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Abstract

The goal of this note is to study the spectrum of a self-adjoint convolution operator
in L?(R?) with an integrable kernel that is perturbed by an essentially bounded real-
valued potential tending to zero at infinity. We show that the essential spectrum of such
operator is the union of the spectrum of the convolution operator and of the essential
range of the potential. Then we provide several sufficient conditions for the existence
of a countable sequence of discrete eigenvalues. For operators having non-connected
essential spectrum we give sufficient conditions for the existence of discrete eigenvalues
in the corresponding spectral gaps.

1 Introduction

In this paper we study the spectrum of self-adjoint non-local convolution type operators
with a potential of the form

(Lu)(x) = /a(a: —yu(y)dy + V(x)u(z) in LQ(IRd). (1.1)
Rd

Our goal is to determine the location of the essential spectrum of operator £ and to provide
conditions on the functions a and V ensuring the existence of countably many points of the
discrete spectrum.

In our previous work [2] we studied a similar spectral problem under the assumption
that V is the Fourier image of some function V & L1(R%). Here we drop this conditions
on the potential V' and only assume that V is a L, function that tends to zero at infinity.
For such a potential the essential spectrum of L is getting more complicated, in particular,
spectral gaps can appear. Our first result describes explicitly the essential component of the
spectrum.

Then we provide simple sufficient conditions guaranteeing the existence of infinitely many
discrete eigenvalues below or above the essential spectrum. We stress that in 2] the condi-
tions ensuring such a structure of the discrete spectrum have been formulated in terms of
the behaviour of higher order Taylor or Fourier coefficients of a(-) and V localized in the
vicinity of their extreme points. This imposed in particular quite restrictive regularity as-
sumptions on the functions a(-) and V. Moreover, these conditions are rather implicit, it is
difficult to check if they hold true. In the present work sufficient conditions for the existence
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of infinitely many points of the discrete spectrum are given in terms of agreed lower bounds
on V at infinity and on the Fourier image of a(-) in the vicinity of its maximum point, no
regularity of these functions is required.

We also show that there can be additional eigenvalues in the spectral gaps and provide
sufficient conditions ensuring the existence of such eigenvalues.

In recent years, there has been an increasing interest of mathematicians in non-local
operators of convolutional type with an integrable kernel. Such interest is motivated by
the fact that such operators possess many interesting nontrivial properties, which are not
exhibited by classical differential operators. One more reason is the presence of non-trivial
qualitative and asymptotic problems in this theory, for instance, various non-local homog-
enization problems, local estimates for the fundamental solution and the Green function,
large time asymptotics of the fundamental solutions, spectral problems, etc.

In applications, non-local convolution type operators appear in such fields as population
dynamics, porous media, image processing, see [1], [4] and [5] for further details. One of the
mathematical tools widely used in population dynamics is the so-called contact processes in
continuum, see e.g. [6], [11]. These processes are a particular case of continuous time birth
and death processes with infinite particle configurations in continuum. The function a(-) is
called the dispersal kernel and it defines the distribution of a position of a newly born particle
in the configuration. The mortality rate determines the intensity of death, in heterogeneous
environments it depends on a position in the space. This leads to the appearance of a non-
constant potential V' (-). One way of describing the evolution of stochastic infinite-particle
configurations in continuum is based on studying a hierarchical system of evolution equations
for the corresponding correlation functions. The equation for the first correlation function
is decoupled and it reads as

owu(z,t) = Lu(z,t) in RYx (0,+00), u(x,0) = up(x).

Since the first correlation function represents the density of population, the large time be-
haviour of the population is characterized by the spectrum of £. In particular, once the
operator £ has points of discrete spectrum above the top of the essential spectrum, the pop-
ulation shows an exponential growth, see |7] and [8] for further discussion on this subject.

In some applications the description of various processes based on non-local convolution
type operators is more accurate than the description based on differential equations. The lat-
ter provides an approximation that is suitable for characterizing the macroscopic behaviour
of the studied models and for obtaining the large time asymptotics of the corresponding
evolution processes. This is in a good accordance with the recent rigorous homogenization
results for convolution type operators stating that, both in periodic and random stationary
media, the effective operator is a second order elliptic differential operator, see [3], [10].

