk,i − bk,i+1) = bk,m − bk,n+1

Â îáîèõ ñëó÷àÿõ
m−1∑
i=n+1

|bk,i − bk,i+1| = |bk,m − bk,n+1| ≤ |bk,m|+ |bk,n+1| ≤ 2M



Äîêàçàòåëüñòâî

Îïðåäåëèì C k
m,n ïðè m ≥ n

1 Â ñëó÷àå m > n îïðåäåëèì C k
m,n = max(|Ak

n,n|, |Ak
n+1,n|, . . . , |Ak

m,n|)

2 Â ñëó÷àå m = n îïðåäåëèì C k
n,n = |Ak

n,n| = 0

Îöåíêà Sk
m,n ïðè m ≥ n

1 Â ñëó÷àå m > n + 1:

|Sk
m,n| ≤ |Ak

m,n||bm,k |+
m−1∑
i=n+1

|Ak
i,n||bk,i − bk,i+1| ≤

C k
m,n|bk,m|+

m−1∑
i=n+1

C k
m,n|bk,i − bk,i+1| ≤ C k

m,n(M + 2M) = 3MC k
m,n

2 Â ñëó÷àå m = n + 1:
|Sk

m,n| ≤ |Ak
m,n||bm,k | ≤ MC k

m,n ≤ 3MC k
m,n

3 Â ñëó÷àå m = n:
|Sk

m,n| = |Sk
n,n| = 0 ≤ 3MC k

m,n

Òàêèì îáðàçîì, ïðè m ≥ n âûïîëíåíî |Sk
m,n| ≤ 3MC k

m,n



Äîêàçàòåëüñòâî

Çàâåðøåíèå äîêàçàòåëüñòâà

1 Çàôèêñèðóåì ε > 0. Òàê êàê ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i ðàâíîìåðíî

ñõîäèòñÿ, òî, â ñîîòâåòñòâèè ñ êðèòåðèåì Êîøè, ñóùåñòâóåò íàòóðàëüíîå
÷èñëî N òàêîå, ÷òî äëÿ âñåõ m > n > N è äëÿ âñåõ k âûïîëíåíî

|
m∑

i=n+1
ak,i | ≤ ε

3M
, ò.å. |Ak

m,n| < ε
3M

. Âûáåðåì òàêîå N.

2 Çàôèêñèðóåì m > n > N.

3 Çàôèêñèðóåì n ≤ i ≤ m.

4 Ïðè n < i ≤ m âûïîëíåíî |Ak
i,n| <

ε
3M

. Ïðè i = n âûïîëíåíî |Ak
n,n| = 0 < ϵ

3M
.

Ðàñôèêñèðóåì i . Òàêèì îáðàçîì, äëÿ âñåõ n ≤ i ≤ m âûïîëíåíî |Ak
i,n| <

ϵ
3M

.

È, ñëåäîâàòåëüíî, âûïîëíåíî C k
n,m = max(|Ak

n,n|, |Ak
n+1,n|, . . . , |Ak

m,n|) < ε
3M

5 Òàêèì îáðàçîì, |
m∑

i=n+1
ak,ibk,i | = |Sk

m − Sk
n | = |Sk

n,m| < 3MC k
n,m < ε ïðè âñåõ

m > n > N (ðàñôèêñèðóåì m, n).

6 Ðàñôèêñèðóåì ε > 0. Â ñîîòâåòñòâèè ñ êðèòåðèåì Êîøè, ïàðàìåòðè÷åñêèé

ðÿä
∞∑
i=1

ak,ibk,i ðàâíîìåðíî ñõîäèòñÿ.



[Ïðèìåð 1, T.6a] Ðÿä
∞∑
i=1

x sin( 1
x2i2

) íà ìíîæåñòâå E = (0,+∞)

Ïîòî÷å÷íàÿ ñõîäèìîñòü

Ïîòî÷å÷íàÿ ñõîäèìîñòü: äëÿ ëþáîãî x ∈ (0,+∞)
∞∑
i=1

x sin( 1
x2 i2

) ∼
∞∑
i=1

x
x2 i2

= 1
x

∞∑
i=1

1
i2

� ñõîäÿùèéñÿ ðÿä.

