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3aJlaya MHOTOMEPHOW AamlIMpOKCHUMAalWUd C HCIOJIb30BAaHUEM MAaTEMATHYECKOTO
anmapara Teopud ciaydalHbiXx (yHkruii. [loka3zaHo, dYTO e€cid JOMYyCTUTH
CYIIECTBOBAHME B  OECKOHEYHOMEPHOM  (DYHKIIMOHAJIHLHOM  TPOCTPAHCTBE
HEKOTOPBIX CUMMETPHI IJIOTHOCTH BEPOATHOCTH, TO 3TOrO JOCTATOYHO, YTOOBI
MTOJTYYUTh TOYHBIA METOJI PEIICHUS 3a/1a4H.
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The article examines the regression problem of machine learning as a problem
of multidimensional approximation using the mathematical apparatus of the theory
of random functions. It is shown that if we assume the existence of certain
probability density symmetries in an infinite-dimensional function space, then this
Is enough to obtain an exact method for solving the problem.
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B otnrume oT mpoToTHITa JAHHOTO UCCISAOBaHMS (Pa3MENEeHHOTO aBTOPOM Ha
[4], koTOpOE HE MyOIMKOBAIOCh B HAYYHBIX PELICH3UPYEMBIX JKypHajax) B JaHHOU
CTaTh€ 3aJlaya CTaBUTCS W peIIaeTcs B JPYyroM BHJIE, HMCXOJHO KakK 3ajada
anmpoKcUMaIuu. JOmoJHEHbI TMONOXKEHUS O CUMMETPHUSAX B (DYHKIIMOHAJIHLHOM
MPOCTPAHCTBE, HCHPABJICHB MHOTHE HETOYHOCTH, H3MEHEHO IIPEACTaBIICHUE
ciydaitHoi (hyHKIMH Ha 60J1ee paBuiIbHOE. MHOTHE TpeoOpa3oBaHus U3MCHCHBI U
100aBJIEHBI HOBEIE.



ITycth ecTh oOywaromas BBIOOpDKa B BHIE Habopa BEKTOPOB Ha BXOJC
X1, X2, e« , X (X; ER™) pa3sMepHOCTBIO N W HAOOp 3HAYCHWIA HA BBIXOJE

Y1, Y2, - Yk (Vi € R).

Pemenue perpeccMOHHOW 3aJadyd MAIIMHHOIO OOYYEHUS B 3TOM CiIy4yae
MO’KHO MPEACTaBUTh KaK PELICHHUE 3a/1a4yl alllPOKCUMAIIUH B BUJIE:

yi = fx) +uyy (1)

rae f(x) — byHKIus, CBA3BIBAIONIAS BXOJHBIC M BBIXOJIHBIC 3HAYCHUS X; U Y,
HUCKOMasi MOJIe]b, KOTOPYIO HYXHO OIPEACIIUTh, OCHOBBIBASCH Ha OOydUaromen
BBIOODKE;

Uy, Uy, ..., U € R — HE3aBUCUMBIE CITyYallHbI€ BEJIUYHMHBI, C HOPMaJIbHBIM 3aKOHOM
pacnpeneneHuss U HyJEBbIM MaTeMaTHYECKUM OKHUJAHUEM, KOTOPBIE, MOXHO
CUUTaTh, 4TO ObUIM g00aBieHBI K f(X;), U MOITOMY €€ 3HAYCHUS MOTYT HE
coBHajarb TOYHO C Y; (T€M caMbIM MOJEIUPYEM MOTPEUIHOCTH WJIU
HEOIHO3HAYHOCTH, KOTOPBIE MOTYT IIPUCYTCTBOBATh B 00yYarOIIeil BEIOOPKE)

33,[121‘1}/ TAKIKC MOJXHO HHTCPIIPCTUPOBATH CICIYIOIINM 06pa30M:

[TycTh M3HAYAIBHO CYIIECTBOBAJIa HEKOTOpas HeusBecTHass QyHkuus f(x).
3atreM Haja HeW OBUIM BBIMOJHEHBI SKCIEPUMEHTHI. [[s HEKOTOpOil BBIOOPKHU

X1, X2, . , X} ObLIM HaimeHsl 3HaueHus f(x;) (HO KOTOpbIe HaM HEWU3BECTHBI), K
KOTOpbIM  OBLTM TpHOABJICHBl CiIy4ailHble, HEU3BECTHbIE HaM BEITUYHHBI
Uy, Uy, ..., Ug. B pe3ynbTare K yKe U3BECTHBIM Xq, X3, ... , X} TOTIOJHUTEIHHO OBLIN

MIOJIYYEHBI V1, Vo, «v) Vi -

Teneps ke 3a7a4a COCTOUT B TOM, YTOOBI IO MOCICIOBATEIBHOCTIM X; M Y;
NPEOIOKNAT Kakast Moriia ObITh f(x).

[IepBoHaYAJIBHO MOJKET NOKA3aThCs (J1a)ke €CJIM HM3BECTHBI XapaKTEPUCTHKU
BEJIMYMH U;), YTO Takas (JOpMYJIUPOBKA HUYETO HE JACT JJIsl PEIICHUs, TOCKOIBbKY
HUYETO HEU3BECTHO O Tpupose f(x) u To, Kakas oHa MOXkeT ObITh B (1) HUKaK He
pPacCKpbIBAETCS.

Ho paccMoTpuM cHauana CUIbHO YIPOUIEHHYIO BEPCHUIO 3aa4H.

Homyctum, 4TO y Hac ecTh “nojackaska’. [Ipeamnonoxum, 4To KTO-TO 3apaHee
COOOIIHI HAM BapHaHTHI TPABHIBHBIX OTBETOB, Kakas MOXeT ObITh pyHKIusA [ (x).
ITycTb nosckaska Oblia B BUJIE HOCIEN0BATENLHOCTH BapuaHToB GyHkumii f;(x) u
COOTBETCTBYIOIIMX KM BEPOSTHOCTCH pj, YTO O3TO MpaBWibHBIA OTBET. HoO
BEPOATHOCTH ITOT KTO-TO B MOJACKA3Ke AaJl HAM alpUOPHEIE, HE 3HAsl, UTO 3aTeM Hajl
f(x) ObuM TpOBeIEHBI HKCIHCPUMEHTBI M y HAC €Ile eCTh He3aBHCHMas
JOTIOTHUTENbHAS HHGOPMAIIHS B BUJIE TTOCICIOBATEIPHOCTEH X; U ;.



[IpennonokuM, YTO HAM M3BECTHBl [JUCIEPCHUM CIYyYalHBIX BEJIUYUH
Uy, Uy, ..., Ug. JJOIyCTUM, UTO OHU BCE OJMHAKOBEI U PaBHBI 0 2. Toraa BeposSTHOCTH
TOr0, YTO |-Thlii BapuaHT (QyHKIMM B noackaske fj(X) OKaxeTcs MpPaBUIIBHBIM
OTBETOM, Oy/IyT IPOIOPLUOHAILHEI P .

1 _ 1 vk 2
By = pj——e 207 =it )
(2mo?)2
rac ui MOJKCM OIIPCACIINTD KakK.
Uy =Yyi — fj(xi)

[lepeGpaB mocnenoBaTeNbHO BCE P, W HalIsd MAKCUMAIbHOE M3 HHX, TEM
caMbIM BbIOepeM Hawdydmiui BapuanT fj(X) Kak HamIydllee PelICHHE 3a[auu
anmnpokcumaiuu B (1).

Ho, 4ro mpeacraBiasieT coO0ii MHOXeCTBO BapuaHToB (yHKIMH f(x) C
3aJlaHHBIMH  Ha HEM BEPOATHOCTSAMHU (WJIM 3aJlaHHOM Ha HeM (QYHKIUU
pacnpeneneHusT BEPOSITHOCTEH)? DTO HU YTO MHOE KaK OMHCAHUE CIyY9alHOU

byHKIMH.

