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JOKA3ATEJIBCTBO I'MITIOTE3HI KITTN>KA

Crynun . JI.

OTO3BAHO: /IokazareabCTBO COAEPKUT HEYCTPAHUMBIN TPOOET B
JI0KA3aTeJIbCTBE TeOPeMBbI 7 Ha CcTp. 12.

I/IBHO}KGHO JOKa3aTeJIbCTBO I'IIIOTE3bI KIJ_II/I)KEL, OCHOBAaHHO€ Ha IIPUMEHEHNHN
BapHaOHHOI'O METOHd, a TAKZKE Ha HCIOJIb30BAHHH JIBYX KJIACCHYIECCKHUX
Pe3yJIbTaTOB ¥ HEKOTOPbIX UX CJAEACTBUMA. Y IOMAHYTHIMU PE3YIHbTATAMU SB-
sgsitorces kpurepuit Kapareomopu-Témmuma mpogoKaeMOCTH MOJIUHOMA, 10
dbyuxnun kiracca Kapareomopu u teopema Pucca-®@eiiepa o Tpuronomerpu-
YeCKUX MHOTrO4YJI€HaX.

VoMsaHyTOE JOKA3aTEIbCTBO SBJISIETCS HOBBIM U 3JIEMEHTAPHBIM, W3JI0XKe-
Hue 1aéTcs B 3aMKHYTOR u camojocrarodnoil ¢popme. Bee cebuiku na aure-
paTypy NMpUBEJAEHBI JJId JOTOJTHUTEIHHOTO O3HAKOMJIEHNS MM KaK MCTOY-
HUKU.

WITHDRAWN: The proof contains an uncorrectable gap in the
proof of theorem 7 on page 12.

A proof of the Krzyz conjecture is presented, based on the application of the
variational method, as well as on the use of two classical results and some of
their consequences. The mentioned results are the Caratheodory—Toeplitz
criterion of continuing a polynomial to a Caratheodory class function, and
the Riesz—Fejer theorem about trigonometric polynomials.

The mentioned proof is new and elementary, presented in a self-contained
and complete form. All literature references are provided for further reading
or as sources.

KoaroueBbie caoBa: kpurtepmnit Kapareomopu-Témnanna, Teopema Pucca-
Qeiiepa, TPUTOHOMETPUIECKHE MHOTOYJIEHBI, TPUTOHOMETPUIECKUE ITOJIH-
HOMBI, MHOTOYJICHBI C IOJOXKATENbHONH NEHCTBATENbHON YacTbIO, IOJUHO-
MBI C TIOJIOKUTEJIbHON BEIeCTBEHHON JacTbhio, Kjaacc Kapareomopu, rurmo-
re3a Kmmka, npobiema Kinuzka, orpanudennbie He 0OpaIaioniuecs B Hy/lb
dbyHRIINT

Keywords: Caratheodory-Toeplitz criterion, Fejer-Riesz Theorem, trigo-
nometric Polynomials, polynomials with positive real part, Caratheodory
class, the Krzyz conjecture, the Krzyz hypothesis, the Krzyz problem,
bounded nonvanishing functions

BBenenue

Obosnauum eauuuunbiii kpyr yepes A = {z : z € C, |z| < 1}, a equnuunyio
okpyxkuoctb — depe3 JA. Teitnoposckue kodpdunuentsr pynxiuuu f Oymem 0603Ha-
qath {f}n,, n € {0} UN.
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Kiaccom B 6yzeM Ha3blBaTh MHOXKECTBO (pyHKIUHA f, roJ0MOP(HBIX B €UHUIHOM
kpyre A u ynormerBopstioiux yeaoeusm 0 < [f(2)| < 1, z € A.
B 1968 r. fu Kk serapuays runoresy [1, cormacHo koropoii, ecan f € B, To

{finl <2/e,  neN,

MPUYEM PABEHCTBO JOCTUTAETCS TOJIBKO HA (DYHKIIUSIX BUIA e F (ewz”7 1), rme
1—=z
F(z,t) = e "%z, 0,0 €R, te[0,+0). (1)
Qurcupyem n € N. Bamady 0 HAXOKJIEHUT
my, ‘= max
v = max {1},

OymeM Ha3bIBaTh mpobaemoit Kimmxka aisa momepa n. Oyukiuo f € B O6ymnem Ha3bIBaTh
sKcTpemanbHOil B npobiaeme Kmmxka g somepa n, ecnm [{f}n]| = my,.

Bamauay o TouHol onenke BeawunHbl |[{f},| s Bcex n € N Ha kmacce B Gymem
Ha3bBaTh mpobsremoit Kmmxka. [Ipobsemy Kimxka myist GuKCHpOBAHHOTO 71 TAKXKE J0-
MyCTUMO HA3bIBATH MPOCTO Ipobsemoii Kirmka, eciin 9T0 He MPUBOAUT K HEIOPA3YMe-
HUSIM.

CymectBoBanue skcrpeMasieit B mpobsieme Kiinxka st GUKCHPOBAHHOIO HOMEDA,
7 OYEBUJIHO, [IOCKOJIbKY Liocse jgobasienus K kaaccy B dynkuuu f(z) = 0 nouyqaer-
Csl KOMITAKTHOE B cefe (B TOMOJIOTUY JIOKAJILHO PABHOMEDHOH CXOIUMOCTH) CEMEHCTBO
dbysrwmii, 8 GYHKIUOHAI, COTOCTABISIONINA KaXK 0¥ DyHKIMH U3 B e€ TeiliopoBcKuii
KO3(MDDUIHEHT ¢ HOMEPOM 7, SIBJISIETCST HEMTPEPHIBHBIM Ha B.