Íà ïîñëåäîâàòåëüíîñòÿõ xk → a, a ∈ (0,+∞]

ak,i = xk sin(
1

x2
k
i2
) ∼ xk

x2
k
i2

= 1
xk i

2 . Ïîÿñíåíèå:
1

x2
k
i2

−−−−−→
i,k→∞

0,
sin (1/x2k i

2)

1/(x2
k
i2)

−−−−−→
i,k→∞

1.

Êðèòåðèé Êîøè:
mk∑

i=nk+1

1
xk i

2 = 1
xk

mk∑
i=nk+1

1
i2

→ 0

Íà ïîñëåäîâàòåëüíîñòè xk = 1
k

ak,i = xk sin(
1

x2
k
i2
) = 1

k
sin( k

2

i2
). Òàê êàê limx→0

sin x
x

= 1, òî ñóùåñòâóåò δ > 0 òàêîå,

÷òî äëÿ âñåõ x ∈ (−δ,+δ) âûïîëíåíî 1
2
x < sin x < 3

2
x . Ñëåäîâàòåëüíî, ïðè

i >
√
δk âûïîëíåíî 1

2
k
i2

< ak,i <
3
2

k
i2
.

Ïîëîæèì nk = [
√
δk] + 1,mk = 2[

√
δk] + 2. Òîãäà nk ,mk → +∞,

mk∑
i=nk+1

ak,i >

1
2

mk∑
i=nk+1

k
i2

= k
2

mk∑
i=nk+1

1
i2

> k
2

mk∑
i=nk+1

1
m2

k

= k
2

1
m2

k

(mk − nk ) =
k

8nk
> k

8
√
δk

= 1
8
√
δ
̸→ 0



Ïðèìåð 1

Âûâîäû

1 Ðÿä ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå (1,+∞).

2 Ðÿä íå ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå (0, 1).



[Ïðèìåð 2, T.6á] Ðÿä
∞∑
i=1

sin xi
x2+i2

1+ln2 i
íà ìíîæåñòâå E = (0,+∞)

Ïîòî÷å÷íàÿ ñõîäèìîñòü

Äëÿ ëþáîãî x ∈ (0,+∞)
∞∑
i=1

sin xi
x2+i2

1+ln2 i
∼ x

∞∑
i=1

i
(x2+i2)(1+ln2 i)

≤ x
∞∑
i=1

1
i(1+ln2 i)

≤ x
∞∑
i=1

1
i ln2 i

� ñõîäÿùèéñÿ ðÿä.

Íà ïîñëåäîâàòåëüíîñòÿõ xk → a, a ∈ [0,+∞)

ak,i =
sin

xk i

x2
k
+i2

1+ln2 i
∼ xk i

(x2
k
+i2)(1+ln2 i)

∼ xk i
i2(1+ln2 i)

= xk
i(1+ln2 i)

∼ xk
i ln2 i

.

Ïîÿñíåíèÿ: xk i

x2
k
+i2

−−−−−→
i,k→∞

0,
sin

xk i

x2
k
+i2

xk i

x2
k
+i2

−−−−−→
i,k→∞

1, i2

x2
k
+i2

= 1

1+
x2
k
i2

−−−−−→
i,k→∞

1.

Êðèòåðèé Êîøè:
mk∑

i=nk+1

xk
i ln2 i

= xk
mk∑

i=nk+1

1
i ln2 i

→ a ∗ 0 = 0



Ïðèìåð 2

Íà ïîñëåäîâàòåëüíîñòè xk = k

ak,i =
sin ki

k2+i2

1+ln2 i
. Òàê êàê limx→0

sin x
x

= 1, òî ñóùåñòâóåò δ > 0 òàêîå, ÷òî äëÿ âñåõ

x ∈ (−δ,+δ) âûïîëíåíî 1
2
x < sin x < 3

2
x .

Ïðè i > max(δ, 1)k âûïîëíåíî 0 < ik
i2+k2

= 1
i
k
+ k

i

< 1
i
k

= k
i
< δ, è ñëåäîâàòåëüíî,

sin ik
i2+k2

> 1
2

ik
i2+k2

= 1
2

1
i
k
+ k

i

> 1
2

1

2 i
k

= k
4i
,

sin ki
k2+i2

1+ln2 i
> k

4i(1+ln2 i)
.

