VIIK 517.53, 517.54
TTOKA3ATEJBCTBO TUIIOTE3HI KITTNYKA

Crynun /1. JIE

Wzioxkeno jokazaresiberBo runoresbl Kimka, OCHOBAHHOE HA IPUMEHEHUN
BApPHUAIMOHHOTO METOJa, & TaKYKe HA WCIOJH30BAHUU IBYX KJIACCUYECKUX
PE3YIbTATOB ¥ HEKOTOPDIX UX CJIEIACTBUM. Y TOMSIHYTHIMU PE3YIHTATAMU SB-
nsiiorcs kpurepuit Kapareomopu-Ténmuna mpogoiKaeMOCTH TOTUHOMA 10
dyukun kinacca Kapareomopu n Teopema Pucca-@eiiepa o Tpuronomerpu-
YECKUX MHOTOYJICHAX.

A proof of the Krzyz conjecture is presented, based on the application of the
variational method, as well as on the use of two classical results and some of
their consequences. The mentioned results are the Caratheodory—Toeplitz
criterion of continuing a polynomial to a Caratheodory class function, and
the Riesz—Fejer theorem about trigonometric polynomials.

KuaroueBbie cioBa: kpurepuit Kapareomopu-Témmuma, teopema Pucca-
Qeiiepa, TPUTOHOMETPUUIECKIE MHOTOUJIEHBI, TPUTOHOMETPUYECKUE ITOJIH-
HOMBI, MHOTOYJIEHBI C MOJIO?KATENbHON NEHCTBATEIbHON YacThIO, MOJUHO-
MBI C TIOJIOXKUTEJILHON BeIIeCTBEHHON 4YacThio, Kjaacc Kapareomopu, rumo-
re3a Kmmxka, npodiema Kimnmzka, orpanudenHnbie He 0OpaIaioinecs B HyIb
dyHKINN

Keywords: Caratheodory-Toeplitz criterion, Fejer-Riesz Theorem, trigo-
nometric Polynomials, polynomials with positive real part, Caratheodory
class, the Krzyz conjecture, the Krzyz hypothesis, the Krzyz problem,
bounded nonvanishing functions

Bsenenue

O6oznaamm emumanmanbil Kpyr wepes A = {z : z € C, |z| < 1}, a enquananyo
okpyxkHOCTh — uepe3 JA. Teitnoposckue koaddunmentsr dyukimu f Oymem 0003HA-
qarh {f}n, n € {0} UN.

Knaccom B 6ymem Ha3bIBaTh MHOXKECTBO (DyHKIHUH f, rOIOMOPMHBIX B € TUHUIHOM
kpyre A u yposmersopsifomux yeaopuam 0 < [f(2)| < 1, z € A.

B 1968 r. u Kiuunxk serasunys runoresy [I, cormacuo koropoit, eciau f € B, 1o

{fInl <2/e,  neEN,
MPUYEM PABEHCTBO JOCTUTAETCS TOJIBKO HA (DYHKIIUSIX BUIA e F (ei“’z”7 1), rme
Flz,t)=e 75, @ 0€eR, tel0,+oo). (1)
Qurcupyem n € N. Baaqy 0 HAXOKJIEHUU

My = I}?g H{f}als

ldstupin@mail.ru



2 CTYIIUH . JI.

Oymem Ha3biBarTh npobdsiemoit Kuinxka st nomepa n. @yuknuio f € B Oyjem Ha3plBaTh
sKCTpeMasbHOl B mpobiaeme Krmmxka myst #omepa n, ecan [{f}n]| = my,.

Bamady o TouHOl onenke Beawuaunbl |[{f},| mus Bcex n € N Ha knacce B Gymem
Ha3bBaTh npobsremoit Kmmxka. [Ipobmemy Kinmxka mjist GurCcupoBaHHOTO 1 TAKXKe J0-
MyCTUMO HA3BIBATH MPOCTO mpobsemoit Kinmzka, eciu 570 He TPUBOIUT K HEI0pa3yMe-
HUSIM.

CymectBoBanme skcrpemasieit B mpobsieme Kmmnka /171s GUKCHPOBAHHOTO HOMEDA,
N OYEBHUJIHO, MOCKOJIBKY MOoCse aobaBienus K kaaccy B dyuakuuu f(z) = 0 nomygaer-
Csl KOMITAKTHOE B cefe (B TOIOJIOruy JIOKAJIbHO PABHOMEPHOH CXOIUMOCTH) CEMEHCTBO
dyHKITHA, a8 GYHKIMOHAT, COIOCTABIIIONINI KaXK 10l GyHKINNT 13 B € Te10poBCKumit
K03 PUIUEHT ¢ HOMEPOM N, ABJSIETCsI HEIPEPBIBHLIM Ha B.

Yepes 2y obo3naunm kiracc GYHKIWHA w, TOJOMOPMHBIX B A U yIOBI€TBOPSIOIIIX
yenouaM |w(z)| < 1, z € A, w(0) = 0.

ITycrs orobpaxkenus G u g ronomopdubt B A. @yHKIMS § HA3bIBAETCS O TIUHEHHOM
st yskiuu G B eJUHUYHOM Kpyre A, eciu OHa MOXKeT ObITh mpejcrasieHa B A B
Buze ¢g(z) = G(w(z)), roe w € Q. B arom cayuae bynkunio G Gynem HasbBaTh
MaxkopaHToil st g B A. Teopusi MOTYNHEHNs W3JI0XKEHA, B YaCTHOCTH, B pabore [3].