Yepes 2y 0603HaunM KJacc GYHKIMHA w, FOJOMOP(MHLIX B A H yI0BJIE€TBOPSIIONIX
yeaosusm |w(z)| <1, z € A, w(0) = 0.

ITycTs oTobpazkenus G u g rogoMopdHb B A. @yHKIUS ¢ HA3BIBAETCS MOTINHEHHOM
st yukmun G B €IUHUYHOM Kpyre A, eci OHA MOXKeT ObITh MpEeICTaBIeHa B A B
Buze g(z) = G(w(z2)), rme w € Qp. B srom ciayuae dbyskuuio G GyleMm Ha3bBaTh
mazkopauToit s g 8 A. Teopus nopuunenus u3joxkeHa, B 4acTHOCTH, B padore [3].

Kiacc pyHKmmii, mMEommx 0JI0KUTEIbHY 0 BEIIECTBEHHYIO 4acTh B Kpyre A, 00o-
3HaunM depe3 C. DToT Kjaacc Oymem Ha3bBaTh Kjaaccom Kapareomopu. @ukcupyem
t > 0. MuoxecrBo dbyukumii A u3 C, HOpMUpOBaHHBIX yciosueM h(0) = ¢, obo3HaunM
qepe3 C u Oymem Ha3bIBATH HOPMUPOBAHHBIM KJjiaccoM Kapareomopu, ujiu mpoCcTo KJac-

com Kapareonopu, eciiu 310 He BbI30BeT Hepopasymenuii. 3amerum, uro C == |J Cy.
t>0
[Mockosbky Kaacc B WHBApUAHTEH OTHOCHTEHHO BPAIIEHUI B IJIOCKOCTH TIEPEMEH-

Hoit w (w = f(2)), T0 6e3 yMeHbIEHUsI OOLIHOCTU MOXKHO OIPDAHMYUTHCH M3YdEHUEeM
dbyukumit, g xoropsix f(0) > 0. Tak xaxk 0 < {f}o < 1, TO MOXKHO HOJIOXKHUTH
{f}o = €7, tme mapamerp t € (0,+00). COOTBETCTBYIOMME MOMKIACCH OGO3HATHM
gepe3 B;. Kak m3secTno m3 teopwn nogumuéHHbXx Gynkumii [3], kaxmayo dysxnuo
K1acca By MOXKHO IPEICTABATH B BHJIE

f(z)=etM3  hec. (2)

Ormerum, 9To mipu Kaxkaom ¢t > 0 ata ¢hopMysia yCTaHABIUBAET B3AUMHO OJHO3HAYHOE
coorBercTBre Mex iy Kinaccamu Cp u By. QO4ueBuHO TakKe, 9TO MPU KaXKIOM (DUKCH-
posanuoM t > 0 byukuus F(z,t) gBisiercs MaxKOpanToil Jyis Kax10il GpyHKuuu u3
Kjacca By.
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N3 reomerpuuecknx coobpazkenuii oueBmano, ato |{f}o| < 1. Toumyio omenky
[{f}1] Mokno maiiti BO MHOrEMX paborax, HaunHas ¢ 1934 roga; nepsoit u3 HUX ObITA
pabora [2]. Omnenxa |{f}2| He BbI3BIBaET 3arTpyauenuit ¢ 1943 roga [3]. Kmmx cdopmy-
JITPOBAJT 00CYK/TAEMYIO 371€Ch THIIOTE3Y, OMNPASCh HA OIEHKW MOIYJel MepBbIX IBYX
k03 durmenton. JlokazaresbCTBO [jid ciydasi n = 3 BIEpPBbIe ObLIO OMyOINKOBAHO B
1977 rony B pabore k. Xammens, C. Ileiin6epra u JI. Sanbumana [4]. Tounas npu
kaxaoM ¢t > 0 ouenka Gynxunonana |{f}s| na xnacce B, 6bu1a nosyuena s padore [5].
Amnasornuynasi oIeHKa Ha MHOMXKeCTBe (pyHKIMH u3 B; ¢ BEIIEeCTBEHHBIME KOI(DdUIm-
eHTaMHM MpejcTaBieHa B padore [6]. Jus caydas n = 4 ciaeayer ynoMsHyTh J0Ka3a-
renberBo B. Manens [7]. Buepsbie ouenka nsaroro koadgduuuenra merogom [lamesns
6buia nana B pabore H. Camapuca [8]. Asrop manunoii crarbu B pabore [9], ucnosnb3ys
meron Hlanesst, moayuaun onenky |{f}s| < 2/e+0.00116077, a B pabore [10] — onenxy
{f}s| < 2/e c moMoOIIBIO YMCIEHHOTO METOA.

Uccmenosanms mo mpobiaeme Kimmmka MOXKHO Pa3IenuTh HA HECKOJIBKO OCHOBHBIX
nanpasjenuit. OIHO W3 HUX — 3TO ONEHKU HAYAIHHBIX KOI(DDUIIHEHTOB, YIOMSIHY-
Thie B npepiayiieM ab3amne. OTAembHOr0 BHUMAHUS 3aC/IyKUBAIOT TaK HA3LIBAEMBIE
aCUMITOTUYECKHUE OLEHKH, OcBelgnHble, Hanpumep, B paborax [11l [12]. Takxe Bbiae-
JISIOTCS PABHOMEDHbBIE 1[I0 7 OLEHKH, [OJIYYEHHbIE € HCIOJb30BAHUEM HHTErPAJIbHOM
dopmynsr Komm miis Bcex HarypasnbHbix n. B crarbe [I3] Gbura momydena onenka
{fIn] < 1— 3+ Lsing; = 0.999877..., a B auccepramun [[4] crp. 19] — yuayu-
wennas onenka [{f},| < 3 4+ 2sin 5 = 0.999178 ... Em@ ofHOo BaxKHOE HAIPABIIEHHE
CBSI3aHO C M3YyYEHHUEM CBOHCTB 9KCTPEMATbHON (DYHKIUN U MTOMCKOM (DYHKIHH KIacca
B, obnamaromux srumu cBoiicrBamu. K 3TOMYy HAIIpaB/IEHHIO OTHOCATCS, B 9aCTHOCTH,
paborsr [4, [15] [16], a Takske HacTOSAS CTATHSI.