Ïîëîæèì nk = [max(δ, 1)]k + 1, mk = 2nk . Òîãäà
mk∑

i=nk+1

sin ki
k2+i2

1+ln2 i
>

k
4

mk∑
i=nk+1

1
i(ln2 i+1)

> k
4

mk−nk
mk (ln

2(mk )+1)
= k

8
1

(ln2(2nk )+1)
= k

8
1

ln2(2[max(δ,1)]k+2)+1
→ +∞

Âûâîäû

1 Ðÿä ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå (0, 1).

2 Ðÿä íå ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå (1,+∞).



[Ïðèìåð 3, �18, 20(4)] Ðÿä
∞∑
i=1

x i (1− x i ) íà ìíîæåñòâå E = (12 , 1)

Ïîòî÷å÷íàÿ ñõîäèìîñòü

Äëÿ ëþáîãî x ∈ ( 1
2
, 1)

Sn(x) =
n∑

i=1
x i (1− x i ) =

n∑
i=1

x i −
n∑

i=1
x2i = x(1−xn)

1−x
− x2(1−x2n)

1−x2
→ x

1−x
− x2

1−x2
= S(x)

Íà ïîñëåäîâàòåëüíîñòè xk = 1− 1
k

Sk (xk )− S(xk ) =
xk (1−xkk )

1−xk
− x2k (1−x2kk )

1−x2
k

− xk
1−xk

+
x2k

1−x2
k

= xk
1−xk

(−xkk )−
x2k

1−x2
k

(−x2kk ) =

1− 1
k

1
k

(−(1− 1
k
)k )− (1− 1

k
)2

1−(1− 1
k
)2
(−(1− 1

k
)2k ) = (k − 1)(−(1− 1

k
)k )− (k−1)2

k2−(k−1)2
(−(1−

1
k
)2k ) = (k − 1)[ k−1

2k−1
(1− 1

k
)2k − (1− 1

k
)k ] → +∞∗ ( 1

2e2
− 1

e
) = −∞

Âûâîäû

Ðÿä íå ðàâíîìåðíî ñõîäèòñÿ íà ìíîæåñòâå ( 1
2
, 1)



[Ïðèìåð 4, �18, 33(5)] Ðÿä
∞∑
i=1

x
x+i2

sin i2

x íà ìíîæåñòâå E = (0,+∞)

Ïîòî÷å÷íàÿ ñõîäèìîñòü

Äëÿ ëþáîãî x ∈ (0,+∞)
∞∑
i=1

| x
x+i2

sin i2

x
| ≤

∞∑
i=1

x
x+i2

= x
∞∑
i=1

1
x+i2

� ñõîäÿùèéñÿ ðÿä.

Íà ïîñëåäîâàòåëüíîñòÿõ xk → a, ãäå a ∈ [0,+∞)

ak,i =
xk

xk+i2
sin i2

xk
. |ak,i | ≤ xk

xk+i2
≤ xk

i2
. Êðèòåðèé Êîøè:

mk∑
i=nk+1

xk
i2

= xk
mk∑

i=nk+1

1
i2

→ a ∗ 0 = 0

Íà ïîñëåäîâàòåëüíîñòè xk = k2

ak,i =
k2

k2+i2
sin i2

k2
. Òàê êàê limx→0

sin x
x

= 1, òî ñóùåñòâóåò δ > 0 òàêîå, ÷òî äëÿ

âñåõ x ∈ (−δ,+δ) âûïîëíåíî 1
2
x < sin x < 3

2
x .

Ïðè i <
√
δk âûïîëíåíî 1

2
i2

k2
< sin i2

k2
< 3

2
i2

k2
, 1

2
i2

i2+k2
< ak,i <

3
2

i2

i2+k2
.