Knacc pyHKImi, IMEOmuX MOJI0KUTEIBHY O BEIIeCTBEHHYIO 4acTh B Kpyre A, 000-
gHagnM depe3 C. Dror kiace Oymem HadbiBarh Kiaaccom Kapareomopu. @ukcupyem
t > 0. Muoxecrso ¢yukuuit h uz C, nopmuposanubix ycaosuem h(0) = t, obo3nauum
qepe3 Cy u Oymem Ha3bIBATH HOPMUPOBAHHBIM KJjlaccoM Kapareomopu, uiu mpoCcTo KJ1ac-

com Kapareozsopu, eciin 910 He BbI30BeT HeZopasymenuii. 3amernm, yro C = |J C;.
>0
Ilockonbky Kitacc B MHBapMaHTEH OTHOCUTEILHO BPAIEHUI B TLJIOCKOCTH TTepeMeH-

Hoit w (w = f(2)), To 6e3 yMeHbIlEHUsI OOLUIHOCTU MOXKHO OIPDAHUYUTHCH M3YdIEHUEeM
dynxmmit, niua xkoroperx f(0) > 0. Tak xkak 0 < {f}o < 1, TO MOXKHO TOJOKHUTH
{f}o = €7, tne mapamerp t € (0,+00). COOTBETCTBYIOMME MOMKIACCH OOO3HATHM
4yepe3 B;. Kak m3BecrHo n3 Teopnn nomunuéHHbx dyHkumii [3], kaxayo dbyHKno
Kj1acca By MOXKHO IIPEJICTABUTH B BUJIE

flz)=eth®  heq. (2)

Ormernm, ¥To ipn Kaxkaom ¢t > 0 ata ¢popMmysia ycTaHABINBAET B3AUMHO OJHO3HAYMHOE
coorBercTBHE Mex 1y Kiaaccamu Cp u By. O4eBuIHO TakKe, 9TO TPU KaXKIOM (DUKCH-
posanuoM t > 0 dbyukuus F(z,1) gaBisercs MayKopaHToOl Iuisi KaxkI0il QyHKuuu u3
Kjaacca By.

o nacrosimero Bpemenu runore3a Kinka ObL1a MOKa3aHA /1151 TIEPBBIX ITECTH Tel-
JIOPOBCKHUX KO3(PPUIIMEHTOB BKIOUYATEILHO. 13 reoMeTprdecKnx COOOparkKeHwuil oue-
BuznHO, 910 |{f}o| < 1. Tounyio onenky |{f}i| MoxkHO HaiiTh BO MHOrmX paborax,
HaunHag ¢ 1934 roga; mepsoit u3 Hux Obuta pabora [2]. Onenka |{f}2| He BBI3BIBACT
sarpyauenuii ¢ 1943 roga [3]. Kumzk copmynuposan obcyxiaeMmyio 34ech rUIoTesy,
OTMMPAsICh HA ONEHKU MOJYJeH TepBhIX ABYX K03(hduimeHton. 0Ka3aTeanCcTBO st
ciaydast n = 3 BmepBble ObLIO OmybiaukoBano B 1977 romy B pabore /Ixx. Xamwmerns,
C. Ieitn6epra u JI. 3anpumana [4]. Tounas npu kaxom ¢ > 0 orneHka (GyHKIMOHATA
I{f}s| na kmacce B; 6buia nonydena B pabore [5]. Anasoruunas oleHKa HA MHOXKe-
cre dbyukuuii u3 B; ¢ BelecrBenubiMu KO3 dunuenramu npejcrasiaena B padbore [6].
st caydas n = 4 caepyer yunomsinyrs jgokasaresnscrso B. Maunens [7]. Buepsbie
ornenka naToro koddgdunmenrta merogom Illamens 6vuta mama B padore H. Camapm-
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ca [8]. Asrop naunnoii crarbu B pabore [9], ucnonssys meron Mlaness, mosyuunsn ouen-
Ky [{f}s] < 2/e 4+ 0.00116077, a B pabore [10] — omenky |{f}s] < 2/e ¢ momorkio
YUCJIEHHOTO METO/IA.

Uccnenosanms mo mpobiaeme Kirmmka MOXKHO Pa3IenuTh HA HECKOJIBKO OCHOBHBIX
nampasjennii. OIHO W3 HUX — 3TO OIEHKHW HAYATHHBIX KOIDPHUIMEHTOB, YIOMSIHY-
Thie B npepiayieM ab3amne. OTAenbHOr0 BHUMAHUS 3aC/IyKUBAIOT TAK HA3LIBAEMBIE
aCUMITOTUYECKHUE OLEHKHU, OCBelgHHbe, Hanpumep, B paborax [11l [12]. Takxe Bbiae-
JISIOTCS PABHOMEPHbBIE 1[I0 7 OLEHKH, MOJIYYEHHbIE C HCIOJb30BAHUEM HHTErpPAJIbHOM
dopmysl Koum JUIsT BCEX HATypalbHBIX n. B crarbe [13] Obuta mosmyuena oreHka
{fIn] < 1— 3 + dsing = 0 999877 ., a B auccepranuu [14] crp. 19] — ymyq-
[IEHHAS oueHKa |{f}n| <t+ising = O 999178 ... Emé onHo BaKHOE HAIPABIIEHHE
CBSI32aHO C M3y9YEeHUEM CBOI/ICTB 3KCTpeMaJ'[bHOI/I (byHKImH U TOUCKOM (DYHKIHH KJIacca
B, obnamatomux srumu cBoiicrBamu. K 3TOMYy HAIIpaB/IEHHIO OTHOCATCS, B 9aCTHOCTH,
paborsr [4, [15] [16], a Takske HacTOsmAs CTATHSI.

