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Annotation. In this paper we consider the system with n identical
elements and one repairing device. In each time moment only one element
works while the rest ones stay in reserve. The distribution of element working
and repairing period are general. We obtain the asymptotic distribution of
the system lifetime under the condition of element fast repair.
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1 Introduction

In this paper we consider the following problem from mathematical reliability
theory. We suppose that there are n identical working elements in system and
one repairing device. At any time moment, there is only one element working,
called the main one, while the rest ones are staying in cold reserve. Also only
one element could be restoring at every time moment, and if there are another
broken elements, they stay in a queue. When the main element breaks, any
reserve element immediately starts working and broken element immediately
begins its restoration. Repairing device is supposed to be absolutely reliable.
The system crashes when all n working elements break down.

Here we suppose that element operating time and its recovery time have
general distribution.

In this paper we perform relations determining the system lifetime distri-
bution and results for such working time distribution under the condition of
element fast repair.
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2 Model Description

For the system described above, we introduce the following notation: η – the
element operating time is distributed according to the law G(t); ξ – element
recovery time is distributed according to the law F (t). We assume that, both
functions are absolutely continuous and have all moments that are finite. Let
b = Eη <∞. We suppose that all random variables, which define the system,
are mutually independent.

Our aim is to find the distribution of the system’s lifetime and to study
its asymptotic behaviour under conditions of element fast repair, i.e.

P (ξ > η) =

∫ ∞
0

(1− F (t)) dG(t) = ε→ 0

with some change of some ξ distribution characteristic. Denote by τj - the
time period before the system breaks down, if there are j, j = 0, 1, 2, ..., n−1
broken elements by the moment when system started working. Also let
m(0) be the number of broken elements when the first main element started
working. ζ(η) – the number of restored elements during η – the first main
element operation period.

3 System lifetime distribution and asymptotic

Let express the system lifetime as the sum of the the first main element
operating time and the remaining lifetime of the system.

For n=2 considering problem is solved and the results can be found in
[1],[2] .That is why, further we assume that n > 2:

τ0 = η + τ1,

τ1 = (η + τ1)I(ζ(η) = 1) + (η + τ2)I(ζ(η) = 2),

τj = (η + τ1)I(ζ(η) = j) +

j−1∑
k=0

(η + τj+1−k)I(ζ(η) = k), 1 < j < n− 1,

τn−1 = (η+ τn−1)I(ζ(η) = n−1) +
n−2∑
k=1

(η+ τj+1−k)I(ζ(η) = k) +ηI(ζ(η) = 0)

Here I(A) is an indicator of event A.
Let’s find the probability of the event {ζ(η) = j | m(0) = j; η}. Let

Kj(x) = P (ξ1 + ...+ ξj ≤ x | ξ1 + ...+ ξj+1 > x)
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– the probability that exactly j elements will be repaired during x – time
period. Then

Kj(x) =

∫ x

0

P (ξj+1 > x−y) P (ξ1+...+ξj ∈ dy) =

∫ x

0

(1−F (x−y)) dF ∗(j)(y)

Here F ∗(j)(y) – j-fold convolution of the function F (y) with itself.
Then, if we take the Laplace-Stieltjes transform from the left and right

side of the stochastic equations above, we will get:

ϕ0(s) = g(s)ϕ1(s)

ϕ1(s) = (g(s)− g0(s))ϕ1(s) + ϕ2(s)g0(s), (1)

ϕj(s) =

(
g(s)−

j−1∑
k=0

gk(s)

)
ϕ1(s) +

j−1∑
k=0

gk(s)ϕj+1−k(s), 1 < j < n− 1,

ϕ1(s) =

(
g(s)−

n−2∑
k=0

gk(s)

)
ϕ1(s) +

n−2∑
k=0

gk(s)ϕn−k(s) + g0(s)

Here:

ϕj(s) = Ee−sτj , g(s) =

∫ ∞
0

e−sx dG(x), g0(s) =

∫ ∞
0

e−sx (1− F (t)) dG(t),

gj(s) =

∫ ∞
0

e−sx
∫ x

0

(1− F (x− y)) dF ∗(j)(y) dG(x), j = 1, 2, ..., n− 2

We want to prove the following convergence:

