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Àííîòàöèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñèñòåìà ñ n îäèíàêî-
âûìè ðàáî÷èìè ýëåìåíòàìè è îäíèì âîññòàíàâëèâàþùèì ïðèáîðîì. Â
êàæäûé ìîìåíò âðåìåíè ðàáîòàåò òîëüêî îäèí ýëåìåíò, îñòàëüíûå íà-
õîäÿòñÿ â õîëîäíîì ðåçåðâå. Ðàñïðåäåëåíèå âðåìåíè ðàáîòû è ðåìîí-
òà ðàáî÷èõ ýëåìåíòîâ ïðåäïîëàãàåòñÿ ïðîèçâîëüíûì; ïðèáîð àáñîëþòíî
íàä¼æåí. Ïîëó÷èì àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå âðåìåíè æèçíè âñåé
ñèñòåìû ïðè óñëîâèè áûñòðîãî ðåìîíòà ýëåìåíòîâ.

Êëþ÷åâûå ñëîâà. Òåîðèÿ íàä¼æíîñòè, âðåìÿ æèçíè ñèñòåìû, àñèìï-
òîòè÷åñêîå ïîâåäåíèå.

1 Îïèñàíèå ìîäåëè.

Ðàññìîòðèì ìîäåëü, ñîñòîÿùóþ èç n ðàáî÷èõ ýëåìåíòîâ è îäíîãî âîññòà-
íàâëèâàþùåãî ïðèáîðà. Â êàæäûé ìîìåíò âðåìåíè ðàáîòàåò òîëüêî îäèí
ýëåìåíò, íàçûâàåìûé îñíîâíûì, à îñòàëüíûå íàõîäÿòñÿ â õîëîäíîì ðå-
çåðâå. Îñíîâíîé ýëåìåíò ìîæåò âûéòè èç ñòîÿ, òîãäà åãî íåìåäëåííî çà-
ìåíÿåò ëþáîé ðåçåðâíûé, îòêàçàâøèé ýëåìåíò íåìåäëåííî îòïðàâëÿåòñÿ
âîññòàëàâëèâàòüñÿ íà ïðèáîð, êîòîðûé ïîëàãàåòñÿ àáñîëþòíî íàä¼æíûì.
Ñèñòåìà âûõîäèò èç ñòðîÿ êîãäà âñå n ðàáî÷èõ ýëåìåíòîâ îêàçûâàþòñÿ
íåðàáîòîñïîñîáíûìè.
Ðàñïðåäåëåíèå âðåìåíè æèçíè ïîäîáíîé ìîäåëè ïðè n=2 áûëî ïîëó÷åíî
â [1]; âûðàæåíèÿ äëÿ âðåìåíè æèçíè â ñèñòåìå ñ íåíàäåæíûì âîññòàíàâ-
ëèâàþùèì ïðèáîðîì ïðåäñòàâëåíû â [2].
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Ïðåäïîëàãàåì, ÷òî η � âðåìÿ ðàáîòû ýëåìåíòà ðàñïðåäåëåíî ïî çàêîíó
G(t); ξ � âðåìÿ âîññòàíîâëåíèÿ ýëåìåíòà ðàñïðåäåëåíî ïî çàêîíó F (t).
Îáå ôóíêöèè � àáñîëþòíî íåïðåðûâíûå è èìåþò âñå ìîìåíòû, êîòîðûå
ÿâëÿþòñÿ êîíå÷íûìè. Ïóñòü b = E η < ∞. Ñ÷èòàåì, ÷òî âñå ñëó÷àéíûå
âåëè÷èíû, çàäàþùèå ñèñòåìó, âçàèìíî íåçàâèñèìû.

Öåëü äàííîé ðàáîòû � íàéòè ðàñïðåäåëåíèå âðåìåíè æèçíè âñåé ñè-
ñòåìû è èññëåäîâàòü åãî àññèìïòîòè÷åñêîå ïîâåäåíèå â óñëîâèÿõ áûñò-
ðîãî âîññòàíîâëåíèÿ ýëåìåíòîâ.

2 Ðàñïðåäåëåíèå âðåìåíè æèçíè ñèñòåìû è

å¼ àñèìïòîòèêà.

Ñèñòåìà ðàññìàòðèâàåòñÿ â óñëîâèÿõ áûñòðîãî âîññòàíîâëåíèÿ ýëåìåí-
òîâ, ò.å.

P (ξ > η) =

∫ ∞
0

(1− F (t)) dG(t) = ε→ 0

ïðè íåêîòîðîì èçìåíåíèèè íåêîòîðîé õàðàêòåðèñòèêè ðàñïðåäåëåíèÿ ξ.
Îáîçíà÷èì τj � âðåìÿ äî ïîëîìêè âñåé ñèñòåìû, åñëè íà ìîìåíò íà÷àëà åå
ðàáîòû èìååòñÿ j, j = 0, 1, 2, ..., n−1 íåðàáîòîñïîñîáíûõ ýëåìåíòîâ. Òàê-
æå ïóñòü m(0) � ÷èñëî íåèñïðàâíûõ ýëåìåíòîâ íà ìîìåíò íà÷àëà ðàáîòû
ïåðâîãî îñíîâíîãî ýëåìåíòà, ζ(η) � ÷èñëî âîññòàíîâëåííûõ ýëåìåíòîâ çà
η � ïðîìåæóòîê âðåìåíè ðàáîòû ïåðâîãî îñíîâíîãî ýëåìåíòà.

Ïðåäñòàâèì âðåìÿ ðàáîòû ñèñòåìû êàê ñóììó ïðîìåæóòêà âðåìåíè
ðàáîòû ïðåðâîãî îñíîâíîãî ýëåìåíòà è îñòàâøåãîñÿ âðåìåíè æèçíè ñè-
ñòåìû. Ïðè n>2.

