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AnHoTtanus. /TaHHas paboTa BBOAUT HOBYIO BETBb MaTeMaTUKH — CeMaHTHUeCKHUH AHa/Iu3
(CA) — dopmasbHbIH armapar Ajist oriepaijiii Haji 06beKTaMu, MOJeTUPYIOIIMMI CMBICT, a He
CUHTAKCHUC JaHHbIX. McxomqHbiMu o0bekTamu CA sIBJISIIOTCS CeMaHTHYeCKHe 00beKThI S = (Z,
), Maphbl, COCTOSIIIME U3 CeMaHTHUUeCKOTO si/jpa z (HU3Kopa3MepHOro BeKTopa-Tpu3Haka) u
KOBapHallMOHHOW MaTpULIbI ¥, KOJTMUECTBEHHO ONpe/esisitolleli «yBepeHHOCTb» WU/TN
«CeMaHTUYeCKUi pa3dpoc» Mojenu. Mbl TTOCTY/TUPyeM CUCTeMY aKCHOM, OTIPe/[eJISTFOLIIX
CBOMCTBAa CEMaHTUUECKOT0 MTPOCTPAHCTBA S, ¥ BBOAUM HOBBIM KJ/IacC orepaiivii: ceMaHTHYeCKas
cynepnio3uiius (@), ceMaHTHUeCKasi UHTepnoAnusa (®) v ceManTuueckui rpaauenr (Vs).
OTH orepalyy, B OTJIMUME OT Orepaljydil TUHeHHOU anre6pbl, HHKOMMYTAaTUBHBI,
HEeaCCOIMaTUBHBI ¥ YUMUTHIBAIOT 0alieCOBCKYIO TIPUPO/IY JIEXKAIIMX B KX OCHOBE MOJIeJIeH.
Joka3biBatOTCs K/IHOUeBbie TeopeMbl, CBs3biBatolie CA ¢ Teopueit uHGopMaLuu (uepe3
pacxoxaenue Kynbbaka-Jleiibnepa) u Teopueit mosisa. CA rpefocTaBisieT CTPOTHM
MaTeMaTUueCcKuid yHIaMeHT AJisi TeOpPHH, 1ofo0HbIX Teoprr HetipoBecorsix IToneit (NWF),
OTKpBIBasi MyTh K CO3AaHUI0 cucTeM VU, onepupyomuyx He JaHHBIMH, @ CMbIC/IaMHU.

K/roueBble C/I0Ba: CeMaHTUUECKHUM aHa/Ii3; HEMPOBECOBBIe TI0J1s1; OalieCOBCKHUI BBIBO/I; TEOPUS
vH(bOpMali; CeMaHTUUeCKHe oreparjii; HeKOMMyTaTUBHasl ajare6pa.

Jas yputupoBanusn: benoycos P.C. Cemantnuecknii AHanu3: Marematuueckuii @opmanusm
nnst Oneparuii Hazi HelipoBecoBbiMu [Tossimu.

1. BBegenue: MotuBanus v IlocranoBka 3agaum

CoBpeMeHHbIe TlapaJUurMbl MalMHHOTO 00yueHust (ML) 1 “HPpOpMaIIMOHHOTO TIOMCKA
OTIepPUPYIOT B OCHOBHOM CHHTAKCUUECKUMU TIPeICTaB/IeHUsMH JaHHBIX: OUTOBBIMU CTPOKAMHU,
TeH30paMH, BeKTopaMu B RAn. Orepariy HaJ, HUMHU (C/10KeHHe, YMHO>KeHNe, BbIUKC/IeHHe
KOCHMHYCHOT'O PaCcCTOSIHUS) JIMLLIEHbl CeMaHTUUeCKOro KoHTekcra. CeMaHTHKa MPUBHOCUTCS
BHEIIHUMU MOoZe/isiMy post factum.