Kak BuAHO BbIIEe, TIPU HAJIMYMM TaKOM MOJACKa3KH (3aJaHHOMN cCiiydyalHOH
GYHKIMH ¢ KOHEYHBIM MHOXKECTBOM pealM3aliyii), cpasy e ObLIO IOJIYYCHO
pelieHue.

Ho ananoruunbie paccy aeHusI MOKHO MIPOBECTU U 0€3 “TIOJICKa3KK™ B SBHOM
Bujzie. Bo3bMeM B KauecTBE BO3MOKHBIX BapHaHTOB QyHKIUH f (X) MHOXKECTBO BCEX
HEIPEPBIBHBIX BEIICCTBEHHBIX (YHKIIMH, CYHMIECCTBYIOMUX B R™. DT0 MHOXECTBO
MO>KHO TMPEJICTAaBUTh B OECKOHEUHOMEPHOM THJILOEPTOBOM MPOCTPAHCTBE, KAKI0e
U3MEPEHUE KOTOPOro HATO BO3MOXKHBIC 3HAuCHUs (YHKIUU I KaXKJIOTro
HEKOTOPOTO KOHKPETHOTO 3HaueHust X € R™.

Ha sToM MHOkeCTBe B CBOIO OUepeib MOKET ObITh 3a/1aHa (PYHKLMS INIOTHOCTH
BepositTHOCcTH P(f) (4TO B COBOKYIMHOCTH JaeT OMHCAHHWE CIydaiHOW (DyHKIMH,
KOTOPYIO MOXHO HCIIOJIb30BATh JUIsl PEILIECHUS 3a/1a4u).

Oty ¢yHkuo P(f) MOXHO CYATaTh HEM3BECTHOM, OJHAKO, paccMaTpHUBas
(GYHKIHIO TUIOTHOCTH BEPOSTHOCTH B 3TOM IMPOCTPAHCTBE MOXKHO JOMYCTUTH
CYIIIECTBOBAaHME HEKOTOPBIX CHMMETpUil (KOTOpBIE BIIOJIHE MOXHO OBLIO
IPEINOI0KHATE Tepe TeM, Kak Haf f (x) ObUIN BBITOIHEHBI SKCIIEPUMEHTHI).

1. lonycTiM, YTO €CiAM Ui HEKOTOpBIX nBYX Gyukimi fi(x) u fo(x)
CYHIECTBYIOT Takue A v t, 4To
fo(x) = fi(Ax + t), x,t € R" 3)
A- HeKoTOpasi MaTpuIla MOBOPOTa



TOI/Ia IUIOTHOCTH BepOATHOCTH i f; (x) u f,(x) mowkHa OBITH OAMHAKOBOM

P(f1) = P(fz)-

T.e. s 11060T0 MOAMHOKECTBA (DYHKIIMM, KOTOPBIE TpeoOpa3yroTcs IpyT B Ipyra
yTEM MOBOPOTA WJIM MMAPAJUIEIBHOIO MEPEHOCca JOJKHA OBbITh 3a/1aHa OJIMHAKOBAs
MJIOTHOCThH BEPOSITHOCTH.

2. JlomycTHUM, YTO €CIHM i1 HEKOTOphIX ABYX (ymkiuii f;(x) u fo(x)
BBIMOJIHSACTCS

fa(x) = kfi(x/k),x € R" (4)
rne k € R — HeKOTOphIN KO PUIIUEHT

TOT/1a TUIOTHOCTh BEPOATHOCTH JuIs f; (x) u f,(x) mowkHa OBITH OMHAKOBOM
P(f1) = P(f2).

T.e. ayist 110O0T0 MOAMHOXKECTBA (PYHKIIHMM, KOTOpbIE MPeoOpa3yoTcs APYT B Apyra
M3MEHEHHEM MaciTaba g0 KHa ObITh 3a]]aHa OJIMHAKOBAS TNIOTHOCTh BEPOSITHOCTH.

3. I[OHyCTI/IM, qTO CCJIM MPCAIIOJI0XKHUTL, YTO PCIICHHUCM ABJIICTCA OJdHA U3
(1)YHKHHﬁ Ha ITIOAMHOXKCCTBC q)YHKHHfI, KOTOPBIC OIIMCBHIBAIOTCS KaK.

f(x) = kfi(x),k ER ()

rae k — HeKOTOpOE BEIIECTBEHHOE YHCIIO (Ha30BEM €ro B JAHHOM KOHTEKCTE
amIuTyou f; (x))

f1(x) — HekoTopas MPOM3BOJBHAS HENpPEPHIBHAS (DYHKIMSA, B3ATas YTOOBI
MOPOJIUTh MHOKECTBO B (5)

Toraa yciaoBHas MIOTHOCTh BEPOSITHOCTH Ha 3TOM MOJAMHOXKECTBE (PYHKIHUI
OyZAeT onpenensiThCsl HOPMaTbHBIM 3aKOHOM OT aMIUIUTYIbI K, C MaTeMaTHYECKUM
oxxugaauem mipu k = 0.

T.e. eciiu MbI OepeM JIIOOYI0 HEMPEPHIBHYIO (PYHKIIMIO (KaK OJIHY W3 peallu3aluii) u
CPAaBHHUM €€ C JPYIroi, KOTOpas MOBTOPSIET MEPBYIO, HO OTIMYAETCS OT HEE TOJBKO
aMIUTUTYI0M, TO (PYHKIMS ¢ MEHbILIEH aMIUIUTYI0i OyJeT Oosee BEposiTHA, YEM C
OonpuIeil. A 3aKOH pacnpeneneHus: BeposiTHOCTE OyAeT HUMEeTh XapakTep
HOPMAaJILHOTO 3aKOHA, 3aBHUCSIIETO OT aMIUTHTY I (B (5) 00603HaueHHOM yepes k) ¢
MaTE€MaTUYECKUM OKUJAHUEM PAaBHBIM HYJIO. B TaHHOM Cityyae Mbl HE yTOUYHSIEM,
Kakasi MOXKeT ObITh qucnepcus (moapa3zymeBas, 4To He HyJIeBas, UHaY€ TOBOPUTH O
HOPMAJIbHOM 3aKOHE paclipesielieHuss He UMeJI0 Obl CMBbICIIA), @ TOBOPUM JIUIIbL O
XapaKTePE 3aKOHA PACIIPEIEIICHHS BEPOATHOCTEN.

4. TlpubGaBum KO BCeM (DYHKIMSIM B MHOXKECTBE, UTO OMUCAHO B 1.3. OAHY U Ty
ke ¢QyHKnuoo f,(x) W MONydYdM HOBOE MHOXECTBO (DYHKIIHMA, 3JEMEHTHI
KOTOPOT'O MOKHO OTTUCATh KaK:



fi @) =kfi(x) + fo(x),k € R (6)
rie k — HekoTopoe BelecTBeHHOe Yncio (amrututyaa f; (x))
f1(x) u f,(x) — nr0ObIe HETIPEPHIBHBIC (PYHKIHH

[peamnonoxumM, 9T0 Kakyr Obl Mbl (QYHKIHIO f,(X) HE B3sUIH, IUIOTHOCTh
BEPOATHOCTH HA STOM MOJMHOKECTBE (PYHKIIMH TakXe KaKk U B I.3. COXPaHHUT
HOPMaJbHBIA 3aKOH paclpeiesieHUuss OT aMIUIMTYAbl Kk (HO MaTeMaTH4ecKoe
OKHJJaHUE YK€ MOXKET HE PABHSTHCS HYJIIO).

