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HoxazbiBaeTcs runore3a PuMana o HeTPpUBHAJIBHBIX HYJISX J3eTa-PYyHKIIUN.

Ecsin HEKOTOpPOE KOMILIEKCHOE HUCJI0 Sg = 0( + ity ABJILETCH HETPUBUAJIBHBIM
Hys1éM, TO (00, tp) ABJSETCA PEIeHHEeM HEKOTOPOil CHCTEMBI JIBYX YDABHEHUIH TBYX
AEeNCTBATE/IbHBIX IEPEMEHHBIX 0 U T.

WN3yuenne oiHOT0 M3 JABYX ypaBHEHWI MOKA3aJi0, 9TO €r0 JieBasi 9acTh HE BO3-
pacTaert, mpaBas JacTh BO3pacTaeT mnpu urcupoBaHHoM t = tg > 0 Kak QpyHKINN
TepeMeHHOM 0 Ha MHOYKECTBE TaK HA3BIBAEMBIX KPUTWYECKUX 3HAYEHWH, 3HAUNT, HA

«BBICOTE» t = t( 9TO pelrenne enWHCTBeHHO. 13 cBOicTBA CUMMETPUYHOCTH HETPU-

1 1
BUAJBHBIX HYJI€l OTHOCUTEIBHO UPIMOU 0 = 3 clIeJlyeT, 4To 09 = 3

KoaroueBsbie ciaoBa: runoresa Puvana, n3eta-pyHKIHS, HeTPUBUAJIbHBIE HYJIH.

BBeneHnne m mocraHOBKa 3aa49N

[Iyctb s = 0 + it — KOMILIeKCcHAsI iepeMenHasi, 1yie ¢ = Re s, t = Im s.
r € R - neiicTBuTe/IbHAS TEPEMEHHAS.

NzeectHo [1], uro mpu Res > 0,s # 1 nzera-dyukmus Pumana ((s) moxker GbITH
IIPEJICTAB/IEHA B BUJIE

s—1

C(s) =1+ ! —s/m{i}ldx (1)

Baech {x} obosnadaer npobHyo yacTh dncaa x. [lepenumem pasenctso 1 B Buje

1 [ {a
s — 1 B xs—&-l dl’
1

C(s)=s



Torma HaxoXKAeHNe HETPUBUAMBHBIX Hyseil dyHKnnu ((S) CBOANTCS K PENIeHNI0 ypaBHe-
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MMeroT MecTO paBeHCTBA

1
= (cos(tlnzx) — isin(tlnx)),
xS :L’O'

1 c—1 . t

s—1 (a—l)2+t2_l(a—1)2+t2'

[Tosromy ypaBHenue 2 6yg1eT SKBHUBAJICHTHO CJieIyIolieil cucreme:

[ {2} o1

xUJrl COS(t lﬂl')dil? = m,

t
/ ] Slﬂtln.’lf)dx:m.
\ 1

Kak wusBecTHO, Hysn j3era-pyHknuu Pumana cUMMeTPUYHBI OTHOCHUTEJILHO Bellle-
CTBEHHOW OCH, TIO3TOMY JOCTATOTHO PacCMOTpeTh ciydait ¢ > 0.

B nanpmeitmem uzoxkenun Beerna 0 < o < 1, ¢t > 0.

[lycth sy = 0¢ + ity - HEKOTOPBIf HETPUBUAJIBLHBIN HYTb.

1
['unore3a PuMana yTBep:K/1aeT, YTO BBITIOJTHIETCA PABEHCTBO 09 = 3

O JeBbIX 1 MPaBBIX YaCTIX yPaBHEHUIA CUCTEMBI 3

Brenewm cienyrornme 4 OyHKIUN:

- cos(tInz)dr,

w0

vi(o,t) :/ {i} sin(tIn z)dz,

T 1
1
o—1
ualont) = RN
val0,t) = m'

Takum obpasoM, cucreMy 3 MOXKHO 3allUCATh B BUJIE

{ul(a, t) = us(o,t),

v1(o,t) = ve(o,t).