Since under the diffusive scaling convolution operators approximate differential operators,
it is natural to compare the spectral properties of non-local operators (1.1) and those of
the classical Schrodinger operators. It should be emphasized that, unlike the Schrodinger
operator, the operator of multiplication by V in (1.1) is not relatively compact with respect
to the convolution operator. Therefore, the essential spectrum of £ need not coincide with
the essential spectrum of the convolution operator. And this is indeed the case: we show
that the essential spectrum of £ coincides with the union of the essential spectrum of the
multiplication by V' and that of the convolution operator, see Theorem 1.

It is well-known that localized perturbations of classical differential operators can create
discrete eigenvalues below the essential spectrum. Since very first classical works [14], [15],
|16], [17], such phenomenon was discovered and studied for plenty of models in hundreds of
works and being not able to cite all of them, we just cite a recent book [18], in which a nice
survey of the current state-of-art was provided. We also mention that a perturbation of the
bottom of the essential spectrum for a differential operator can violate the preservation of
total multiplicity and there are many mechanisms for such phenomenon, see [19], [20], [21],
[22], [23], [24]. It is then known that, in the case of perturbation of differential operators, a
weakly decaying potential can create infinitely many eigenvalues emerging from the bottom



of the essential spectrum, see for instance [12, Sect. XII.3|. In dimension three an appropri-
ate decay of the perturbing potential for such phenomenon is |z|=2. In the non-local case
that we study the potential and the convolution operator are both bounded and equipollent
from this point of view. This is why in the considered case a much more wider class of local-
ized perturbation can produce discrete eigenvalues bifurcating from the essential spectrum
including the case of infinitely many such eigenvalues. In the present work we focus on suf-
ficient conditions ensuring the existence of infinitely many eigenvalues that are formulated
in terms of simple lower bounds for the potential V' at infinity and for the function a in the
vicinity of its maximum point, see Theorems 2-4 in Section 4. It is worth noting that in
the case of a non-negative a(-) being a probability density the conditions of existence of an
infinite discrete spectrum of £ can be formulated in terms of the asymptotic behaviour of
a(-) and V() at infinity. Then, in Section 5, we provide simple sufficient conditions for the
presence of points of the discrete spectrum in spectral gaps.

2 Main assumptions

Now we formulate general conditions on functions V' = V(z) and a = a(z). We assume that
a € Li(RY), a(—z) = a(z). (2.1)
Concerning V' we suppose that
e V is a real-valued function,
e V is an element of L., (R%),

—00 < Vipin := essinf V (z), esssup V() =: Vipax < +00, (2.2)
.TeRd IeRd

e V(z) tends to zero as |x| — 0: for any 6 > 0 there exists Ns such that

esssup |V (x)| < 4. (2.3)
|z|>Ns

Due to (2.1) the Fourier image a of the function a is a continuous real-valued function with
a(\) — 0, as || — oo, i.e. @ € Co(RY).
Denote

min = Inf @, amax := supa.
R4 R4

Then
Gmin g 0 g Omax; Vmin < 0 < Vmax- (24)

In what follows we also use the notation po = min{a@min, Vimin} and g1 = max{amax, Vinax }-

3 Essential spectrum

The spectrum of the operator of multiplication by V in Lo(R%) coincides with its essential
spectrum and is equal to the essential range of V. We denote the essential range of V by
Sy . The following theorem describe the essential spectrum of the operator L.

Theorem 1. Under the above formulated conditions on the functions a and V' the essential
spectrum of the operator L is the union

Uess(ﬁ) — [amin7 amax] U SV-
The discrete spectrum of L can be located only in the set
[amin + Vminv Amax + Vmax] \ ([amin7 6Lmax] U ‘SV) .

It can accumulate only to the boundary of ([amin, Amax]| U SV).