To ecTh, ecii MBI BO3bMEM IIPOU3BOIILHYIO HEMPEPLIBHYIO GyHKIHUIO f, (X), a 3aTeM
Tak)Ke BO3bMEM IIPOM3BOJIBHYIO HEMPEPBIBHYIO (YHKIMIO f;(X) M yMHOXas Ha
pasMyHble BapUaHTHl aMILUIUTYABl k Oynem mpubaBiarh ee K fo,(x), mopoxkaas
TaKUM 00pa3oM MHOXkecTBO GyHKImi f; (x) (kak ObI coBepiIarolKe KojgeOaHus
BOKpYT f,(x)), TO MIOTHOCTh BeposATHOCTH P(f) Ha 3TOM MHOXECTBE (YHKIIHIA
Oy/IeT COOTBETCTBOBATh HOPMAJIBLHOMY 3aKOHY PACIIPEICIICHUS OT aMIUIMTYIbI K (HO
MaTeMaTUYeCKOE OKHUIaHUEe HEe 00s13aTeIbHO OyIeT COoTBeTCTBOBATh kK = 0).

PaccmoTpum crnenctBusi w3 1m.1-4, kakue OyayT CBOMCTBA Yy CIIy4allHOU
GbyHKIUY, 1151 KOTOPOM OHU BBITIOJTHSIOTCS.

[Tockonpky Oyaem cuutath 11.3-4. cipaBeUIMBBIMU IS JII00OM HENPEPbIBHOM
¢Gyukiuu, Torma w3 3toro ciexyer, uro P(f) Oymer OeCKOHEYHOMEPHBIM
HOPMAJIbHBIM ~ 3aKOHOM  paclpelelieHuss B T'WIbOEPTOBOM  MPOCTPAHCTBE.
@aKTUYECKH, TyHKTaMM 3 W 4 Mbl W TPEAIojaracM, 4YTO HUMEEM JEJ0
0ECKOHEYHOMEPHBIM HOPMAaJIbHBIM 3aKOHOM paclpeesieHus, BIPOYeM, HE YTOUHSsA
ero XapaKTepUCTHK (KpOME IPEATIOIOKEHUS O MATEMATHUECKOM OXKUIaHUH B TOUKE
HOJTB).

Onnako, 1000€ HEBBIPOXKACHHOE (UTO BBIMOJHIETCS B HAIIEM Cllydae)
MHOTOMEPHOE HOPMAJIBHOE PacipeAeIeHUE MOKHO CBECTU K BEKTOPY HE3aBUCUMBIX
HOPMAJIBHBIX CIIyYalHBIX BEIUYMH. OJTO O3HAYaeT, YTO O0A3aTENbHO HaileTcs
Takas MOCJIeI0BATSIbHOCTh QYHKIMI (00pa3yrommx 0a3uc, Mo KOTOPOMY MOXKET
OBITh pa3jiokeHa Jitobast JApyras HempepbiBHAsS (YHKIHS), C MOMOIIbIO KOTOPOM
MOXHO BBIPa3UTh PacCCMATPUBAEMYI0 HaMH CIIyYalHYIO (YHKIIMIO KaK JIMHEHHYIO
KOMOHWHAIIMIO ATOM TOCIEOBATENBHOCTH (PYHKIIUHA M HE3aBUCUMBIX CIIyYalHBIX
HOPMaJbHBIX BEIUYMH. A 3TO HE UYTO HMHOE KaK KAHOHMYECKOE Pa3JIOkKEHUE
cinyvyaitHol @yHkiuu. T.e. u3 3 U 4 MyHKTOB CIIEAyeT, YTO y TAKOW CIydyailHON
byHKIMHA 00513aTETHFHO JTOJDKHO CYIIIECTBOBATh KAHOHMYECKOE PA3IOKECHHE.

Kanonndeckoe pasnoxkenue cinyqainon pyukiuu (B.C. [Tyraues [1], ctp.248-249):
FGO = mp(o) + ) Vigy(), 7

J=1



rae my (x) — QyHKIHUS MATEMATHYECKOTO OKUIAHUS,

V; — HekoppenupoBaHHbIC CIyYallHbIC BEIUYMHBI, MAaTEMAaTHYCCKUE

OKUJAHUS KOTOPBIX PaBHBI HYJIIO (KO3 PHUIIMEHTH KAHOHUYECKOTO Pa3IoKeHus),

®;j(x) — xoopauHaTHBIE QYHKIIMY KAHOHUYECKOTO PA3N0KEHU

W3 11.3. cnenyer, uto me(x) = 0. A Takxe, MOCKOJbKY KOIHYECTBO ByHKIMiA ¢ (x)

B HamieMm ciydae Oyaer HecdeTHbIM, (7) 0000maeTcss 10 HMHTEIPaIbHOIO
KaHOHMYECKOTO IPEICTaBICHUS CIy4ailHON (QyHKIUH:

F(x) = f V(AD)e(x,A)dA, (8)

A
rae V(A) — Genblit mrym mapameTtpa A,
@ (x, 1) — HekoTOpas (HecayyaitHas) GyHKIHSA apryMeHTa X U mapamerpa A

TakuM 00pa3oM MOJydYaeTCs PA3JIOKEHHE BCEX BO3MOMKHBIX peaH3allHii
(HEeNpEephIBHBIX ~ (PYHKIMIA) 1O HEKOPPEIUPOBAHHBIM OECKOHEYHO  MaJIbIM
SIIEMEHTAPHBIM ciydaiHbiM  pyakimsam V(A)e(x,A)dA. Ho moka Mbl IHIIb
ClIeJIadd BBIBOJ YTO M3 I1.3 U 1.4 CIeIyeT CYIMIECTBOBAHME TAKOTO Pa3jI0KEeHH.

Paccmotpum teneps 1.1.

W3 Hero ciemyer, 4To paccMarpuBaeMas ciydaiiHas ¢yHkius (8) mpu
BBITIOJIHEHUU T1.1 JOoJKHA OBITH CTAIlMOHAPHOW. A 3HAYUT, OHA JIOJDKHA HMMETh
CHEKTPAIbHOE PA3IOKEHHE.

HNHTerpanpHOE KaHOHWYECKOE NPEACTABICHHUE CTAlMOHAPHOW CIIy4yalHOU
¢yukuum npeacrasieno B.C. ITyradessim B [1], ctp.333. Ho ucmonb3yemblii Tam
oenbiit mryM V (w), MHTEHCUBHOCTH KOTOPOT'O MOYKET OBITh Pa3IMYHOMN JJIs1 pa3HbIX
4aCTOT, Mbl MOXKEM IPEACTABUTh HANPAMYI0 KaK IPOU3BEIECHHUE COCTABISAIOLINX

1 S
V@)~ 3V(@) [, 9

rae V(w) OymeT ye MMeTh OJMHAKOBYIO HWHTCHCHBHOCTH Ha BCEX YacTOTax
(moyemy ucnosb3oBanue (9) OyaeT KOPPEKTHBIM, OYJIET MMOKA3aHO HIKE).

Toraa Mbl MOXeEM MPEACTaBUTH HAlLY CIy4aiHyo (QyHKLHUIO B CIEIYIOIIEM BHIE:

F(x) = lf V(w) Mei“”‘dw X,w € R" (10)
2 Jgn dw T
rae S(w) — choekrpambHas IUIOTHOCTh, HEOTPHIATENIbHAS —BEIIECTBCHHAS

CUMMETpHUYHAS PYHKITHUS,



V(w) — KoMIuIeKCcHas ciiydaiiHas (pyHKIHMS, KaKI0€ 3HAaUeHUE KOTOPOM ISt
MPOMEXKYTKA, COOTBETCTBYIOIIETO dw, SBIAETCS HE3aBUCHUMOW CiydyalHOU
BEJIMUYMHOU (KpOME JOTIOJIHUTEIHHOTO YCIOBHS, O KOTOPOM HUXKE), TeHCTBUTEIbHAS
M MHHUMasg 4YacTH KOTOPOH pachpeiesieHbl [0 HOPMAJIbHOMY 3aKOHY C
MAaTEMATUYECKUM OKHJIAHUEM PABHBIM HYJIIO U JUCIIEPCUEN paBHOM enuHuLe. T.e.
V (w) 510 Oeblil mIyM ¢ OJMHAKOBOM JUCIIEPCHEN HAa BCEX YACTOTAX.