1. Kpurepunii Kapareomopu-Ténauiia
[IpuBeném miist JanbHEAIIKUX CCHUIOK Cieayiomumil Kiuaccudeckuii pesynpbrar [17, [18]:

Teopema 1 (Kapareomopu, Témmun). ycmoe n € N, {h}g > 0, {h}1,...,{h}, € C.
Mmnozounen

Qn(z) = {h}o+ > {h}r* (3)
k=1
MOHCHO NPOIOAHCUMD 00 PYHKUUU

h(z) = Qn(z)+0(z") € C

mozda u moavko moeada, Kozda onpedesuments

2{hto {hhr -+ {hlk—1  {h}x
{hyy 2{h}o - {htr—2 {R}r—
My = : : : :
@71 @kd o 2{h}o {hh
{h}k {h}k—l e {h}1 2{h}0

aubo ece noAoHCUMENDHDL, AUOO NONOAHCUMEALHBL 0O HEKOMOPO20 HOMEPG T, < n, Ha-
YUHAA C KOMOPO20 6CE PABHHL HYNAIO0. B nocaednem cayvae npodo/wfceHue e0UHCMBEHHO

u cywecmeyrom wucaa o > 0, k=1,....m, u wucaa 0 < 1 < ... < @m < 27 marue,
%Mo
1+ et®rz
E T o, (5)
— eivry’
Oukcupyem n € N u pacemorpum npocrpanctso C* L ToukaMu KOTOPOTo ABAAIOT-
cst maboper w3 (n + 1)-ro kommiekcroro wucia bt == ({hlg, ..., {h},). MuoxkecTBO
touek h("t1) u3 mpocrpancrsa C**! taxux, aro wmcna {h}o,...,{h}, asrmorca mep-

BoMu 1+ 1 kosbdurmentamu nexoropoii byukuun h € C, 06ozuaunm gepes O 1)
u OyneM Ha3bIBaTh (1 + 1)-bIM TeroM Kodddunuenros kiacca C.
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[Ipobrema koaddunmenToB Ha Kiaacce C' HOPMyIUPYETCss CAEAYIOMEUM 00PA30OM:
HaUTH HEOOXOMUMBIE U JOCTATOYHBIE YCIOBHS, KOTOPBIM JOJIXKHBI YIOBJIETBOPATE YUCIA,
{h}o,{h}1,{h}2,... ana Toro, urobwr psa {h}to + {h}12+ {h}22 + ... aBasmncs psaom
Teitmopa mekoropoit dyukmuu n3 kjaacca C. Kpurepuit Kapareomopu-Témmumna maér
MOJIHOE PEeIleHne 3TON 3a/1a4u.

2. HekoTopble cBoiicTBa 3KcTpeMajbHON QYyHKITNN

Kiacc B wHBapuaHTe€H OTHOCHUTEIHLHO BPAIIEHWI B MJIOCKOCTH MEPEMEHHON 2 U OT-
HOCHUTEJIbHO Bpailllenuii B myiockoctu nepementoii w (w = f(z)). To ectb, ecoiu n € N
u QyHKIMsA f ABJIAETCs SKCTpeMaJsibHO# B mpobseme Kinuzka mjisi TOro Homepa 1,
to byukuusa 1f(Cz) npu |n| = |¢| = 1 Takxke apagerca sxcrpemanbrOl. [Ipu sTOM
BpallleHre B TIJIOCKOCTH TIepeMeHHoi z He 3arparuBaer kodddurment {f}o. Cremosa-
TEJIbHO, 0€3 OrpaHWYeHusi OOITHOCTH MOXKHO CYUTATh, 9TO €Cau f — IKCTpeMajibHas,
o {f}o > 0 u {f}, > 0. B nanbueitiem, rogopsa o dbyHkimu [, 3KCTPEMaJILHOR B
npobneme Kmmxka, Gymem monpasymesats, ato {f}g > 0, {f}n > 0 u f € By, rue
t = —In{f}o. Takxke, Gynrmmio, 3KCTpemManbay0 B pobiaeme Kmmxka nis momepa n
4acTO OyJIeM HA3bIBATH MPOCTO IKCTPEMAJIBHON, €C/i U3 KOHTEKCTa, TMOHSITHO O KAKOM
KOHKPETHO 7 UIET PeUb.

Babukcupyem n € N. Ecin f(z) = e "(*) — skcrpemanbnas dbymkuus, To, Kax
m3eecrro [18] [19], Touka R(nt1) MIPUHAJIEIKUT TPAHUIIE MHOXKECTBA C(”+1), 9TO PaB-
HOCUILHO ToMy, uto M, = 0 (M, oupenenén dopmyioii ) CorylacCHO KpUTEPHIO
Kapareonopu-Ténmwma, 3T0 03HAYAET, 9TO MPOJOJIZKEHNE MHOTOUICHA (Q,,, ONPEIeSIEH-
Horo bopmyioit , enuacreenno. CrenoBarenbHO, J100as IKCTpeMaabHast (HyHKIHs
umeer sug, f(z) = e %) pne h samana dopmymoit . Takum 06pa3oM, CIPaBeIIHBO
CJIE/IYFOIIEEe yTBEPIK IEHUE:

CaencrBue 1. Ilycmv n € N, ¢pynkyusa [ asasemca sxcmpemasvnotc 6 npobaeme

m

Kwuotca u t = —In{f}g. Tozda natidymesa wucaa oy, >0, k=1,...,m, >, ap=t, u
k=1

wucra 0 < @1 < ... < oy < 21, maxue, wmo f(z) = e "3, 20e dymryua h 3adama

dopmyaot , npuwém m < n.