C. JI. Kpymkans B pabore [I7] mosy4ma I0Ka3aTeNbCTBO THUIOTE3bI XaMMeJsi-
IMeitnGepra-3ambumana [4, crp. 189] mys dbyukumit u3 mpocrpancrsa HP. 910 mokasa-
TEJBCTBO MOy YeHO OIarofapst MPUMEHEeHHIO HOBOIO METO/Ia, OCHOBAHHOIO HA, IPUBJIE-
qennu ryboKux ocoberHocreit mpocrpamcts Telixmiomiepa. 'mmore3a Kimmxka asis-
ercst cinencreueM rumores3sl Xammvens-1leitnbepra-3anpiMana mpu p — 00.

3mech JaETCst HOBOE SJIEMEHTApHOE TOKA3aTeIbCTBO rumoTe3nl Kimnyka, n3mokenHoe
B 3aMKHYTO# 1 camMomocTaTouHoit opme. Bee ceblikm HA MuTepaTypy TPUBEIEHDI s
JIOTIOTHUTEIHHOTO O3HAKOMJIEHUST WU KAK MCTOYHUKH.

1. Kputepnit Kapareomopu-Ténauiia
TpuBeném 1151 TaIBHEATIINX CCBITIOK CIleyonmil Kiaaccndeckuit peynbrar [18] [19):

Teopema 1 (Kapareomopu, Témui). Tycme n € N, {h}g > 0, {h}1,...,{h}, € C.
Mmnozounen

Qn(2) = {h}o+>_ {h}r* (3)
k=1
MOHCHO TPpodosdcumsd 0o Pynryuy

h(z) == Qn(2) +o(z") € C
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mozda u moavko mozda, Kozda onpedesuments

2{hto {hh - {hlk—1  {h}x
{ht,  2{hto - {hti—2 {h}r
M, = , k=1,...,n, (4)
ey {hdes -0 2R} {hh
{h}k {h}k—l {h}l 2{h}0

Aubo ece noAoHCUMENDHDL, AUBO NONOAHCUMENLHBL 0O HEKOMMOPO20 HOMEDPG T < n, Ha-
YUHAA C KOMOPO20 6CE PaBHb, HYNAIO. B nocaednem cayvae npO&O/LDfC@HU@ e0UHCMBEHHO

u cyuecmeyrom wucaa i > 0, k=1,....m, u wucaa 0 < 1 < ... < @y, < 2T makue,
Ymo
1+ etrz
Z ak el(pkz (5)

®ukcupyem n € N u pacemorpum npocrpancrso C*H roukaMu KOTOpPOro apigror-
cst mabopwt w3 (n + 1)-ro Kommaexcnoro wucia "+ == ({h}o, ..., {h},). MuoxecTBO
touex h("*Y) u3 npocrpancrea C"! rakux, uro wucna {h}o,. .., {h}, asnsorcs nep-
BoIMI 1 + 1 ko3 durmentamu HekoTopoil dbyrKkIK h € C, obo3naunM gepes (1)
u 6yaem HazbiBarh (n + 1)-biv Tesiom Koadbdumenros kiacca C.

[Ipobrema koadpdummenToB Ha Kiracce C' GopMyaupyercss CaeayomuM 00pa3om:
HaWTH HEOOXOIUMBIE U IOCTATOYHBIE YCIOBUsI, KOTOPBIM JIOJI?KHBI YJIOBJIETBOPATH GUCTA
{h}o,{h}1,{h}2,... ana roro, urobwl pag {h}to+ {h}12+ {h}22? + ... asnsanca psaiom
Teitmopa nekoropoit dyukmun n3 kiaacca C. Kpurepuit Kapareomopu-Témmuna maér
TMOJIHOE pEIIeHne 3TOU 3a/1a9u.

2. HekoTopble cBoiicTBa 3KcTpeMajbHON PYyHKITNN

Knacc B wHBapuanTeH OTHOCHTEIHHO BPALIEHWIT B TIOCKOCTH TIEPEMEHHON z W OT-
HOCHTEJIBHO BDAIEHNUi B TIOCKOCTH nepemenHoil w (w = f(z)). To ecrh, ecim n € N
u byukuusa f ABIAETCS SKCTpeMabHONU B mpobseme Kimmka msi 9T0ro HOomepa n,
ro dbyuruus 7f((z) upu |n| = |¢| = 1 rakxke aBaserca sxcrpeMasibHoil. IIpu 3rom
BpAIlIEHUE B IJIOCKOCTH [IEPEeMEHHOM z He 3arparusBaer koddduuuent {f}o. Cnenosa-
TEIbHO, 6€3 OrpaHuveHus ODIIHOCTH MOXKHO CUHUTATH, Y9TO €CaH [ — SKCTPeMaJbHasi,
to {f}o > 0 u {f}, > 0. B nambueiimem, rosopsi o dbyHKIuN f, IKCTpEMAILHON B
npobmeme Kmmka, Gymem mompasymesars, 9to {f}o > 0, {f}, > 0 u f € By, tae
t = —In{f}o. Taxkxke, Gpyukuumio, sxcTpemabuyo B npodiaeme Kimxka s Homepa n
4acTo GyJeM Ha3bIBATH IPOCTO YKCTPEMATBHOM, €C/IM U3 KOHTEKCTa MOHATHO O KAKOM
KOHKPETHO 7 UJIET PeUb.