JIONIOMHUTEIBHOE  YCJIOBHE. IIOCKOJBKY BCE BO3MOJKHBIE BapHaHTHI
peanuzaruii f(X) MOIDKHBI OBITh BEINECTBCHHBIMH, 3HAYUT IS JIOOBIX YacTOT W
sHavyeHus V (w) u V(—w) M0KHBI OBITHh KOMIUIEKCHO COMPSKEHHBIMH.

YToOBbI OTPA3HUTh ATO YCIOBUE MOACTUM IPOCTPAHCTBO YacTOT R™ Ha JBE YacTH
I u R} xakoit-1100 TMIepIIOCKOCTBIO pa3MepHOCTH N — 1, mpoxojsiei yepes
HayaJio KOOPIUHAT.

Torga V(w) MOKHO 3ammcarh;

Vr(w) + iV, (w), ecnn w € R}
Vr(w) — iV, (w),ectu w € R}’

V(w) = { (11)

rae Vi (w) n V;(w) — BelecTBEHHbIE CHMMETPUYHBIC CITy4daliHbIe (DYHKIINH, KaXKI0€
3HaYeHHE KOTOPBIX JJISI MMPOMEKYTKA, COOTBETCTBYIOMmEro dw u3 (9), 0quHAKOBO
U 49acTOT W W —w, SBIAETCA HE3aBUCUMOM CIIyYallHOM BEIIMYMHOM C
MaTEMaTUYECKUM OKHMJIaHHEM DPaBHBIM HYJII0 U AUCHEPCUEH PAaBHOW €IUHULE
(CMMMETpPHUYHBII BEIIECTBEHHBIN OEJIbIN 1IyM).

Torna (10) MoXxHO 3amucaTh Kak:

F(x) = % (Ve (@) + iV (w)) /%ei“’xdw +
R}

+% R;L(VR () — iV (w)) /% e X dw (12)

[MTockonbKy amnst m000# w, eciim w € R To —w € R} u HA00OPOT, TO BO
BTOPOM HHTErpaje MOXXHO TMepeiiTh K o00jacTd wuHTerpupoBanus R u
OJTHOBPEMEHHO 3aMEHUTh BE3/I€ W HA — B MOJBIHTETPATIbHOM BBIPAKEHUU.

F(x) = %fn(VR(a)) + iV,(w)) /%ei“’xdw

1 S(— :
+ E_[R?(VR(_(U) — iV (—w)) ’%e‘“‘”‘dw =



— fn S(w) (VR( )(elwx_l_e “"x)+LV,(a))(e La)x))

j ’ (VR (w) cos(wx) — V;(w) sin(wx))dw (13)
RTl

Taxkum 00pa3oM MBI MTOTYYUIIN WHTETPATbHOE KAHOHUYECKOE MPEICTABICHUE
Halel ciy4aitHou (yHKIIMU (COOTBETCTBYIOIIEE 3amucH (8)), BRIpaKeHHOE Yepes
JNEUCTBUTENbHBIE (DYHKIMM W HE3aBUCHUMbBIC JICUCTBUTEIIBHBIC HOPMaJbHBIC
CIIy9aiiHbIe BEIMYMHBI C TUCTIEpCHUEH PaBHOW eIUHUIIE.

Kak nokazanu npeoOpazoBanus, BeipaxkeHue (13) MOJIHOCTHIO COOTBETCTBYET
komiutekcHori ¢opme (10), B KoTopoit Oeiblii IyM OBUT MPEACTaBICH Kak
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Jis  Oonmee  ygoOHOrO  HAIJIAJHOTO  MPEACTABIEHUS  JajJbHEHIINX
npeoOpa3zoBanuii 3aMeHUM uHTerpai (13) 6eckoneunoit cymmoit. O003HauuM uepes
vJR OECKOHEUYHYIO TOCIE0BATENbHOCTh 3HaueHnd Vi (w) Kakmoe U3 KOTOPBIX
COOTBETCTBYET CBOEMY MPOMEKYTKY 00siacTu mHTerpupoBanus dw B RT (emy Oyaet
COOTBETCTBOBATh YACTOTA ;). BBeeM aHaTOrUYHYI0 IOCNIEI0BATEILHOCTH v} IS

Vi(w) us; nna S(w).

Torna (13) MOXXHO 3amucaTh:

F(x) = JZ(;\/% (v cos(w;x) — v/ sin(w;x))dw (14)

[Tonpa3ymeBas, uto dw 3TO HEKOTOpas oueHb Majas oOjacThb (B Ipenese
OeckoHeuHo Mautast, Toraa (14) npesparniaercs B (13)).

3anuiiem BoipaxkeHue (14) uyTh nHaue:

F(x) = Z vf /sjdw cos(wjx) — Z v /sjdw sin(w;x) (15)
j=0 j=0

Ho Beipaxkenue (15), 310 TO ke caMoe KaHOHUYECKOE Pa3JIOKEHUE CIIydalHON

¢bynkuuu Buga (7), rae GyHKIMS MaTeMaTUYECKOro OKHUJIaHWS paBHA HYJIIO, UJR 17}

v} 3TO HE3aBHUCUMBIEC CIyYaWHbIC BEJIUYMHBI C €IUHUYHOU IHCIEPCHUEN a pPOJib

KOOPJIMHATHBIX (PyHKIUHA BBIIOIHAIOT |/ Sjdw Cos(a)jx) u—,/sjdw sin(a)jx).



Torga MbI MOXKEM BBIPA3UTh KOPPEILHOHHYI (DYHKIMIO (KaHOHHYECKOE
pasioKEHUE Yepe3 KOOPAMHATHBIE (DYHKIIUM):
[0 0]
K;(xy,%,) = z sj(cos(wjx;) cos(w;x;) + sin(wjx;) sin(w;x; ) )dw
7=0

isj cos a)](xl xz)) dw (16)

j=0

T.e. MBI MOJMYYWIH ABTOKOPPEIALMOHHYIO (GYHKUIHIO (YTO M CIEJ0BaJIO
OKHMJIaTh JIJI CTAIlMOHAPHOM CilydalHON (DYHKITUN):

(00]

ke(7) = Z sj cos(w;7) dw (17)

j=0

Ecnu teneps B (17) oOpaTHO BEpHYTHCS K UHTETPAITY, TO TOJIYUYHM:

ke(7) = jS(a)) cos(wt) dw (18)

R

YTto sBJISIETCS U3BECTHBIM KAHOHUYECKUM IPEACTABICHUEM KOPPEISIIUOHHON
byukun, rae S(w) — cuekTpaabHas IIOTHOCTb.

Takum o00pa3oM MbI MOKa3ajdd, 4YTO MpPEACTaBICHHE OEIoro uryma us3
WHTErPaJIbHOTO KAaHOHUYECKOTO PA3JI0KEHUsI CTAlMOHAPHOM CilydailHOW (pyHKIIMU
yepe3 V(w) (ommchiBaemoro (11)) u criekTpaidbHON MIOTHOCTH S(wW) BO3MOKHO
yepe3 BeipaxxkeHue (9), a camy ciiydaitHyto QyHKIHIO OyAeT KOPPEKTHO MPEACTABUTh
yepes (10) B komruiekcHo# Gopme umm uepes (13) B AeiiCTBUTEIHHOM.

Tenepr paccMOTpuM, KaKk MOXXHO BBIpa3uTh HauOoJiee BEPOSTHYIO
peanu3anuto ciydaitHoit ¢pynkiuu (10) (unu ee xe B npeactasienu (13) wiu (14)),
KOTOpasi JIydllle BCETO COOTBETCTBYET 00yUaroliei BbIOOpKe (MCXO0IHAs 3a1a4a).