DTOT pe3yabTaT XOPOIIO W3BEeCTeH ¢ Hadaida XX Beka (cM., HampuMmep, [4, cTp. 171]
u [16, crp. 725]).

Bamerum, uro ecim n € Ny a f u g — ronomopdubie B A dyHKImMI, TO

{f-gbn ={/Indgto + {fIn-t{ghr + ... +{f}o{g}n- (6)
Jlemma 1. ITyemov n € N, f, g — 20n0mopdnvie 6 A Pynrxyuu, € € R u
v(2) = f(z)e 9, (7)
moeda
{vhn = {f}n —e{f g}tn +o(e), e —0. (8)

HokazarenscTBo. Paccmorpum Bapmanuio v dysxmun [ dyukimumeit e <9, ¢ € R.
YcTpeMuB € K HYJTIO TMEEM:

v(z) = f(2)e %) = [(2)(1 —eg(2) + o(e)) = f(2) — ef(2)g(2) + ofe).
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Boruucius reneps {v}, Mbl noayanm opmyiy (§). [

Caenyrommuii pesysibrar nosanmcreoBas u3 [16, crp. 726]. st moaHOTH M3JI0KEHUS
MIPHUBEIEM €T0 BMECTE C JIOKA3ATEIHCTBOM, TAKKE B3ATHIM U3 YKA3aHHONW paboThI.

Teopema 2. ITycmv n € N u f — dynxyua, skcmpemasvnasn 6 npobaeme Kuiuoica,
moezda das a0601 ynryuu g € C

Re ({f}nfg}o + {fIn-1{ghr + ...+ {f}ofg}n) 2 0. (9)
B wacmuocmu, ecau h == —1In f, mo
Re ({f}n{h}to + {fIn-1{h}r + ...+ {f}o{h}n) = 0. (10)
Iycemo
H(z) ={ftn +2{fIn1z+ ...+ 2{f}o2", (11)
moada
HeC. (12)

Boaee mozo, nycmo m < n, a wucaa 0 < o1 < ... < @ < 2T 4aCMUHO ONPEIEAAIOM
dynxyuro h == —In f (cm. dopmyay ), mozda

Re H(e'#*) = 0, k=1,...,m. (13)

JoxkazaTeabcTBo. 1. lokaxkem dbopmysry @D IMycrs g € C. Bapuanus v yukiuu f,
3a/anHas popmyIIoit , upu € > 0 aBisierca BuyTpenueii, To ectb v € B. IIpu e — 0
CTIpaBeITNBA JIeMMa a 1o ycosuio {f}, > 0 u f — sKCcTpeMabHast, CIeI0BATEHHO,
Re {v}, < {f}n- Orcioma (cm. (§)) u BbITexaer cnpasemmsocts dopmyasr (9).

2. JlokaxkeMm HopMmyIy . Bozbmém Temeps g = h. Bapuanus v byakuum f,
3ananHas popMyoi , IIPU JOCTATOYHO Masbix € < () SBIAeTCS BHyTPEHHEH Bapua-
mmeit, To ectb v = f - f€ € B. Ilockombky no ycaosmio { f}, > 0 u f — sxcrpemasnbHas,
To w3 dopmymst (§) ma e < 0 momyuaem

Re ({f}n{h}o + {f}n-1{htr + ...+ {f}o{h}n) <O,
a mist € > 0 cpaseguBa dhopMmysia @, TO €CTh
Re ({f}n{h}o + {f}n-1{htr + ...+ {f}o{h}n) 2 0,

OTKYJa JIelaeM BBIBOJI, 4TO (GopMyIa 7 BepHa.
3. Jlokaxkem . Badukcupyem ¢ € A ¥ TONIOKUM

_1+¢2
T 1z

g(2) =1+202+2¢%22 +...

dcno, uaro g € C1. lloacraBus kKoaddurmentsbr GyHKIuU g B HOPMYITY @D, TTOJTY UM

Re ({f}n +2{fIn-1C+ ... +2{f}oC") =0, [¢| <1,

4o pasHOCHIBbHO Re H (2) > 0, 2 € A, Tak kak H(0) > 0, T0 0 IPUHIMMITY COXPAHEHHs
obnacru Re H(z) > 0, z € A, uro sxBuBasenTHO ((12)).
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4. Hokaxem dpopmyry . Qukcupyem k 9T00bI BHIOPATH KOHKPETHOE YUCIIO (P,
YaCTUIHO ompeensitomnee Gyukimo h (cMm. dopmymty ) " paccMoTpuM (DYHKITHIO
1+ etk z

- - " = 1Pk 2ipr 2
T —civs 1+ 2e'%kz + 2e +.

9(z) =

Torma v = f-e 9 € B xak npu € > 0, tak u npu gocrarogno majieix € < 0. To
ectb pu |e| < ay, rae aj gactuuHO onpenenser gynkumo h (em. Gopmyry (5)). U3
nemwmbt 1, yenosug {f}, > 0 u skcrpemanbroctu f caenyer, 94ro s € < 0

Re ({f}n + {fIn-126"" + ...+ {f}o2e™%*) <0,
amage >0 ) )

Re ({f}n + {f}n-12e"* +... + {[f}o2e™*) > 0,
4TO SKBUBANEHTHO pasencTBy Re H (e'¥k) = 0. ]
Teopema 3. Ilycmv n € N, f — dyuxyua, sxcmpemarvras 6 npobaeme Kuwuoica,
h = —In f, noaurnom H ceenepuposan u3 koapduyuenmos dynxuyuu [ no dopmy-
ae (11), wucaa 0 < 1 < ... < Py < 27 wacmuuno onpedeasiom gynryuio h (cm. dop-
myay (), a m < n. Pasencmeo CNPABEIAUBO ECAU U TOABKO €CAU CTPABEINUBDL
6CE PABEHCMEaA , mo ecms