Puc. 1: ILnockocts t = ¢

$ = 0 + it ABJIAETCSI HETPUBUAJILHBIM HYJIEM A3eTa-(DYHKIMH TOTJIA U TOJLKO TOLJA,
Korja (o,t) sBIsieTCs pereHneM CucTeMbl 4.

B panbueiiiem u3sioxkenun pukcupyem 3nadenue t = tg > 0.

JIemma 1. Qynkyus w = ve(o,ty) 603pacmaem kak Gynryua om nepemennol o.

Joxazamesvcmeo. CupaBeyInBOCTD JIEMMbI CJIEIYET U3 HEPABEHCTBA

dUQ . 2(0' - 1)t0

2= 0
do @B+ (c—122

]

N3 gemmbl 1 caeayer, aro Bce 3Havenust GyHKuuun w = vqo(0o,ty) upu o € (0;1)

to 1
npuHaIexKaT naTepBaay U = ,— .
pHHAA i (1+t§ to)

Hpyrumu ciosamu, rpaduk GyHKIuu w = vy(0, tg) NEJUKOM JEKUT B HPAMOYIOJIb-
nuke I = {(a, w) ‘ o€ (0;1),we U}. Jlanee Hac mHTEpecyeT 4acTh rpaduka GyHKIUNA
v1(0, tp), JTekKaImast B 3TOM MPSIMOYTOJBHUKE.

Onpenenenune 1. Ilpamoyzorvrur 11 6ydem Haszvieams Kpumuyeckum npamoy2osbHu-
KOM.

3ameuanue 1. Kpumuueckue npamoy2oibHUKU 04eHb MOHKUE, UL UUPUHG PLEHG

1 t 1

- 5 = 5 Yoice OAA HEMPUGUANDLHOZ0 HYAA C CAMOT MANEHDKOT NOA0IICU-
meavrot MHUMOT yacmwio tg = 14.134725141... noaywaemea wupuna 0.0003523461812...

Onpegenenne 2. 3nauerue nepemerHoti o, NPu KOMOPOM COOMEEMCMEYIOULAL MOYKA
(o,v1(0,t0)) epadura Pynruuu vi(o,ty) HaTOUMCA 6 KPUMUUECKOM NPAMOY20ADHUKE,
bydem HA3BLEAMD KPUMUUECKUM 3HAYEHUEM.



Puc. 2: Kpurnyeckuii npgamMoyroaibHuK

Takum 06pa3oM, 3HAYCHUE 0( ABJIACTCS KPUTHIECKUM 3HAYCHUEM TTEPEMeHHOI o, T.K.
Touka (09, v1(00,%y)) HAXOAUTCS B KPUTHYECKOM TIPAMOYTOJIBHUKE; B TO YK€ BPEMs 5TO
ToYKa nepecedenus: rpadukos byHKuii v1 (0, tg) u va(o, to).

Ho Toraa ang o, mMeeT MecTo HEPaBeHCTBO

—+00

1
v1(00,t0) = / pes] sin(tgInz)dr =
1

to

— > 0.
o3 + t3

Boaee TOro, €CJju o - IIPpOUu3BOJIbHOEC KPUTHYIECKOEC 3Ha4YeHue, To, COIJIaCHO OIIPEeAe/ICHUIO,

t
’Ul(O',to) € ( 0

1+ 824

O6o3HaYuM

> ; B wacrnocru, vq(o,tg) > 0.

U(o,z) =

— sin(fo Inz).
xa'

Torma nmeer MecTo paBeHCTBO

vi(o,ty) = 7\11(0, x)d.

JIemma 2. Qynryua vi(o,ty) npu Purcuposanmnom ty > 0 ne 6o3pacmaem Ha MHOMHCECTNGE
KPUMUYECKUT 3HAYeHUT nepemerHol o.

Jokasamenvcmeo. Tlycrb o/ - HEKOTOPOE TOJIOKUTEJIBLHOE YHCJI0 TaKOe, YTO 0 + 0’ - KpH-
THYeckoe 3Hadenne. Hano nokaszars, 4o vi(o,ty) = vi(o + o, tp).