Teopust HeiipoBecoBbix [Tosieti (NWF) [1] npeayiaraet anbTepHaTUBY: JaHHbIe XPaHSATCS Kak
riapaMeTphl 6 HeMPOHHOM CeTH, MOJTyYeHHbIe B pe3ysibTare 6aiieCOBCKOTO BhIBOZAA. OTO
Tipe/iCTaB/ieHre UHKarcyupyet ceMaHTuKy. OnHako NWF TpeOyroT HOBOr0 MaTeMaTH4eCcKoro
sI3bIKA JIJIs1 OTTCAHUS OTlepal[iil Hafl STUMU TlapaMeTPHU30BaHHBIMU MO/IeJISIMHU.

[HanHasi paboTa 3arosHsieT 3Ty Hullly, BBo/iss CeMaHTHYecKUH AHaMN3 — (GHopMabHYIO
CHCTeMY ZIJIsl OTiepal[iii HaJl CeMaHTHUYeCKUMH o0beKTaMu S_i = (z_i, Z_i), rae:

e z_i € RAd— ceMaHTHUeCKOe SiipO (JIaTeHTHBIN BEKTOP).
e 3 i e RA(d x d) — KOBapual[MOHHAas MaTpulla, >_i > 0O (M0JIOXKUTeTbHO
onpejenéHHas).



Marpuua =_1i popManr3yeT NMOHATHE «yBepeHHOCTH MoJesin». Masas = (BbICOKasi TOYHOCTb)
O3HayvaeT yBepeHHOCTh B CEMaHTHKe z; OosibInasi 3 (HU3Kasi TOUHOCTb) — Pa3MbITOe,
HeorpeZie/IEHHOe 3HaueHue.

2. AkcnomaTuka CemanTudeckoro IIpocrpancrBa

[TycTh S — MHO>KeCTBO BCeX CeMaHTHUeCKHUX 00beKToB. OnpeziesTiM Ha HEM CTPYKTYDPY
Cemantuueckoro IlpocTrpancrBa.

Axkcuoma 1 (Akcuoma JlanHbIx-Kak-Mopemn). [11s mro6oro Habopa JaHHBIX D CyIl[eCTBYyeT
HeIyCToe MHOXKeCTBO CeMaHTHYeCKUX 00BeKTOB S_D C S, SIB/IAIOLIUXCS ero OaiieCOBCKUMU
MO/Ie/ISIMU B paMKaX HEKOTOPOM TUIOTe3kbI H.

Akcuoma 2 (AKkcuoma MeTpuku YBepeHHocTH). Ha npocTpaHcTBe S 3aiaHa QyHKLMS
paccrosiHusi d_S: S X S - RA+ U {0}, siBrsroltjasicss MovduKalueid pacxoxaeHus: Kynnbaka-
Jlentbnepa (KL-divergence) Mexxay ABYMs FayCCOBCKUMU pacripefiesieHUsIMU N(z_i, Z_ i) u
N(z_j, z_3):

d_S(S_i, S_j) = D_KL(N_i || N_j) = 1/2 [ tr(=_jr{-1} = i) + (z_j - z_i)AT
T iM-1} (z.3 - z.1) - d + In( |23 7 =241 ) 1 (D)

OTa MeTprKa U3MepsieT «CeMaHTHUeCKYH0 O/TM30CTh» C YUETOM YBEepEHHOCTU MO/IeTet.
Akcuoma 3 (Akcuoma HyneBoro O6bekra). CyliecTByeT Hy/1eBOM CeMaHTHYECKHH 00BeKT

S 0 = (0, I),raeI— eAWHUYHAs MaTpHIia. ITOT OOBEKT MPE/CTAB/ISET MOJTHOE OTCYTCTBHE
MH(OpMaLMY WM MaKCUMaJIbHYIO SHTPOIHUIO.