Re({fIn{hYo+ ... +{f}o{h}n) =0 <& ReH(e¥*) =0, k=1,....,m

HoxkazarenascrBo. Cornacuo ciaefactsumo |1} cymecrsyror uncna o >0, k=1,...,m,
n0< ¢ <... <y <2m, rae m < n Takue, 9TO

1 Pk
Z k +e z _Zak 1+261¢kz+ _’_Qeznapk n+ )

— ek z
=1

IIpumenssa (bopMyny @, II0JIy9aeM:
{f 1y =3 au{fhn + {fIno126 + .+ {Fo2e™) = 3" apH(e™#*).  (14)
k=1 k=1

Tak kak H € C cornacuo reopeme 2| To ectb Re H(z) > 0, 2 € A nu ReH(z) > 0,
z € OA, 10 u3 GHOpMyIIBI CJIeIyer, 94To

Re{f -h},=0 < ZakReH(ei‘/’k) =0 < ReH(e"*)=0,k=1,...,m.
k=1
Yto u TpedOBATIOCH. n
113 reopewms! [3] cpa3sy Bbrrexaer:

Caencrsue 2. Ilycmv n € N, [ — dynrxyua, sxcmpemanrvras 6 npobreme Kwuorca,

14+e'%k 2

~ n
u nyemo dana Pynryus [ = e 9, 20e g(z) = Z Beitams Pe >0, k=1,....n

0< 91 < ... <, <2m. Toeda, ecau (ﬁymcuwi f YJd06AEMBOPACTN PABEHCTNEY .,
mo ecmo Re ({f} {gYo+ ...+ {fYo{g}n) =0, mo

1—|—ew’€z
) —exp< St )

To ecmv m =n u wucaa i, k=1,...,n, HaM U38ECTIHYL.
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3. Teopema Pucca-@eiiepa

ITycrs n € N. Cormacno teopeme 2] mommaom H, crenepupoBaHHbIi 13 mepBoix n+ 1
k03 durimenToB OYHKINN, SKCTPeMaabHoil B mpobiaeme Kmmxka s kosdduimenTa
C HOMEDPOM 7, UMEET TIOJIOKHUTEJbHYIO JeHCTBUTE/bHYIO YacTh B Kpyre A. Boisegem
HEKOTOPBIE CBOMCTBA MOJUHOMUAIBLHBIX /eMeHTOB Kiacca C, HeoOXOMuMbIe s HC-
CJIEJIOBAHUs IKCTPEMAJIbHON (PyHKIMH,

OyHKIINS BEIIECTBEHHOTO apTyMEHTA,

n

T(p) = ap + E (ag cos ko — by, sin k), ag,ar,by €R, k=1,...,n,
k=1
Ha3bIBaAECTCA TpI/II‘OHOMeTpI/I‘{eCKI/IM MHOI'O4JIEHOM CTeIIeHUu n, €CJIN BBITIOJIHEHO yC.HOBI/Ie
a% + b% > 0. OgeBHUIHO, IMEET MECTO CJEAYIONIEe YTBEPIK ICHHE:

n
Jlemma 2. ITyemn 3adan noaunom H(z) = ho +2 Y hyz¥, 20e
k=1

ay, + iby
ho =ag € R, hk::T, ag, b €R, k=1,...,n, h, #0.
Tozda cyscenue Re H na edunuunyro oxpyschocms A A6A5eMCA MPU2OHOMEMPUYE-

CKUM TMOAUHOMOM

T(¢) :==Re H(e'?) = ag + Z(ak cos ke — by sinkep).
k=1

Boaee mozo, ecau H € C, mo T(p) 2 0 das ecex ¢ € R.

Kax ormeuaerca B crarse [20], B nagane XIX seka JI. @eitep [21] Buepsbie o6pa-
THJI BHUMaHHE Ha BA’KHOCTB KJIACCA TPUTOHOMETPUYIECKHUX MOJTHHOMOB, IPUHIMAONTIX
HEOTPHIATEIbHbIe 3HAUECHUA Ha BCell BEIIeCTBEHHON mpaAMoil. Ero runoresa o CTpyKTy-
pe Takux MHOro4IeHoB 6buia Brociaencreuu gokazana @. Puccom [22] u ubine uszsectna
KakK Teopema Pucca-Qeiiepa.

n

Teopema 4 (Pucc, @eitep). Ecau T(p) = Y (ay coskp —bgsinky) >0, a2 +b2 > 0,
k=0

n
©,ar, b, € R, mo cywecmeyem mmnozouren P(z) = > ppz¥, p, # 0 maxoti, wmo
k=0

T(p) = |P(e*¥)|?. Boaee mozo, P mootcem 6uums nodobpar mak, 4mobvi 6ce €20 YU
A€ACANY 8HE eOUHUNHOR0 KpY2a. B nocaednem cayuae P onpedeasemea eduncmeernmvum
06pasom ¢ mouHocmvI0 00 YHUMOIYAAPHOT MYALTMUNAUKATMUESHOT KOHCTNAHIDL.

HokazarenbcrBo Teopembl Pucca-®eiiepa npuBeseHo, B 4acTHOCTH, B crarbe [23]
u B mMonorpaduu [24, crp. 154]. U3 reopembl 4| BbiTekaer, 4To eciau m u3 n KOpHei
mowHOMa, P JIesKaT Ha eIMHUYHON OKPYKHOCTH, TO TPUTOHOMETPUUIECKUH MHOTOUIEH
T nmveeT 2m KOpHEH.