Ïîëîæèì: nk = [
√

δ
2
]k, mk = 2nk . Òîãäà

mk∑
i=nk+1

i2

i2+k2
>

mk∑
i=nk+1

n2k
m2

k
+k2

=
n2k

4n2
k
+k2

(mk − nk ) =
n2k

4n2
k
+k2

nk =
[
√

δ
2

]2k2

4[
√

δ
2

]2k2+k2
nk → +∞



Ïðèìåð 4

Âûâîäû

1 Ðÿä ðàâíîìåðíî ñõîäèòñÿ íà ìíîæåñòâå (0, 1)

2 Ðÿä íå ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå (1,+∞)



[Ïðèìåð 5, �18, 36(12)] Ðÿä
∞∑
i=1

(e
x√
i − 1)(arctan x2

i+1) íà ìíîæåñòâå

E = (0,+∞)

Ïîòî÷å÷íàÿ ñõîäèìîñòü

Äëÿ ëþáîãî x ∈ (0,+∞)
∞∑
i=1

(e
x√
i − 1)(arctan x2

i+1
) ∼

∞∑
i=1

x√
i
∗ x2

i+1
= x3

∞∑
i=1

1√
i(i+1)

� ñõîäÿùèéñÿ ðÿä.

Íà ïîñëåäîâàòåëüíîñòÿõ xk → a, ãäå a ∈ [0,+∞)

ak,i = (e
xk√
i − 1)(arctan

x2k
i+1

) ∼ xk√
i

x2k
i+1

= x3k
1√

i(i+1)
. Ïîÿñíåíèÿ: xk√

i
−−−−−→
i,k→∞

0,

x2k
i+1

−−−−−→
i,k→∞

0.

È, ñëåäîâàòåëüíî, e

xk√
i −1
xk√
i

−−−−−→
i,k→∞

1,
arctan

x2k
i+1

x2
k

i+1

−−−−−→
i,k→∞

1

Êðèòåðèé Êîøè:
mk∑

i=nk+1
x3k

1√
i(i+1)

= x3k

mk∑
i=nk+1

1√
i(i+1)

→ a3 ∗ 0 = 0



Ïðèìåð 5

Íà ïîñëåäîâàòåëüíîñòè xk = k

ak,i = (e
k√
i − 1)(arctan k2

i+1
). Òàê êàê limx→0

ex−1
x

= 1, òî ñóùåñòâóåò δ1 > 0 òàêîå,

÷òî äëÿ âñåõ x ∈ (−δ1, δ1) âûïîëíåíî
1
2
x < ex − 1 < 3

2
x . Òàê êàê

limx→0
arctan x

x
= 1, òî ñóùåñòâóåò δ2 > 0 òàêîå, ÷òî äëÿ âñåõ x ∈ (−δ2, δ2)

âûïîëíåíî 1
2
x < arctan x < 3

2
x . Ïîëîæèì δ = min(δ21 , δ2)

Òîãäà ïðè âñåõ i > k2

δ
âûïîëíåíî k√

i
< δ1,

k2

i+1
< k2

i
< δ2, è, ñëåäîâàòåëüíî,

1
4

k3√
i(i+1)

< ak,i <
9
4

k3√
i(i+1)

.

Ïîëîæèì nk = [ k
2

δ
] + 1, mk = 2nk . Òîãäà

mk∑
i=nk+1

k3√
i(i+1)

= k3
mk∑

i=nk+1

1√
i(i+1)

>

(mk − nk )
k3√

mk (mk+1)
> nk

k3

(2nk )
3
2

= 1
23/2

k3

(nk )
1/2 > 1

23/2
k3

( k
2

δ
)1/2

= δ1/2

23/2
k2 → +∞

Âûâîäû

1 Íà ìíîæåñòâå (0, 1) ðÿä ñõîäèòñÿ ðàâíîìåðíî

2 Íà ìíîæåñòâå (1,+∞) ðÿä íå ñõîäèòñÿ ðàâíîìåðíî.



[Ïðèìåð 6, �18, 22(1)] Ðÿä
∞∑
i=1

sin ix sin x
3√i+x

íà ìíîæåñòâå E = [0,+∞)

Ñóììà ñèíóñîâ àðèôìåòè÷åñêîé ïðîãðåññèè

sin x + sin 2x + . . .+ sin nx =
sin ( n+1

2
x) sin ( n

2
x)

sin (x/2)
n∑

i=1
sin x sin ix = sin x

sin ( n+1
2

x) sin ( n
2
x)

sin (x/2)
= 2 cos x

2
sin ( n+1

2
x) sin ( n

2
x)

|
n∑

i=1
sin x sin ix | ≤ 2, äëÿ âñåõ x ∈ R

Ïîòî÷å÷íàÿ ñõîäèìîñòü

Äëÿ ëþáîãî x ∈ [0,+∞) ðÿä
∞∑
i=1

sin ix sin x
3√i+x

ñõîäèòñÿ ïî ïðèçíàêó Äèðèõëå (äëÿ

îáûêíîâåííûõ ðÿäîâ).