ϕj(ε
n−1s)→ 1

1 + bs
(2)

when ε→ 0.
This is equivalent to the fact that the system lifetime distribution con-

verges to exponential distribution with parameter b when ε→ 0.
We will use the concept of asymptotic expansion and asymptotic equiva-

lence to prof (2) [3].
So then we will write approximation series for functions g(εn−1s), gj(ε

n−1s)
j = 0, 1, 2, ..., when ε→ 0:

g(εn−1s) ∼ 1− εn−1bs

g0(ε
n−1s) ∼

∫ ∞
0

(1− F (x)) dG(x)
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− εn−1s

∫ ∞
0

x(1− F (x)) dG(x) =

= ε − εn−1s γ0

gj(ε
n−1s) ∼

∫ ∞
0

∫ x

0

(1− F (x− y)) dF ∗(j)(y) dG(x) −

− εn−1s

∫ ∞
0

x

∫ x

0

(1− F (x− y)) dF ∗(j)(y) dG(x) =

= gj(0)− εn−1s γj j = 1, 2, ...

Then, using the Hölder’s inequality, we will get:

γ0 =

∫ ∞
0

x(1− F (x))G′(x) dx ≤

≤
(∫ ∞

0

x2 dG(x)

) 1
2

·
(∫ ∞

0

(1− F (x)) dG(x)

) 1
2

≤

≤ Const ·
√
ε

Thus γ0 → 0 when ε→ 0. Then for j = 1, 2, ... we have:

gj(0) =

∫ ∞
0

∫ x

0

(1− F (x− y)) dF ∗(j)(y) dG(x) ≤

≤
∫ ∞
0

(1− F (x)) dG(x) ·
∫ ∞
0

dF ∗(j)(y) = ε

And also

γj =

∫ ∞
0

x

(∫ x

0

(1− F (x− y)) dF ∗(j)(y)

)
dG(x) ≤

≤
∫ ∞
0

(∫ ∞
0

x (1− F (x− y)) dG(x)

)
dF ∗(j)(y) ≤

According to results for γ0:

≤ Const ·
√
ε ·
∫ ∞
0

dF ∗(j)(y) = Const ·
√
ε

So, we have confirmed that

gj(0)→ 0, j = 1, 2, ...

γj → 0, j = 0, 1, 2, ...
(3)
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when ε→ 0.
Then, let’s notice, that from (1) we can get:

ϕ0(ε
n−1s)

ϕ1(εn−1s)
= g(εn−1s) ∼ 1− εn−1sb.

So, ϕ0(ε
n−1s) ∼ ϕ1(ε

n−1s).
From the next equation from (1), deviding the both parts by ϕ1 we will

get:

1 ∼ 1− εn−1sb− ε+ εn−1sγ0 +
ϕ2

ϕ1

·
(
ε− εn−1sγ0

)
Here we have omitted the dependence of the argument εn−1s due to brevity.
We will do the same sometimes below. Then, using (3) and leaving the
slowest decreasing terms with ε in the last expression, we get ϕ2 ∼ ϕ1 and
ϕ2 ∼ ϕ1 · (1 + εn−2sb).

For 2 < j < n − 1 again, deviding the both parts of j-th equation in (1)
by ϕ1, using (3) and leaving the slowest decreasing terms with ε, we have
following:

1 + εn−jsb ∼ 1− ε+ g1(0) · εn−jsb+
ϕj+1

ϕ1

· (ε− εn−1sγ0)

ϕj+1

ϕ1

∼ 1 + εn−j−1sb

So, we got, that all ϕk ∼ ϕ1 · (1 + εn−ksb), k = 0, 2, 3, · · · , n− 1. Partic-
ularly, ϕk(ε

n−1s) ∼ ϕ1(ε
n−1s), k = 0, 2, 3, · · · , n− 1, when ε→ 0.

And finally, we divide the last equation in system (1) by ϕ1, and, using
(3), leaving the slowest decreasing terms with ε, we get:

ϕ1 · (1 + ε · sb) ∼ ϕ1 · (1− ε+ εsb · g1(0)) + (ε− εn−1sγ0)

ϕ1 · ε · (1 + sb− sb · g1(0)) ∼ ε · (1− εn−2sγ0)
So then, (2) is proved.
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