Badbukcupyem n € N. Ecim f(z) = e (%) — skerpemanwnas dbywmkums, o, kax

u3secto [19, 20], Touxa p(nt1) NIPUHAJJIE’KUT TPAHUIIE MHOXKECTBA C("‘H), 9TO PaB-
HOCUIBHO ToMy, uro M, = 0 (M, oupenenén dopmyJoii ) CorylacCHO KpHUTEPHIO
Kapareogopu-Témmuia, 370 o3Ha9IaeT, 9T0 MPOJOIKEHNEe MHOTOWIeHA (), , OIpeaeTéH-
noro ¢dbopmyioit , enuacreenno. CieoBaTebHO, J100as dKCTpeMaabHast (HyHKIIs
umeer sug f(z) = e %) pne h sagana dopmymnoit . Takum 06pa3oM, CIPaBeIIHBO
CeIyIoIee yTBepIKIeHne:
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CaencrBue 1. Ilyemv n € N, dpynxyus f asasemcsa sxcmpemasvhoti 8 npobaeme

m

Kwuorca u t .= —In{f}o. Tozda natidymes wucaa ap >0, k=1,....,m, > ap=1t, u
k=1

wucra 0 < @1 < ... < oy < 21, maxue, wmo f(z) = e M3, 2de dynryua h 3adana

dopmyrot , NPUYEM M < N.

DTOT pe3yabTaT XOPOIIO U3BEeCTeH ¢ Hadada XX Beka (cM., HampuMmep, [4, cTp. 171]
u [16], crtp. 725]).

Bamerum, uro eciu n € N, a f u g — ronomopdubie B A GyHKIMH, TO

{f-9tn = {Ftadgdo + {F}nafghr + .+ {F}o{g}n- (6)
Jlemma 1. ITyemov n € N, f, g — 20a0mopdnvie 6 A Pynrxyuu, € € R u
v(z) = f(z)e= ), (7)
mozda
{v}n ={fIn —e{f - gln +o0(e), -0 (8)

HoxkazareascrBo. Paccmorpum Bapmaruio v dyskmuu [ dyskiueit e 9, ¢ € R.
VerpeMuB € K HYJTIO UMEEM:

v(z) = f(2)e™ ) = f(2)(1 — eg(2) + 0(e)) = f(2) — ef(2)9(2) + 0(e).
Beruncsans renepb {v}, MbI mogayuanm Hopmysry . [ |

Cuaenyromuii pesysnprar nosaumcrsosad u3 [16l crp. 726]. Juist nosHoTbL U3J102KeHUsE
MPUBEIEM €ro BMECTE C JI0KA3ATEIHCTBOM, TAKXKE B3ATHIM M3 YKA3AHHOW PAOOTHI.

Teopema 2. ITycms n € N, f — dyuxyua, sxcmpemarvnasn 6 npobreme Kuwuotca u
{f}o>0, {f}n >0, moeda dasn a0b0t gynryuu g € C

Re ({ftn{g}o + {ftn-1{gh +... + {f}o{g}n) = 0. (9)
B wacmmuocmu, ecau h = —In f, mo
Re ({ftn{h}o +{ftn-1{h}1 + ...+ {f}o{h}n) = 0. (10)
IIyemo
H(z) = {f}n +2{ftn12+ ... +2{f}o2", (11)
mozoa
HeC. (12)

Boaee mozo, nycmv m < n, a wucaa 0 < o1 < ... < @ < 2T 4acmusho onpedessom
dynxyuro h = —In f (cm. gopmyay ), mozda

Re H(e'#*) = 0, k=1,...,m. (13)
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HoxkazaTteabcTBo. 1. lokaxem dhopmysry @D IMycrs g € C. Bapuanus v yukiuu f,
3amanHas GhopMyIIoii , npu € > 0 aBasteTcsa BHyTpeHHei, To ecth v € B. Ilpn ¢ — 0
CTIPABEIJINBA, JIeMMa a o yciosuio {f}, > 0wu f — sKCcTpeMabHasi, CIeI0BATEHHO,
Re{v}, < {f}n- Orciona (cm. (8)) u BBITEKAET CpaBeIUBOCTH (HOPMYJIBI @

2. Jlokazkem popmymy . Bosbpmém Temeps g = h. Tak kak g = h, TO Bapuanus
v byukiuu f, 3agannas Gopmynoit (7)), upu € < 0 u |e| < ho gBusierca BHyTpeHHel
Bapumammedi, To ectb v = f - f7¢ € B. Ilockompky mo ycaosuto {f}, > 0u f —
9KCTpEeMaJIbHAs, TO U3 (POPMYJIbI st e < 0 mosydaem

Re ({f}n{h}o + {fIn-1{h}r + ...+ {f}o{h}n) <O,

a mis € > 0 copaseggmBa dhopMmysia @D, TO €CThb

Re ({fn{h}o +{fIn-1{hir + ...+ {f}o{R}n) =0,

OTKYy/1a JieiaeM BbIBOJI, 9TO (hopmysia _ BEpHA.
3. Hokaxem . Badukcupyem ¢ € A u HOTO0KUM
1+¢z
z) =
9(2) = 1= &
fcno, aro g € . lloncrasus kod3dburmenTsr GyHKIHN g B HOPMYITY @, TIOJTY UM

Re ({f}n +2{fIn-1C+ ... +2{f}oC") >0, [¢| <1,

40 pasnocuiibio Re H(z) > 0, z € A, Tax kax H(0) > 0, T0 110 IPUHIMILY COXPAHEHHSL
obnacru Re H(z) > 0, z € A, uro sxBuBajenTHO ((12)).