Proof. First we show that [amin, Gmax] C Oess(L£), Assume that A € (amin, @Gmax). Since

a is continuous, there exists & such that a(§y) = A. Consider the sequence of functions
d
en(&) = (2) *Leypi—1 170, n=1,2,... Observe that ||¢n|[r,re) = 1.
Denote by F the Fourier transform in RY, and let ¢, = F~1'¢,. Then, after direct

. a _ d
computation, we have ¢, = e "0*(Z)2 e, 2 sin(22). Observe that |¢,| < (2)2. Due

Jj=1 z;
to (2.2) and (2.3),
2 _ 2 2
1Venlle,@ay =IVenll | 3 b T IV g0t nt
_d
<4d||V||2LOO(Rd)n 2 + esssup |V (z)|? lonllLy@ey = 0 as n — oo.

2€RI\[~n3 ,n3]d
We also have
lla* @n — )‘QOTLHiQ(Rd) = |[(a - )\)San”QLQ(Rd) — 0, asn — oo.
Combining the last two limit relations yields
(£ = Nenllpomay — 0 asn — oo.

Since the family {¢,}22, is not compact, this relation implies that A € gess(L).

Assume now that A € Sy. Then [V='(A— 1 X+ 1)] > 0 for any n > 0, here and later
on for a set S C R? we denote by |S| its Lebesgue measure. Consider a Lebesgue point x
of V such that o € V'(A — 2, A+ 1). By the definition of a Lebesgue point there exists
dn > 0 such that

1
[ @ - vl < 11K, ol
Ks, (x0)
here the symbol Kj(z) stands for the cube z + [—§,6]%. We choose &, < 1 and let
1
On = (IKs, (20)|"2) ks (20)y 7 =2,3,...

Then H(ranLg(Rd) =1 and

2 2 2
IV = Nl <oy / V() V(ao) de

Ks,(z0)
+L / 1V (x0) — M?*dx
| K5,(w0)] 0
AV Lo ray / 2
—— "7+ Viz) — V(x| de + —
|K5n(:v0)\ ’ ( ) ( 0)’ n2
Ks,(zo0)

1
<E(4HVHLOO(]R‘1) +2).

One can easily calculate the Fourier transform of ¢,,:
<2
n i€ —d .
On(€) = €70 (26,) 72 [ [ & sin(8u8y).

j=1">7

From this formula we deduce that |¢, (€)] < (26,)2. Since ||ngSn||L2(Rd) =1, the Ly norm of
the convolution a * ¢,, can be estimates as follows:

la ¢nll7, gy = ladnll7, @y = / a2 ()|n [*(€)dE + / ERGIEANGLES

K 1(0) RAK _1(0)
9

[ n



d
<l gaya®o7 + geRdI\r?l(O) la(€)] — 0 as n — oo.
5TL
Combining this inequality with (3.1) we conclude that [[(£ — A)én||r,®e) — 0. Since by
construction the family {¢,}2°, is not compact, this implies that A € 0ess(L). Therefore,
[amina amax] U SV C Uess(»c)

The opposite inclusion cess(L) C [@min, Gmax] U Sy can be justified in exactly the same
way as in the proof of Theorem 2.1 in [2]. This completes the proof of the first statement of
the theorem.

Since the quadratic form (Lu,u) satisfies an evident estimate

(amin + Vmin) HUH%Q(Rd) g (Eu, u) g (amax + Vmax) HUH2L2(Rd)a

the spectrum of £ is situated in the interval [amin + Vinin, @max + Vinax|, and, due to the first
statement of the theorem, the discrete spectrum, if exists, occupies the segments [amin +
Vinin, o) and (p1, Gmax + Vinax)- An accumulation point of the discrete spectrum of £ is an
element of the essential spectrum of £. Therefore, this point must coincide either with pg
or with p. O

4 Discrete spectrum

We turn now to the discrete spectrum of £ and consider its behaviour in the segment
(141, @max + Vinax|. In order to study the discrete spectrum in the segment [amin + Vinin, f0)
it suffices the exchange £ to —L. It is clear that the necessary condition for the existence
of a discrete spectrum in ({1, @max + Vinax] is the validity of the following inequality:

Amax + Vmax > max{amaX7 Vmax}-

This inequality together with (2.4) imply that amax > 0 and Vigax > 0.
We consider further the case 1 = amax > 0 and 0 < Vijax < amax, and assume without
loss of the generality that amyax = @(0).