HOCKOHBKy BCC 3HA4YCHUA UJR 151 U]I SABJIAIOTCA HC3aBHUCHMbBIMU CquaﬁHBIMH

HOPMAaJIbHBIMU BEJIMYMHAMHU C MATEMATUYECKUMU OKUJIAHUSAMU PAaBHBIMU HYIIIO U
CAMHUYHOM Jucriepcueii, TO (YHKIMS IJIOTHOCTH BEPOATHOCTH peanu3aluui

ciydaiiHoi (yHKIMH (KOTOPYIo paHee 0003Hauman kak P(f)), BeIpaKeHHAs yepes3

R I .
v ¥ v; OyIer paBHAa IEPEMHOKECHHIO BCEX HOPMAIbHBIX paclpe/e/ICHAi

(OeckOHCUHOMEPHBIM  HOpMajbHBIA 3aKOH) KaXIOro W3 HUX MW Oyjer
MIPONTOPUMOHAJIbHA!

=

exp Ez (UJR)Z + (vf)z) (19)



Ho (15) yunThiBaeT TOJIBKO alipuOPHYIO MIIOTHOCTh BEPOSITHOCTU O€3 yueTa U;.

JonycTuM, 4TO BCe cliyyaliHble BenuuyuHbl U; B (1) HMEOT HEKOTOpYIO
nucnepcuro 02, YmuoxuMm (19) Ha COBMECTHBI HOPMAJBHBIA  3aKOH
pacrpeiesieHus U;, TOrJa MOJy4YUBIIAsiCs IKCIIOHEHI[MAIbHAs YacTh Oy/IeT:

k

exp —%; (vR) +(v’)) ZUZZuiZ (20)

i=1

Torga (aHATOTMYHO PACCYXKJIEHUSM C PEIICHUEM 337adyd C MCIOJIb30BaHUEM
BBIpaKeHHs (2)) mouck Hamiyumied peanmzanuu B (14) umu (15) Oynmer mouckom

TaKHUX MOCJIeI0BATEIbHOCTEH v]R u v]I KOTOpbIE MAaKCUMHU3UPYIOT 3HaueHue (20).

Ho nouck makcumyma (20) paBHOCUIIEH TOUCKY MUHUMYMa.!

%i((”ﬁz T (”11')2) U%iu? ~ min 21)
=0

i=1

OOyuatomas BeiOOpka Ha ocHoBaHuU (1) u (15) mopoaut cucteMy ypaBHEHUIA:

( (00 (00

z v |sjdw cos(w;xy) — Z vl |sidwsin(wpx,) +uy =y,

Jj=0 j=0

z vft ,sjdw cos(wjx,) — Z v /sjdw sin(wjx,) +u; =y, 22)

/s]dw cos(a)]xk) z /sjdw sm(w]xk) + Up = yi

[TonyyaeTcs 3agaya MuHUMH3auuu (21) mpu cucTeMe OrpaHUYEHUN B BUJE
paBeHCTB (22). Ee MOXKHO peluTh MET01I0M MHOXKUTeNel Jlarpanxa.

-

K}O

@ynkuus Jlarpanika MojayduTces Cleayromas:

0o k
1 1
L(Vf,vg,--lvilvé'--»up--'uk"ll""'1")=§z (UR) -I—(UI) Tﬂzu T
j:O i=1

k oo 00
+ z il yi—u; — Z vft ’sjda) cos(w;x;) + Z v ’sjdw sin(wjx;) |, (23)
i=1 7=0 7=0

rne A; — MHOHTeNH JlarpaHxa, KOTUYeCTBO KOTOPBIX PAaBHO pasMepy o0ydJarorien
BBIOOPKH.



dL

N3 ycnoBuit Frr = 0 nmomyuum cHoBa cucTeMy ypaBHeHHiA (22).
i

dL
N3 ycnosuii TR = = 0 nonyunm:

]
k
= /dewz/li cos(wjxi) (24)
i=1
dL

N3 ycnosuii i = 0 nomyumm:

J
k
— /dewz/li sin(a)]-xi) (25)
i=1
dL

13 ycnosnit — = 0 momyunm:
du;

u; = 0'2/11' (26)

T.e. pa3nuna, koropasi 0003HaUe€HA Yepe3 CIy4yalHbIe BETUYUHBI U;, MEKIY
HaWIy4dImuM BapuaHToM f(x) u oOyuaromieid BeiOOpko# B (1) mo/mkHA OBITH
MPOTOPIIMOHANIbHA MHOKUTENAM Jlarpanka (mpu pemenuu 3agaun (21) u (22)). U
CBSA3aHBI OHM OYIyT 4yepe3 Kod(Q(PUIUEHT 02, NpeaCTaBIIOIMI cOO0M UCTIEPCHIO
BEJTUYMH U,;.

Bripazum Hanbosiee BeposTHYIO peanu3zaiuio f (x), moacraBus (24) u (25) B (15):

k
flx) = sj ) Ai cos(a)]x ) cos(a)]x) dw + z Sj z A sm(a)]x ) sm(a)]x) dow =
=1

k %
zAlZS]cos w; (x; — x)) (27)

i=1 j=0

B (27) monyumiioch HE 4YTO MHOE KaK CyMMa KaHOHHMYECKHX Pa3I0KCHHUI
KOPPESIIMOHHON (PyHKIINK (KOTOPYIO ykKe moydriiu B (16)) ¢ MHOKHUTETSIMU A;.

B urore:

k
FO0) = D ke =) (28)



TakuMm 00pa3oM mojydyaeMm, YTO €CIM AOIMYCTUTh BbIMOJHEeHHEe 1.1,3,4, TO
pemenueM (1) gomkHa OBITH MTUHEHHAs KOMOMHALIMSA KOPPEISIUOHHBIX (PYHKINN

(28).
Yro6wr Hatitu koddduruentsr Jlarpamxka B (28) moacraBum (24), (25) u (26) B
cucremy (22).

Aikf(xi —x1) + 0% =y,

Aiks(x; = x2) + 0%2, =y, (29)

N I I

Aike(x; — x3) + 024 = Yy,

\i

I
e

Banmumem (29) B MatpuuHOi Gopme. B 5T0M ciaydae 02 npubasiseTcs K IIIaBHOM
JaroHau:

(K +0%E)A =Y, (30)

rne K — xBamparnas marpua snemMeHToB k; j = ks (xl- — xj)

E — enunnunas matpumna
A- BekTop cronoern (A, Ay, ..., Ag)
Y — Bexrop cronber; (yy, Vs, o) Vi)

CootBerctBenHO A u3 (30) BhIpaXkaeTcs Kak:
A=(K+ad%E)ly (31)

Eciu B (31) B3a16 02 = 0, TO OYEBMAHO, YTO 3adaua arnmpokcumanuu (1)
npeBpamaeTcs B 33Jady MHTEPIONALMHU. Perynampys 3HadeHHE 02 MOXKHO
OIPEENIATh CTENICHh TOYHOCTH COOTBETCTBUSA f (X) M oOyuaroreii BeIOOpKH B (1),
4TOOBI U30EXKaTh MPOOIIEMY “niepeoOyueHus’ .

B utore, yepes Boipakenus (28) u (31) 6110 TIONTydeHO perenue 3anaqu (1),
OJTHAKO B MpeoOpa3oBaHUsIX OblIa MCIIOJb30BaHa CIIEKTpalibHas TUIOTHOCTH S(w)
(uepe3 KOTOpyIO BhIpaxkaeTcsi koppemsiuonHas Gynkmus B (18)), koTopyro moka
HUKaK HE ONpeIeTUIH.