Ïðèìåð 6

Íà ïîñëåäîâàòåëüíîñòÿõ xk → a, a ∈ [0,+∞]

ak,i = sin ixk sin xk , bk,i =
1

3
√

i+xk
. Ïðîâåðèì óñëîâèÿ ïðèçíàêà Äèðèõëå.

1 |
n∑

i=1
ai,k | ≤ 2

2 bk,k ≥ 0,

3 bk,i+1 = 1
3
√

i+1+xk
≤ 1

3
√

i+xk
= bi,k

4 bk,i −−−−−→
i,k→∞

0

Äåéñòâèòåëüíî, äëÿ ëþáûõ ïîñëåäîâàòåëüíîñòåé is , ks ↑ +∞ âûïîëíåíî
bis ,ks = 1

3
√

is+xks
→ 0

Òàêèì îáðàçîì, ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,ibk,i ðàâíîìåðíî ñõîäèòñÿ.

Âûâîä

Ðÿä ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå [0,+∞)



[Ïðèìåð 7, �18, 22(3)] Ðÿä
∞∑
i=1

(−1)i√
i
arctan x i íà ìíîæåñòâå E = [1,+∞)

Ïîòî÷å÷íàÿ ñõîäèìîñòü

Äëÿ ëþáîãî x ∈ [1,+∞).
Âûïîëíåíî:

1 arctan x i+1 ≥ arctan x i , | arctan x i | ≤ π
2

2 Ðÿä
∞∑
i=1

(−1)i√
i

ñõîäèòñÿ

Ïî ïðèçíàêó Àáåëÿ (äëÿ ÷èñëîâûõ ðÿäîâ) ðÿä
∞∑
i=1

(−1)i√
i

arctan x i ñõîäèòñÿ.

Íà ïîñëåäîâàòåëüíîñòÿõ xk → a, a ∈ [1,+∞]

ak,i =
(−1)i√

i
, bk,i = arctan x i . Ïðîâåðèì óñëîâèÿ ïðèçíàêà Àáåëÿ.

1 |bk,i | = | arctan x ik | ≤
π
2

2 arctan x i+1
k = bk,i+1 ≥ bk,i = arctan x ik , òàê êàê x i+1

k ≥ x ik , à arctan �
ìîíîòîíííî âîçðàñòàþùàÿ ôóíêöèÿ.

3 Ïàðàìåòðè÷åñêèé ðÿä
∞∑
i=1

ak,i =
∞∑
i=1

(−1)i√
i

ðàâíîìåðíî ñõîäèòñÿ, òàê êàê íå

çàâèñèò îò ïåðåìåííîé k

Òàêèì îáðàçîì, ðÿä
∞∑
i=1

(−1)i√
i

arctan x ik ðàâíîìåðíî ñõîäèòñÿ.



Ïðèìåð 7

Âûâîä

Ðÿä ðàâíîìåðíî ñõîäèòñÿ íà ìíîæåñòâå [1,+∞)



[Ïðèìåð 8, �18, 36(5)] Ðÿä
∞∑
i=1

x
x2−ix+i2

íà ìíîæåñòâå E = (0,+∞)

Îöåíêà

0 ≤ x
x2−ix+i2

= x

(x− i
2
)2+ 3i2

4

≤ x
3i2

4

= 4
3

x
i2

Ïîòî÷å÷íàÿ ñõîäèìîñòü

Äëÿ âñåõ x ∈ (0,+∞) ðÿä
∞∑
i=1

x
x2−ix+i2

≤ 4
3
x

∞∑
i=1

1
i2
� ñõîäÿùèéñÿ ðÿä.

