ZLogic Proof

HeKOTOpre BOIIPOCHI TeOopumn CJI02KHOCTHU BBIYUCJIEHUII C TOYKHN 3peHu:A

3JIEMEHTAPHOMN Teopuu MoAeJsien

B npedcmasaennom uccaedosanut paccmampusaemca 001G U3 U3BECTNHOLL NPOOAEM MEOPUL CAOHCHOCTIU
euuUCAEHUT: KAK060 coomuowenue kaaccos caodcrocmu NP u co— NP ? Jaa omeema na smom 60npoc 6via0
NEPEOCMBLAEHHO U COOMBEMCMBYIOULUM 00PA3OM NEPEPOPMYAUPOBAHO U3BECMHOE HYHIAMEHMAABHOE NOHAMUE
- MOJEAbHASA NOAHOMA UCCAEIYemoTs meopuu, pasdensa mamemamuru ’Teopusa momeneit” . Ileavio nepedopmy-
AUPOBKY 9020 PYHOAMEHMANLHOZ0 NOHAMUSL AGAANOCH, ONUCAND COOMHOWEHUE KAACCOE caodchocmu NP u
co — NP, ¢ meopemuxo - modeavroti mouxu 3penua. Hseecmuwdi daxm: uepapzus ceoticms 6 a0b0t mode-
AU MOJEABHO MOAHOT MeoPUY, 00PbIBAENA HA NEPBOM YPOBHE. IMA KAI0UE8aA UdesA OblAG NOMONHCERE 8 0CHOBY
043 MA0JOMEOPH020 UCCALOOEAHUA COOMHOWEHUA KAacco6 caodcnocmu NP u co — N'P. Hzeecmuwt darwm:
cywecmeyem maxol opakys A npu xomopom kaacc caoscnocmu NP(A) omauuaemes om KAacca CAOHCHO-
emu co — N'P(A). Paspabomas coomeememeyousum o6pa3om OPAKYAbHBLE BBUUCLEHUA U HOPMAAUI0BAE UL,
6 KAACCE NPUMUMUBHO PEKYPCUBHHLE GAZOPUMMOSG, G 34TMEM, UCTLOAL3YA MEOPEMUKO - MOJeAbHOE COOMHOULE-
HUE MeAHCOY YKAZAHHBLMU KAGACCAMU, YOAAOCH CEAZAMD COOTMHOUEHUE KAACCOE CAOHCHOCTIU ebinucaenut NP u
co— NP ¢ coomnowenuem xaaccoe caovicnocmu NP(A) uco — NP(A), wmo szamem no360auro ycmaHosumn,
umo Kaacc caovcnocmu NP we asasemes 6yareeoti anrzebpoti. ITpu Gopasudauuu oparxysbHbix evuucienut 6
KAGCCE NPUMUMUBHO PEKYPCUBHBLT AN20DPUMMOE OblAl 00KA3aHbL PAO UHMEPECHBLT Meopem, 00HA U3 KOMOPHLL
eCMb AHAN02 MEOPEMBL 0 HENOIBUNCHOT MOUKe, KOMOPAL UCTIONDIOBAAACH 8 KANWUEB0T Meopeme No360Ausued
yemanosum, wmo kaacc caoscrocmu NP ne asaaemes 6yaesoti arzebpoti. ITpoumasa npedcmaesaennoe uccaedosa-
HUE, MONHCHO NOHATNG NOYeMY IPPHERM PEAAMUSUIAUUY NPENATNCNEYEN NOAYYEHUIO BHLCOKUL HUNCHUL OUEHOK
UAU OMOENEHUI) 00H020 KAGCCA CAONCHOCTU OM 0PY2020 KAACCA CAOHCHOCTIU Sbiuucsenuts memodamu "Tuc-
xpemmoti mamemamury "t

IIpedcmasaennoe uccaedosanue ABAAECMCA OPULUHAALHBLM, G MHO2UE BANHCHBLE NOHAMUE, KOMOPHLE UCTLONb-
3Y0OMCA 8 IMOM UCCAIOBAHUY, 60 BCET USBECTIHBLL MHE UCCAEI0BAHUAL, HE BCTNPEYAAUCH

BBenenue

OuHOlt U3 caMbIX WHTEPECHBIX MPOOJIEM CJIOKHOCTU BBIYUCJICHUI, ABJISIETCS TPODIEMa, COCTOAINA B TOM, YTO
CYIIECTBYET WJIN HE CYIIECTBYET MOJNHOMUAIBHBIN AJITOPUTM, BBITTOIHSS KOTOPBI HA MPOU3BOJIBHON (hopmyse
HUCYHUCIEHUST BBICKA3BIBAHU, MOXKHO MOJYYUTHh OTBET BBIMOJHUMA WA HE BBIMOJTHUMA paccMaTpuBaeMasi Ghop-
MyJIa MCUUCJIEHUs BbICKA3bIBaHMIL. DTa npobsiemMa, KOTOPYo Kak mpasuiio obosnadaror SAT, unrepecHa Tem,
49TO OHA MPOCTO GOpMyIUpyercs U (pOpMUPYeT UYBCTBO HA CKOPBIH OTBET Ha, 3Ty MPobIeMy. A TOJ0KUTEIHHBIN
perierne 3o mpobIeMbl JAaeT BO3MOXKHOCTD MOCTPOEHUsT BeChbMa 3(PQMEKTUBHBIX AJITOPUTMOB JIJIsi MHOTUX MPAK-
THYECKUX 33/ad. DTOM TPOoOIeMe TOCBAIIEHBI JECITKYU THICAY HAYYHBIX W BECHhMA WHTEPECHBIX MCCIEIOBAHUN,
MO3BOJIUBINHE 0OJIee TIyOOKO BBISCHATH CYIIHOCTH (bYHIAMEHTAIbHOIO MOHATHS aJrOPUTMA, HO HA MTOCTABJIEH-
HbIl BOpOC 10 cux 1op Her orsera. OIHAKO, OTBET B ONPEJEIEHHOM CMbICie Obll moiayden B [13], B koropom
ObLTa HA OMpEIEJIEHHOM YPOBHE, TIOHATA CyIIHOCTH mpobieMbl SAT. B ynmoMsiHyTOM WCCIEIOBAHUN, KOTOPOE
ObLIO OPUTHHATBHBIM U HEOXKWJIAHHBIM JIJIsI MeHsi, ObLT MOCTPOEH Opakysnl A, Takoil, 94T0 KJIACC MOTUHOMHUAITb-

HBIX OPAKYJIbHBIX aJITOPUTMOB, UCIOJIB3YIONIUX B KA4eCTBE OpPaKkysa A, He CMOXKET PACIO3aTh TAKON S3bIK KaK

Mlox meTomamu JInCKpeTHOH MAaTEeMATHKH, 5T TOHUMAIO T [[OKA3ATENLCTBA, KOTOOPHE MOXKHO BEIPA3HTH B CTAHAAPTHON MOe/H
apudMeTHKH, HAIpAMep AoKa3aTeldbCcTBO Consis Helb3d BBHIPA3HTh B CTaHAAPTHON Monmesn apudMeTHKH, XOTd 3TO NpeJIOKeHHe
HCTUHO B 3TO¥ momenu, He Bce yTBeprkIeHHHA, KOTOPBIE NMOABEPrarOTCA PEAATHBU3AINNKN, MOXKHO JOKa3aTbh MeTomaMu JIuckpeTHOH
MaTeMaTUKHU. M 9TO IpOJeMOHCTPUPOBAHO B JAHHOM HCCIIEJOBAHHH.



L(A) ={a: 3z(Ja| = |z| Az € A)}, HO cMOKeT OUEBHIHO, PACIO3HATH HEJAETEPMUHIPOBAHHBII IOJHHOMHAAb-
HBII OPAKYJIBHBIN aJITOPUTM C TEM K€ OPAKYJOM. DTOT BBIIAIIINNACT Pe3yabTaT CHOPMUPOBAJ Yy MEHSI TIOIXO/T,
peanu3ys KOTOPBIi, MOKHO OBLTO OBl MOJYYUTh OTBET HA BBIMIEMOCTABICHHBIH BOIPOC. UTO M1 3TOro OBLIO
HEOOXOAUMO [OJIYyYUTh?

ITepBoe. ®oOpMaIM30BaTH(CUHTAKCUYECKH OIUCATH) BLIYUC/ACHUS MPUMUTHBHO DPEKYDPCHBHBIX CJIOBAPHBIX
GyHKIME 1 OpaKyIbHBIX MPUMUTUBHO PEKYPCUBHBI CJIOBAPHBIX (OYHKITHIA.

Cwm. Part [ u Part II.

Bropoe. CuHTaKCHYECKH OMHUCATH KJIACC TMOJUHOMHUAJIBHO BBIYUCIUMBIX CJIOBAPHBIX (DYHKIWH W MOJHHO-
MHUAJIBHO BBIYUCIUMbBIX CJIOBAPHBIX (DYHKIWH, TPU BHIYUCIEHUN KOTOPBIX, MOXKET HCIOJb30BATHCS OPAKYJl, T.e.
TMOJIMHOMUAJIBHBII OPAKYJIbHBIN aJITOPUTM.

Cwum. Part III.

Tpetrbe. Cazarsb HOPMATU30BAHHOE BLIYUCICHUE IPUMUTHBHO PEKYPCUBHBIX CJIOBAPHBIX (PYHKIWIT ¢ dop-
MaJIM30BAHHBIM BBIYUC/IEHUEM OPAKY/IbHBIX MPUMUTHBHO PEKYPCUBHBIX (DYHKITHIA.

Cwum. Part IV u Part V.

YerBeproe. Boipasurh cuHTaKTHYECKUE CBOHCTBA UCC/E/LyeMbIX a3blKoB, Hanpumep SAT, ucuonb3ys iis
9TOrO TOHATHS U METO/IbI, KOTOpbie pa3Buthl B "Teopun mozeseit".

Cwum. Part VL.

Peann3oBap Bce UeThIpe Caydas, yIaa0Ch OTBETHTH Ha Bompoc N'P=7co — N'P.

Part 1

Ncuncaenne paBecCcTB JId BbIYUCJI€eHUA 3aMKHYTBHIX T€epMOB

Iycre andapurel £, . .., % Takopsl, uro: & = {S,1,Z,§,Length, =, Concat, D, }, % = {A, z},
L= {RJ}, 2= (=]} % = (L1} % = {U}, 2 = [in” Z(U) = 20 Z. B andasure 2(U)
i=
Oyaer (pOpMaITM30BAHO BBIYUCJICHUE 3aMKHYTBIX TEPMOB U KJIACCa OPaKy/IbHBIX NPUMUTHUBHO PEKYDPCUBHDBIX
caoBapHbx byakmmii[1-4][5 c. 204].
JIJ1s1 OTHOTHI TPUBEIEM HECKOIBKO JTOCTATOYHO TPAIUIMOHHDBIX ONPE/IC/ICHHUIA.
Omnpenenenne GbyHKTOPA U €r0 MECTHOCTH:

1) Cnosa Buga: Z,d, Length, S|S,S||S,...,S]|,...,|S - onnomecrHbe dbyHKTOpBL. OMHOMECTHBIH (hYHKTOD
——

m— pas
S|,...,|S 6ymem o6o3nauarh Kak Sg.
——
k— pas
2) Caosa Buga: I|,...,|,]|,...,| - n - MecrHblii {)yHKTOD, KOTOPLIH Oynem 0603HaYATH TPAAUIMOHHO 17,
——

m— pa3 n— pa3s

mpu 1 <m < n.



3) Cuoo U - ognomecrHsiii pyukrop. B nanbueiimem ¢dyukrop U OyaeM Ha3biBaTh TAKKe HEOUPEIEISIEMbIM
GYHKIIMOHATIBHBIM CUMBOJIOM HJIA OPAKYJIBHBIM CHMBOJIOM.

4) Caosa Buga: —, Concat, D - ayxmecrhbie (hbyHKTODBDI.

5) Ecom @ - k - mecrubiit dynkrop, Uy, ..., ¥y - n - Mmectable GyHKTOPBI, TO €10BO [JOWU , ... Uil - n -
dyukTOp. dTOT MYHKTOP OyIEeM HA3BIBATH (DYHKTOPOM CYITEPIIO3UIINN.

Beeném cremyroree BayKHOE TIOHSITHE:

a) A - apryMeHTHOe CJIOBO, KOTOPOE HA3BIBAETCST TIYCTHIM CJIOBOM;

0) eciiu « - apryMEHTHOE, TO CJIOBO S () - apryMeHTHOE CJIOBO, KOTOpoe OyieM 0003HaYaTh KAK Q.