4. Jlokaxem hopmysTy . Qukcupyem k 9T00OBI BHIOPATh KOHKPETHOE YUUCTIO (P,
gacTu4gHo onpezessoiiee dbyukiuio b (cm. dopmyiny ) U PacCCMOTPUM (DYHKITHIO

=142Cz+2¢%2+ ...

B 1+ e%rz

= " =142k 2%k 2 .
1—ewrz

g(2) :

Torma v = f-e 9 € B kak upu € > 0, tak u npu jgocrarogno majibix € < 0. To
ectb upu |g| < ay, rae o YacTudHo onpenesser Gynkuuio b (cM. dopmyiy ) us
nemwst (1} yenosust {f},, > 0 u skcrpemansuocTn f cmemyer, aro nis € < 0

Re ({f}n + {f}n712ei¢k +...+ {f}02€niwk) <0,

agmae >0 _ _
Re ({f}n +{f}n-12e"% + ...+ {f}o2e™¥*) > 0,

YTO 9KBUBAJEHTHO pasencrsy Re H (e'#+) = 0. ]

m
Teopema 3. Ilycmv n € N, f = e™" npuuém h(z) = > ax , ap > 0,
z
14 e%rz
— 1 —eivry’
Bk >0, k=1,....,m, a noaunom H ceenepuposan u3 xoapduyuenmos pynrxyuu f no
dopmyae , npuwém H € C. Pasencmeo

Re ({f}n{g}o + {f}n—1{gtr +... +{f}olg}n) =0

cnpaeedﬂueo eCAU U MOADKO eCAU cnpaeeaﬁuem 6Ce paseHCcMmea

Re H(e'¥*) = 0, k=1,....,m.

m
E=1,....m, 0 < 1 < ... < < 2w, m < n unyemov g(z) = Y. B
k=1
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dokazaTeabcTBo. Meem

m

1+6“ka i in n
Zﬂk —iors kZﬁk(1+26“”“z+...+2€ Przm 4.
=1

TIpumensss dopmysty @, TIOJIyIaeM:

(- ghn =D B n+ {fInr26% o+ {f}o2e"P%) = > BrH (). (14)
k=1

Tak kak H € C 1o ycaosuio, To ectb Re H(z) > 0, z€ AuReH(z) > 0, z € A, 10
13 hbOPMYIIBI cJIeIyeT, aTo

Re{f g}n=0 < Y BReH(e¥*)=0 <« ReH(e¥")=0,k=1,..m.
k=1

113 reopewmsl [3] Bbrrexaer:
Caencreue 2. Ilycmv n € N, [ — dynrxyua, sxcmpemanrvras 6 npobaeme Kwuorca,
n 1 + eltpkz
u nyemo g(z) = Zﬁk , ,5k>0 E=1,...,n,0< ¢1 < ... < ¢, < 27.

Toeda, ecau gﬁy}muwz g ydoe/zemeopﬂem pasencmsy | , mo ecmo

Re ({f}n{g}o+ ...+ {flo{gtn) =0

mo
n
£(2) 1 + ey
=ex E .
P esz
k=1
To ecmv m = n u wucaa pi, k=1,...,n, Ham ussecmmo.
HoxkazareascrBo. Cormacuo ciaefacTsumo |1} cymecrsyror ancia o >0, k=1,...,m,
1+ e“"’cz _n
u0<6; <...<0, < 2w rne m < n rakue, yro h(z) = Zak g nf=e
— z

Crenepupyem nosuaom H u3 k03ddunmrenTon SKCTpeMaI[bHOI/I dyuknun f o dop-
myie (|11)). Tax kax H € C cormacuo TeopeMe TO BCE YCJIOBUSI TeOpeMbIBbIHOJIHeHbI.
IIpumenssa teopemy [3| Buaum, ato m =nu 0, = o, k=1,...,n. |

3. Teopema Pucca-@eiiepa

ITycrs n € N. Cornacno reopeme 2] mominom H, crenepupoBannbiit u3 nepsoix n+ 1
k03 durimenToB QYHKIWN, SKCTpeMaabHoil B mpobiaeme Kmmka maas kosdduimenTa,
C HOMEDPOM 7, UMEET TOJIOXKUTEIhHYIO IeiCTBUTENBHYI0 9acTh B Kpyre A. BoiBegem
HEKOTOPBIE CBONCTBA MOJMHOMHUAJIBHBIX 3J1eMEHTOB Kjaacca C, HeoOXOauMble s WC-
CJIeJOBAHUS IKCTPEMAIbLHON (PyHKIMH.

OyHKIMS BEIECTBEHHOTO apTyMEHTA

T(p) = ap + Z(ak coskyp — by sin k), ag,ar, b €R, k=1,...,n,
k=1
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Ha3bIBAETCA TpI/II‘OHOMeTpI/I‘{eCKI/IM MHOI'O4YJIEHOM CTeIlle€eHunu TL, €CJIN BBIIIOJIHEHO yCﬂOBI/Ie
a2 + b2 > 0. OueBnaHO, WMEET MECTO ClIeIyiolee YyTRepIKIeHue:

n
Jlemma 2. ITyemn sadan noaunom H(z) = ho +2 Y hyz®, 20e
k=1

ap +1b
ho=ap €R,  hy = % ar,br €R, k=1,...,n, hy,#0.
Tozda cyscenue Re H na edunuunyro oxpyschocms OA A6A5eMCA MPU2OHOMEMPUYE-

CKUM TMOAUHOMOM

T(p) :=ReH (") =ap+ Y (aycoskyp — by sinkep).
k=1

Boaee mozo, ecau H € C, mo T(p) 2 0 das scex ¢ € R.