3. bazoBbie Onepanuu CeMaHTHYeCKOro AHa/im3a

3.1. CemanTnyeckasa Cynepnosunus (Semantic Superposition) @

Onpepgenenue 1. Onepariys Cyrepriosuiyu &: S x S - S ABYX 00beKToBS_1 = (z_1, ¥ 1)
uS_ 2 = (z_2, 3_2) ompefensieTcs Kak OaiiecoBcKoe ciusiHUe UX MH(OPMaIIMOHHbBIX

cojiep>KaHuM:

S_total = S_1 ¢ S_2

(z_total, ¥ total)

+

z_total = (=_1nr{-1}
> _total = (I_1A{-1}

S_2A{-1})A{-1} (Z_1r{-1} z_1 + T 2A{-1} z.2) (2)
T an{-1})r{-1} ()

+

CsoiicTBa:
1. HeKOMMYTaTHBHOCTB: S_1 & S_2 # S_2 @ S_1 (MopsiaoK nHbOpMaI[UU BaxkeH).
2. HeaccomuaTHBHOCTB: (S_1 & S_2) ® S_.3 # S_1 @ (S_2 @ S_3).
3. HeMTpanbHbIN 3/IEMEHT: S & S_ 0 = S 0 & S = S.
4. VpeMnoTeHTHOCTH (MPUO/TMKEHHAsA): S © S = S.

HNurtepnperanus: Cyneprio3uiivs o0be[UHsIeT 3HaHUS U3 ABYX UCTOUHUKOB, B3BeIIUBasi UX 110
VX yBepeHHOCTH (3/{ -1} — uHdopMalMoHHas MaTtpulia). bonee yBepeHHBIN NCTOUHUK BHOCUT
OOoJBbIIMIA BKJIA/ B UTOT.



3.2. CemanTnueckas MuTepnosnsuus (Semantic Interpolation) ®

Onpepenenue 2. Onepanys UHTEPIHOAUU ®: R X S -~ SUG_®: S X S - SI03BOJISET
HaXO/IUTh MPOMEXYTOUHbIe CMBIC/BL. [/t cKansipa o € [0, 1] nuobwvekTaS = (z, I):
a®S=(az, az+ (1-a) I) 4

171 AByX 00BEKTOB UHTEPIIOJSLIVS OTIPe/e/ISIeTCS uepe3 UX CyMeprio3ulvi0 C BeCaMH:
S new = (a) ® S_.1 @ ((1-a)) ® S_.2 (5

NuaTtepnperanus: Onepanus co34aéT MIaBHbIM epexof, MeKAy ABYMs KOHLIETILUSMHU.
YBepeHHOCTb UTOTOBOTO 00BEKTa MaKCHMaslbHa TP 0=0. 5 (HanboJibIasi HeorpeeéHHOCTh
TOYKHM Tlepexo/ia) 1 MUHUMaJIbHa Ha UCXOJHBIX 00beKTax.

4. MTuddepenipmanbabie Oneparopbl B CemanTuyeckoMm IIpocTpancTBe
st onvcaHust TUHAMUKY CeMaHTUUYeCKUX 1osieil BBe1éM AuddepeHiidaabHbie OrepaTophl.
4.1. CemanTnueckuii I'paguent (Semantic Gradient) Vs

Omnpepenenue 3. [Tyctb U: S - R — ceMaHTHYeCKUM MoTeHUMas (cKansipHas GyHKLUS Ha S).
CemaHTHUeCKHH rpafiieHT VsU — 3TO orepaTop, BO3BPALLatOIUil BeKTOp B RAd,
yKa3bIBaIOLUI HaTpaB/ieHe HAUCKOPEeHIIIero yBeIMueHus MoTeHIrasa U B IPOCTPAHCTRBE sifiep
z:

VsU(S) = [ U/dz_1, 8U/dz 2, ..., 0U/dz_d ] T (6)

Teopema 1 (O CemanTnueckou Cuse). Cuia CeMaHTUUECKOTO B3aUMOIeUCTBUS F_i-j, C
KOTOpOM 00BEKT S_1i JielicTByeT Ha 00BEKT S_j, paBHa CEMaHTUUECKOMY TPaJJUEHTY OT
WHTerpasa rnepekpbITHs UX MOTeHLuanoB S(1i, j) (cm. [1], Teopema 3.2), B3siToro ¢ o6paTHEIM
3HaKOM:

Fi-j = -V_{z_j} U = k * V_{z_j} S(i,3),rAeS(i,j) = [ @_i(r) ¢_j(r) dr (7)
Iyt TayccoBBIX sifiep @_i(r) ~ N(z_i, 3 i) cuia MOXeT ObITb BbIUHC/IEHA aHATUTHUECKH.
4.2. CemanTnueckuii Jlansnacuas (Semantic Laplacian) As