AprymeHTHOE CI0BO (v HA3bIBAETCs k - ai(DABUTHBIM, €CJIH ITO CJIOBO HE COAEPKUT (DYHKTOPOB Sy, ipu [ > k.

MHuokecTBO B apryMeHTHBIX CJIOB HAa3bIBAETCH k - ajidaBUTHBIM, €CJIM KaXKJI0e CJIOBO « € B sBiasiercs k -

andasurabiM. Ilycrs k > 1. Yucno Beex k - andaBUTHBIX CI0B, AanHA KOTOpbIX | > 0, pasuo k'. Uucmo Beex k

kl+1—1
E—1 "~

- a;i(PaBUTHBIX CJIOB, JITHHA KOTOPBIX HE OOJIbIIE [, paBHO
AprymenTubie cioBa, He comepxkainue GYHKTOp Sg, npu k > 1, HA3BIBAIOTCI HATYPAJIHHBIMUA YUCJIAMHU.
6) Eciiu « - aprymenTsoe cioso, @1, ..., P, - 2 -x mecTHbIe DYHKTOPBI, TOrAa CI0BO [Ra®@q, - @,] - 1 -
MeCTHBIH GyHKTOD.
7) Ecin @ - k > 1 - mecrustit GyakTop, 1, ..., U, - k+2 - MecTHbIe GYHKTODHI, TOrJa cJI0BO [ROPU, ..., U, ]
- k+1 - mecrubriit yakTop. @yHKTOPSHI yHKTOB 6 1 7 OyZeM Ha3bIBATH PEKYPCUBHLIMEU (byHKTOpaMu, a (PyHKTO-
pot &, &1, ...V, HA3BIBAIOTCS COCTABISIOMMME (DYHKTOPAMU, UUCIIO 17, HA3ZBIBAETCS CTEMEHBIO PA3BETBIEHHOCTH
PacCMaTpUBAEMOrO PEKYPCUBHOTO (PYyHKTOPA.
OyHKTOPBI TYHKTOB 1-4 OyayT Ha3bIBATHCA MCXOMHBIME (DYHKTOPAMU.
CnoBa Buga x|, ..., |z - mepemensubie. OGO3HAYNM TH CJIOBA TPAJNIHOHHO B BUJE ;.
~——
l— pa3
IlonsiTue Tepma.
1) Bcesikoe apryMeHTHOE CJI0BO U BCsKAsl I€PEMEHHAs - TEPM.
2) Ecau tq, ..., t, - repmbl, ¥ - k - MecTHbIii (HyHKTOD, TOrma cjioBo W(ty,. .., tx) - TepM.
st si060ro moaMHuOXKecTBa A apryMEHTHBIX CJIOB, BBEJAEM CJIe/yOIue PaBeHCTBA(ONPeIeIsiONue PaBeH-
CIBa), B KAYECTBE aKCUOM OLIPe/esisieMOoil (DOPMaM3aALMK [1Jlsi BbIYUCIEHUs OPAKYJIbHBIX 3AMKHYThIX T€PMOB:

1) T=T, rae T - npou3BOJIbHBIA TEPM,

2) Z(z1) = A,
) I (21,...,Tn) = T,
4) §(A) = A,



5) 6(z1ak) = 21,

6) Length(A) = A,

7) Length(zia;) = Length(z)ay,

8) r1=—A = x1,

9) x1=mzoay, = §(x1+—12),

10) Concat(z1,A) = 21,

11) Concat(xy, z2a;) = Concat(z1,x2)a,

12) D(z1,A) = A,

13) D(z1, x2ax) = Concat(z1, D(x1, z2)),

14) [JOWy,..., Uk](T) = ®(¥1(T),..., Vk(T)),

15) [Ra®y,...,P,](A) = a,

16)[Radq, ..., Pp](zar) = ®r(z, [Rady, ..., Dy](2)), npu k < m,

17)[Ra®y, ..., Pn](zar) = [Ra®q, ..., D] (), npu k > m,

18) [ROVy,...,U,](T,A) = O(z),

19) [ROY, ..., U, ](Z, yar) = Vi (T, y, [ROVy,..., U ,](Z,y)), upu k < m,

20) [R®Vy,...,9,](Z,yar) = [ROVy,...,U,](Z,y)), npu k > m.

ITycts A - HEKOTOPOE MHOXKECTBO APTYMEHTHBIX CJIOB. AKCHOMBI HHTEPIPETAIIAN HEOMPeIeaseMoro GhyHK-
MUOHAIBLHOTO cuMBOJa U

a) U(a) = A, eciu « € A,

b) U(a) = a1, eciiu o ¢ A.

PapeHcrBa @) v b) HA3BIBAIOTCS AKCHOMAMM MHTEPIIPETAINH, KOTOPBIE COOTBETCTBYIOT MHOXKECTBY A, MHO-

2KeCTBO apryMEHTHbLIX CJIOB A HazpiBaeTcs HHTEPIPETaInOHHBIM MHO2KECTBOM.

IIpaBunna BeiBoga VcumciaeHne paBEHCTB AJId 3aMKHYTBIX TEPMOB

T1=Q1,T2=Q2 T1=T2, T2 =Ts T1 =Tz, Ts =T>
Sb : - —, Cuty : , Cuts :
[T2]r, = [Qz]q, ! T, =Ts 2 T, =Ts

B mpasusre Sb nepemennast © - coOCTBEHHAs MepeMEHHAsS TOrO MPABUIIA.
3ameuanmue. [jisi BRIYUCIEHUS 3HAYEHUIN 3aAMKHYTHIX TEPMOB, JOCTATOYHO HAPSIY C MPABUIOM Sb HUCIoIb-
30BaTh TOILKO mpapumo Cuty.

st moKa3aTebCTBa PABEHCTB 3aMKHYTHIX TepPMOB jobaBisercs npasuiao Cuts. Moxuao oboittucey 6e3 mpa-



T =Q1, T2 = Q2
[T2lg, = [Q2]T,

pua Cuts, 3amenus mpasuio Sb Ha mpaBmiIo

Oupegenenune BoiBoga. [locienoBarensaocts pasercts T = Qy, ..., T,, = Q,, aBjsgeTcsa BbIBOZOM (I0Ka3aTEIbCTBOM
pasencrBa T,, = Q,,), ecau Jys Kaxzaoro ¢ = 1,2,...,n, pasencrso T; = Q; siBisercs j1ubo akCMOMO, subo
akcromoii nareprperannn U(a) = A, U(a) = a;, KOTOpBIE COOTBETCTBYIOT MHOXKECTBY A, a160 MOIyUYeHO u3
MPEIBIIYIIUX PABEHCTB M0 OJHOMY U3 MPABUJ BHIBOJA.

Ecunu BoiBoxy P rakos, 4ro on cogepxxur unrepuperanuonnbie akcuombl U(a) = A unu U(B) = a1, 1oraa
OyZeM MOBOPUTH, 9TO CJIOBA (v, [ OBLIN HUCIOJH30BAHBI B 9TOM BBIBOJE, MPUIEM CJIOBO (v MCIOJIH30BAHO TTOJIOXKU-
TEJIbHO, CJIOBO 3 UCHOJb30BaHO orpurarenbuo. C BeiBogoM P, mpu uHTEpIpETAHOHHOM MHOXKECTBE A, CBsKeM
nmapy MHOKeCTB: (AT)p - MHOKECTBO BCEX MOOKATETHLHO OMPOIIEHHBIX CIOB B BBIBOAE P, (A™)p - MHOKECTBO
BCEX OTPHUIATETHHO OMPOIIEHHBIX CJIOB B BhIBOIE P.

IlocnemoBarenbHOCTD PABEHCTB t1 = (1, .. . ,tn = ¢, - KBA3UBBIBO/, €CJIU KAXKJI0€ PABEHCTBO B TOH IMOCJIEI0-
BaTEJILHOCTH €CTh JTHOO BHIBOAUMOE PABEHCTBO, JIUOO TOJIYYEHO U3 TPEIIAYIINX PABEHCTE 0 OJHOMY W3 TPABHUII
BBIBOJIA.

3ameuanmne. e 1puBeEHHONO UCIUCIECHUS PABEHCTB JIJIs BBIYUCIEHNS 3aMKHY ThIX OPAKYJIbHBIX TEPMOB
ObliIa 3aMMCTBOBaHa B paborax [1-6] n3 KOTOPHIX OCHOBOMOJIAraoIeil sBisercs|3].

Hnuna nokasarenbcrsa P - 4mcyio paBeHCTB B Jj0Ka3areabcrBe P. 9To uncio obo3Hadaercs Kak Ip.

Monuas mnwnaa moxkasareabcTBa P - AauHA CJI0BA, TIOJYYEHHOTO COEIWHEHWEM BCEX PABEHCTB, BXOISIINX B
J0Ka3aTeIbCTBO P, pa3meéHHbIX CHMBOJIOM 3aMATasi. 9TO UHCI0 obo3HauaeTcs Flp.

Ob6o3nauum nosyvyeHnoe ucuuciaenue 3amkuyTbix TepmoB kak CalcEq, CalcEqy B andasure ¥, £ (U)
COOTBETCTBEHHO.

O6o3nauenue - t = r - paBercrso ¢t = r BeiBonuMO B ucuncienuu CalcEqy;, npu o000l mETEpIpeTanun
dyukropa U.

O6o3nauenue A -t = r - paBeHcTBO ¢ = r BeIBOAUMO B Hcuuciaennu CalcEqy;, ¢ akcuomaMu HHTepIpeTanun
COOTBETCTBYIOIMIUMHU MHOXKECTBY A.

Oyuxrop P, repm ¢ HazpiBarorcsa n > 0 andaBUTHBIM, €C/IH IPE/ICTABIEHHDIE CJIOBA HE COepKaT (PyHKTOPOB
S;, mpu | > n. Bce ucxonube GyHKTOPHI ABASAIOTCS 1 aIABUTHBIME JIJI KAXKIOTO 1.

s kazxmgoro n > 1 u 1106010 apryMeHTHOTO CIOBa (v MOXKHO MTOCTPOUTH N - MECTHBIN (PyHKTOP, 0O0O3HATA-
embiii kak Const,,, uro BepHo - Const, (z1,...,2,) = a.

Teopema 1.1. MOXHO COCTaBUTH TAKOU aJTOPUTM, CJAEAYsd KOTOPOMY MJIsS KaKJIOTO TepMa t MOYKHO TIO-



crpouthb Takoit pyukrop Py, uro F $,(Y) = ¢, rae ¥ - CUUCOK nEPEMEHHbIX, COAEPKAIMil IepeMeHHble TepMa L.
Joka3zaTesbCTBO M TOIHYIO (DOPMYINPOBKY 3TOH TeOpeMbl ¢M.B [2 cTp. 62].

Teopema 1.2. /It m000T0 3aMKHYTOTO 7 al(paBUTHOTO TepMa t, I 3aJaHHON mHTepnpeTanun A (yHK-
topa U, cyliecrByer eIMHCTBEHHOE TAKOE apryMEHTHOe CJIOBO < TOro ke ajidgasura, 4ro A ¢t = «a. Jokaza-
TEJILCTBO MPOBOJAUTCSA WHIYKIUEH 1O MOCTPOEHUI0 PYHKTOPA, 3aTEM WHIYKIIHEH 10 TIOCTPOSHUIO TEpMA, t.

HoxkazarenbctBo P paBencrBa Buma t = «, rae t - 3aMKHYTBIN T€PM, (. - HEKOTOPOE apryMEHTHOE CJIOBO,
OyZeM Ha3BIBATH BBHIYUCIEHUEM TEpMa, t.

Sameuanmne. /s go6oro repma t(T), a4 11060i TOCIEI0BATEIBHOCTH aPIyMEHTHBIX CJIOB OV, CYIIECTBYeT
TaKOe HATYPAIbLHOE YUCJIO K, 9TO JJisi JI000N0 HHTEPIPETAIMOHHOTO MHOYKECTBA apI'yMEHTHBIX CJIOB A, MOXKHO
MOCTPONTH TaKOe BBHIYMCIIeHWe TepMma t(T) Ha &, B KOTOPOM OyIeT WCIMOJIB30BAHO He 0OJIbIe k apryMeHTHBIX
CJIOB.