Kax ormeuaercst B crarbe [21I], B nauane XIX Beka JI. @eitep [22] Buepsbre o6pa-
THUJI BHIMaHUE HA BAXKHOCTDH KJIACCA TPUTOHOMETPUIECKHUX TTOJTUHOMOB, TPUHUMAOIIAX
HEOTPUIATEIbHBIE 3HAUEHNSA Ha BCEil BEIeCTBEHHOM mpsamMoii. Ero rumoresa o crpykry-
pe Takux MHOro4jieHos 6puia Buociencrsuu gokaszana @. Puccom [23] u ubine uzsecrua
KakK Teopema Pucca-®eiiepa.

n

Teopema 4 (Pucc, @eitep). Ecau T(p) = Y (ay coskp — by sinky) >0, a2 +b2 > 0,
k=0

n

©,ar, b, € R, mo cywecmeyem mmnozouren P(z) = > ppz¥, p, # 0 maxot, wmo
k=0

T(p) = |P(e)|?. Boaee mozo, P mootcem 6uims nodobpar mak, 4mobvi 6ce e20 HyAu

AEANCANU 8HE e0UHUYHOZ0 KpY2a. B nocaednem cayvwae P onpedeasemcs eduncmeenoim
00pa3om ¢ MouHOCMBI0 00 YHUMOYAAPHOT MYALMUNAUKAMUCHOT KOHCMAHMbL.

HokazarenncrBo Teopembl Pucca-®eiiepa mpuBeeHO, B YaCTHOCTH, B cTarhe [24]
u B MoHorpadun [25, crp. 154]. 13 reopemsbl 4| BITEKaAET, 9TO €cau m W3 N KOpHEi
noauHOMa, P JIe’KaT HA eIUHAYHON OKPY?KHOCTH, TO TPUTOHOMETPUIECKHAN MHOTOYJIEH
T umeer 2m KOpHEH.

Caencrue 3. TpuzoHomempuueckuli MHO20UAEH CTENEHYU T UMeem He boaee wem
2n kopHel ¢ ywémom ux kpammocmed.

4. MHOro4IeHbI C MOJIOXKNATEJIbHOU JeliCTBUTEIbHON 4acThbIO

n
Teopema 5. Mnozounern H(z) == ho+2 > hpz®, ho > 0, umeem nososcumenvryro
k=1

deticmeumenvhyro wacmsv 6 A mozada U Moavko mozda, %0206 CYWECMEYOM YUCAG
pr € C, ne pasuvie nyaro odnospemenno, makue, 4mo

n—k
hy = ij+kﬁj, k=0,...,n. (15)

Jj=0
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n
Joxkazarenbcro. @ukcupyem n € N u mpomssoabaeiit Maorousen P(z) = Y ppz*.
k=0

n n—=k
Pacemorpum muorouen Q(z) = qo + 2 Y. qi2®, e qx == Y. pjxbj, k= 0,...,n.
k=1 j=0

st Becex ¢ € R umeem:

0 <|P(¢%)2 = P(e'%)P(ei) = Zpkeizw Zﬁke’i’““’ _
k=0 k=0

=[pol* + ... + [pn|*+
+ (pop1 +p1p2+ ... +pn—1ﬁn)€_w + (p1Po + p2p1 + - - —I-pnﬁn—l)@w*'

+poPne” " + prpoe’™? =
=lpol* + ... + |pnl* + 2Re((p1ho + - - - + Pubn-1)€’? + ... + pppoe’™¥) =
=ReQ(e'?).

Heobxomumocts. Ilycts H € C. Ilokaxewm, aro H umeer k03b UITHEHTDHI .
ITo nemme [2) Boipazkenue T'(p) = Re H(€'?) sBIseTcss TPUTOHOMETPHYECKHM MOJIH-
HomoM crenenu n, upuuém T(p) > 0 ana Beex ¢ € R, rak kak H € C. Cornacho
Teopeme 4} cymectsyer mMuorounen P rtaxoii, uto T(p) = |P(e?)|?. Takum obpaszom,
u3 cremyer, ato Re H(e'?) = Re Q(e%%).

BrimomanM 06paTHYIo 3aMeHy €'Y = z W BOCCTAHOBUM aHaIuTHIecKue (byHKIIH
@ u H 1o ux obmeil neiicrBuTesbHON dacTu. [IpuHnMas BO BHUMaHWE HOPMUPOBKY
Q(0) = H(0) > 0, 3akimogaeM, 40 H = () Ha eIMHUYHON OKPY’KHOCTH, TaK KaK I0JIO-
MopdHas GYHKIHS BOCCTAHABIUBACTCS 10 CBOEH IeHCTBUTENLHON YaCTH €IUHCTBEH-
HBIM 00pPa30M C TOYHOCTBHIO O YUCTO MHHMOM & TUTUBHOI mocTosHHOM. [Ipomomxum
monnHOMBI ()  H ¢ eIVHNYHON OKPY’KHOCTH Ha BCIO KOMIJIEKCHYIO TJIOCKOCTh. Tak
KaK COIVIACHO BHYTDPEHHEH TeopeMe eMHCTBEHHOCTH JJIsi TOJIOMOPMHBIX QYyHKINH aHa-
JUTHYECKOe TTPOIOJIKEHNe eTuHCTBEHHO, TO H = (). YT0 1 TpeboBaIoCh.