Caencrue 3. TpuzoHomempuueckuli MHO20OUAEH CTENEHYU T UMeem He Doaee wem
2n kopHel ¢ ywémom ux kpammocmed.
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4. MHOro4JieHbI C IOJIOXKUTEJIbHON JelICTBUTEJIbHON YacTbIO

n
Teopema 5. Mmnozounern H(z) = ho +2 > hiz*, ho > 0, umeem noaostcumenrvyio
=1

deticmeumenvhyro wacmsv 6 A mozda U Moavko mozda, k0204 CYWECMEYM YUCAG
P € C, ne pasuvie HYy.a10 00HOBPEMENHO, MAKUE, 4MO

n—k
hi =Y pjssPj,  k=0,....n. (15)

=0
n
JoxkaszarenbcTo. ukcupyem n € N u npoussobubiii Muorouien P(z) = Y ppz*.
k=0

n n—k

Pacemorpum muorouten Q(z) = qo + 2 Y, qz®, e qx == . pjxbj, k= 0,...,n.
k=1 §j=0

Hna Bcex ¢ € R nmeem:

0 <IP()[2 = PE)P() = 3 pic™ 3 et =
k=0 k=0
=lpol® + ... 4 |pnl*+
+ (pop1 + P1D2 + - - + P—1Dn)e” " + (p1Po + pab1 + - .. + Ppbn—1)e ¥+
+ (poP2 + P1P3 + - - - + PraPn)e” 2? + (paPo + P3P1 + - . . + PnPn—2)e*F +

+ Popre” " + pppoe™? = (16)
=lpol* + ... + [pn*+

+2Re({p1Po + pab1 + ... + Pubp—1}€?)+

+ 2Re({p2po + P3p1 + - - . + Pnbn_2}e?9)+

+ 2Re(pppoe™?) =
=ReQ(e"?).

HeobxomumocTs. Ilycts H € C. Tlokaxkem, uro H umeer k03hOUITHEHTDI .
ITo nemme [2) Boipazkenne T'(p) = Re H(e!¥) sB/seTcs TPUTOHOMETPUYECKUM TMO/IH-
HoMoM crenenu n, npuuém T(p) > 0 ang Beex ¢ € R, rak kak H € C. Cornacho
Teopeme 4} cymecrsyer mMuorounen P rtaxoii, ato T(p) = |P(e¥)|?. Takum obpasom,
u3 cremyer, uto Re H(e'?) = Re Q(e™).

BbinosauM 00paTHYIO 3aMeHy e'¥ = z U BOCCTAHOBHM AHAJUTHYECKHE (ByHKIUH
Q n H 1o ux obmeil neiicTBUTeNbHON YacTu. [IpuHUMas BO BHUMaHWE HOPMUPOBKY
Q(0) = H(0) > 0, 3akmouaeM, uto H = () HA eIMHAYHON OKPYKHOCTH, TaK KaK TOJIO-
MopdHas GyHKIHS BOCCTAHABINBAETCS MO CBOEH AEHCTBUTEIHLHON YACTH €IUHCTBEH-
HBIM 00pPa30M C TOYHOCTBHIO IO YUCTO MHHMOM aIUTUBHOHN mOCTOsSHHOM. IIpomomkum
nosimHOMBL () u H ¢ eIuHUYHON OKPY?KHOCTH HA BCIO KOMILIEKCHYIO IJIOCKOCTh. Tak
KaK COIVIACHO BHYTPEHHEHN TeopeMe eMHCTBEHHOCTH JIjisi TOJIOMOP(MHBIX QyHKIMHA aHa-
JINTUYECKOE TIPOJOJIXKEHNe eIUHCTBeHHO, To H = (). UTo m TpeboBaIOCH.
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HdocTaTounoctb. [lokaxkem tenepnb, uro ecim H nmeer Ko HumeHTH! , TO
H € C. llycrs H umeer k03dunmenHTh , to ectb H = Q. TlpoBens Boramciie-
HUSA B obpaTHOM TIOpsziKe nosydaem, uto Re H(e®) > 0 ans scex ¢ € R. Ilo-
ckombKy H (0) > 0, To mo npunnumny coxpanenus obnacru Re H(z) > 0 npu z € A. Yro
n TpebOBaIOCh. [ |

5. YcjaoBuda eITMHCTBEHHOCTH MHOTOWIeHa M3 KJjacca Kapareogopu
B sTom mymukTe cuntaem, uton € N, hg > 0 u

H(z):=ho+2)  hp2". (17)
k=1

JIemma 3. Cywecmeyem eduncmeennvili ¢ MouHocmoblo do 8paweHuts 8 NAOCKOCMU
nepemennoti z muozouaen H euda (L7), ydosaemsoparowut ycaosusim:

e He(C;

e hg =2|h,| > 0.
Boaee mozo, H(z) = ho(1 +nz™), ede |n| =1, a argn = arg{h},.

Hoka3zareabctBo. CorsnacHo Teopeme [p| cymecrsyior duciaa pr, € C, k = 0,...,n,

YAOBJIETBOPAIOIINE COOTHOIIICHUAM:

p

ho = [pol® + ... + |pal?, hn = prpo.
U3 ycnosus hg = 2|h,| nouayqaem:
[pol? + ...+ [pal* = 2|pupol-
JaHHOE PABEHCTBO YKBMBAJIEHTHO CJIEYIOIIEMY:
(Ipol* = 2[papol + [pal®) + p1]* + ... + [paa* =0,
KOTOPOE MOKHO NEPENUCATH B BUJIE:

(Ipol = Ipal)? + Ip11> + ... + [pn—a|* = 0.