Teopema 1.3. Ilycte man n - mectrbiit bynkrop [JOUq, ..., Vi), a1,...,q, - HEKOTOPAs MOCJIEI0BATETh-
HOCTh apryMeHTHBIX cJI0B. Ilycts Py, & - Berancaenne gynkropa ¥; Ha MOCIeI0BATETHOCTH apTyMEHTHBIX CJIOB
Qai,...,0n, C PE3yAbTATOM BLIYHCIEHHUd [3;, B mHTepuperamuonaoMm MuoxkectBe A, 1 < ¢ < k. Ilycrs P<I>,E
- BbluucjeHue (pyHkropa ® Ha 110CAEI0BATEHOCTH APIYMEHTHbBIX CJIOB [1,..., Bk, C PE3YJIbTATOM BbIYUCJIE-
HUS 7, B MHTEPIPETAIMOHHOM MHOXKECTBe A, TOrja MOXKHO MOCTPOMTH Bhraucienue Prey, . w,] dbyHKTOpA

[JOW,,...,¥k] HA HOC/IEHOBATEIHOCTU APIYMEHTHBIX CJIOB (U1, . . . , (ty, JJI KOTOPOIO BEPHO:

k k
(A+)P[J<I>\P1,...,\Pk]7a = U (A+>P\pi a U(A+)Pq,,ﬁ7 (A_)P[anpl,...,\pk],a = U (A_>P\I/,i a U(A_)P(1>7E.

=1 i=1

HokazarenbcrBo. CocTaBUM CIELYIONIYIO IOCTIEA0BATEIBHOCTL PaBeHCTB: Py, , ..., Py, ,
[JOU, ..., Ukl(21,...,2n) = O(U1(T),...,Vp(T)),...,
[JOU, ..., Uil(a,...,an) = ®(T1(@),..., Uk(@)), P(x1,...,T0n) = P(z1,.. ., Zn),. ..,
(T (@),..., V(@) = 2(B1,...,0n), Ps,2(V1(@),..., V(@) = 7, [JOVq, ..., Url(a,...,ay) = 7 - BbIYHC-
aenne bynkropa [JOU, ..., Uy] HA TOCTEIOBATENILHOCTH (U, . . ., (y, B MHTEPIPETAIIMOHHOM MHOXKECTBE A, ¢
YKA3aHHBIM MHOXKECTBOM TIOJIOXKUTEIHHO U OTPUIATEHHO OMPOIIEHHBIX CJIOB.

Teopema 1.4. Ilycrb nan n + 1(n > 1) - mecrubiit byukrop [ROUy, ..., U], a1,...,ay, Ba; - HeKoTOpas
TTOCJIEIOBATEIHLHOCTh APTYMEHTHBIX CJIOB.

IIycts Pg - Boramcienne dbynkropa ¢ Ha mMOC/I€I0BATETHOCTH APTYMEHTHBIX CJIOB (v, . .., (4, B HHTEPIIDE-

TAIMOHHOM MHOZKeCTBe A.

[ycts Pirow, ..., w,],01,...,an,3 - BRITUCTCHEE DYHKTODA [ROU1, ..., ¥] HA TOCIIEIOBATETHOCTH aAPTY MEHTHBIX
CJIOB (1, . .., Qp, B, C PE3yJIBTATOM BBIYUCJICHUS 7Y, B HHTEPIPETAIIMOHHOM MHO2KeCTBe A.
[Iycts Py, - Beraucnenune dbynkropa ¥, Ha MOCIEIOBATETHOCTA APIYMEHTHBIX CJIOB (1, .. .,C0n, 3,7, C De-



3yJIbTATOM BBIYHUCJIEHUS 1), B HHTEPIPETAUOHHOM MHOYXKECTBE A, TOr1a MOXKHO IIOCTPOUTH BHIYUCIIEHUE
Prow,,....w,],01,....an,8a; PYHKTODA [RO®Uy,...,Tt] HA MOCIEIOBATETHOCTH APTYMEHTHBIX CJIOB (U1, . . . , Qy, Bdy4,

B MHTEPIPETAIMOHHOM MHOXKECTBE A, IJisi KOTOPOTO BEPHO:

1. (A+)P[R<I>\I'1 ..... Tpliar,an,A (A+)Pq>;a1,~-,ana
(A_)P[R<I>\Ill,.,.,\Ilk],al,.,.,an,l\ = (A_)Pq);al,m@n
2. (A+)P[R<I>\I!1....,\Pk].al,...,an,ﬂaj = (A+)P\pi,,a1,...,o¢n,6,’y U(A+)P[R(p\p1 ,,,,, Wpl,os.rom B0

(A_)P[wal ..... Tpliaq,an,Ba; (A_)P\pi Qe Qi By U(A_)P[chxpl,...,\pk],al

HokasaresabcrBo. [Tyt (1) - oueBugen. ITynkr (2). CocTaBuM CIIEAYIOIIYIO MOCJEIOBATEIBHOCTh Da-
BEHCTB:
Prav,,... 9 ],a1,....0n.8
[ROUy, ..., Ui](x1, ..y &n,2a;) = WU (X1,. .o Zpy 2, [ROU, ., U] (21, o Ty 2))y e ey
[R(‘P\I/l, ey \I/k](ah ooy Oy 50,7,) = \I!i(al, ceey O,y B, [RCD\Ijl, ey \I/k}(al, N8 79%) 5)),
Uiz, ny 2yu) = V(21,0 Ty 2,0), ey
\Ifi(Oél, ey Otn,ﬂ, [R(I)\Ifl, ey \Ifk](()él, ey Oén,ﬂ)) = \Ifi(Oél7 . ,Oén,ﬂ,")/),
Py,,
Ui(ag,...,an, B, [RO¥, ..., Ur)(a1,...,an,B)) =n,
[ROUy,...,Vi(a,...,an, Ba;) = n - Boraucienune dynkropa [ROWq, ..., U] Ha nocienoBareabHOCTU apry-
MEHTHBIX CJIOB (1, . . . , Oy, 304, B MHTEPIPETAIMOHHOM MHOYKECTBE A, C YKA3aHHBIM MHOXKECTBOM MOJIOKUTEIHHO
¥ OTPUIATEHHO OIPOIIEHHBIX CJIOB.

Teopema 1.5. ITycts mnan dyukrop [RaVy, ..., U], ai,...,an, Sa; - HEKOTOpast MOCIENOBATEBHOCTD -
TYMEHTHBIX CJIOB.

Oycts Plraw,,...,w,),3 - Bbrauciaenne dynkTopa [RaWy, ..., U] Ha aprymMeHETHOM cloBe 3, ¢ Pe3yabTaToMm
BBIYUCJIEHUS 7Y, B MHTEPIPETAIUOHHOM MHOXKeCTBe A.

IIycts Py, - Beraucienne dynkTopa ¥; Ha IOCIEIOBATETHOCTH APIyMEHTHBIX CJIOB (3,7, C PE3Y/IbTaTOM
BBIYUCJIEHUS 1), B MHTEPIPETAIMOHHOM MHOXKECTBE A, TOr/Ia MOXKHO IMOCTPOUTH BBIYUCIEHUE
P(raw,,...,v,),8q; GYHKTODA [Ra¥y,..., V)] HA apryMEHTHOM CJIOBE [a;, B WHTEPIPETAIIMOHHOM MHOXKeCTBe A,

JJId KOTOPOro BE€pHO:



Hoxka3zaresnbcrBo. [Tynkr (1) - ouesuuen. Ilynkr (2). CocraBum cieyiomyo OCIEI0BATEIbHOCTD Pa-

BEHCTB:

Prav,,.. . v,).55

[RaWy, ..., Ui](za;) = Vi(z, [Ra¥y, ..., Ut](2))

[RaVy, ..., U](Ba;) = V;(B, [RaVy,..., Ug](B)),

U (z,u) = ¥;(z,u),...,

Vi (B, [Ra¥y, ..., V] (B) = ¥i(B,7),

Pu,sq

Ui(B, [ROWy, ..., Ui](B)) =,

[Ra¥y,...,V:](Ba;) = n - Berancaenne dyukTopa [Ra¥y,. .., U] HA MOCIEI0BATEIBHOCTH APTYMEHTHBIX CJIOB
Ba;, B MHTEPIIPETAIIMOHHOM MHOXKECTBE A, ¢ yKAa3aHHBIM MHOKECTBOM MOJOKHATETHHO U OTPUIATETHHO OMpPO-
IIEHHBIX CJIOB.

VYuaursisas, uro Length(A) = A, Length(aa;) = S1(a). |A] = A, |aa;| = |of + 1 = S(|a|), |z| - dyuxnus
JUIMHBL CJI0Ba x, TO Bbhipaxkenue suga Length(t), 6yaem obosnadars B Buge |t|. OueBuaHO, 4TO aprymeHTHOE
CJIOBO (¢ SIBJISIETCST HATYPAJIBHBIM 9IHCJIOM, TOTJA U TOJBKO TOTAa, Korga F |a| = «, Length(«) - narypamsroe
YUCJIO.

Tepwm, comepzkammuit Tonbko pyuHkTopsl Buma: Concat, D, a TakKe HATypaJbHbIE 9HCTA, HA3BIBAETCHA CJIO-
BapHbIM MHOTOYIeHOM. CJI0BapHbIe MHOTOWIEHB! Oy IyT 0003HaYaThesi Kak P ().

U3 ceoiicts: |Concat(x,y)| = |Concat(|z|,y)| = |Concat(z, |y|)| = Concat(|z|, |y|) = |z| + |y|,
D(z,y)| = D(al.y) = (. lyhl = D(lal,lyl) = ol - |y}, moayume [Plar,....z0)l = Pl [zal),
Vafvy[Concat(|al,|5]) = vV D(|al, 8) = v], Torma v - HaTypaIbHOE YHUCIIO.

st mo6oro cinosapuooro muorodsexa P(T), MOXKHO IOCTPOUTH MHOIOWIEH C HATYPaJIbHBIMU KOI(DdUIm-
eatamu P*(T), uro BepHO pasencrso P*(|Z]) = |P(Z)|.

CocraBum 3 < n — mecrusiii dyukrop Buga [JConcatl}[JConcatly ... [JConcatl]_I"]...]. Jns sToro

dyukropa B ucuuciaenun CalcEq BbiBOIIMO paBeHCTBO

[JConcatI}[JConcatl} ... [JConcatI?_I7]...](z;...2,) = Concat(xz;, Concat(xs,...Concat(x,_1,2,)...)).
ITycts Concat™ = [JConcatI}[JConcatly ... [JConcatI?_,I7]...], npun > 3, rorga b Concat”(z1,...2,) =
Concat(z, Concat(zs, ... Concat(z,_1,,)...)). Ilpu n = 2, Concat? = Concat, npu n = 1, Concat' =

I u BLIBOAMMBI paBeHCTBa: Concat?(z;, 1) = Concat(z1,z2), F Concat'(z;) = I (z1) = 21
- Concat”“(xl, .+ Zp,Tnt1) = Concat(zy, Concacat™ (zo, ... Tpt1)).

Omnpegenenne. Ilycrs & - mekoropoe MHOXKeCTBO N - asjdasurhbix GyHKTOpOB. Jjisi KaXKI0ro MHOXKe-



cTBa A apryMeHTHBIX CJIOB, ONPEJIETUM MOHATHE CTAHJAPTHONW CJIOBAPHOM MOIETH, KOTOPYI0 0DO3HAYUM KaK
WOI'dMn’A)@.

Hocurenem aToit Mmomenmn siBASIOTCS BCe N - aadaBUTHBIE apTyMeHTHbIE coBa. [t Kaxkaoro k > 1 - MecTHOTO
dbyuxropa ® € 2 onpemenum onepanuio, 0603HAUAEMY0 fe W ompemensiemylo kak VavVi[fe(a) = 8 < A F
o (@) = A].

Eciu muOXKecTBO 1 - andaBuTHBIX (DYHKTOPOB Z COBIAJIAeT ¢ MHOXKECTBOM BCEX 1 - al(aBUTHBIX MPH-
MUTHBHO PEKYPCUBHBLIX (DYHKTOPOB, CTaHIAPTHYIO MoIesah Oyldem obosnadarh kKak WordM,, ,, WordM,,, B
andasure £ (U), £ coorBercrBenno umnu emie npoiie WordM,, WordM.

3ameuanne. OTMeTnM, 4TO MHOXKECTBO Beex onepauuii Mozesin WordM,, coBagaer ¢ KJ1acCoM CJIOBaPHBIX
dbyuxmmit Pr(X), raoe ¥ - andarut, cocrosmmuii u3 n pasandHbix cuMBoios[1, p.220, Definition 3].

Paccmorpum criemyromme onpeaesonie paBeHcTBa:

Exp(xVA) = ay,

Exp(z, yai) = D(z, Exp(z,y)).