ocTaTouHoctb. [lokaxkem Tenepnb, uro ecim H mmeer Ko HUImeHTHI , TO
H € C. llycrs H umeer k03 DuImenTol , to ectb H = Q. Ilposens Bbraucie-
HUA B obpaTHOM TIopssiKe nosy4aem, uto Re H(e®¥) > 0 ans scex ¢ € R. Tlo-
ckosbky H(0) > 0, To o mpuHIuy coxpanenusi obnacru Re H(z) > 0 npu z € A. Yro
7 TpebOBaJIOCH. [ |

5. YciioBuS € IMHCTBEHHOCTH MHOTOWIeHa u3 Kiacca Kapareogopu
B sTom nynkre cunraem, yton € N, hg >0 un

H(z) = ho+2)  hp2". (17)
k=1

Jlemma 3. Cywecmeyem eduncmeennviti ¢ mownocmovlo 00 8pauseHutll 8 NAOCKOCTU
nepemennoti z muozounsen H euda (17)), ydosaemsoparwwutd yciosusm:

e HeC;
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e hg=2|h,| > 0.
Boaee mozo, H(z) = ho(1l +nz™), 2de |n| =1, a argn = arg{h},.

Hoka3zareabcrBo. Cornacao teopeme [5| cymecrsyior uucna pr € C, k = 0,...,n,

YA0BJAETBOpAONIE COOTHOIICHUAM:

b

ho = [pol® + ... + |pal?, hy = prpo-
N3 yenorust hg = 2|h,| monaydaem:
pol® + .- + [pnl? = 2|prpol-
JlaHHOE PABEHCTBO YKBHBAJIEHTHO CJIEIYIOMIEMY:
(Ipof* = 2lpapol + [pal*) + P2l + ... + pu1l* =0,
KOTOpO€ MO2KHO IIepenucaTrb B BHIE!:

(Ipo] = [pn])? + [P1]? + ... + |Pn_1* = 0.

O1ciosa HENoCpPenCTBEHHO cieayer, 4To |po| = |pn| u p1 = ... = pn—1 = 0. Takum
obpaszom,
2 _ 2
H(z) = 2|po|” + 2pnpoz" = 2|po[*(L +n2"),  |n| =1, argn=arg{h}n.
Tak xKak aucaa py, k = 0,...,n, ONpeIeNIeHbl eAUHCTBEHHBIM 06pa30M, TO ¥ MHOTOYJIEH
H onpernenén eaquHCTBEHHBIM 00Pa30M. |

3ameruM, 9T0 KOpHAME zj, MHOrowneHa H(z) = ho(l + 2") sBnsiorcs Bce KOpHH

n-# creneHu U3 —1 U TOJBKO OHHU, TO €CTb 2y = €'~ » , k=0,...,n—1.

VrBepxkaeuue 1. Cywecmsyem eduncmeennvili mmnozonaen H euda (17), ydosae-
MEOPAOUUT YCAOBUAM:

e HeC;
e h, >0;
e Bce xopHu 21, . .., zZ, MHO20%AeHa H aeocam ma edunuunotl oxpyorcnocmu OA.

Boaee mozo, H(z) = ho(1 + 2").

HokasareabcrBo. [lockombKy 21,...,%2, — KOpPHH MHOrO4jeHa [1, TO ero MOXKHO
n
npencraButh B Bune: H(z) = 2h, [ (z — 2k) = 2k ((=1)"21 - ... 25 + ... + 2™). Tax
k=1
KaK BCe KOPHH MHOro4seHa H jexxar Ha e uHUIHON OKpyxKHOCTH (|21 ... |2n] = 1),
10 hg = 2|hy|. Ilpumenus gemmy [3| momygaem, uro H(z) = ho(1 + 2™). [ ]

YrBepxkaenne 2. Cywecmeyem eduncmeennvili mnozousen H euda (17), ydosae-
MEOPAOUUT YCAOBUAM:

e HeC;
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o h, >0;
e Bce xopnu n-U cmenenu u3 —1 U MoAbKO OHU ABAAOMCA KOphamy Re H.
Boaee mozo, H(z) = ho(1 + 2").

HoxkasaresbcrBo. Coryacuo yreep:kaenuio (1) muorounen H(z) = ho(1 + 2™) asis-
€TCsl eIMHCTBEHHBIM MHOTOUJIEHOM, Y/IOBJIeTBOpsiomuM yciaosuio H € C' n nMmeiommum
CBOWMU HYJISIMH BCEBO3MOYKHBIE KOPHE N~ crenenu u3 —1. Q4UeBUIHO, YTO rapMOHUYE-
ckas pyukuus Re H umeer e ke kopau, HO kparHoctu 2 (cm. caencrsue [3)). Tak kax
BOCCTAHOBJIEHHE AHAJIUTHYECKON (DYHKIHMH [0 €€ eHCTBUTEIbHON YACTH €MHCTBEHHO
C TOYHOCTHIO JO YHCTO MHUMOH AJTATHBHON KOHCTAHTHI, TO C YIETOM HOPMUPOBKH
H(0) > 0 monyuaem Tpebyemoe. [

6. Teopema 0 eMHCTBEHHOCTH 3KCTPEMAJIBHOU (hyHKIINN

IIpn orpaHn9YeHnsAX, HAJIOKEHHBIX HAMM BBIIIE HA SKCTPEMATbHYIO (QyHKITUIO, MOK-
HO CTABUTBL BONPOC O eé examucTBeHHOCTH. Crlemyrommii pes3yabTaT NepeKInKaeTcs C
OCHOBHBIM pe3syJibrarom paborst [16], crp. 735].