OTcrofa HENOCPEACTBEHHO CJeayeT, u4To |po| = |pn| u p1 = ... = pn—1 = 0. Takum
obpazom,

H(z) = 2|po|? + 2pnpoz™ = 2|po|*(1 +nz"), In| =1, argn=arg{h},.
Tak kak gucyaa pg, k = 0,...,n, ONpeJIeJIeHbl € THHCTBEHHBIM 00Pa30M, TO U MHOTOYJIEH
H omnpenenéH eTMHCTBEHHBIM 0OPA30M. [ |

3ameTnM, 9TO KOPHSAMH zj, MHOrowieHa H(z) = ho(l 4 2") sBasiorcst Bce KOpHU
. w2k
n-# crenenu u3 —1 U TOJBKO OHU, TO €CTh 2z, = €'~ » ,k=0,...,n—1.

YrBepx)aeune 1. Cywecmeyem edurcmeennviti mnozousen H euda (17), ydosae-
MEOPAOUUT YCAOBUAM:
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e HeC;
o h, >0;
e Bce xophu 21, ..., 2, mhozousena H aesicam wa edunuunot oxpysicrocmu OA.

Boaee mozo, H(z) = ho(1 + 2™).

HdokazaresabcTBo. llockombKy z21,...,2, — KOpHH MHOro4jJeHa H, TO €ro MOXKHO
n
npezacraBuTh B Buge: H(z) = 2h, [ (z — zk) = 2hp((=1)"21 - ... 2p + ... + 2™). Tax
k=1
KaK BCe KOpHH MHOrowiena H jexar Ha equHu<HON OKpy:kHOCTH (|21] - ... - |2,] = 1),
10 hg = 2|hy|. Ilpuvenus gemmy |3} momydaem, aro H(z) = ho(1 + 2™). ]

VYrBepxkaenue 2. Cywecmsyem eduncmeennvili mnozonaen H euda (17), ydosae-
MEOPAOUUT YCAOBUAM:

e HeC;

e h, >0;

e Bce Kopnu n-% cmenenu u3 —1 u moavko onu asasomes xopuamu Re H.
Boaee mozo, H(z) = ho(1 + 2™).

HokasaresnbcrBo. Cortacuo yrsepxxaenuio (1) muorounen H(z) = ho(l + 2") asia-
€TCsl eIMHCTBEHHBIM MHOTOYJIEHOM, YIOBJIETBOpsomuM yenosuio H € C' u mMerImmm
CBOMMU HYJISIMU BCEBO3MOXKHbIE KOpHU n-ii crenenu u3 —1. OueBnaHO, 4TO rapMOHUYe-
ckas yukuus Re H umeer Te ke KopHH, HO kpaTHOcTH 2 (M. ciaencrsue [3)). Tak kax
BOCCTAHOBJIEHNE AHAJTUTUIECKONH (DYHKIMH N0 €€ TeHCTBATENBLHON 9aCTH eIMHCTBEHHO
C TOYHOCTBIO /10 YMCTO MHUMOHN aJIMTHBHONW KOHCTAHTBI, TO C y4ETOM HOPMHPOBKH
H(0) > 0 nomyuaem TpeGyemoe. [

6. Teopema 0 eMHCTBEHHOCTH 3KCTPEMAJIBHOMN (hyHKINN

IIpu orpanuyeHnsAX, HAJIOXKEHHBIX HAMK BbIIIE HA 3KCTPEMAJIbHYI0 (PYHKIMIO, MOXK-
HO CTABUThH BOTIPOC O €& emmHCTBeHHOCTH. CIIemyloImmii pe3ysIbTaT MepeKIuKaAeTCs C
OCHOBHBIM pe3ysbraToM paborst [I6, crp. 735].

Teopema 6. ITycmsn € N, u nycms f — sxempemanvras gynxyusa 6 npobareme Kuiu-
orca, ydosaemeoparowan ycaosuto { f 1, = 2{f}o > 0. Tozda Pynryusa [ cywecmeyem,
eduncmeenna u f = F (2", 1), 2de dynryua F 3adana dopmyroi .

HoxkazarenascrBo. Corsacuo Teopewme [2] muOorousen H, cremepupoOBaHHBIN U3 KOID-
dunpenros Gyukuuu f no dopmyse (11), npunamiexur kiaaccy C u yaoBiaerBopser
BeceM ycaosusm semmbl [3 Cnegosarensho,

H(z) = {f}n +2{f}oz",

OTKY/1a BBITEKAeT, YTO

{fh=...={flna=0
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[Mycrs {f}o = e~ ¢, rae t > 0. Torna, Tak kax 1o yciaosuio {f}, = 2{f}o, To:
f(z)=e "+ 2e72" 4+ o(2™).

Iposepum, yro dyukuusa h = —Inf =t — 22" + o(z ) npunaexur kiaccy C.
(HamomuuM, uto MuHOPBI M), onpemenéust $hopMytoi . IIpumenssa kpurepuit Ka-
pareomopu-Témmuma, momydaem andg ¢t > 0:

o Munoper My, = 214+ S Qupu k=1,...,n — 1;
o M, =2""14""1(#2 —1) > 0 u M,, = 0 ecsiu u TombKO ecu t = 1.