Ouesuzno, uro |Exp(z,y))| = Exp(|z|,v)) = Exp(|z|, |y|)). MoxHO mocTponTs Takoii 2- X MecTHbIH GyHK-
TOP, It KOTOPOro Oy/yT BEPHBI 3TU OILPEIESIONIUe COOTHOIIEHUS.

JLJ1s KaxKI0ro HaTypasIbHOrO 4ucia k > 1 BuIMUINEM CJIeLyIOIIne ONpeIesIsionine PaBeHCTBa;

exp(A) = a1,

expk(aa;) = D(ay, ..., a1, expx(a)).

k—pa3

NmeeTcsi IPUMUTHBHO PEKYPCUBHBIN CIIOBAPHBIH (DYHKTOP, YIOBIETBOPSIOMINN STUM OMPEIEJISIONINM DaBeH-
cream. O6o3HaunM ero kak expy. s dbynkropa exp, sepno WordM = Vz[|expy (z)| = k/®1],
Vapflexpy (o) = B], Torna S - HaTypaJIbHON YnCIIO.

ITpu k > 1 expy (@) - aucio k - andaBUTHBIX CJIOB JJIMHA KOTOPBIX PABHA JJIMHE CJIOBA (V, % -
4uci0 k - andaBUTHBIX CJIOB HPEAIIECTBYIOIIUX B JIEKCUKOIPADUIECKOM yIOPAJOYUBAHUN CIOBY |qaq .

Bameuanmue. [[1s1 Kaxka0ro HarypaigbHoro uncaa k sepo WordM [ Vi[|expy (z)| = Exp(k, z))

Teopema 1.6. Nmeercsa anropurs, BBINOJHssS KOTOPbI, N0 POU3BOIbHOI dopmyne A(xq,. .., Z,) ucauc-
JIEHUSI BBICKA3bIBAHUI, B KOTOPOM 3JIEMEHTAPHbBIE BLICKA3BIBAHUS sIBJISIIOTS BBICKA3BIBAHUS BHIA I = ¢, TJ€ T, (
- Tepmbl asndasuta £ (U), MOXKHO MOXKHO TIOCTPOUTH N - MeCTHBIN GyHKTOp P 4, TAKOI, 9TO
Va[WordM, E A(a) © A+ $4(a) = A] (WordM, | VE[A(T) = P4 (T) = A)[4].

Jna xkaxkaoro ucxoguoro ¢gpyukropa: I, S, Z, §, Length, =, Concat, D Bepuo

= |12L(x1a s 7xn)| = I%(|l‘1|, SRR ‘xn‘);



= [Sk(@)] = Sa(fx]),

1Z(z)| = Z(|x)),

E 10 (z)| = 6(|x)),

F |Length(z)| = Length(|z|),

ey ==ao| = |1 = |22],

F |Concat(x1,z2)| = Concat(|z1], |z2]),

EID(21, z2)| = D(|z1], [22])-
Part 11
IIpocToe BbrunciieHne pyHKTOpa

C KaxKapIM 1 - MECTHBIM (byHKTOpOM P 1 1MOCIeI0BATENHHOCTHIO APTyMEHTHBIX CJIOB (i1, . . . , Oy, B JAJIBHEH-
niem 0603HAYAEMYIO KaK O, CBsi2KeM 1pocroe(KaHoHu4Yeckoe) Bbraucsenue ¢pynkropa $ na nocsegoBaresibHOCTU
APIYMEHTHBIX CJIOB (1, ..., Qy,, 0003HAUAEMOE KaK Pg.o,, .q, - OTO IPOCTOE BBIYUCICHHE IOCTPOMM HHIYK-
el o moctpoeHnio (pyHkTOpa P, a BHYTpPH 3TOH WHIYKIUH, JJs PEKypCUBHOrO (hbyHKTOPa MHIAYKIWEH 1o
HOCTPOEHUIO ApryMeHTHOro ¢10Ba. C KazK/bIM MPOCTBHIM BbIYHCJICHUEM yKazkeM MHOKeCTBA (AT)p ¢.ay. o, U
(A7)p.®:ay....,0,, U JJINHY BBIUUCITEHUS [p ¢ (@) - IHUCIO PABEHTCTB B BBIBOJE Po.oy . a -

Hns ucxonuabix dbyukTopos: Sk, Z, I, d, Length, =, Concat, D:

Hutst dyrkTopa Sy:

1. Si(z) = Sk(z),

2. Sk(a) = Sk(a)

(A+>P,Sk;a = (Z)’

(Ai)P,Sk;Ot =0.

Hnuna eraucienusd lp g, () = 2.

s dyrrTOopa Z:

1. Z(Il) = A,

2. Z(a) = A.

Jnuua Boraucnenus lp z(a) = 2.

(AM)pz.a =0,

(A_)P,Z;a = @

s dbyukropa U:

U(a) = A, ecaiu a € A, unaue,

10



U(a) = a;.

Hnuna oraucienus lp y(a) = 1.

(AN)pu.a ={a}t, (A7)p U =10, ecmn a € A,
(AT pua =0, (A7 )pua ={a}, ecm a ¢ A

Hna dyrkropa I :

1. I (x1, ... &0) = Ty,

2. 10 (1, &2y ooy Tn) = Tymy v e vy

n+ 1. I0(aq,...,0pn) = apy.

Jmna peraucienas Ip i (o1, ..., ) =n+ 1.
(AT)P1 iy, o, =0,

A7 )p1riar,.a, = 0.

m

s pyrkTopa d:

1. 8(A) = A,

2. 0(z1a;) =

3. §(aa;) = a.

JmHa BBIYUCIEHNsT 33a8TCA ONPEEISAIOIIMY PABEHCTBAMK:
lps(A) =1,

Ips () =2, mpnm v # A,

(AY)ps =10,

(A7 )ps=0.

s dyskTopa Length:

1. |[A] = A,
1.|x1ak| = |x1]|ay,
2.|aay| = |alaq,

[IIycts Prength:a - IpocToe Borducienue dpynkropa Length ma apryMmenTHOM CI0Be (v, Hajiee BLITHCHIBAEM
3TO MpocToe BhIuucieHne Prength;q, B KOHIIE 9TOTO BHIBOAA CTOMT PABEHCTBO |a| = v, MpomoKaeM|

PLength,a:

3. Sl(ifl) = Sl(xl),

4. S1(la) = S1(7),

5. |aag| = vas.

Jinna BbrauciieHus 3a4a8TCs OIPEIeAONIMMA PABEHCTBAMMU:

11



Ip Length(A) =1,

ZP,Length(aak) = lP7Length(a) +5.

Ip Length(a) =145 - |a,

(A)P Length = 0,

(A_)P,Length = @

s pyarTOpa ——:

1. x1+A =,

2. a=A = q,

1. z1+—xoa, = 6(x1+—1x2),

2. a=x9ay, = 0(a—=x9),

3. a=pfay = 6(a—=p),

[IIycrs P__., g - mpocToe Boraucienne GyHKTOpA —— HA aPIyMEHTHbIX CJIOBAX (v, (3, Jajiee BBIIHCHIBAEM 9TO
npocroe Boraucienue P_. ., g, B KOHIIE 9TOr0 BBIBOJA CTOHT PABEHCTBO (-3 = -y, IPOJOJIZKAEM]

P0p

5.6(a=p) =46(7)
[ [Iycts Ps., - mpocroe Boraucienne GpyHKTOpa § Ha arpyMEHTHOM CJIOBE 7Y, B KOHIIE STOIO BBIBOAA CTOUT

paBeHCTBO Buza d(7y) = 1, MPOIOIIIKaeM|

P&,'y:
6. 0(a=p) =,
7. a=Baj, = n,

JliuHa BBIYKCIEHUS 3a0a8TCsl OIPeIe/IAOMIUMA PABEHCTBAMMU:
lp_. (a,A) =2,

lp— (o, Bay) = lp—(a, B) +lps(a=pB) + 1.

24918, if || > |8 > 0;

p(@p) = {la| +8-18, if 1 <ol <|B];

24+8-18], if la| = A.

s dyakropa Concat:

12



1. Concat(x1,A) = z1,

2. Concat(a, A) = «,

1. Concat(x1,z2a;) = Concat(z, x2)ag,

2. Concat(a, z2ai) = Concat(a, x2)ay,

3. Concat(a, Say,) = Concat(a, 8)ax,

[ IIycts Pconcat;a,3 - mpocToe Bhruucienue ¢ynkropa Concat Ha arpyMeHTHLIX CI0Bax « H 3, B KOHIE
5TOTO BHIBOJA CTOMT papeHcTBo Buaa Concat(a, §) = v, mpomomxaem|

P concat;a, 8,

4. Sg(x1) = Sk(z1),

5. Si(Concat(«, 5)) = Sk(v),

6. Concat(a, Say) = Sk(7).

JlnvHa Berauc/ieHus 331a8TCsl ONPEAEIAI0IMMA PABEHCTBAMU:

IPGoncat (5 A) =2,

IPGoncar (@ Bak) = IPconcar (@ B) + 6,

IPconcar (@, 8) =2+ 6- |5,

(AT)p concat = 0,

(A7)p.concat = 0.

s dyskTopa D:

1. D(z1,A) = A,

2. D(a,A) = A,

1. D(x1, z2a;) = Concat(z1, D(z1, 22)),

2. D(«, x9a;) = Concat(a, D(a, z2)),

3. D(a, Bai) = Concat(a, D(a, §)),

[ Iycts Pp.o s - mpocroe Borumcsenue dbyHkropa D Ha arpyMeHTHOM CI0Be « U cjIoBe [, B KOHI[E 3TOrO
BbIBOZIA cTOUT paBeHcTBO Buja D(q, 3) = 7y, npomoikaeM|

Pp a5,

4. Concat(zy,z2) = Concat(zy,x2),

5. Concat(w, z2) = Concat(a, z2),

6. Concat(a, D(a, 8)) = Concat(a, ),

[ IIycte Pooncat;a,y - mpocToe Borauciaenne ¢pyunkropa Concat Ha arpyMeHTHOM CJIOBE ¢, 7, B KOHIIE 3TOLO

BBIBOJIA cTouT paBeHcTBO Buma Concat(a,vy) = 7, npogonxkaem|.
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PConcat,a,’ya

7. Concat(a,D(«, 3)) =7,

8. D(a, Bax) = n.

Jliuna BbIMMCIEHUs 33128TCs ONPEIENSIONIUMEI DABEHCTBAMMU:
lpp (a,A) =2,

lpp (@, Bar) = lpp (@, B) + IPconcar (@, D(a, B)) + 8,

lpp(a, 8) =2410- B[ + 3 |l - |B[(|B]=1),

(AT)pp =10,

(A7)pp = 0.

Has dbyrkropa [JOUq, ..., Ukl

IIycts Py, - npocroit BeiBox ¢yrkTopa Vi HA IOCTEIOBATENLHOCTH APIYMEHTHBIX CIOB ..., Py, & -
npoctoit BeiBoj, pyHKTOpa W) HA MOCIEI0BATEILHOCTH APIyMEHTHBIX CJIOB 1.

CocraBuM MOC/IEI0BATEILHOCTD PABEHCTB:

Py, a,...,Pu,a,

| B konue kazxkmoro seiBoga Py, maxomurcsa pasencrso suga W, (@) = v;, npogomkaeM|

s+ 1. ®(xq,...,z5) = P(x1,...,28),

s+2. (V(@),xa,...,x5) = P(y1, 22, .-, T), - - -,

s+k+1. (T (@),..., V(@) = P(V1,-- V)

[[Iycts Pg5 - mpocroit BeBOA dbyHKTOpa P Ha IOC/TIEIOBATENLHOCTH APTYMEHTHBIX CJIOB 7, B KOHIIE 3TOrO
BbIBOJIA HAXOAUTCs paBeHCTBO P (71, ..., vk) = 1, UpoJOIIZKaeM)|

Ps,

stk+r+2 @T(a),..., ¥ (@) =1,

s+k+r+3. [JOUy, ..., U](z1,...,20) = PV (21, s @n), -0, Pi(21,. .., 20)),

s+k+r+4. [JOUy, ..., U](an,...,xn) = P(V1 (a1, ..., Zn)y- oo, Uilaa, ... x0)), ..,

s+k+r+n+3. [JOU, ..., Ul(ar,...,an) =DP(T1(a1,. ., an)y ., Vrlag,...,an)),

s+k+r+n+4. [JOUy, ...,V )(aq,...,a,) =7 - TOAYIEHHAS TTOCIEIOBATENLHOCTH PABEHCTB - TIPOCTOE
Boraucyenue Gyarropa [JOUy, ..., U] Ha 110C/Ie10BATEIBHOCTH aPIyMEHTHBIX CJIOB (.