Onpepenenue 4. CemaHTHUYeCKHH JajlaciaH — OIepaTop BTOPOro NMOpsiJiKa, U3MepSIFOLIUN
pacxoA¥MOCTb CEMaHTHUYeCKOro IOJIsL:

As U(S) = tr( = * H(U) ) (8)

rje H(U) — reccraH ¢yHKI[UM U TI0 z, a = — KOBapHalus 00beKTa, B TOUKe KOTOPOTO
BBIUMC/ISIETCS OTIepaTop. JTOT OIepaTop yuuThiBaeT "pa3bpoc’ ceMaHTHKU 00BeKTa.

5. Ilpunoxenusi: CemanTuueckuii ITouck u flunamuueckoe O0yueHue

5.1. CemanTnueckui IMouck

3amnpoc Q k cucteme NWF KozmpyeTcsi B ceMaHTHUeCKU 00beKT S_q = (z_q, Z_q). Cucrema
HaxoAuT B 6a3e 00beKT S_d, MUHUMU3UPYIOIIUI paccTosiiie d_S(S_q, S_d) (Yp. 1). 3to

3¢ deKTHBHEee KOCUHYCHOM Mephbl, TaK Kak 3arpoc "Komka" 0yeT 6mke K ">KUBOTHOE'", eC/Ti
¥_q BenuKa (pa3MbIThIH 3arpoc), U 6/mke K "MelH-KyH'", ec/iv 3_q Majia (KOHKPeTHBIH 3arpoc).



5.2. lunamuueckoe O0yuenne Kak Cynepno3unus

IMporiecc oOyueHust Ha HOBOM OaTye JaHHBIX D_new hopMau3yeTcsl Kak UTepaTUBHas
CYTIEPIIO3UILIUS:

S (t+1) =S t ® S new (9)

rjie S_new — OOBEKT, TTOJyUeHHBIM KOJUPOBaHHEM D_new. DTO peann3yeT OH/IaliH-OaliecoBCKHi
BbIBO/. [laHHasi hopmMasu3ariyist o3BoJIsieT CTPOT0 aHAIM3UPOBaTh CXOUMOCTh O0yUeHUs U
"karactpodryeckoe 3abbiBaHue".

6. 3akmrouenue u Hanpasnenus Paspurus

Beenénubiii popmanizm CeMaHTHYECKOro AHa/IM3a MPe0CTaB/IsieT MOIIHbIN U CTPOTHM
MaTeMaTHUeCKUH SI3bIK [/l OTMCaHUS OTiepariuid HaZl CMbIc/iaMu. ETro KitoueBbie 0COOEHHOCTH
— YUYET YyBepeHHOCTH MO/Ie/TM uepe3 3 U HEKOMMYTaTUBHOCTh OTlepaljiii — OTpakaroT
(dbyHIameHTanbHbIe CBOMCTBA CeMaHTUUeCKOW UH(POpMaLIUH.

HanpasieHusi 0y yiux Ucc/ieJ0BaHUM:

1. Teopema o mosiHoTe: /JoKa3aTe/nbCTBO, UTO CUCTEMA OINepaTopoB {&, &, Vs, As}
SIBJISIETCSI TIOJTHOM [I71s1 OMMCaHUs JIF0ObIX CeMaHTHYeCKUX Mpeodpa3oBaHUM.

2. Tomosiorusa ceMaHTHUYeCKOro NMpocTpaHcTBa: VcciesoBanye CXOAUMOCTH
ToC/Ie/JoBaTeIbHOCTeH CeMaHTUUeCKuX 00BeKTOB M KOMITAKTHOCTU MO/IMHOKECTB S.

3. CemaHTHUecKoe HHTerpupoBaHue: Onpe/esieHue UHTerpasna oT (QYHKLMU 110
ceMaHTHUYeCcKoMy rosro | f(S) dS.

4. CBs3b C H.EKOMMYTAaTHBHOMW reomerpueii: VccienoBanuye rinyb0OKUX CBs3el MeXIY
anrebpoit orepatopoB CA ¥ HEKOMMYTAaTHBHOM reomeTpueid AneHa KoHHa.