Íà ïîñëåäîâàòåëüíîñòÿõ xk → a, a ∈ [0,+∞)
mk∑

i=nk+1

xk
x2
k
−ixk+i2

≤ 4
3
xk

mk∑
i=nk+1

1
i2

→ 4
3
a ∗ 0 = 0

Íà ïîñëåäîâàòåëüíîñòè xk = k

Ïðè i ≥ 2k âûïîëíåíî ( i
2
− k)2 ≤ i2

4
,

ak,i =
xk

x2
k
−ixk+i2

= k
k2−ik+i2

= k

( i
2
−k)2+ 3i2

4

≥ k
i2

4
+ 3i2

4

= k
i2
.

Ïîëîæèì nk = 2k, mk = 4k. Òîãäà
mk∑

i=nk+1
ai,k ≥

mk∑
i=nk+1

k
i2

≥ k(mk − nk )
1
m2

k

= k 2k
16k2

= 1
8
̸→ 0



Ïðèìåð 8

Âûâîäû

1 Ðÿä ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå (0, 1).

2 Ðÿä íå ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå (1,+∞)



Ïðèçíàê Äèíè

Òåîðåìà 1 [Ïðèçíàê Äèíè äëÿ ôóíêöèîíàëüíûõ ïîñëåäîâàòåëüíîñòåé]

Ïóñòü fi , f : [a, b] → R � ôóíêöèè, îïðåäåë¼ííûå íà îòðåçêå [a, b].
Åñëè:

1 fi → f ïîòî÷å÷íî íà îòðåçêå [a, b]

2 fi , f ∈ C [a, b]

3 Âûïîëíåíî õîòÿ áû îäíî èç ñëåäóþùèõ óñëîâèé:
1 Äëÿ ëþáîãî x ∈ [a, b] âûïîëíåíî fi+1(x) ≤ fi (x)
2 Äëÿ ëþáîãî x ∈ [a, b] âûïîëíåíî fi+1(x) ≥ fi (x)

Òîãäà fi ⇒ f íà îòðåçêå [a, b].

Ñëåäñòâèå [Ïðèçíàê Äèíè äëÿ ôóíêöèîíàëüíûõ ðÿäîâ]

Ïóñòü ui : [a, b] → R � ôóíêöèè, îïðåäåëåííûå íà îòðåçêå [a, b], S(x) =
∞∑
i=1

ui (x)

(ïîòî÷å÷íàÿ ñõîäèìîñòü)
Åñëè:

1 ui (x) ≥ 0.

2 ui ,S ∈ C [a, b]

Òîãäà Sn(x) =
n∑

i=1
ui (x) ⇒ S(x)



Ïðèçíàê Äèíè

Äîêàçàòåëüñòâî

1 Ïðåäïîëîæèì îáðàòíîå. Òîãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü xk → x0
òàêàÿ, ÷òî ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü fi íå ñõîäèòñÿ ðàâíîìåðíî
íà ïîñëåäîâàòåëüíîñòè xk , òî åñòü íå ñõîäèòñÿ ðàâíîìåðíî ïî i äâîéíàÿ
ïîñëåäîâàòåëüíîñòü ak,i = fi (xk ).

2 Ââåäåì òàêæå îáîçíà÷åíèÿ: bk = f (xk ), ci = fi (x0).

3 Òàê êàê ôóíêöèè fi ïîòî÷å÷íî ñõîäÿòñÿ ê ôóíêöèè f , òî
ak,i = fi (xk ) −−−−→

i→∞
f (xk ) = bk

4 Òàê êàê ôóíêöèè fi íåïðåðûâíû, òî ak,i = fi (xk ) −−−−→
k→∞

fi (x0) = ci

5 Òàê êàê ôóíêöèÿ f íåïðåðûâíà, òî bk = f (xk ) → f (x0)

6 Òàê êàê ôóíöèè fi ïîòî÷å÷íî ñõîäÿòñÿ ê ôóíêöèè f , òî ci = fi (x0) → f (x0)

7 Âûïîëíåíî õîòÿ áû îäíî èç ñëåäóþùèõ óñëîâèé:
1 ak,i+1 = fi+1(xk ) ≤ fi (xk ) = ak,i
2 ak,i+1 = fi+1(xk ) ≥ fi (xk ) = ak,i

8 Òàêèì îáðàçîì, âûïîëíåíû âñå óñëîâèÿ òåîðåìû Äèíè äëÿ äâîéíûõ
ïîñëåäîâàòåëüíîñòåé. Ñëåäîâàòåëüíî, ak,i ⇒

i→∞
bk , ÷òî ïðîòèâîðå÷èò

ïðåäïîëîæåíèþ.