Teopema 6. ITycmsn € N, u nycms f — sxempemaavras gynxyusa 6 npobaeme Kuiu-
orca, ydosaemeoparowasn ycaosuto { f 1, = 2{f}o > 0. Tozda Pynryua [ cywecmeyem,
eduncmeenna u f = F (2", 1), 2de dynryua F 3adana gopmyroi .

Hoka3zareabcTBo. CorsiacHo reopeme 2 muorowien H, creHepupOBaHHBIA U3 KO-
dunmentor dyuruun f o dopwmyne (11), mpurammexut kiraccy C u yIOBIETBOPSET
BceM ycioBusiM JiemMmbl (3l CiieroBaTesbHO,

H(Z) = {f}n + 2{f}oz",
OTKY/I& BBITEKAET, UTO
{fhi=...={fln1=0.

[Mycrs {f}o = e~ t, e t > 0. Torma, Tak kak Mo ycaosuio {f}, = 2{f}o, To:
f(z)=e 427" 4 o(2").

ITporepum, uro dyukims h = —Inf = t — 22" + o(2") npunammexut Kiaaccy C.
(Hamomuum, uto MuHOpbl M), onpemenéabt ¢hopMytoi ) IIpumensa kpurepwit Ka-
pareomopu-Témmuma, momydaem g t > 0:

o Munopst My, = 2Ft1F+l S 0mpu k=1,...,n — 1;
o M, =2""14""1(#2 —1) > 0 u M,, = 0 ecsiu u TosbKO ecau t = 1.

Taxum obpazoM, {f}o=e ' u f(2) = Qn(2) + 0(2"), rae Qn(2) =1 + 212",
Oyukuusa F (2", 1), 3anannas dopmysioit , IIPUHA/JIEXKUT KJaccy B, yIoBierBo-
psieT BCeM YKa3aHHbIM yCJIOoBUsM u, corsiacHo kpurepuio Kapareonopu-Témwuua (reo-
pemall]), ssBasleTcst e MHCTBEHHBIM IIPO/IO/I2KEHMEM MHOTOUIEHA (Qy 10 PyHKIMK KJ1acca
B. CnenoBarensuo, f(z) = F(z",1). ]
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7. ,Z[OKaBaTe.]II:CTBO runores3bl Kinmm>ka

Teopema 7. Ilycmvn € N u f € B. Tozda cnpasedauso Hepasencmeo:

2
‘{f}n| < )
e
PABEHCMEO 6 IMOM HEPABEHCMEE JOCTNUZAEMCA MO206 U MOALKO Mo2da, K020a
f(z) = ePF(e'?2",1), ¢,0€R,
2de pynryus F onpedesena gopmyrots .
JokazaressbcTBo. 3aduKCHPyeM TPOU3BOIBHBIA HOMEP 7 U MPOM3BOJBHYIO IKCTPE-

Manphyio dyaknuio f € B. Cortacho cieactBuio [l cymecTByoT qucia:

m

e ap >0, k=1,...,m, > ap=t, rnem<n,at:=—1In{f}o;
k=1

e 0K 1 <. <y < 2m;

Takue, 910 QyHKIUs [ OpejIcTaBuMa B BHJIE:

1+ eiery
1—eivrz

f(z) = exp *Zak
k=1

HenocpesicTeenHo mposepsiercs, uto dbynkmus F(z", 1) = e~ 1 +2e 12" +0(2")
yaosnersopser’| coornomenmo (10), mosromy, u3 caeacrsus [2] ciexayer, |ro:

°*m=n,

e TOuKH 'k, k =1,...,n, ABIAIOTCS BCeMU KOPHAMHU N-# CTeTen: u3 —1,

n 1l =g% 1 2 1+ery
TaK KaK F(Z ,1) = exp (-]-_’_Zn> = exp (-nkzl ]_—e“Pk2> o

Omubka 37eck: He F'u —In F' qoskesl yaosiaersopats (10), a f u —In F.

Paccmorpum muorowren H, credepupoBaHHblil u3 K03 duuuenros GyHkuun f 1o
dopwmyme (11). 13 Teopemsi [2| BBITEKAET, YTO:

e HeC,
e ReH(e**)=0,k=1,...,n.

Cornacuo yTBep:xkaenuto [2| cymecrByer eauncTBennsiii muorounen H € C cremnenu n,
ﬂeﬁCTBHTeHbHaH JaCTh KOTOPOr'O MMEET CBOMMHU KOPHAMHN BCEBO3MOZKHBIE KODHH n-i
crenenu u3 —1, NpuyéM:

H(z) = {f}n +2{f}oz" = ho(1+ 2"),
rae hg — TOJIOKATENBLHBINA TTOCTOSHHBIA MHOXKATEMH. TakuM 00pa3om,

{f}n = 2{f}0~

ITo Teopeme @ bynxmua f(z) = F(2",1) = e~ +2e7 12" + o(2") apngerca eaun-
CTBEHHOIT 9KcTpeManbHOl byHKImeit, yaosiersopsiomieit ycaosno {f}, = 2{f}o. =
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3akJroueHne

IIpo6embl reoMeTprdecKoit Teopun (pyHKIHI KOMILIEKCHOTO TIEPEMEHHOT0, TaK WUIN
uHave cBs3aHHble ¢ runores3oit Kumka, paccmorpennt B paborax [26] 27 [7) 28], [29] 30,
15, 3], [32]. Hexoropsie 3 stux mpobiaem skBHBaJIeHTHBI runore3e Kimska u, ciemo-
BATEJIbHO, X TAKKEe MOXKHO CYUTATH PEméHHbIMU. HekoTopbie 0000IEHNS THIIOTE3bI
Kimska ommcanst B crarbe [4), crp. 187].
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