Theorem 2. Let (11 = amax > 0, 0 < Vinax < Gmax, and assume that amax = a(0) and the
following two conditions hold:
1) there exist constants o > 0, 9 > 0 and ¢ > 0 such that

a(§) 2 amax — cl§|* for all [§] <V (4.1)
2) there exist constants v >0, ¢ > 0 and C > 0 such that
V(z) > Clx|™” for all |z| > q. (4.2)

If a > ~y, then the operator L has infinitely many eigenvalues in (f1, Gmax + Vinax] with the
accumulation point .

The conditions in (4.1)—(4.2) can be essentially relaxed, instead of point-wise estimates
it is sufficient to assume that weaker estimates in integral form are valid. Denote

(VI(R) := m / V(z)dz, Gr:={r €R?: R < |z| < 2R},

GRr
N .
@) = e G/ (€)d,

The following statement holds.



Theorem 3. Assume that 1 = amax > 0, 0 < Vinax < @max, and amax = a(0). Assume,
moreover, that the following two conditions hold:
1) there exist constants o > 0, ¥ > 0 and ¢ > 0 such that

(a)(r) = amax —cr®  forall r < ¥ (4.3)
2) there exist constants v >0, ¢ > 0 and C > 0 such that
(V)(R) > CR™” for all R>q. (4.4)

If a > =, then the operator L has infinitely many eigenvalues in ({11, Gmax + Vinax|, with the
accumulation point (.

Clearly, the statement of Theorem 2 follows from that of Theorem 3. Therefore, it suffices
to prove Theorem 3.

Proof of Theorem 3. Our goal is to construct a countable family of functions such that the
quadratic form of the operator £— 4 is positive definite on the linear span of these functions.

Let ¢ € C$°(RY) be an infinitely differentiable radially symmetric real positive function
such that

o suppy) C {3 < |z[ < 3},
e Y(z)=h = const for x € {1 < |x| < 2},
e 0 < ¢(x) < hforall z € RY

o [[¥llL,mraey = 1.

Observe that in this case the Fourier transform of v is also radially symmetric and real. For
an arbitrary R > 0 denote ¢r(x) = R‘d/2w(%). Then

1 5
Supp¢R C {§R < |5E| < §R} and HwRHLg(Rd) =1.

For the Fourier transform v (¢) of the function (z) we have (&) = R¥2¢)(RE).
The quadratic form of the operator £ — uq reads

((£ = p1)¥r, ¥R) = ((& — amax)Vr, VR) + (VR, ¥R). (4.5)

Taking sufficiently large R we estimate separately each term on the right-hand side of (4.5).
It follows from condition 2) of the theorem that

(Vipr, tr) > / R4y (f) V(z)de = R~h? / V(z)da
R
R<|2|<2R R<|2|<2R (4.6)
>h?meas(G1)(V)(R) > Ch*meas(G1)R™".

Let us estimate the first term on the right-hand side of (4.5). Since ¢ € C$°(R%), then )(€)
is a function of the Schwarz class. Therefore,

DE)EF =0, ¢l =00 VE=1,2,....