JlnvHa Berauc/ieHus 331aETCs ONPEAEIAIONMMA PABEHCTBAMU:
vy (@) =lpy (@)+,..., +lpy, (@) +lp, (Vi (@), ..., ¥i(@)) + n+ k+4.

k
(A+)P[J<I>\I/1 W50 O U (A+)P\Pi§alv---7an U(AJr)P@;’Yh---,’Yk’

""" i=1
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EIerem, oy = U IRy g U Do (0. re0penny 13,

Has n > 2 - mectroro dynkropa [ROUy, ..., ¥,,]:

CocraBuM MOC/IEI0BATELHOCTD PABEHCTB:

1. [ROUq,..., U, ](21,. .., 20, A) = P(x1,...,24),

2. [ROVU, ..., Uy )(a1, ... &y, A) = P(a1, ... Zpn )y oy

n+ 1. [ROTy, ..., U, )(a1,...,an, A) = P(aq, ..., ap),

[IIycrs Pz - mpocroit BeiBog, dyHKTOpa ¢ Ha MOCIEI0BATENTHHOCTH APTYMEHTHBIX CJIOB O, B KOHIIE 9TOIO
BBIBOJIA HAXOWUTC paBeHCTBO P(avy, ..., o) = 7y, IpOIOIIKAEM|

Ps.a,

n+r+2. [RO¥y,..., U, ](ar,...,an,A) =1,

[Tycts Plrow,.... . w,.Ja1,....ans: - TPOCTOIl BBIBOM dyHKTOpa [ROW, ..., ¥\, ] Ha TOCTIEIOBATEIHHOCTH APTY-
MEHTHBIX CJIOB (1, ..., ¥pt+1, B KOHIE 3TOIO BBIBOJA HAXOAUTCH paBeHCTBO [ROWq, ... U, (a1, ..., ¢, Q1) =
B, uponoJKaem|

Praw,,.. w01, 0msns

[Iycrs Py, a,....,ans 1,8 - TPOCTOI BBIBOA (byHKTOPa W] HA IOC/IEI0BATEILHOCTH APIY MEHTHBIX CJIOB (11, . . . , (1, 3,
B KOHIIE 9TOTO BBIBOIA HAXOMUTCsT paBeHCTBO [V (aq,. .., ap, any1, B) = 6, pomomxaem|

Py, ar,.ianii,8

s+t+ 1. [ROUy,..., U ](21,..., %0, Znr1ak) = Vi(@1, .o oy Ty Tpg1, [ROV, .., U] (21, oy Ty Tg1))s

s+t+2. [ROU, ..., U (a1, .oy Zn,y Tpg10k) = Ur(ar, ooy Ty Tng1, [ROU1, o, U]y ooy Ty Tig 1))y - - o

n+s+t+2. [ROUq, ..., U, (a1, ..., apn, apri1ak) = Yr(ag, ..o, n, apgt, [ROU, ., U ](a, .oy g1))s

n+s+t+3 U(zr,...,Tn42) = Vi(x1,. .., Tni2),

n+s+t+4 Up(a,...,xn42) = Vi(ag, ..., Tpio), ..,

2n+s+t+4 Ve(ar, ... ,ant1,Tnp2) = Ye(ar, ..., @ut1, Tnta),

n+s+t+5 Up(a,...,an11, [ROUy, ..., Un](a1,. .. an,ant1)) = Ulag, ..., nyt, B),

2n+s+t+6. Ue(ag,...,ant1, [ROU, ..., U (a1, ..., an, @pr1)) =0,

2n+s+t+ 7 [ROVy,..., U] (a1,...,0n,app1ar) = 6 - 3Ta NOCTETOBATEIBHOCTD PABEHCTE SBJISIETCS
MPOCTHIM BBIBOIOM yHKTOpa [RPWY1, ..., ¥, | HA MOCIEOBATEIHHOCTH aPTyMEHTHBIX CIIOB (i1, . . ., (pi].

JlnuHa BBIYHCTEHUs 330a6TCs ONMPEIETAONIMA PABEHCTBAMMT:

. (a, Oén+1) =+ ZP\I,k (a, Oén+1, [R(b‘lll, ey \I’k](a, Oén+1)) —+ 211 —+ 7

,,,,,
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]" (A+)P[R<]npl“_,,\pk],al,,_,,an,/\ = (A+)P<I>§041.,...,Ozn7
(A_)P[R<I>\Il1,...,\Ilk],(xl,...,an,l\ = (A_)P<I>§a1;~wan
2. (A+)P[R<I>\I11,...,\I/k],al,...,an,ﬁu.i = (A+)Pxpi;a1,...,an,ﬂ,’y U(AJF)P[RM,I,,”,q,k],,ll,”,,an,ga

(A_)P[Rdﬂlll,...,\Ilk],al,...,an,[-}ai = (A_)P\Izi;al,m,amﬁﬁ U(A_)P[anpl,...,\pk],al,...,an,g (CM' Teopemy 14)

Cayuait, korjga GyHKTOp peKypcun umeer Bug [Rady, ..., @,,], pasbupaercs aHAJIOIHIHO.

,ZL.T[H HEro ornpeaendrone paBeHCTBa AJIMHBI IIPOCTOrO BBIYUC/IEHUA TAaKOBBI:

2. <A+>P[Raq/1,...,\?k],[iai = (A-"—)P\piﬁw U(A-"_)[P[R@wl,...,\pk],g’ (cm. Teopemy 1.5),

CsoiicTBa mpocToro Bbruucjaenus (PyHKTOPOB:

1. Ilocnennee paBeHCTBO IIPOCTOrO BbIYHMC/IEHH: n— MecrHOro dynkropa ® Ha mociemosarembHOCTH ap-
IYMEHTHBIX CJIOB @, siBJsiercsi paBeHCTBO Bupa P(a) = B, rae [ - apryMeHTHOe CJIOBO, KOTOPOE HA3bIBAETCS
Pe3yJIbTaTOM MPOCTOrO BHIYHUCJIEHUST N— MeCTHOro (pyHkTopa ¢ HA mMOC/IE10BATEIFHOCTH aPTYMEHTHBIX CJIOB (.

2. I[Tpocroe Bbraucsienue n— mectHOro GyHkropa @ Ha 10C/IEI0BATEILHOCTH API'YMEHTHBIX CJI0B (Y COCTOUT
TOJIBKO U3 TeX (DYHKTOPOB, KOTOPbIE ABJIA0TCs moadynkTopamu ¢dpyukropa ¢. [Ipu 370M MCIOIB3yI0TCS TOJIBKO
npaBuaa BeiBoma Sb mwiaun Sub;.

3. Bce omparrmBaemMbie CII0Ba, TPpH MPOCcTOM Bhruucsiennu dyukropa [JOWy,. .., ¥, ] Ha nocae 0BaTeIbHOCTH
apryMEHTHBIX CJIOB (¥, COCTOSAT W3 OMPAIUBAEMBIX CJIOB, KOTOPHIE BXOAAT B MPOCTOE BbIYUC/IEHHE (DYHKTOPA
V) Ha IOCIeJ0BATEHLHOCTH APIYMEHTHBIX CJIOB (Y M T.J. U3 OIPAIINBAEMbBIX CJIOB, KOTOPbIE BXOAAT B IIPOCTOE
Beruncyienne ¢pyukropa ¥, Ha MOCIEIOBATEIbHOCTHA apPTYMEHTHBIX CJIOB (¥, U3 OMPAIUBAEMBIX CJIOB, KOTOPHIE
BXOJIAT B MPOCTOE Bbruncienue ¢dbyHkropa $ Ha mOCIe0BATEIHHOCTH APTYMEHTHBIX CIIOB Y1, . . ., Ym, TA€ Vi -
pesyibrar Bbraucsienus dpynkropa ¥, Ha H0C/IEJ0BATEIBHOCTH API'YMEHTHBIX CJIOB (.

4. Bce onpanmmBaeMble CJI0Ba, TIPH TPOCTOM Bbrauciaennu pyukropa [R®Vq, ..., ¥,,| Ha MOCIE10BATETLHOCTH
ApryMEHTHBIX CJIOB O, 3a), COCTOAT W3 OMPAIIMBAEMBIX CJIOB, KOTOPBIE BXOJSAT B MIPOCTOE BbIYUCICHHE (DyHKTO-
pa @ Ha MOCJIeIOBATELHOCTH APTYMEHTHBIX CJIOB OV, U3 ONpaIlnBaemMbix cios dbynkropa [ROYy, ..., U] npn
[POCTOM BBLIYUC/IEHUM Ha, ITOCJIE0BATEJHOCTH aPTyMEHTHBIX CJIOB &, ((0peablayiuuii mar), u3 OnpaliuBaeMbIX
CJIOB, KOTOPbIE BXOJIAT B IPOCTOE Bhrauciaenue pyrrropa Wy Ha MOCIEI0BATETLHOCTH APy MEHTHBIX CJIOB (0, 3, Y
re vy - pesyabrar Berancienusi Gyuakropa [R®WUy, ..., ¥, | Ha HOCIEI0BATECTLHOCTH CIIOB &, f3.

5. Jlioboit n - mectubiii pyHkTOop P MOXKHO MHTEPIPETUPOBATH KAK HEKOTOPBIM AJTOPUTM, BBIMOJIHSSA KO-

TOPBIA, MOXKHO BBIYUCJIUTH 3HAYEHUE TOro (PYHKTOPA HA 33/AHHOU II0CJIEJ0BATEILHOCTH APIyMEHTHDBIX CJIOB
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a1, ..., 0Qn. IIpocroe Beraucienue 31oro GyHKTOpA HA 3aJaHHON TOCIEI0BATEIBHOCTH APTYMEHTHBIX CJIOB sIBJIsi-
€TCd peaju3alnueil 3TOoro ajropuTMa.

st kazkgoro ucxonuoro dyukropa: I, Sy, Z, §, Length, =, Concat, D sepno

lp% (1, 2pn) = lp% (lz1l, - - - l2al),

Ip,(x) = lp,(|=]),

Ips, (z) = lpg, (|2]),

Ips(z) = lps(|2)),

IPLengen (T) = IPpangen (17]);

lp_. (x1,22) = lp__(|21], |22]),

IPoncat (715 T2) = IPconcar (1], [72]),

ey (21, 22) = lpp (21], [22]).-

3ameuanmne. Ilycts ® - n - mecrubiit hynkTop andasura £, cocrasienusit u3 dynxkropos IT, Z, §, Length,

- Concat, D ¢ momorpio omeparopa cynepno3uiiuu J, Torga Ay 9Toro (pyHKTOpa BEPHO

FlP(x1,. .. xn)| = (|21, ..., |z0])-

Part 111

PyHKTOp orpaHudeHHOIl peKypcuu, PPr dbyHKTOpPDI

Mycrs & - npomssobHbL 0 - MecTHbIH GynkTop. Cocrapum dyxuxrop [JOI}TL .. . 17+1] - peenenne n + 1
dbukTHBHO MepemenHOit, 3TOT hyHKTOP 0603HAUNM KaK [JPjpiq].

PasencrBo Buga r——y = A Oyaem 0003Ha4aTh Kak & < Y. YUYUTbIBas CBOWCTBO x——y = A <= |z|—=|y| = A,
dbopmyay Buga z < y, OyleM 3anuceiBarh Takxke B Buze || < |y|.

A, eciu |z| < |y;
Ty = , TIE z - TAKOE CJIOBO, KOTOPOE SABJIAETCS HAYAJIOM CJIOBA T U JJIMHA KOTOPOIO

Z, WHa4e

pasua |x| — |yl

st moboro ciosaproro muorousiena P (%), yunreisas, uro |P ()| = P(|y]), BepHo:
lz| < [P(H)| <= |z| < P([y)).

O6osnauum asyxmectnbiii gynkrop J[-=I17J[=—I1213]] xak min. [Ina sroro dynkropa andasuta £, B uc-
quciennu CalcEq BbiBogumo paseHcTBO min(zrq, o) = o1-—(11-=123).

CeoiicrBa: F min(zq, z2) = min(z1, |22|), F |min(z1, x2)| = min(|z1|, |z2|)

z, ecmm |z| < |yl;
min(z,y) = , TJIe z - TaKOe CJI0BO, KOTOPOE SIBJISETCS HAYAJIOM CJIOBA X W JJTUHA KOTO-

Z, WHadIe
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poro pasha |y|.

VafWordM = |min(a, 8)| < |].