O6osnaunm kak Sp (w) cnekTpanbHOe mnpejcTapienue ¢ynkiuu fi(x),

KOTOpasi ABJIAETCS HEKOTOPOIl KOHKPETHOU peanu3aliueit ciydaitnoi gpyukuuu (10),
B BUJIE:

1 S (a))
5, (@) = 5 V1 (@) [~ (32)

rae Vi (w) — HekoTopas KOHKpeTHas peanm3aiys V(w), T.€. COBOKYIHOCTh
3HayeHui, kotopsie V (w) npuHsia, B pesynbrare yero (10) oOpatuiack B OJHY U3
CBOMX peanusanmii f; (x).

f1(x) =J Sfl(w)ei“’xdw (33)
RTL

AnanornyHo 0003Ha4MM Kak S (w) CHEKTpalbHOE IIPEICTaBJICHHE
HEKOTOPO# npyroit GyHkIwmu f; (x).

[Mpennomnoxum, uro f;(x) u f,(x) Takue, 4TO A HUX BBIIOJHICTCA 11.2. (4).

f2(x) =j Sy (a))elwxda) = kf1 kJ St, (a))elwkda) =

X W ,
= jRn k"“sfl(w)elwﬁdg = Lnk"”Sfl(wk)e“‘”‘dx (34)

CpaBuuB Hauajao ¥ KoHell B (34) MOJIy4YHUM COOTHOIIEHHUE MEKIY CIEKTPAIbHBIMU
npeacraBacHusMu 1 f; (x) u f, (x) 1715 KOTOPBIX BBIIOIHIETCS 1.2

Bepnemcs Teneps k (32), HO 3anuiiemM ero uHade, Bbipasus V; (w):

Vi(w) = 25 (w) (36)

dw
S(w)
[TockosbKy B 1.3 MBI YCJIOBWINCH, YTO allpuOpHAs MJIOTHOCTh BEPOSITHOCTEN

takuXx ¢yHkuuid fi;(x) m f,(x) nomkHa OBITH OJAMHAKOBOW, 3TO 3HAYUT, YTO
BoIpaxkeHue (19) mys Hux o0enx JOJKHO JaBaTh OJTHO U TO K€ 3HAUCHUE.

Ho Beipaxxenue noa cymmoii B (19) Mbl MOkeM 3aMEHUTH Kak:

WD) + ()" = V(e (37)



KBazpar moayJist (36) as1s 4acToThl W OyeT:

|V1(a)j)|2 _ |Sf1(w1)| (38)

(“)J)

[ToncraBus (38) B (19), noayunm:

157, ()]
exp| —2 z (a)]]) (39)

Ho »ta cymma B (39) B npenesne 1act UHTErpat:

2
exp| —2 j%dw = exp( j|SJ;Ew))| dw) (40)
R

Rn

3nauurt, ecu s f1(x) u f,(x) MIOTHOCTH BEPOSTHOCTH OYJIET OJMHAKOBOA,
TOT/1a OJMHAKOBBIM JOJDKHO OBITh M 3HaYeHHE BhIpaskeHus (40), 4TO BBIIOIHIETCH,
KOTJIa paBHBI MEXKY COOON MHTErPAIbHBIC €r0 YaCTH !

2 2
j|5f1(“))| doy = f|5f2(w)| do

S(w) S(w) (41)

RTL

[ToxcraBum B (41) HalileHHOE paHEEe COOTHOIICHHE MEXKIY CIEKTPaTbHBIMU
npeacTaBieHusiMu (35):

sp@l _ (lsp@l sznﬂlsfl(wwlzd

“S() S S(w) -
k"+2|5f1(wk)|2 kn+2| (w)l

= d(wk) = (42)

,i O

CpaBHUB Hauajo U KoHel B (42) MOJy4YuM COOTHOLIEHUE /JIs CIEKTPaIbHOM
IJIOTHOCTH:

Sw/k) _ 4

[TockonbKy paccmaTpuBaemasi ciaydaiiHas (YHKIUS CTallMOHApHA, TO
aBTOKOppesaimonnas ¢yHkius (18) momwkHa o0nagaTh paaraabHON CUMMETPUEH.
Tornma paguanbHON CHMMETpPUEH HOJKHA 00J1a/1aTh U €€ CIIEKTpalibHAasl TUIOTHOCTD.



Takoit pyHkumeit, ynosnerBopsroiiei (43) Oyner:
S(w) = allo||~™*?, (44)
7€ @ — HEKOTOPBIM K03 PUITHeHT

Tak kak @ € R™ u sABJIIETCA MHOTOMEPHOU BeIUUMHOM (wq, Wy, ..., Wy,), TO
(44) MOXXHO 3amucaTh U Tak:

n+2
S(wy, Wy, vy wp) = alw? + w3+ -+ w2) 2 ,wq, Wy, ...,w, ER (45)

Kaxk BumHO, BeIpakeHue (43) OyaeT crnpaBeIMBO IpH JTF000M KodpduireHTe
a B (44) unu (45), KOTOPBIH MOKHO BHIOPATh UCXO/s U3 HpecTaBlIeHus, uTo k¢ (0)
Oyzer sBIATBCS jucrepeneil ciydaiinoil dynkumn. CoorHomenne kp(0) u o2
Oyzer onpeaesaTh, HACKOIbKO TOYHO f(X) MO/DKHA COOTBETCTBOBATH OOyUarOIICH
BbIOOpKe. Kak BuaHO no (31) u (28), ecinm 0HOBPEMEHHO YMHOXUTh Ky U 0% Ha
HEKOTOPBI MHOKHUTENb, TO pyHKIHS (28) ocTaHETCSI HEU3MEHHOM.

PaccmoTpum 6osee moapoOHO pe3ynbTaT, noyyuBIniics B (44) u (45).

O6osnauum T B ke(7) B (18) kak Bektop (7y,Tp,..,Ty) M HCIONB3Ys

CIIEKTPaJbHYI0 IUIOTHOCTH (45) 3amummeMm (3a04HO mepeins u3 obiactu
uHTerpupoBanus R{' B R™):

k(1,72 s Tp) = 5 ———dw,dw,_; ...dw; (46)

a j j cos(wiTy + w7, + -+ + W, Ty)
2_00 2w (@PH wi+ ot wR) 2

Yem OyaeT ABIATHCS CEUEHHE KOPPEIIUMOHHON pyHKIMM (46), Hanpumep, Ipu
ycnoBun 7,=0? PaccMoTpum camblii BHyTpeHHHM uHTETpa B (46) mipu 7,,=0.

(e 0]
cos(wyTy + wyTy + -+ + Wy_1Ty_1)
5 5 n+2 Wy =
2
o (w] + w5 + -+ + w2) 2

dw,

= 2COS((1)1T1 + wyT; + 0 F wn—lrn—l) j n+2 (47)
0 (Wit wi+-+wi)2

Cremaem 3aMeHy:

Wi+ w5+ + Wiy

2 2 4 ... 2 2
w] +w; + -+ w, | + w;

=1-t (48)

Ecnu BeimonHuTh peoOpaszoBanus, Toraa (47) mpeoOpasyeTcs B:

1
n—1

cos(w, Ty + W, Ty + -+ W, 1T,—1) [ _1 n-1
171 272 no1tnot) =301 _ o T dt =

) ) ) (n—-1)+2
(Wi + w3+ +w,_y) 2 0




COS((U1T1 + szZ + b + (l)n_lrn_l) (1 n + 1)

(n—1)+2 2’ 2
@+ 03+t 0l ) 2

(49)

rae B — Gera-gyukmms Ditnepa

Torna ceuenne (46) mpu 7,,=0 OyzaeT:

ke(T1, o) Tnog) =
a (1 n+1 cos(w1Ty + =+ + W, Ty
== (E’ - )ff (@17y n ?n_ll)mdwn_l wdw; (50
—o00 —00 ((I)f + (1)22 + -+ (1)721_1) 2

a, (1 n+l
[TockoJbKy EB 5+~ ) ATPAeT pOJlb HEKOTOPOTo kordduireHTa, cpaBHUBAs

(50) u (46) MOXHO czeNaTh BBIBOJ, YTO €CJIH JUIsl KOPPEJSIIMOHHON (PYHKIIMU B
npoctpancTBe R™ mpoBecTH uepe3 Hadajio KOOPAUHAT CEUYECHUE Pa3MEPHOCTHIO
R™ 1, 10 0HO OyHeT SKBHMBAJIEHTHO KOPPEIALUOHHON (QYHKIHMU B IPOCTPAHCTBE
R™ 1 pripaxennoe cHoBa uepes (46) (oTmuaich auib KodGPUIHEHTOM a B (44)-

(45)).