Consequently,

max  [$(€)2(1 + 7t < O forall > 0.
r<le|<2r



By this relation, Condition 1) of the theorem and the boundedness of a(-), we obtain

R [ GROP @) ~ ann)ds =R'S" [ GEROP (al6) ~ ana)
HE =la,”,

oo

SRS max [BOP [ (a(6) — amar)de

_ (2—J9R)
G, Jo

R Cimeas(G (2-i)) (2779)”
Z 1 + 92— jﬁR)d—FoH—l

X Cy(2799R)te
(1+ 2-79R)d+o+l (4.7)

RCV

(= Cy(2799R)HHe
-7 (S s

j=1
F 2 IOR)ITot]
=1

J

= Cy(2779R)IHe
+ Z (1+2-99R) d+a+1>

Jo
o C. a
>-R (;_1 2—3'1291% + E Co(2719R)H )

Jj=jo+1

—C3R™“,

where jo € Nis such that 1 < 27%09R < 2. Since #(-) is a Schwarz class function, for R > 1
the integral over the set {|¢| > ¥} can be estimated as follows:

R / (R (a(€) — ) d€ > — 2l / 1(6)2de
€[>0 lE|>9R (4.8)
> — cy(VR) 2

Combining (4.7) and (4.8) yields

(2 — amax)ior, dr) =R / D(RE)? ((€) — ) dE

Rd
_pi / [D(RE) (4(€) — amax)d

€| <o (4.9)
e / (R ((€) — mae) dE

1€1>9
— CgR_a — C4(19R)_2a > —C5R_a

for R > 1. Thus, for v < « it follows from (4.5) - (4.9) that there exist Ry > 0 and ¢3 > 0
such that

1
(£ — m)¥r, ¥R) = §Ch2meaS(G1)R_7,
if R > Ry.
Next we should prove that quadratic form (4.5) is positive definite on the linear span of

a countable set of the functions of the form 1. Let us first assume that a(z) has a finite
support. Taking ¢,, = Y92n-—15, n =1,2,..., where R > 1 is large enough, we conclude that

((E—,ul)gon,gon) >0 forall n=1,2,....



Moreover,
((£ = p1)pnspm) =0 if n#m,

since the supports of the functions [ a(z — y)¢,(y)dy and ¢,, do not intersect for large R.
Rd

Consequently, the quadratic form of the operator (£ — pq) is positive definite on the linear

span of {y,}, and thus the operator £ has infinitely many eigenvalues to the right of the

edge (1.
If supp a(-) is not compact, then we take

Pn = ¢2M”R,

the constant M > 2 will be specified later on. Since the supports of functions ¢,, and ¢,
do not intersect for n # m, the same arguments as those used in estimate (4.9) yield for
n < m the following bound

’((ﬁ - ,Ul)(,ﬁn, Spm)’ - ’((& - amax)@na @m)‘

=(2Mn R)"? (2Mm R)*/* / (amasx — a(€)) H(2M™ RE)H(2M™ RE) de
< ((2M”R)d / (@max — a(£)) | (2M" R§>|2d5)2

Rd

(@) [ a1 162 R Pt

ol o4 y—a y—a
2 2

—Cy(2MR) T (2 R) (24 R) 5" (220 ) ]

—_o
2

It remains to choose sufficiently large M so that for all R > R, it holds

J— J—

Cs (ZM”R) 2 (2MmR) 2 < 4_(”+m)%C’h2meas(G1), m,n=12...

Then

=

(£ — 1) pns 2m)| < 47D (L = 1), ) * (€= 1) pn)

and the desired positive definiteness of the quadratic form ((E — 1), ¢) on the linear span
of functions {¢,, }52; follows. O

In the models of population dynamics the function a is a probability density while the
potential V' satisfies the inequalities 0 < V < 1, see [7]. If a(z) = a(]z]) > 0 is a probability
density, then ap.x = a(0) = 1. Assume that either

m = / 2% a(2) dz < oo, (4.10)
Rd

or
€1 .
a(z) ~ 2o as |z| oo, with 0 <a<2. (4.11)

Then (4.10) together with estimate sin® z < 2 yield that

1—a(§) = /a(z)(l —coszf)dz = Q/a(z) sin? % dz < %52,
R4 Rd
and hence .
a(§) 21— 552



The relation (4.11) implies that
a(€) =1 —clg]* +o(lg]*), as [§] =0,
see e.g. [9].