OdeBuaHO, YTO

1
V(o +0o' 2)= e U(o, ).

Torna

71
vi(o + o', o) :/—,\P(a,x)dx.
xo'

1

Tak Kak 0 U 0 + o' - KpuTHIecKue 3HaYeHust, T0 v1(0,tg) > 0 u vi(o + o’ ty) > 0,
HOITOMY JIJIsi HEKOTOPOro JIocTaTo4Ho Oosibmioro Xy u Jioboro X > X uMeoT mMecto

4



HEPaBeHCTBA

X X
/\I/dex>01/1 /% (o,x)dx > 0.
1 1 v
Ham cHagasa HY»KHO JOKa3aTh HEPABEHCTBO
b's X
/ %\P(a, 2)dz < / (o, 2)dz. (5)

1 1

O6oznaunm R[a, b] MHOKeCTBO Beex GYHKIHUIT, HHTErPUPYEMBIX 10 PUMaHy Ha 0Tpes-
ke [a,b]. Ham Gymer momnesna [2, ¢. 352]

Teopema (Bropast Teopema o cpejuem Jyist uarerpana). Ecau f,g € Rla,b] u g - momno-
mownas Ha [a,b] dynrkyus, mo natidémes mouka § € |a, bl maxas, wmo

b I3 b
/}mmwazmm/#@ux+mm/fqu
a a 5

1
Tak xak dbyuknus g(zr) = 7 MOHOTOHHO YOBIBaeT IO X, TO IO BTOPO# TeopeMe O

cpesiHeM st mHTerpasia Hafinércs Touka £ = £(X) € [1, X] Takas, aro

X
1
[ svoado = 448,

T

1
€ X
F;Levz%,A:A(f):/\I/(U,x)d:rHB:B(f):/\I/(Umdm
3

1

Acno, uro 0 <y <1, A+ B >0,A+~B > 0.
[IpucTynum Tenepb K J0Ka3aTejbCTBY HEPABEHCTBA D.

[Tycrs 0’ - HEKOTOpOE OECKOHEYHO MaJjioe MOJIOKHTeNbHOe dncao. CoryiacHO mpuH-
Iy MepeHoca HeCTaHAAPTHOTO (MHMUHUTE3NMATIBHOIO) aHAIN3a HMeeT MeCTO WHMOWHI-
Te3WMaJIbHBI{l AaHAJIOT BBINIENPUBEIEHHON BTOPOM TeOpeMbl O CpejHeM JIsi UHTerpaJa.
[ToaToMy CyIIecTBYeT cOOTBETCTBYIONIeE TUIlepAeiicTBuTeIbHOE Yncio & € [1, X].

[Ipr & = 1 monygaerca A = 0, o A+ ~vB > 0, orkyna vB > 0,3nauutr, B > 0,
nodromy vB < B, cjiejioBaTe/ibHO, HEPABEHCTBO O BEPHO.

Ecaun € = X, 1o monywaercas B = 0, torna A +vB = A, 3naunt, HEPABEHCTBO 5
CIIPABEJJIMBO M B 9TOM CJIyUae.

Paccmorpum Teneps caydait 1 < £ < X.

1
Tak kak dyuxmusa g(r) =

1
noe runepyeficreurenbuoe uucio n € (0; 1] rakoe, uro — = ¢.



Ho Torpma mosiydaem paBeHCTBO

X nol X
1 1
/—,\If(a,a:)da:: /\I/(a,x)derT/\P(a,x)da:. (6)
xO’ g
b's
1
Tak kax 7 > 0, To 0% 1H03T0My/ (0, 2)dx =~ o/ -U(o, z)dz > 0, no-
xa
1 1
b's
1

9TOMY U3 PaBEHCTBA 6 CJIe/IyeT, 9To

/ V(o,z)dx > 0u, ceoBaTebHo, / o,x)dx > 0.