Taxkum o6pazoM, {f}o=e t u f(2) = Qn(2) + 0(2"), rae Qn(z) = e~ ! +2e712".
Oyukuusa F (2", 1), 3anannas dopmysioit , MIPUHAJJIEXKUT KJjaccy B, yInoBierBo-
pseT BCeM YKa3aHHbIM yCJIOBUsSM u, corsiacHo kpurepuio Kapareonopu-Témwiuua (Teo-
pemall)), sBisiercs eJMHCTBEHHBIM IPOJIOJIKEHUEM MHOIOWIeHA (Qy, 10 DYHKIMU KIIACCA
B. CnenoBarensuo, f(z) = F(z",1). ]

7. HokaszareabcTBo rumnore3bl Kmmmmka

Teopema 7. ITycmv n € N u f € B. Tozda cnpasediuso nepasencmaeo:

(<2

PABEHCMEBO 6 IMOM HEPABEHCMEE JOCTNUZAEMCHA MO206 U MOALKO Mo2da, K020a
f(z) = eF(e2",1), ¢,0€R,
2de pynrxyus F onpedesena gopmyrot .

JokazareabcTBo. 3adukcupyeM MpOU3BOIBHBIH HOMED 7 U MPOU3BOJBHYIO SKCTPE-
Manphyio dyaknuio f € B. CortacHo cieacTBuio [l cymecTByoT qucia:

m
e ap >0, k=1,...,m, > ap=t,rmem<n,at:=—1In{f}o;
k=1

e 0K 1 <. < o < 2m;
Takue, 910 QyHKIUs [ OpejcTaBuMa B BHJIE:
n
1+ e“"k z
£(2) = exp ( S} ) |

Henocpencrsento mposepsiercs, ato dynkmua F(z%,1) = e~ + 2e7 12" + o(z")
yrosrersopser coorromtennio (10), mosromy, w3 cieacrsus [2| ciemyer, aro:

e m=mn,

o TOuKW €', k =1,...,n, ABIAIOTCS BCeMU KODHAMHE n-i cTemenu u3 —1,



12 CTVIINH 4. JI.

TaK KaK
n

n oy 1—2"\ 1 1+ eierz
F(”)—‘*XP(‘M)—QXP P Erer
=1

Paccmorpum muoroanen H, crenepupoBaHHBIN n3 KodddunuerTtoB GyHKImA f 10

dopwmyte . 3 Teopemsl [2| BBITEKAET, 9TO:
e HeC,
e ReH(e™*)=0,k=1,...,n.

Cornacuo ytBep:xkaenuio [2] cymecrByer eauncTBennsiii muorounen H € C crenenu n,
ﬂeﬁCTBHTeHbHaH JaCTh KOTOPOr'O MMEET CBOMMHU KOPHAMHN BCEBO3MOZKHBIE KODHHU n-i
creneHu u3 —1, NpuyIeM:

H(z) = {f}n+2{f}oz" = ho(1 +2"),

e hg — MOMOXKHUTENbHBIN TOCTOSTHHBIAN MHOKUATEIb. TakuM 006pa3oM,

{f}n = 2{f}0~

ITo reopewme @ bynxmua F(2",1) = e~ ! 4+ 2e712" + 0(2") aBngercsa e MHCTBEHHOM
3KCTpeMasbHO (dhyHKIHMel, ynosiaersopsiomei ycaosuto { f}, = 2{f}o. [

3akJroueHne

[Monydennubie pe3yabTATHI MOTYT OBITH MPUMEHEHBI TTPU U3YUEHUN YKCTPEMATBHBIX
3a/1a49 Ha, KJIACCAX TMOIMHEHHBIX TOJIOMOPGHBIX (hyHKIUA. Bynyiue nccieaoBanus Mo-
IyT OBITH HAIPABJIEHBI HA YTOYHEHWE W IOKA3ATEJIHCTBO AHAJOTUYHBIX THUIIOTE3 JIJIst
JPYTUX KJIACCOB (PYHKIUI, B YACTHOCTH, A KjaccoB By, t > 0.

IIpo6embr reoMeTprdecKoit Teopun (pyHKIHI KOMILIEKCHOT'O IIEPEMEHHOT0, TaK UIN
uHade ca3anuble ¢ runores3oit Kumka, paccmorpennt B paborax [25] 26 [7), 27, 28], 29,
15], 30, B1]. Hexkoropsie u3 3Tnx mpobieM 3KBUBaJEHTHBI Tumorese Kinxka u, ciaeno-
BATEJIbHO, WX TAKKE MOXKHO CYUTATH peméHHbIMU. HekoTopbie 0000IEHS THIIOTE3bI
Kumka ommcanst B crarbe [4), crp. 187].

OcHoBHoit pe3ynbrar paborsl [16], crp. 735] gaér 18 sKBUBATIEHTHBIX YCJIOBUIA, KOTO-
pble B CBeTe MOATBEPXKIAEHUS CrpaseiiuBocTu runore3nl Kinmnka Bce craHOBATCS BEp-
HBIMH. DTO TAKXKE OTKPBIBAET IIyTH K HOBBIM HMCCJIEJIOBAHUAM B CMEXKHBIX OOJIACTIX,
TaKWX, HAIPUMED, KAK MPOCTPAHCTBA XapIH.

Amrop HacTosIIEl cTATHY BRIpAXKAET OJIAr0JAPHOCTH KOJIJIEKTHBY ABTOPOB HHTEPEC-
uoit crarnu [I6], KoTOpas BIOXHOBHIIA €r0 HA HCCIIEJOBAHEE CBOMCTB 9KCTPEMAJIbLHOMN
byHKIMY U HA HANMCAHWE JAHHON CTATHU.
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