Ïðèçíàê Äèíè

Òåîðåìà 2 [¾Äâîéñòâåííûé¿ ïðèçíàê Äèíè]

Ïóñòü fi , f : [a, b] → R � ôóíêöèè, îïðåäåë¼ííûå íà îòðåçêå [a, b].
Åñëè:

1 fi → f ïîòî÷å÷íî íà îòðåçêå [a, b]

2 fi , f ∈ C [a, b]

3 Âûïîëíåíî õîòÿ áû îäíî èç ñëåäóþùèõ óñëîâèé:
1 Äëÿ ëþáîãî i âñå ôóíêöèè fi ìîíîòîííî óáûâàþò

2 Äëÿ ëþáîãî i âñå ôóíêöèè fi ìîíîòîííî âîçðàñòàþò

Òîãäà fi ⇒ f íà îòðåçêå [a, b].

Ñëåäñòâèå [¾Äâîéñòâåííûé¿ ïðèçíàê Äèíè äëÿ ôóíêöèîíàëüíûõ ðÿäîâ]

Ïóñòü ui : [a, b] → R � ôóíêöèè, îïðåäåëåííûå íà îòðåçêå [a, b], S(x) =
∞∑
i=1

ui (x)

(ïîòî÷å÷íàÿ ñõîäèìîñòü)
Åñëè:

1 ui ,S ∈ C [a, b]

2 Âûïîëíåíî õîòÿ áû îäíî èç ñëåäóþùèõ óñëîâèé:
1 Âñå ui ìîíîòîííî âîçðàñòàþò

2 Âñå ui ìîíîòîííî óáûâàþò

Òîãäà Sn(x) =
n∑

i=1
ui (x) ⇒ S(x)



Ïðèçíàê Äèíè

Äîêàçàòåëüñòâî

1 Ïðåäïîëîæèì îáðàòíîå. Òîãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ys → x0
òàêàÿ, ÷òî ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü fi íå ñõîäèòñÿ ðàâíîìåðíî
íà ïîñëåäîâàòåëüíîñòè ys , à òàêæå íà ëþáîé å¼ ïîäïîñëåäîâàòåëüíîñòè.

2 Âûäåëèì èç ïîñëåäîâàòåëüíîñòè ys ìîíîòîííóþ ïîäïîñëåäîâàòåëüíîñòü
xk = ysk → x0. Ââåä¼ì îáîçíà÷åíèÿ: ai,k = fi (xk ), bk = f (xk ), ci = fi (x0).
Ñîîòâåòñòâåííî, ïîñëåäîâàòåëüíîñòü ak,i íå ñõîäèòñÿ ðàâíîìåðíî ïî i .

3 Òàê êàê ôóíêöèè fi ïîòî÷å÷íî ñõîäÿòñÿ ê ôóíêöèè f , è âñå ôóíêöèè fi , f
íåïðåðûâíû, òî ak,i = fi (xk ) −−−−→

i→∞
f (xk ) = bk , ak,i = fi (xk ) −−−−→

k→∞
fi (x0) = ci ,

bk = f (xk ) → f (x0), ci = fi (x0) → f (x0)

4 Ðàññìîòðèì 4 ñëó÷àÿ:
1 Ôóíêöèè fi ìîíîòîííî âîçðàñòàþò, ïîñëåäîâàòåëüíîñòü xk ìîíîòîííî

âîçðàñòàåò. Òîãäà ak+1,i = fi (xk+1) ≤ fi (xk ) = ak,i .
2 Ôóíêöèè fi ìîíîòîííî óáûâàþò, ïîñëåäîâàòåëüíîñòü xk ìîíîòîííî óáûâàåò.

Òîãäà ak+1,i = fi (xk+1) ≤ fi (xk ) = ak,i .
3 Ôóíêöèè fi ìîíîòîííî óáûâàþò, ïîñëåäîâàòåëüíîñòü xk ìîíîòîííî âîçðàñòàåò.