1

no’
Ho rorma u3 paBencrBa 6 ciejayer TakzKe, 4To

X

1 1

X o’ X

n X X
1
/—,\IJ(U,x)dx:/\I/(oxdm—i— / dex</ dex—i—/\llax :/\Ilam
l»o'

1 1

TO ecTh B caydae 1 < & < X MBI MOJNYYHJIN HEPABEHCTBO

X1 X

/—, )d:z:</\11(0:z:dx
xo'

1 1

TO €CTh HEepaBeHCTBO 5 ¥ B 9TOM cJIydae uMeeT MeCTO.

Urak, piag moboro X > Xy jg0Ka3aHo HEPABEHCTBO 5, CJIeIOBATEIbHO, BEPHO Hepa-

BEHCTBO
00 00

1
/F\P(a, x)dr < /\IJ(U, x)dx,
1 1

YTO U JIOKA3BbIBACT JIEMMY 2. [

Jloka3areabCcTBO TunoTe3bl Pumana

Teopema. Ecau dsema-dynruus Pumana umeem wempusuasvrulli Hysb So = oo + itg,

2de tg > 0, mo o9 = —.
2

Joxazamesvemeo. HerpuBnaabubiilt HYIb j13eTa~(DYHKIIME SABISIETCS PEIIeHUEM ypaBHe-
HUsI 2, 3HAYWUT, mapa (0g, tp) YAOBJIETBOPAET cHcTeMe 4 U, B YaCTHOCTH, BTODOMY ypPaBHe-
HUIO 9TOH CHUCTEMBI, a UMEHHO v1 (0, 1) = v9(0, 1), TO €cTh COOTBETCTBYET TOUKE mepecete-
Hust rpahukoB GyHKIHE w = v1(0,ty) 1w = vy(0, tp).

06038a4YNM Wy = V1 (0'07 t()) = 02(00, to).



Coracuo siemme 1, rpaduk w = vy(0, ty) nIpaBoii 4acTH BO3PACTAET U IIOJHOCTHIO
COMIEPIKUTCSA B KPUTHIECKOM Tpsimoyrosbauke. Cornacuo jiemme 2, rpadbuk w = vi(o, ty)
JIEBOI 9ACTH HE BO3PACTACT BHYTPH KPUTHIECKOTO IPAMOYTOJbHAKA, 3HAYUT, STH Ipadu-
KH MMEOT He Gojee OJHOM TOYKH NepecedeHHs, NPUIEM TOJIBKO BHYTPH KPUTHYECKOTO
NpAMOYTOJIbHIKA. Tak Kak rpaduku, Kak YKa3aHO BBIIIE, MEPEceKaloTcs B ToUKe (0g, W),
TO 3Ta TOYKa ABJAECTCA eﬂI/IHCTBeHHOﬁ TOUYKOI rnepecedenunsd.

Kak n3BecTHO, B KOMILIEKCHOH TIJIOCKOCTH, €CJIM TOUKA Sg = 0o+ ity - HeTPUBHAJIbHBI I
HYJIb J13eTa~-QyHKINN, TO TOYKa 1 — 0g+ity, TO €cTh CUMMeTPpHYHasl eif OTHOCUTEIHLHO MPSsi-

moit Res = 5> TOZKe ABJIACTCH HETPHBHAJLHBIM Hy1éM n3era-pyHKmun. [ToaroMmy ducio
1 — 0¢ aBasercs pemenneM ypasuenus vy (o, ty) = ve(o, tp).
Ob6osnaanm 01 = 1 — g9, w; = vi(0o1,ty) = ve(o1,ty). CrenoBaTesbHO, €CIU MPH
1
ITOM 0 F#* 3 TO TOYKa (07, W) TOXKE SIBJISIETCA TOUKON nepecedenus: rpadukoB QyHKImi

w = v1(0,ty) 1w = ve(o,ty) , oTIHUHOI OT TOUKH (00, wp). Ho BeITIE OBLTO yeTaHOBIEHO,
910 911 rpaduKI MOTYT IIePECeKAThCs TOJBKO B 0JHOM Touke. [Tomyvaercs nporuBopedne,
1

cJIeJOBATENIBbHO, 09 = 7 ]

I'mnoresa Pumana Jgoka3aHa.
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