Corollary. Suppose that 0 < Vinax < 1 and probability density a(z) satisfies one of condi-
tions (4.10), (4.11). Then by Theorem 2, the operator L has infinitely many eigenvalues in

(1,14 Vinax), of
lim inf V() >0

|z| =00 ‘l”_’y

for some 0 < v < 2 in the case (4.10) and for 0 < v < « in the case (4.11).

Thus, for the probability distribution with the density a(z) the existence of an infinite
discrete spectrum of the operator £ is determined by the asymptotic behaviour of the tails
of the functions a(-) and V(-) at infinity. In particular, this statement complements the
results on the existence of a positive discrete spectrum of the so-called non-local Schrédinger
operators presented in |7, §].

The case amax = a(&p) with £y # 0 can be treated in a similar way. We introduce a test
function 1 as in the proof of Theorem 2 and define g(-) by

Vn(e) = R ey (2.

Then Pr(€) = RY2)(R(€ — &)).

Remark. With evident modifications in the proof, condition (4.4) in the formulation of
Theorem 3 can be replaced with a weaker one that reads

lim sup —<V> (%)

R—o0 R >0

Indeed, in this case there exists 0 > 0 and a sequence R; — oo as j — oo such that
(V)(R) = OR;". Then one can take 1, (v) = (M R2,8) with z, that satisfy the following
conditions:

Znt1 > 2n+1 and (VY(MRz,) > 0(MRz,)™ .

In the case of potentials having heavy tails we introduce an additional characteristic of
the kernel a:

la(r) = / (max — a(r€))e¢ de. (4.12)

Rd

Theorem 4. Let (V)(R) admit the lower bound (V)(R) > R4 for all sufficiently large R,

and assume that (17 = amax > 0, amax = a(0) and

f&(R_l)

W%O as R — 0. (4.13)

Then the operator L has infinitely many eigenvalues in (fi1, Gmax + Vinax], with the accumu-
lation point py.
—% R2

Proof. We consider a sequence of Gaussian test functions g, (z) = R; e "7, where the

scaling factors R; > 0, j = 1,2, ... will be chosen later on. Observe that

/V(x)(goR(x))z dx = /V(ar:)R_”le_21%:7622 dx > C1 (V)YR), (4.14)
R R



where the constant C_ > 0 does not depend on R. Since V (-) is bounded, for any integer
j > 1 we also have

a@G—=1)

/V(x)(wa(x))cpm (z) dz < C/sOR(w)soRj (z)de < CR™= (4.15)
R4 Rd

hereinafter C' is a positive constant independent of R, but it can change its value from one
formula to another. Denote

Ous = [ V@)or, (a)on, (x) da.
R4
Letting Rj11 = R;*, j=1,2,..., by (4.14)-(4.15) and taking into account the lower bound
(VM(R) > R™%, for k > j we obtain

_(92(k—3) _ _a _d92(k—j) _d92(k—j)
(0x;)* < CR;© D RAR TR <ORT 050k

J

Choosing sufficiently large R; we conclude that for any function ¢ € L?(R%) such that

N
¢ = > kjpg, the following inequality holds:
j=1

N
1 C_
/V(:L’)QOQ(:L') do > 5 Z@/V(:p)(% (2))? dx > - > EHV)(R,). (4.16)
Rd Jj=1 R4 7j=1

Since the Fourier transform of pr; is ¢g,(§) = cde%e’R?52 with ¢g = (27)~ %, the quantities

((amaX — d)gij,@Rj)Lz(Rd) and ((amax —a)PR;, @Rk)LQ(Rd) with & > j can be estimated as
follows:

& [ e = @) Rl 25 a = 3 (amax a (Ri)) e~ dg < Blo(R7Y),
J
Rd

Rd

o o 2+2 2 2 R 4 2 —R3£2
c?l/(amax — a(€) R RE e~ FIE R g = c§<R_2> ’ / (amax —a (R%) )e—a ¢ T dg

Rd Rd

_(22(k—3) _1y4d
< AR Ve (RY).