IIycts P - n - mecTHBII MHOrOWIEHHDBIH (DyHKTOD, P - N - MecTHBIH yHKTOP, ¥ - N+ 1 - MecTHBIH GYHKTOP.
CocraBum dynxroper: [Jmin®, P, [Jmin¥[JP,, ;1]] - dyHxTOpSI Orpanuyuenus, COOTBETCTBEHHO 0€3 BBEAEHUS

dbukTHBHOI nepemeHHOl 1 ¢ BeseHneM DUKTUBHON TlepeMeHHoit. DTn dbyHKTOpHl 0603HaunM kak Bound (P, P),

Bound(7, P).
IIycts @ - n - mecTubIit GyHKTOP, Y1, ..., V) - n 42 - MecTHBIE DyHKTOPHI, P, P - cooTBeTCTBEHHO Ny N+ 1 -
MecTHbIe MHOTOUIeHHBIe DyHKTOPBL. Cocrasum dyHKTOp [RBound(®, P), Bound(¥4,Py),...,Bound (¥, P;)]

- GyHKTOpP OrpaHMYEHHON PEKYPCHU.

st kaxgoro dpyHkTOpa orpanndentoii pekypenu I' = [RBound(®, P), Bound(¥4,Py), ..., Bound(¥;, Py)]
BBIBOJMMBI DABEHCTBA:

FD(x1,. . 20, A) = min(P(zq, ..., z0), P(x1,...,240)),

FT(z1,. o @0, Sk (py1)) = min(Pg (21, ..oy Zn, Tog1, D@1, oo Tng1) )y Pr(@n, ooy Ty Tig),

JUTs JTI0OOr0 MHOXKECTBA apryMeHTHBIX ciioB A Bepro: Va, V3 # A A+ [I'(a, A)| < |P(@)],
AFIl(@ B)| < [P1(a@ B)l.

NHpyKTHBHO OIpeaenM MHOXKECTBO (DYHKTOPOB, obo3Hadaemoe kak PPr(U):

1) Cuoo Buga U - nosimHOMuUasbHAS OPOrPaAMMA;

2) Cinora Buza Z, §, Length, S;, I, =— Concat, D - MoJMHOMHAATIBHBIE TTPOTPAMMBI;

3) Ecu @ - k - mecrubiit dyuakrop, Uy,..., U - n - MecTHble (DYHKTOPHI ¥ SBJISIOTCH MOJTMHOMHUAJIbHBI-
mu mporpaMmamu, T0 GyHKTOp [JOWUy, ... Uk] - MOMMHOMEATBHAST TPOTPAMMA, T.€. IPUHAIJIEXKAT MHOXKECTBY
PPr(U);

4) Eciu @ - n - mecrubiii yuakrop, Uy, ..., ¥y - n+2 - MecrHbie (DYyHKTOPBI U SABIAIOTCS OJTMHOMUAIbHBIMU

nporpammamu, P, Py - coorBercTBeHHO N, 1 + 1 - MECTHBIE MHOIMOYJIEHHDBIE PYHKTOPBI, TO (PYHKTOD
[RBound(®,P), Bound(¥,,P,),..., Bound(¥;, P;)]- moarHOMMIbHAS TTPOrpaMMA.

MuoxkecTBO (DyHKTOPOB OIpPENEEHHBIX CONIACHO MyHKTaM 2-4, OyIeM TakKe Ha3bIBATh MOTHHOMUATBHBIMEI
mporpaMMamu, HO B ajidaBute £. 10 MHOKECTBO (DYHKTOPOB Oymem 00o3Ha4UaTh Kak PPr.

3ameuyanue. MHOXKeCTBO BCeX OTepannii CTangapTHOH ciaoBapHOit Mogean WordM, pp, coBIamaeT ¢ Kiac-
com dyukuuu Fo(X)[1, p.220. Definition 7], rue ¥ - andasur, cocrosiuil u3z n > 2 pa3jiudHbIX CUMBOJIOB.

Ecsin n3 KoHTEKCTa GyIeT MOHATHO WK OyZeT He BasKHO B KakoM ajdasnre £ wm £ (U), paccMarpuBaercs
muoxkecrBo PPr unu PPr(U), rorna 6ynem npocro obozuauars PPr.

Teopema 3.1. IIycrb @ - n - Mecrnas nojmHoMuaIbHast uporpamma, r.e. ® € PPr, rorua cymecrsyer(mMoxHO
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HOCTPOUTD ), TAKOIl ciioBapHbiil Muorowien P(T) roii ke MecTHOCTH, 9TO 1 J1I060r0 HabOpa APy MEHTHBIX CJIOB
Q BEpHO:

a) YAWordM, E |®(@)| < |P(@)|.

b) VAWordM, = lp, (@) < |P(@)];

c) VAWordM, = Fip, (@) < |P(@)].

okazaTesbcTBO. /[0Ka3aTeIbCTBO MPOBOANTCA MHAYKIHEH 1Mo mocTpoeruio ¢pynrTopa PPr, mcnonb3ys
TTPU 3TOM CBOCTBa MPOCTOTO BBIYMUCIEHUS, cTp. 10 - 15.

ITycrs ® € PPr(U) - n - mecTHbIil (BYHKTOD, TOrIA CYIIECTBYET TaKOl cjoBapHbiii Muorowien P(T), uro
JIJTsl TPOU3BOJIBHOTO MHOXKECTBA APIYMEHTHBIX CJIOB A, JIIOOBIX apTyMEHTHBIX CJIOB (1, . . . , (y, JJIAHA BCEX OMPa-
MIIABAEMBIX CJIOB B TPOCTOM Bhrumciennn pynrropa ® Ha aq,...,Q, ¥ 9UCI0 OMPOIIEHHBIX CJIOB OrPAHWYEHDI
IP(ag,...,an)l|-

Bameuanmue. [Tycrb MT - opakynbaas mamunaa Triopunra ¢ Bxogabiv andasurom A = {ay, ..., a;} (k > 2),
M OpaKyJIbHBIM MHOXKECTBOM B, BpeMsi paGoThl KOTOPO OrPAHWYEHO HEKOTOPBIM MHOTOUYIEHOM P(x1,...,%,) C
HarypaiababiMu kodddunmentamu. Ilycrs fyr (1, ..., 2,) - caoBapHas QyHKIMS, KOTOPasi, IIOPOXKIEHA PaC-
cmarpuBaemoit opakyabaoit MT. Torga moxuo nocrpouts Takoit dynkrop & € PPr(U) Toii ke mecrHOCTH
MHOKECTBOM BXOJHBIX CJIOB KOTODOT'O, SIBJIS€TCS MHOYKECTBO apryMeHTHBIX ¢oB {S1(A), ..., Sk(A)}, uro BepHO
Vai,...,q, BBE®(ay...,ar) = B <= fmr(al,...,ar) = B]1 p. 224. Theorem 6]%[5, Teopema 1 ctp 228]3.

Bameuanmue. Ilycts & € PPr(U) - n - MecTHBIH GYHKTOP, MHOKECTBOM BXOIHBIX CJIOB KOTOPOTO, SIBJISIETCS
MHOXKECTBO apryMeHTHbIX cioB {S1(A),...,Sk(A)}(k > 2). Ilycre B - mHTenperaiys opakyJIbHOIO CHMBOJIA
U. Torma MOKHO MOCTPOUTH OpakyabHyto Mammiy Tetopuara MT - ¢ Bxogabiv andasurom A = {ay,...,ax}
U OpaKyJIbHBIM MHOXKECTBOM B, BpeMmsi paGoThl KOTOPO# OrpaHMYeHO HEKOTOPOM MHOrow€wieHoM P(zy,...,x,) ¢
HaTypaiabHbiMu KOdbduUImenTaMu, 9o g ciaoBapuoil dyukuuu far (T, ..., Tp), KOTOPas MOPOXKIEHA Pac-
cmarpuBaemoil opakyabaoit MT Bepuo Vay,...,ar, 8 BF ®(ay...,ar) = 8 <= fmr(ag,...,ar) = F]|1 p.
224. Theorem 7][5, Teopema 1 ctp. 230].

IIycts A - maremperarust opakyiabHOro cumBosa U. UHAYKTUBHO ompeaennM MHOXKECTBO (pyHKTOPOB, 000-
snagaemoe kak PPr(A):

1) Cuoso Buga U - PPr(A) nporpamma;

2) Cnosa Buza Z, §,Length, Si, I, — Concat,D - PPr(A) uporpammbi;

3) Eciu @ - k - mectubtit dynkrop, ¥y, ..., ¥y - n - Mmectable GyHKTOPHI U gBigiorcs PPr(A) nporpamvamu,

29Ta TeopeMa JIETKO MEPEHOCHTCS B CIydYae KOIJa PaCCMATPUBAEMA MAIMHa ThIOPHHTA, ABJIHETCH OPAKYJIBHON
3Bce ykazammbie ma crammmax 212-215 crosapubie dyukmun seasiorcs PPr ¢ysxmusvu, andasuta £, paccmMarpubaeMas
TeopeMa JIETKO IIEPEHOCHTCA Ha OPaKyJIbHYI0 MAallnHy TbropuHra
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1o dyukrop [JPWq,..., V] - PPr(A) uporpamma,

4) Eciin ® - n - mecrubrii byakTOp, ¥y, ..., U) - n+2 - MmecTHBIE QDYHKTOPHI U siBasitorcst PPr(A) mporpavmma-
v, P - n+41 - croBapublii MHOTOWIEH, Tora, ecin BepHo WordMy = VT, y{|[R® V4, ..., ¥.](T, y)| < |P(Z,y)|},
torga Gyrkrop [ROV,, ..., U] - PPr(A) - mporpamma.

Bameuvanue. Eciim ® € PPr(A), Torga MOXKHO MOCTPOUTH Takoi CJIOBapHBI MHOrouaeH P(T), 9410 BepHO
WordM, E Vz{|®(Z)| < |P(Z)|}.

Bameuanmne. s ao6oro dyukropa & € PPr(U), ans mwoboro opakyna A, sepro ® € PPr(A).

Sameuanmne. Ilycrs A - maTenperarus opakyabHoro cumsojia U. g joGoro dyukropa & € PPr(A),
MOzkHO nocrpoutsb Takoi dynkrop ¥ € PPr(U), uro Bepao WordMy |= VZ[®(T) = ¥ (7).

JokasarenabcTBo. JloKa3aTehCTBO BEAETCA WHAYKIMEH Mo mocTpoenuio ¢gpyukTopa ®, a BHyTpu 9TOH WH-
JIYKIUH, THAYKIIAEH 0 TOCTPOEHUIO APTYMEHTHOTO CJIOBA.

Sameuannme. Ormerum, 410 i oTHOLEHUs eXPy (z) = y moxuHo cocraBurb Gynkrop EXPy, npunaie-

skammit PPr, rakoit, uro WordM = Vaylexpy (z) = y ©F EXPy(z,y) = A).

Part IV
P yHKIMOHAJIbHBIE CJIOBA U UX CBOMCTBa

Cocrasnm cienyrommmii cioapusbiii repm Concat(|al, Concat(az, Concat(«, Concat(S, Concat(as, asz))))).
ITycrs 1 - obosnavyenue aprymenTaoro caosa S1(A), 2 - 0603HadeHUe apryMeHTHOro cjioBa Sa(A), Toraa ciosap-
ubiit Tepm Concat(|a|, Concat(as, Concat(a, Concat(3, Concat(az, az2))))) mua narnagaocru 6yaem 0603Ha-

garth B Buze 1,...,12a0622.
——

la|- pas
IIycTsb ¢ - Takoit dhyukTOp, My koroporo B ucuuciaernn CalcEq BbIBOIMMO paBeHCTBO

clz,y) =1,...,12zy22 = |z|22y22.

|z|- pas
ITycrh maHa MPOM3BOJIbHAS TIOCIEI0BATEILHOCTD TIAp apIYMEHTHBIX CJIOB (a1, Y1) - - ., (Qup, Vi ) (HE 0OsI3aTEH-

HO Pa3JIMYHBIX [ap). DTy [HOCIIEN0BATEIBHOCTD Oy1eM Ha3bIBaTh (DYHKIMOHAJILHOMN, €CIIM BHIIOIHSIOTCS YCAOBUS:
1. Vi[’}/i =AVy = al],
2. Vi, jloy = a; — v = ]
Beeném nonsTHe, KOTOpOe B masbHelneM Oy1er UMeTh BaXKHOE 3HAYCHUE.
Onpenenenune. 1. A - QyHKIMOHAIBHOE CJIOBO.