τ0 = η + τ1,

τ1 = (η + τ1)I(ζ(η) = 1) + (η + τ2)I(ζ(η) = 2),

τj = (η + τ1)I(ζ(η) = j) +

j−1∑
k=0

(η + τj+1−k)I(ζ(η) = k), 1 < j < n− 1,

τn−1 = (η+ τn−1)I(ζ(η) = n−1)+
n−2∑
k=1

(η+ τj+1−k)I(ζ(η) = k)+ηI(ζ(η) = 0)

Òóò I(A) � èíäèêàòîð ñîáûòèÿ À.
Íàéäåì âåðîÿòíîñòü ñîáûòèÿ {ζ(η) = j | m(0) = j; η}. Ïóñòü

Kj(x) = P (ξ1 + ...+ ξj ≤ x | ξ1 + ...+ ξj+1 > x)
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� âåðîÿòíîñòü òîãî, ÷òî çà âðåìÿ x ïî÷èíÿòñÿ ðîâíî j ýëåìåíòîâ. Òîãäà

Kj(x) =

∫ x

0

P (ξj+1 > x−y) P (ξ1+...+ξj ∈ dy) =
∫ x

0

(1−F (x−y)) dF ∗(j)(y)

Òóò F ∗(j)(y) � j-êðàòíàÿ ñâåðòêà ôóíêöèè F (y) ñ ñàìîé ñîáîé.
Òîãäà, åñëè âçÿòü ïðåîáðàçîâàíèå Ëàïëàñà-Còèëüòüåñà îò ëåâîé-ïðàâîé

÷àñòè óðàâíåíèé âûøå, ïîëó÷èì:

ϕ0(s) = g(s)ϕ1(s)

ϕ1(s) = (g(s)− g0(s))ϕ1(s) + ϕ2(s)g0(s),

ϕj(s) =

(
g(s)−

j−1∑
k=0

gk(s)

)
ϕ1(s) +

j−1∑
k=0

gk(s)ϕj+1−k(s), 1 < j < n− 1,

ϕ1(s) =

(
g(s)−

n−2∑
k=0

gk(s)

)
ϕ1(s) +

n−2∑
k=0

gk(s)ϕn−k(s) + g0(s)

Òóò:

ϕj(s) = Ee−sτj , g(s) =

∫ ∞
0

e−sx dG(x), g0(s) =

∫ ∞
0

e−sxF (x) dG(x),

gj(s) =

∫ ∞
0

e−sx
∫ x

0

(1− F (x− y)) dF ∗(j)(y) dG(x), j = 1, 2, ..., n− 2

Õîòèì äîêàçàòü ñõîäèìîñòü:

ϕj(ε
n−1s)→ 1

1 + bs
(1)

ïðè ε→ 0.

g0(ε
n−1s) ∼

∫ ∞
0

(1− F (x)) dG(x)

− εn−1s

∫ ∞
0

x(1− F (x)) dG(x) =

= ε − εn−1s γ0

Ïî íåðàâåíñòâó Êîøè-Áóíÿêîâñêîãî äëÿ èíòåãðàëîâ:

γ0 =

∫ ∞
0

x(1− F (x))G′(x) dx ≤
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≤

√∫ ∞
0

(
x
√
G′(x)

)2
dx ·

√∫ ∞
0

(
(1− F (x))

√
G′(x)

)2
dx ≤

≤

√∫ ∞
0

x2 dG(x) ·

√∫ ∞
0

(1− F (x)) dG(x) ≤

≤ Const ·
√
ε

Ò.å. γ0 → 0 ïðè ε→ 0.

gj(ε
n−1s) ∼

∫ ∞
0

∫ x

0

(1− F (x− y)) dF ∗(j)(y) dG(x) −

− εn−1s

∫ ∞
0

x

∫ x

0

(1− F (x− y)) dF ∗(j)(y) dG(x) =

= gj(0)− εn−1s γj
Ò.ê. âñå ôóíêöèè, ôèãóðèðóþùèå â çàäà÷å, íåîòðèöàòåëüíû, òî

gj(0) =

∫ ∞
0

∫ x

0

(1− F (x− y)) dF ∗(j)(y) dG(x) ≤

≤
∫ ∞
0

∫ ∞
0

(1− F (x− y)) dF ∗(j)(y) dG(x) =

=

∫ ∞
0

(∫ ∞
0

(1− F (x− y)) dG(x)
)
dF ∗(j)(y) ≤

≤ ε

∫ ∞
0

dF ∗(j)(y) = ε

È òàêæå

γj =

∫ ∞
0

x

(∫ x

0

(1− F (x− y)) dF ∗(j)(y)
)
dG(x) ≤

≤
∫ ∞
0

x

(∫ ∞
0

(1− F (x− y)) dF ∗(j)(y)
)
dG(x) =

=

∫ ∞
0

(∫ ∞
0

x (1− F (x− y)) dG(x)
)
dF ∗(j)(y) ≤

Ïî óæå äîêàçàííîìó äëÿ γ0:

≤ Const ·
√
ε ·
∫ ∞
0

dF ∗(j)(y) = Const ·
√
ε

Ò.î. gj(0)→ 0 è γj → 0 j = 1, ..., n− 2 ïðè ε→ 0.
Äàëåå äîêàçàòåëüñòâî ñõîäèìîñòè (1) ïîâòîðÿåò äîêàçàòåëüñòâî àíàëî-
ãè÷íîé ñõîäèìîñòè â ñòàòüå [3].
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