In view of (4.13) for sufficiently large R; this implies the estimate

AN A A C_ N 2(k—3) _1\4
((amax_a)@,SO)LQ(Rd) §%Z/€?( Z Z H]/{k ;2 -1)g <V>(Rk)

Jj=1k=j+1

(=3
. <
AN
i

=N

SLNo

Z Z pirk R TR (V) (RY)E ((VY(R)))?

J=1k=j+1
C_
To MR
j=1

here we have also used the inequality (V)(R) > R™%. Combining this estimate with (4.16)
we obtain

z

N
((£ = p)e, ¢) T_Z CN||90||L2(Rd) ey > 0.

This yields the desired statement. O

10



We turn to the case p1 = Vinax > 0. In this case the statements similar to those of
Theorems 2—4 remain valid, if we exchange the roles of V' and a. For the reader convenience
we formulate here the counterpart of Theorem 2.

Theorem 5. Let 11 = Vipax = V(0) >0, 0 < amax < Vinax, and assume that
1) there ezists a small enough ¥ > 0 such that

V(z) = Viax —clz|”  forall |z| <9,
2) there exists a large enough q > 0 such that

a(§) = ClEI™  forall |€] =g,

where ¢, C' are constants.
If v > «, then the operator L has infinitely many eigenvalues in (p1, p1 + amax], with the
accumulation point (.

Proof. The proof of of Theorem 5 is analogous to that of Theorem 2. We consider a family
of test functions

dn() = R () with swpd g <[¢] < 20)

In the same way as inequalities (4.6) and (4.9) were derived we obtain the estimates

(@in,in) > € [167202 (§) 5y > R (U700 966),
Rd

and
((V = Vi) ors ) > R0 / ()| dy.
Rd

The rest of the proof follows the line of the proof of Theorem 2. O

5 Discrete spectrum in spectral gaps

In this section we construct convolution operators with a potential that have a non-empty
discrete spectrum in spectral gaps. Consider an operator £ defined in (1.1) with V =
VO + V1! and assume that the functions a(-) and V°(-) satisfy all the conditions of Theorem
3 or 4. Assume moreover that V! is a bounded function with a compact support. Letting
S! be the essential range of V' + V01,1 we denote S' = S'\ {0}, 6_ = inf(S') and
V5 =esssup(V1). In the sequel we suppose 6_ > ayax. Observe that in this case apay and
0_ belong to the essential spectrum of £, and (amax,#—) is a gap in the essential spectrum.

Under the above formulated assumptions, in the set {A € R : XA > apax} there is a
countable sequence of eigenvalues of the operator £L%u := a*u+ V% that converges to amay-

We denote by \g the largest of them and by ug the corresponding eigenfunction.

Theorem 6. Let the functions a(-) and VO(-) satisfy all the conditions of Theorem 3 or 4,
and assume that 0_ > \g. Then there exists 39 > 0, 300 = 300(Amax, Vitax> 05 Ao, uo(+)), such

max?’
that if |supp V| < 3¢, then the operator L has an eigenvalue in the interval (amax, ).

Proof. We first calculate the L, norm of the function (Lug — Aouo)-

|1 Luo — Xotiol| 1, ey <L w0 — Aouol|py@ay + 1V ol 2y may = IV o]l e
3
<V ( | @ dx>
supp V1
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Since u3(-) is integrable, there exists ¢ > 0 such that

( / ug(x)dx> < (VY £2) ™" min{Ao — dmax, 60— — Ao}, (5.1)

supp V1
if | supp V'!| < 5. For such V! we have
0:= ||,CUO - )\0U0||L2(Rd) < min{Ao — Amax 0_ — )\0)

By [13, Lemma 12| we conclude that there exists a point of the discrete spectrum of £ in
the interval (Ao — &, Ao + 0). Since (Ag — 6, Ao + ) C (@max,—), this implies the desired
statement. O

Remark. In a similar way, taking sufficiently small s, one can show that for any finite
collection of distinct eigenvalues of the operator £° there exists an eigenvalue of the operator
L in a small neighbourhood of each element of this collection.
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