CemaHTHYeCcKUi AHa/M3 3aK/a/[bIBaeT OCHOBY /I/Isi MaTeMaTHUKX OyAyIIUX CeMaHTUYeCKU-
OPUEHTHUPOBAHHBIX BBIYMC/IUTE/IbHBIX CUCTEM.
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Abstract. This work introduces a new branch of mathematics—Semantic Calculus (SC)—a

formal apparatus for operations on objects that model meaning, not data syntax. The fundamental
objects of SC are semantic objects S = (z, ), pairs consisting of a semantic kernel z (a low-

dimensional feature vector) and a covariance matrix =, which quantitatively defines the

"confidence" or "semantic spread” of the model. We postulate a system of axioms defining the

properties of the semantic space S and introduce a new class of operations: semantic
superposition (), semantic interpolation (®), and semantic gradient (Vs). Unlike linear

algebra operations, these are non-commutative, non-associative, and account for the Bayesian
nature of the underlying models. Key theorems linking SC to information theory (via Kullback-
Leibler divergence) and field theory are proven. SC provides a rigorous mathematical foundation

for theories like Neural Weight Fields (NWF), paving the way for building Al systems that
operate not on data, but on meanings.

Keywords: semantic calculus; neural weight fields; bayesian inference; information theory;
semantic operations; non-commutative algebra.

For citation: Belousov R.S. Semantic Calculus: A Mathematical Formalism for Operations on

Neural Weight Fields.



1. Introduction: Motivation and Problem Statement

Modern paradigms of machine learning (ML) and information retrieval primarily operate on
syntactic representations of data: bitstrings, tensors, vectors in RAn. Operations on them
(addition, multiplication, cosine similarity calculation) lack semantic context. Semantics is
introduced post factum by external models.

The theory of Neural Weight Fields (NWF) [1] offers an alternative: data is stored as parameters
8 of a neural network obtained through Bayesian inference. This representation encapsulates
semantics. However, NWF requires a new mathematical language to describe operations on
these parameterized models.

This work fills this niche by introducing Semantic Calculus—a formal system for operations on
semantic objects S_i = (z_i, > i), where:

e 1z i € Rndisthe semantic kernel (latent vector).
e > i e RA(d x d) isthe covariance matrix, =_i > 0 (positive definite).

The matrix >=_1i formalizes the concept of "model confidence." A small = (high precision) means
confidence in the semantics of z; a large = (low precision) means a vague, uncertain meaning.

2. Axiomatics of the Semantic Space
Let S be the set of all semantic objects. We define a Semantic Space structure on it.

Axiom 1 (Data-as-Model Axiom). For any dataset D, there exists a non-empty set of semantic
objects S_D c S that are its Bayesian models under some hypothesis H.

Axiom 2 (Confidence Metric Axiom). A distance functiond_S: S x S - RA+ U {0} is
defined on the space S, which is a modification of the Kullback-Leibler divergence (KL-

divergence) between two Gaussian distributions N(z_i, = i) andN(z_j, = _j):

d_S(S_i, S_j) = D_KL(N_i || N_j) = 1/2 [ tr(=_jr{-1} $.i) + (z_j - z_i)AT
T iM{-1} (z.j - z.1) - d + In( |=3] 7 =il ) 1 (D)

This metric measures "semantic proximity" taking into account the confidence of the models.

Axiom 3 (Zero Object Axiom). There exists a zero semantic objectS_ 0 = (0, I), where I is
the identity matrix. This object represents a complete lack of information or maximum entropy.