OTcroga MOXHO CZENIaTh BbIBOJI, YTOOBI HAUTH KOPPENALUOHHYIO (PYHKIIHIO,
JOCTATOYHO OyJAET ONpeNenuTh €€ I OAHOMEPHOrO Ciiydas Ha MPOMEXYTKE T €
[0, +00), a 3aTeM NOJIB3YACH CBOMCTBOM €€ PaJUATbHON CHMMETPUH, OMIPEICITUTD €€
JUISL IPOCTPAHCTBA JIFOOON Pa3MEPHOCTH.

CrniexTpajbHas MI0THOCTH (44) (ecin B3sTh @ = 1) 17151 OTHOMEPHOTO Cliydas OyeT:
S(w) =|w|™3,w€R (51)

Cnyuaiinas ¢pyHKius, BeipakeHHas B Bue (13) B omHOMEpHOM cilyuyae MpuMeT BUJ:

(e0)

Vg (w) cos(wx) — Vi (w) sin(wx
F@):f r(w) cos(wx) — Vi(w) sin( )mm £.© € R (52)
wVwdw
0
Koppensuuonnas pyukuus (18) B oqHOMEpHOM Citydae:
‘ cos(wT)
kf('l') =Jwa (53)

0

Moayib ot yacToThl B (52) 1 (53) MOKHO yOpaTh, MOCKOIBKY HHTETPUPOBAHHE
B OyJIET TOJIBKO B MOJIOKUTEIBLHON 001aCTH.

Opnnako B (52) u (53) BuAHO, YTO TPU NPHUOTUKEHUM YaCTOTHI W K HYIIO
BBIPKEHUE 0] HHTETPAJIOM CTPEMHUTCS K OECKOHEYHOCTH.



Bo3bMeM HEKOTOpO€ O4YeHb Malioe 3HadeHne gy >0 u paccMoTpum
ClIy4daiiHyr0 (QyHKIHIO, aHaJIoTUYHYI0 (52), HO y KOTOpOH (y BCeX ee peanu3aliuii)
YaCTOTHI MEHBIIE W, OTCYTCTBYIOT.

Ee Beipaxxenune OyneT oTauM4athcs OT (52) TONBKO HIDKHUM TPEACIOM
WHTETPUPOBAHUSA

(0]

Vi (w) cos(wx) — Vi (w) sin(wx
F(X)ZJRU (@) ~Vy(@)sin(@) s
wVwdw
Wo
Koppensunonnas GyHkmus njs Hee OyaeT:
cos(wT)
kf(T) = Jwa (55)
Wo
["apMoHMYECKOMY KOJIEOAHHUIO C YaCTOTOH W, OyJeT COOTBETCTBOBAThH IEPHOI.
T, = 2" 56
=4 (56)

[TycTh wq B35TO Takoe, 4yTo nepuoji T, MHOTOKPATHO OOJIbIIE, YEM JThaIa30H
3HauYeHUMN X U3 oOyuaroiel BeIoopku. Toraa Bce KoeOaHus 4acTOT, MEHBIIIUX YeM
o, BHYTPU 3TON 001acTu OYIyT BBIPOKIATHCS B JIMHEWHBIE CllaraéMble U Malio
OTJINYATHCS APYT OT JIPyTa U OT YACTOT HECKOJBKO OOJBIINX, YEM Wy .

[ToaTOMy MOXHO OXHAATh, YTO €CJAM 3HAYEHUS OO0ydaromeld BBIOOPKH X
OTpaHUYCHBI HEKOTOPBIM KOHEYHBIM JTMAITa30HOM, TO BCETJa MOXHO B3SITh TaKOE
Majoe wg, 4to (54) u (55) OyAer HOMyCTUMOM C MPAKTUYECKON TOUKH 3pEHUS
3ameHout (52) u (53), a mpu yCTpeMJIEHUU W, K HYJIO OHHM CTAHOBSTCS
HKBUBAJICHTHBIMH.

BhITIOTHUM JTBaKTbl HHTETPUPOBaHKE (55) 1O YaCTAM:

‘ cos(wT) cos(w)|” oosin(a)r)
e () = de‘”:‘W B JT =
wo “o wWo
cos(wr)  sin(w?)\|” 72 oocos(a)r)
=\~ 542 +7 0 _Ef—w dw (57)
[On) wo

OmauM M3 MHOXUTENEH B TMOcieqHeM ciaraeMoM B (57) moiyduics
MHTETPAIBHBIN KOCUHYC.



PaccmotpuM ero 0osiee moapoOHO (mpuHUMasT BO BHHMAaHUE,

paccMmarpuBaeM Jimiib T = 0).

(0]

B j‘ cos(wt) doy = — j‘ocos(wr) d(wr) =

w wT
wq WoT
(1)07.'
cos(w) —1
= ¥ + In(w,T) + f —( a)) dow ,

0

rZi€ Y — MOCTOsIHHAs Dilliepa-MackepoHu

Torna (57) npeobpa3zyercs B:

woT
—COSZ(;)SOT) — 12 —Slrzli)a;o;) + %TZ Yy +In(7) + In(w,) + Oj —COS((Z)) —!
woT _
=%T2 In(7) + ln(a)o)+y+j %dw—% +
0
cos(wgT)
2w?

dw

qTo

(58)

(59)

ITockonbKy, KaK yKe pacCMOTPENH BbIle, kf(T) MBI MOXEM yMHOXKHTb Ha

TIPOM3BOJILHBIN KO3((QUIUEHT, a BaKHO TULIL cooTHOIeHUE k¢ (0) u a2, 10 B (59)

1
MBI MOKEM yOpaTh > (59) 3anucath Kak:

ke (1) = t2(In(z) — b(2)) + c(1),
rie
b(t) = w- In(wy) —y — J %dw
() = COS(E)GZ)OT)

Ecnu yctpeMuts wg K HyJ10, T0 b(T) 1 ¢(T) ycTpeMATcst K 0ECKOHEYHOCTH.

lim b(t) - +oxo,

wo—+0

li o0
wol—r>r}ro c(t) » +

(60)

(61)

(62)



A cnyuaiiHas QyHkius, onuckiBaemas (54) u (55) OyaeTr mpeBpamatbcsi B
Cly4aiiHyr0 (QyHKIH0, onuckiBaemyto (52) u (53). Xots Buano, uto c(t) Oymer
YCTPEMIIATHCS K OECKOHEYHOCTH ropasno ObicTpee, YyeM b(T), 3HaueHHEe KOTOPOro
Oyzmer B OCHOBHOM omnpezensathes Jorapupmom (— In(wy)).

Ho ecnu B34Th W AO0CTaTOYHO MajIbiM, 4TOOBI TIepro (56) ObLT 3HAYUTEITHHO
OoJIbIlIe, YeM TUana3oH u3MeHeHus T, 10 b(T) u ¢(T) pakTuIecKu MpeBpPaIIaloTCs
B KOHCTaHTHI, a B (60) MbI OJyYUM KOPPEJSIIIUOHHYIO (PYHKIINIO, KOTOPYIO Y1I00HO
UCIIOJIb30BaTh JJIsl BEIYMCICHUH.