2. Ecnu nocnenoBaresnbHoCcTb 1ap ((1,71) - - - 5 (i, V) ABIASETCH DYHKIMOHAIBHOI, TO CJIOBO BUIA
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Concat(c(aq, 1), Concat(c(az,y2),. .., Concat(c(ag, k), A)), .. .,) - dyHKUHOHANBHOE CJIOBO,
mpu 1 < k <n.

Harngnso GyHKIMOHAIBHOE CIOBO MOXKHO 3amucaTh B BUIE |a1|2a17122, . . ., |ag|2ak7yk22.

Cit0Ba 10CIEI0BATEIBHOCTH (1, . . . , (), OyJIeM HA3bIBATH OOJIACTHIO ONPEJEJIEHUs PACCMATPUBAEMOrO (DyHK-
[IHOHAJILHOTO CJIOBA, & CJIOBA, MOCIEIOBATEIHLHOCTH Y1, . . . , Yk COOTBETCBYIOMIMMHU 3HAUYCHUSAMU.

3ameuanmne. Jlioboe dyHKIMOHATLHOE CI0BO  Oy/1€M HHTEPIPETUPOBATH KAK CJIOBO COIVIACHO €r0 OImpese-
JleHust ¥ KaK (PYHKINIO ¢ TeM ke nMmereMm. O0IacTh ONpeIesleHnsT 1 MHOYKECTBO 3HadYeHni GyHkuu 6 - 061acTh
OIIPEIEJICHUST U MHOXKECTBO 3Ha4YeHuii (byHKIMOHAIBHOrO ¢jIoBa 6, npudém O(q) = A, Torma u TONBKO TOrA,
Korzga caoBo c(a, A) - nozxcnoso ciosa € u 6(a) = aj, TOrga U TOJIBKO TOrIA, KOIJA CJIOBO C(a, aq) - MOACIOBO
cnoBa 6.

O6sactb onpenesnenus GyHKIUOHAIBHOIO cyioBa f Gynem obo3nadars Kak dom(6).

IIycrb 8 - Hekoropoe (yHKIMOHAILHOE CJIOBO. st 3TOro (PyHKIMOHAJIBHOIO CJI0Ba OCTPOUM MHOZKECTBO
apryMeHTHBIX CJIOB, omnpenensiemoe kKak Ag = {a : a € dom(0) un 0(a) = A}.

s moboro repma ¢(T), Aist 71000 HOCJIEI0BATEIHLHOCTH aPIyMEHTHBIX CJIOB O, JJIs JIIOOOr0 MHOXKECTBA
apryMEeHTHBIX CJIOB A, MOXKHO IOCTPOUTH TaKOe (DYyKIUOHAJIBLHOE CJIOBO O A ¢, COIIACOBAHHOE C MHOXKECTBOM A,
4TO JIA J1000ro apryMeHTHOro cjiosa (3 Bepuo A - (@) = f & Ag_,, F t(a) = B. [dnaa sToro mocrarouno
[OCTPOUTDH BbIYUCJEHUE 3aMKHYTOro Tepma ¢(®) Ha MHOxkecTBe A, cobparb BCe OUPOILIEHHbIE CJIOBA B ITOM
BBIUNCJIEHUU W COCTABUTH TIO TOJIYYEHHBIM OMPOIIEHHBIM CJIOBAM, COOTBETCTBYIONMIEE (DYHKIMOHAIHLHOE CJIOBO.
Pasymeercs, Tak cocTaBjieHHOE (DYHKIMOHAJBHOE CJIOBO 3aBUCHT OT HOCTPOEHHOIO BbIUUC/IEHUs TepMa t(X), HO
1pyu 3ToM Oy/IeT BBILIOJIEHO CBOMCTBO: JjId JIF0O0ro QPyHKIMOHAILHOIO cioBa 0 D O 4+, BepHo A F t(@) = f <
Ap F t(a@) = . J1o cBOICTBO BEpHO Jist JIIOOOTO GECKBAHTOPHOTO MpeIoKeHnst P(Mpe1ioxkeHne, COCTaBIeHHOM
C TIOMOIIBIO JIOTHYECKUX CBSA30K M3 PABEHCTB 3aMKHYTHIX TepMoB): WordM, = & & WordM,, = ©.

IIycrs Fw - takoit ¢pynkrop ajdasura £, /s KOTOPOIO BEPHO:

1. Vo[- Fw(a) = AV F Fw(a) = a4];

2. - Fw(a) = A & « - GyHKUMOHAIBHOE CJIOBO;

3. ®yuktop Fw - PPr dyskTOp.

Beengém GunapHoe orHomeHne x € dom(0):

x € dom(f) <= WordM = Fw(0) A (|x]|2222 nnn |z|22122 ecrs noacaoBo ciiosa 6).

Ornemenne x € dom(0) npunagnexntr PPr andasura £.

Bseném 6unapmoe ornormenune 6 C 0:

0 C 6, <= WordM = Fw(0) A Fw(61) AVz € dom(0)[0(z) = 61(z)].
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Otnermenne 0 C 61 npunamyiexxur PPr andasura £ .

Beeném OGunapHoe OTHOIEHNE _3:

WordM [ 0 = 6, <= Fw(0) AFw(61) A dom(0) = dom(01) AVz € dom(0)0(z) = 61(z).
Ornowenne x = y npunagnexur PPr andasura £,

Bameuanmue. Ecin 6 = 0, rorna Concat(6,6,) =~ Concat(6;,0)A Concat(6,0;) = A0 C 6, Ab; C6.

ITycrs G - ecTb Takoit AByX MECTHBIN GyHKTOD, amdabuTta £, KOTOPDIA yIOBIETBOPSET CIELY UM YCIOBUIM:

1. Ecim 0 - dyukimmonansHoe cioro, € dom(6) n 6(a) = v, Torna F G(6,a) = 7.

2. Ecim 6 - dyukimonanbHoe ciioso, a ¢ dom(6), Torna - G(0,a) = ay.

3. Eciu 0 - e apnsiercs PyHKIMOHAIBHBIM CI0BOM, Torga Vo - G(0, o) = a;.

4. ®yukrop G - PPr dyukrop.

OyukTop G obsagaer croiicTBAMU:

1. Jns mio6bix Gynkumonanbubix caos 8, 01, rakux, aro 6 C 01, Bepuo Yo € dom(0) - [G(0, a) = G(01, a)].

2. Ornomenue Buna ¢ C U = [Fw(z) = Al&Vz € dom(x)[(G(z,2) = A = U(z) = M&(G(z,2) = a1 =
U(z) = a1)] npunagiexkur PPr r.e. cymecrsyer Takoit oguomecthbiii PPr dyukrop ¢ andasura £ (U), uro
JIJIsi JIIO0OI0 MHTEPIIPETAIMOHHOIO MHOXKECTBA APIyMEHTHbBIX CJI0B A BEPHO
WordM, | Vz[z C U & p(z) = A

DynkipoHaabHOE €JI0BO # coryacyercs ¢ MHOxkecTBoM A (0 C A), ecm Vo € dom(0)[0(z) = A <= = € A],
(WordM, E 6 C U).

3ameuanne. s g10061X DYHKIIMOHAIBHBIX CJIOB 01,02, KOTOpBIE COIVIACOBAHBI C MHOXKECTBOM A, cyiie-
crByer GpyHKIHOHAIBHOE CJI0BO f, cornacopannoe ¢ muoxecrsoM A u 61 C 6, 6, C 6, naupumep
61 U 02(Concat (6, 02)).

Omnpenenenmne. Ilycts mam pynrrop P, mocmemoBarelbHOCTh APIyMEHTHBIX CIOB (O B MHTEPIIPETAIIMOHHOE
muoxkectBo A. Ilycrs P - upocroe porumciienune gpyHkropa @, Ha 10C/IEI0BATENLHOCTH (U, B MHTEpIpeTauud A,
Torga, ncmonp3ys mpoctoe Bbrauciaenne P, coctaBum (byHKIMOHAIBLHOE CIOBO:

1. Bomwmmiem Bce CI0Ba M3 MHOXKECTBA, (A*)pq)_a. IIycrs 310 OyayT ciosa f31,..., Sk, PACIONOKUM KX, Ha-
TIPUMEP B JIEKCUKOTPADUIECKOM MOPSIIIKE.

2. Boimmmiem Bce cioBa u3 MHOXkKeCTBa (A”)p, . Ilycrsb 310 GymyT €10Ba 71, . . . , Vs, PACIOIONKUM X, TAKIKE
B JIEKCUKOTIPAMDUIECKOM TTOPSIIKE.

3. CocraBuM byHKINOHATHEHOE CIOBO
Concat(c(f1,A), ..., Concat(c(fk, A), Concat(c(y1,a1), - .., Concat(c(vys—1,a1),c(7s,a1))), - .., ). Tak cocras-

JIEHHOEe (I)yHKILI/IOHaJIbHOG CJIOBO HA30BEM (byHKH,I/IOHaI[beIM CJIOBOM COCTaBJIEHHBIM COIVIACHO IIPOCTOI'O BbIYHUC-
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smenuss P dyukropa ¢ ma nocinenoBarenbuoctu @, B maTeprnperaiun A. O6o3naunM Takoe GyHKIMOHATIBHOE
CJIOBO KaK OSimpleFw,®,a,4 -

Ounpenenenne. Tepmbl Buza |z|22U(2)22]2]22U(2)22, .. ., [v|2vU(v)22 Gynem Ha3biBaTh (HYyHKIMOHAILHbI-
mu repmamu asidasura £ (U). MuoxkecTBO Tak 10CTPOEHHBIX (DYHKIMOHAJILHBIX TePMOB Oy/ieM 0603HaYaTh KAK
Ftermy, a KOHKpeTHBIH (GYHKIMOHATIBHBIA TEPM 3TOIO MHOMKECTBA, KAK fterm (T, 2, ..., V).

Ounpenenenne. Tepunl Buga |z|20G(y, ©)22|2|22G(y, 2)22, . . ., [v|2vG(y, v)22 Gyuem Ha3biBaTh (DyHKIUO-

HaJIBHBIMU TepMaMu aadaBuTa .Z. MHOXKECTBO TaK TOCTPOEHHBIX (DYHKIIMOHAJIBHBIX TEPMOB Oy1eM 0003HAYATH

kak Fterm, a KOHKpeTHBIN (QYHKIMOHATIBLHBIN TEPM ITOIO MHOXKECTBA, KaK fropm (¥, L, 2,...,V).
CsoiictBa. 1. fi . (fterm (T, 2,...,V),2,2,...,V) = fterm(Z, 2,...,V) - KaK cJIOBa.
2. feom(Foorm(Ty 2y o V), 2, 2,0 V) = fiorm (X, 2, ..., V) - Kak cJoBa.
3. Hua moboro ¢yHKImoHanbHoro ciosa 6 Bepuo Vr, z, ..., v € dom(0) fisrm (0, T, 2, ..., v) C 6.

Onpenenenne PyHKTOpaA /it HOCTPOeHUs (PYHKIMOHAJIBHOTO CJIOBA

s kaxkaoro n - mecrHoro ¢dpyukropa P, ompenesinM CB3SHHYIO € 3TUM (DYHKTOPOM, (DYHKTODP MOCTPOEHWS
PYHKITHOHATHHOTO CJIOBA.

Oupesesierare IpoBeéM UHAYKIUEH 110 nocrpoeruto ¢pyakropa P.

1. s ucxoaneix GyHxkTOpos: Sy, Z, d, Length, —, Concat, D, I}, U:
Os, =Z,0z =Z, O5 = Z, OLength = [JZI3], © - = [JZI3], Oconcat = [JZI3], Op = [JZI3], Or» = [JZI}],
Oy = [JcliU].

Hast srux dyurropos B ucunciennn CalcEq BoiBoguMbr paBencTBa: Og, (z1) = A, Oz(z1) = A, O5 = A,
OLength(71) = A, ©_(z1,22) = A, Oconcat(71,22) = A, Op(21,22) = A, O1p (21,...,2) = A,
F Ouy(z1) = c(x1,U(z1)) - B ncunnennn CalcEqy u Bepro Va VA A F G(Oy(a), o) = U(a).