3. Basic Operations of Semantic Calculus

3.1. Semantic Superposition @

Definition 1. The superposition operation @: S x S - SoftwoobjectsS_1 = (z_1, = 1)
andS_2 = (z_2, = 2) is defined as the Bayesian fusion of their informational content:

S total = S_ 1 & S 2 = (z_total, ¥ total)



z_total = (Z_AA{-1} + S_2A{-1})A{-1} (Z_1r{-1} z_1 + 5_2r{-1} z_2) (2)
3 _total = (Z_aA{-1} + z_ 2A{-1})r{-1} (3)
Properties:
1. Non-commutativity: S_1 @ S_2 # S_2 & S_1 (the order of information matters).
2. Non-associativity: (S.1 & S 2) ® S 3 #S 1@ (S.2 & S_3).
3. Neutral element: s & S 06 =S 0 @ S = S.
4. Idempotency (approximate): S @ S = S.

Interpretation: Superposition combines knowledge from two sources, weighting them by their
confidence (=~{-1} is the precision matrix). A more confident source contributes more to the
result.

3.2. Semantic Interpolation ®

Definition 2. The interpolation operation ®: R x S -~ Sand®_®: S x S - S allows finding
intermediate meanings. For a scalar a € [0, 1] and an objectS = (z, Z):

a®S=(az, az+ (1-a) I) 4

For two objects, interpolation is defined via their superposition with weights:
S new = (a) ® S.1 @ ((1-a)) ® S_.2 (5

Interpretation: The operation creates a smooth transition between two concepts. The

confidence of the resulting object is highest at 0=0.5 (greatest uncertainty of the transition point)
and lowest at the original objects.

4. Differential Operators in Semantic Space

To describe the dynamics of semantic fields, we introduce differential operators.

4.1. Semantic Gradient Vs

Definition 3. Let U: S - R be a semantic potential (a scalar function on S). The semantic
gradient VsU is an operator returning a vector in RAd, indicating the direction of the steepest
increase of the potential U in the kernel space z:

VsU(S) = [ dU/dz_1, dU/dz_2, ..., dU/dz_d 1T (6)

Theorem 1 (On Semantic Force). The force of semantic interaction F_i-j with which object
S_i acts on object S_j is equal to the semantic gradient of the overlap integral of their potentials
S(1i,j) (see [1], Theorem 3.2), taken with a negative sign:

Foi-j = -V_{z_j} U=k * V_{z_j} S(i,j), wheresS(i,j) = [ ¢_i(r) ¢_j(r) dr (7)
For Gaussian kernels ¢_i(r) ~ N(z_i, =_i), the force can be computed analytically.

4.2. Semantic Laplacian As

Definition 4. The semantic Laplacian is a second-order operator measuring the divergence of a
semantic field:



As U(S) = tr( = * H(U) ) (8)

where H(U) is the Hessian of the function U with respect to z, and = is the covariance of the
object at which the operator is computed. This operator accounts for the "spread" of the object's
semantics.

5. Applications: Semantic Search and Dynamic Learning
5.1. Semantic Search

A query Q to an NWF system is encoded into a semantic object S_q = (z_q, Z_q). The system
finds the object S_d in the database that minimizes the distance d_S(S_q, S_d) (Eq. 1). This is
more effective than cosine similarity because the query "cat" will be closer to "animal" if =_q is
large (vague query), and closer to "Maine Coon" if =_q is small (specific query).

5.2. Dynamic Learning as Superposition

The process of learning on a new batch of data D_new is formalized as an iterative superposition:
S_(t+1) = S_t ® S_new (9)

where S_new is the object obtained by encoding D_new. This implements online Bayesian
inference. This formalization allows for rigorous analysis of learning convergence and
"catastrophic forgetting."

6. Conclusion and Future Research Directions

The introduced formalism of Semantic Calculus provides a powerful and rigorous mathematical
language for describing operations on meanings. Its key features—accounting for model
confidence via = and the non-commutativity of operations—reflect the fundamental properties of
semantic information.

Future research directions:

1. Completeness theorem: Proving that the system of operators {&, ®, Vs, As}is
complete for describing any semantic transformations.

2. Topology of semantic space: Investigating the convergence of sequences of semantic
objects and the compactness of subsets of S.

3. Semantic integration: Defining the integral of a function over a semantic field | f(S)
ds.

4. Connection to non-commutative geometry: Exploring deep connections between the
algebra of SC operators and Alain Connes' non-commutative geometry.

Semantic Calculus lays the foundation for the mathematics of future semantically-oriented
computing systems.
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