Takum 00pa3oM MbI MOJYYUSIM ABTOKOPPEISIMOHHYIO (GyHKIHIO (60) s
ogHOMepHOTro ciydass U T € [0,400). Ee serko o00OOIINT, HA MHOTOMEPHBII
CJIy4ai, MOCKOJIbKY OHa JIOJKHA 00J1aaTh paguaibHON CUMMETpPHE.

[TosmyyaeM UTOTOBBIN pPE3yJIbTAT:
ABTOKOppESAIIMOHHAS (DYHKIIUSA:
ke(t) = t*(In(|lz|l) = b) + c,T € R" (63)
r7e b U ¢ — KOHCTAHTHI, KOTOPBIE MOXHO OIEHUTH 10 opMynam (61) u (62)
Breinuiiewm ernie pa3 noxyueHHubsie Gopmyisl (28) u (31).

PemenueM 3anaun annpokcumanuu (1) Oyaer pyHkuums:

k
FO0) = D ke =) (64)
i=1

KoaddummeHTs! A; onpeaensroTcs CUCTEMO ypaBHEHUM:
A= (K +o0*E)"Y (65)
rne K — xBagparnas marpuma anemenTos k; i = k¢ (xl- — xj)
E — enunnunas matpuna
A- BekTop cronoen (A, Ay, ..., Ag)
Y — Bexrop cron6er (yq, ¥y, ) Vi)
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O © — nucriepcust Cily4yalHbIX BeIU4YuH U; 13 (1)

[Tonyyennas nunelinas komOuHaus (64) pynkuuit (63) U3BeCTHA TaKKe Kak
MOJMTapMOHMYECKUH CIIaiiH (MM €ro pa3HOBHIHOCTD, CTUIAH TOHKOM MIACTHHBI
(thin plate spline) [3] u [4]). Ho B manHOM cilydae €CTh HIOAHCHI MCIIOJb30BaHM,
TaKhe KaK HCITOJIb30BaHWE KOA((HUIMEHTOB b U €, KOTOPBIC OIICHUBAIOTCS UYepe3



(61) u (62), npaMoe BBEJEHHE 02 CIyYaiiHBIX BEJIMUYMH U; B CHCTEMY ypaBHEHMIA
(65), uTOOBI perKuTh 3a1a4y aIpPOKCUMAIIUH.

[Ipumep:

B kawecTBe HamIAHOIO NpUMEpa PAcCMOTPUM  OJHOMEPHBIM  Cilydau
anIpOKCUMAaLUH.

Bo3pmeM 00yuaroriyio BEIOOPKY, y KOTOpOW OOJbIIasi 9acTh BXOJHBIX 3HAUCHUN
aexuT B uHTepBajsie oT 0 10 10, T.e. I OLIEHKU 3HAYCHUH b U C IpUMEM, 4TO T
u3mensiercs ot 0 go 10.

Bossmem w, = 0.001. Takum 00pa3oM COOTBETCTBYIOLIUIN ITON YaCTOTE MEPUOJ
(56) oyner paBen T, = 6283.1853, uro mpumepno B 600 pa3 Ooiblie, yeM
U3MEHEHHUSl MEXAYy 3HAueHUsIMU X;. BHojHEe MOKHO AONMYCTUTH, YTO HAJIUYUE
YacTOT MEHBIIUX W, (C emle OOJBIIUM MEPUOJIOM) JIJIS pELIEHUs 3a]a4l B HAIleH
00J1aCTH anmnpoOKCHUMAIMN HE UMEET CYLIECTBEHHOTO 3HAYEHUSI.

CpasuuM 3Hauenust b(t) u ¢(t) u3 (61) u (62) npu BeiOpanHOil Wy = 0.001 u
3HaueHusAX T = 0 u 7 = 10.

b(0) = 1 + 6.907755 — 0.577216 + 0 = 7.33054

b(10) = 0.999983 + 6.907755 — 0.577216 + 0.000025 = 7.330548
¢(0) = 1000000

¢(10) = 999950.000416

Bnayenus b(t) u c(r) mpu T = 10 orHOCHTENBHO uX xe mpu T =0
u3mennuch Ha 0.0001% u 0.005% cooTtBetcTBeHHO. [I0ATOMY BO3bMEM B KaueCcTBE
HUX MPOcTO KoHCTaHThl b = 7.33054 u ¢ = 1000000.

[TonpobyeM cHauana B3aTh 02= 0 B (65). B stom ciyuae Bce u; B (1)
CTaHOBSTCSI PaBHBIMU HYJIO, f(X) AO/KHA TOYHO Oe3 OIMIMOOK MPOWTH Yepe3 BCe
TOYKU M3 o0yuvaromiel BBIOOPKH. 3a7ada anmpoOKCHMAIIMU MTPEBPAIIaeTCs B 3a1a4y
uHTEepnosinuy. Uto u HabmogaeTcs Ha pucyHke 1.



f(x)

5.0

2.0

1.0+

! ! ! ! ] ] ] ] ! ! !
1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 11.0

Pucynoxk 1.

®Oynkius (64) 1erko BOCIPOU3BOAMT JIIOOYIO CIOXKHYIO HEJIMHEHHOCTH 0e3
KaKUX-JTHOO CKAYKOB WITH OCITUJUIAIIMA MEKIY COCETHUMHU TOUKAMHU.

Eciu B3sTh 02 > 0, TO epexo/iuM K MCXOHOI 3a1ade anmnpokcuManu (1).

f(x)

Pucynoxk 2.

B naHHOM cily4ae, M300pakeHHOM Ha pucyHke 2, 02= 0.625 .



3akJIoueHue.

Takum 00pa3zom OBUIO MMOKa3aHO, YTO PErPECCHOHHAs 3ajadya MAaIIMHHOTO
oOyd4eHHsI Kak 3aJada MHOTOMEPHOW amnmpoKCHMaInu, BeipakeHHas (1), moxer
OBITh peIlleHa Ha OCHOBE TEOPUHU CIyYalHBIX (DYHKIUH, €CIIM TPEANOI0KUThH
CYIlIECTBOBaHME B (YHKUIHMOHAIBHOM MPOCTPAHCTBE HEKOTOPHIX CUMMETPHIA
IJIOTHOCTH BeposTHOCTH (3)-(6). Pemenuem Oyxaer nuHEWHas KOMOWHAIUS
KOPPEIAIMOHHON (DYHKIIMU, CHEKTpajbHas IJIOTHOCTh KOTOpoi (44)-(45) Takke
MOXET OBITh BBbIBEJECHA M3 OAHOW u3 cummetpuil (4). [anee mokazaHo, 4YTO
KOPPETSAIUOHHON (YHKIIMM ¢ TakoW IIOTHOCTHIO C HEKOTOPHIMH HIOAHCAMHU
COOTBETCTBYET IIOJIMTAPMOHMYECKOMY cIutaiiHy B Buje (63). U kak wuror,
BoIpaxkeHus (61)-(65) nus pemenus 3agaun (1).

Cnucok aureparypsl:

1. B.C. Ilyraues, Teopus ciydailHbIXx (DyHKIMA ¥ €€ MPUMEHEHHUE K 3aJadyam
aBTOMATHUYECKOro yrpasieHus. U3a. 2-oe, nepepad. u gonon. — M.: OuzMartiur,
1960.

2. R.L. Harder and R.N. Desmarais: Interpolation using surface splines. Journal
of Aircraft, 1972, Issue 2, pp. 189—-191

3. Bookstein, F. L. (June 1989). "Principal warps: thin plate splines and the
decomposition of deformations”. IEEE Transactions on Pattern Analysis and
Machine Intelligence. 11 (6): 567-585. d0i:10.1109/34.24792

4, http://www.machinelearning.ru/wiki/index.php?title=Muoromepnas_unTepmn
OJISILIMSL_M_anmpoKCUMAalusi _Ha OCHOBE TEOPUHU CIyYallHBIX (PYyHKUUN