Òîãäà ak+1,i = fi (xk+1) ≥ fi (xk ) = ak,i .
4 Ôóíêöèè fi ìîíîòîííî âîçðàñòàþò, ïîñëåäîâàòåëüíîñòü xk ìîíîòîííî óáûâàåò.

Òîãäà ak+1,i = fi (xk+1) ≥ fi (xk ) = ak,i .

5 Âî âñåõ ñëó÷àÿõ âûïîëíåíû âñå óñëîâèÿ òåîðåìû Äèíè äëÿ äâîéíûõ
ïîñëåäîâàòåëüíîñòåé. Ñëåäîâàòåëüíî, ak,i ⇒

i→∞
bk , ÷òî ïðîòèâîðå÷èò

ïðåäïîëîæåíèþ.



Ïåðåñòàíîâêà ïðåäåëîâ

Òåîðåìà [î ïåðåñòàíîâêå ïðåäåëîâ]

Ïóñòü fi , f : [a, b] → R � ôóíêöèè, îïðåäåë¼ííûå íà îòðåçêå [a, b], xk → x0
Åñëè:

1 fi ⇒ f

2 Âñå ïðåäåëû lim
k→∞

fi (xk ) ñóùåñòâóþò

Òîãäà lim
k→∞

f (xk ) = lim
k→∞

lim
i→∞

fi (xk ) = lim
i→∞

lim
k→∞

fi (xk ) (ïðåäåëû ñóùåñòâóþò)

Ñëåäñòâèå [ïåðåñòàíîâêà ïðåäåëîâ â ðàâíîìåðíî ñõîäÿùèõñÿ ðÿäàõ]

Ïóñòü ui : [a, b] → R � ôóíêöèè, îïðåäåë¼ííûå íà îòðåçêå [a, b], xk → x0.
Åñëè:

1 Ðÿä
∞∑
i=1

ui (x) ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå [a, b]

2 Âñå ïðåäåëû ui (xk ) ñóùåñòâóþò

Òîãäà lim
k→∞

∞∑
i=1

ui (xk ) =
∞∑
i=1

lim
k→∞

ui (xk ) (ïðåäåëû ñóùåñòâóþò, ðÿä ñõîäèòñÿ)



Ïåðåñòàíîâêà ïðåäåëîâ

Äîêàçàòåëüñòâî

1 Îáîçíà÷èì ak,i = fi (xk ), bk = f (xk ), ci = lim
k→∞

fi (xk ).

2 Òîãäà âûïîëíåíî ak,i −−−−→
k→∞

ci , ai,k ⇒
i→∞

bk

3 Â ñîîòâåòñòâèè ñ òåîðåìîé Ñòîêñà-Çàéäåëÿ, ïîâòîðíûå ïðåäåëû ñóùåñòâóþò
è ðàâíû, òî åñòü âûïîëíåíî âûïîëíåíî lim

k→∞
lim
i→∞

ak,i = lim
i→∞

lim
k→∞

ak,i

4 Òàêèì îáðàçîì, lim
k→∞

f (xk ) = lim
k→∞

lim
i→∞

fi (xk ) = lim
i→∞

lim
k→∞

fi (xk )

Äîêàçàòåëüñòâî ñëåäñòâèÿ

1 Îáîçíà÷èì Sn(x) =
n∑

i=1
ui (x), S(x) =

∞∑
i=1

ui (x)

2 Òàê êàê ñóùåñòâóþò âñå ïðåäåëû lim
k→∞

ui (xk ), òî ñóùåcòâóþò òàêæå è âñå

ïðåäåëû lim
k→∞

Sn(xk )

3 Òàêèì îáðàçîì, lim
k→∞

S(xk ) = lim
k→∞

lim
n→∞

Sn(xk ) = lim
n→∞

lim
k→∞

Sn(xk )

4 Òî åñòü lim
k→∞

∞∑
i=1

ui (xk ) =
∞∑
i=1

lim
k→∞

ui (xk )


	Введение
	Метод решения
	Признак Абеля

	Примеры
	Пример 1
	Пример 2
	Пример 3
	Пример 4
	Пример 5
	Пример 6
	Пример 7
	Пример 8

	Добавления
	Признак Дини равномерной сходимости
	Перестановка пределов