2. Ilycre @ - k - mecrnbiii dyukrop(k > 2), ¥y,..., ¥ - n - MecrHble (DYHKTOPBI, cOCTaBUM (DYHKTOD
cynepuosuuun [JOWUy, ... W], lna byskropa [JOW,, ..., ¥i] nocrpoum GyHKTOp Ofj0w, .. w,]-

IIycts nma dynxropa ® nocrpoern dbynkTOp O, A dynKTOpa Vi mocrpoer ¢yHKTOp Oy, , U T.J. I
dbyukropa ¥y nocrpoen dyuxrop Oy, , TOrsa
O, v, = [JConcatkH[J@q,\I!l ... U], Oy, ...Og,] mpu k > 2. Tlonyvennsrii GyHKTOp sABIASETCS N -
MECTHBIM U JIJISi HETO BEPHBI CJIEAYIONINe JOKA3yeMble PABEHCTBA

- [JConcat* ! [JO4 W, ... U;], 04, ...Op,](x1,...,2,) =
Concacat" ™ ([JOs U, ... U ](z1,..., %), Op, (T1,...,20) ... Op, (z1,...,2,))

F Concat* 1 ([JOa W, ... U)(z1,...,20), 00, (21,...,Tn) ... Op, (T1,...,2,)) =
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Concat" ™ (O (V) (z1...,2,) ... Up(z1,...,2,)), O, (z1,..., %) ... Op, (z1,...,2,)).

Urak, mvmeem = Ojpw, .. w,](T1, ..., Tn) = [JConcatk"'l[J@(I,‘l/l U], O, - Oy (2, T) =
Concat™ (05 (U (z1,...,2,) ... Op(x1,...,20)), O0, (T1, ..., Tn) ... Ow (T1,. .., Tp)),

FOaw,,.. w21, Tn) = Concatk+1(@q>(\111(x17 cesTp) e Yr(zr, 0 20)), O, (1, X)) - O (T, -y T),

F Oew,,..v,](T) = Concat([JOs ¥y, ..., V;](T), (Concat(Oy, (Z),...,Concat(Oy, _, (T), Oy, (T))),...,).

[ycts @ - k - mectapiit bynkrop(k = 1), Torma O(ypy,] = [JConcat[JOsV,]|Oy, |, Torma

Ouow,)(21,...,2,) = [JConcat[JOsV1]Oy,|(21,...,2,) = Concat(Og(¥1(x1,...,7,)), Ou(21,...,2,))

3. Onst dynkropa Buma [Ra¥y,...,¥;] u dyskropa Buga [ROVy, ..., Us]. IIycrs nas dbyakropa @ mo-
crpoer GbyHKTOP O, mia dynkropa Vi mocrpoer GyHkTOp Oy, , u T.4. A1 byurropa Y moctpoer dyHKTOD
Oy, , Torma ana GynrTopa Orew, ... w,] B ucunaennn CalcEqy mveer Mecto (ompeessioniee paBeHCTRO)(CM.
Teopemy 1.1)% :

F Oraw,,...,w,(A) = A

F Olraw,,..., v, (T10;) = Concat(Oy, (v1, [ROV1, ..., Vi](z1)), Oraw,,...,w,](71)), mpu i < k.

F Olraw,,..., v, (T10:) = Olraw,.... v, (1), TP i > k

F Olrow, ... v, (T, A) = Og(T).

F Olraw,,....v,)(T, Tni10;) = Concat(Oy, (T, Tni1, [ROVy, ..., Vi](T, 2p11)), Olraw, ..., 0, (T, Tnt1)), npH
i1 < k.

F Olrow, ..., v, (T, Tny10:) = Oraw, ... w,](T, Tny1), TPU @ > k.

Teopema 4.1. Ilycrs @ - dbyukrop andasmra £, Torga B ucuucienuu CalEq sepuo - G4 (Z) = A.

JlokazarennCTBO NPOBOAMTCS MHYKIMEH 110 mocTpoento pyHkTopa P, a BHyTpH 3TOH MH/LyKINHU, MHyKIMeHl
[0 MTOCTPOEHUIO APTYMEHTHOTO CJIOBA.

Teopema 4.2. Ilycts P - npousBonbubIl HyHKTOP, KOTOPHIH npunagiexkut PPr, rorna dyakrop O mpu-
"ayjiexxur PPr.

Jloka3aTennCTBO MPOBOAUTCA WHIyKIued mo moctpoernio PPr dyukropa ®, a BHyTpHW 3TOH WHIYKIWH,
MHAYKIHEH [0 MMOCTPOEHHUIO apryMEHTHOrO CJIOBA.

Teopema 4.3. Ilycts ® - mpou3BoNbHBIH N— MeCTHBIN GyHKTOP. st TF000T0 MHTEPTPETAIIMOHHOTO MHO-
xecTBa A, J11000# MOC/Ie10BaATEILHOCTH APTYMEHTHBIX CJIOB (U, [J, BEPHO:

Ecin A - ©4(@) = B, rorma cioBo f - QyHKINOHATIBLHOE CIIOBO H OSimpleFw,d,a,4 & 0 C A.

HoxkazarenbcTBo. /l0Ka3aTelbCTBO MPOBEAEM UHIYKITHEH MO MOCTPOEHUI0 (PYHKTOPA.

dem. [pmmoxxenne
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Baza magykmun. Jna ucxonusix ¢yuxropos Sy, Z,d, Length, —, Concat, D, I} nokasaresibcrso mosty-
vaercs HenocpeacTeenno. s dyrnkropa U, nonyunm: A F Oy (a) = 3, Torma u TOIBKO TOTA, KOTIA

(8 = |a|2a22&a € A ) V (B = |a|2aa122&a ¢ A), Torna § = OsimpleFw,U,a.a 1 3 C A,

Nuaayknumounoe npenmnoJioxkeHue 1. Ilycrs teopema Bepra ms ¢pynkropa @, dynkropos ¥y, ..., Uy,
Jokazkem, 1aro Teopema BepHa st byHkTopa [JOUy, ..., Url.

ITo unayknmorHOMY TpeanosoKkeHuio uMeeM: ecid A F Oy, (@) = 71,...,A F Oy, (@) = g, Toraa ; -
dbyrKINOHANTBLHBIE CI0BA W OSimpleFw,¥;.a,4 © Y1 C A, ..., 0simpleFw,u,,5.4a C 76 C A.

OyHKIMOHATBHOE CI0BO OSimpleFw,w; @A, COCTABIEHO cornacHo muokectBam (AT)p, 7, (A7)p, . Torma
k

U HSimpler,\lli,E,A - Concat(@lyl (a), ey Concat(@q,kfl (a), @q;k (a)), ey )
i=1

Nmeem A + U, (a) = B;. Ecim A + O (f1,...,0k) = 1, TOrga MO WHAYKIMOHHOMY TPEIOTIOKEHHUIO, 1) -
dyHKINOHATBHOE CTOBO U OSimpleFw,®,81,....85,0 < 1 C A. OYHKIHOHATLHOE CIOBO HSimpler@ﬁ , COCTaBJICHO
coriacuo muoxkecrsam (AT)p 3, (A7)p, 5, Tora

OsimpleFw. @81 ,... x.0 < Concat(©¢(61, ..., L), Concat(Oy, (@),...,Concat(Oy, ,(a),Ou,(@)),...,). PyHk-

HUOHAILHOE CIIOBO 0SimpleFw,[J®V, ..., ¥, ],@,A COCTABIEHO COMIACHO MHOZKECTBAM

k k
(A+)P[J<1>\1:1 ..... T U (A+)P\p,i a U(A+)P(I,737 (A_)P[anpl ..... e U (A_)P\p,i o U(A_)P(I,,E’ Torja, COraacHo

i=1 i=1
OTIPEJIENIATOMEMY PABEHCTBY I O[sew, ..., w,]> TOAYIAM OsimpleFw,[JoU, ... ¥, ]@h S Oaw,,... v, (@) C A.

Nuaayknumoutoe npenmnoJiokeHne 2. Ilycrs teopema Bepua ms ¢ynkropa @, dynkropos ¥y, ..., ;.
Jokazkem, uro Teopema BepHa 15t dyHkTopa [ROW,, ... Ul.

CorylacHo onpesIeNAIEM PABeHCTBaM i PYHKTOPa O(row, ... v,], HMEEM:

F Oreow, ... v, (T, A) = Os(T).

F Orow,,...,v,](T, za;) = Concat(Oy, (T, z, [ROVy, ..., V,|(T, 2)), Ogaw, ... v, (T, 2))-

Basza mnaykmnum.

ITo MHAYKIMOHHOMY IIPEIIIONIOKEHUIO UMEEM:

AF ©g(@) = B - dbyuknuoHanbHOE CI0BO U OgimpleFw,d,a,4 C f C A. PYHKIUOHATIBLHOE CIIOBO dSimpleFw,d,a,A
nocrpoeno 1o muoxkecrsam: (AT)p, o, (A7)p, & PYHKIHOHAILHOE CIIOBO fSimpleFw, ROV, ..., 4].a,A,A TOCTPO-
eHo Takxke 1o MuoKecTBaM: (AT )p, . (A7)p, &, YUNTHIBAS ONPEIEIAIONEE PABEHCTBO
Oraw,,..., v, (@ A) = Op (@), monyIuM OsimpleFw,[ROV, ... ¥, ]aAa S 81 B CA.

VHayKnnoHHBIN mepexon. Bo3bMEM 1OC/I€10BATEIbHOCTD APIYMEHTHBIX CJIOB (i, . . . , iy . 305,

ITo MHAYKIIMOHHOMY TEPEXOIy UMEEM:

Ecma A = O(row, .., v,)(@, ) = 7, Tora v - GyHKIHOHATBEHOE CIOBO U USimpleFw,[ROW,..., 0, ].@,8,A & 7V C A.

Hycrs A F[ROWy, ..., Uil(@, B) = 1.
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Ecmm A - Oy, (a, 8,n) =&, Torna §; - GyHKIHOHANBHOE CIO0BO U OSimpleFw,¥,.a,8,n,4 < & C A.
Cornacuo ompeenenust PyHKIHOHATLHOTO CI0BA OsimpleFw,[ROV, ..., ¥,],&,8,A OHO TOCTPOEHO MO MHOMKeE-
cream: (A*)p, (A7) TorIa

R®Vq,..., V], a8 Plrew,,. .. v, ],a,8°

OSimpleFw, RV, ..., 0,784 © Concat(Oy, (@, B, [ROVy, ..., Vi](@, B)), Oraw, ... v, (@ B)).

OyHKIMOHATILHOE CIOBO UsimpleFw,[R$V ..., ¥, ],a,8a;,A CTPOUTCS MO MHOKECTBAM:
(A+)P[R<I>\I/1 ..... vl & Ba; (AJF)P\pi,,E,ﬁm U(A+)P[R<I>\I/1 ,,,,, wla,80
- Prow,, .. Uylar,....an,Ba; (A_)P\I/,i,,aﬁﬂ’l U(A_)P[RCD\III ..... wlw,8° TOTA&
OSimpleFw,[ROU ... 04],a,8a;,A = OSimpleFw, ;@814 U OSimpleFw,[Row,,... . 0,],3,8,4, TOTIA
QSimpler,[RQ\Ifl,...,\I/k],a,ﬂa,y,A Q Concat((%g,i (a, 6, [R(I)\Ifl, ey \I/k}(a, ﬂ)), G[R‘P\I/h...,\l/k] (a, ﬁ)) YuurbiBasg o1pe-
Jensdiomee paBeHCTBO O(rew, .. w,] (@, fa;) = Concat(Oy,(a,p,[ROVy,...,Vi](a,)), Orew, ... v,(@, B)),
MOy 9UM OSimpleFw, ROV, ..., ))& 80,8 = OrRow, ..., w,](@, Ba;) C A. Ocrambuble akcnomsr pekypenn(15,16,17,20)
pPaccMaTpUBAIOTCA aHAJIOMMYIHO.

Teopema 4.4 ITycrs @ - npon3BosbHBI n— MecTHbIH dyHKTOp andasura £ (U). s ar060ro nHTEpIpe-
TAIMOHHOIO MHOXKecTBa A, 11000ii 110C/I€10BATEILHOCTH apI'y MEHTHLIX CJIOB (, BEPHO:

WordM 4 lZ @@(a) ~ @@@ (5)5.

Jloka3aTebCTBO MPOBOAUTCA WHIYKIHEH MO MOCTPOeHU0 (PyHKTOpa P, HOCHT YNCTO CHHTAKTHUYIECKWI Xa-
pakrep. Ha conepzkaresibHOM ypOBHE 5TO OTHOLIEHHE sABjsgercsa odeBuaabiM. Hedopmaibho, Og - HEIOABUKHAS
TOYKa omeparopa ©.

Sameuanue. [Iycrs @ - npousBosbHblil n— MecTHbIH GyHnkTop andasura £ (U). dus moboro uaTepnpe-

raronnoro muoxecrsa A sepao WordMy = VZ [0simpleFw, 7,4 = Oa(T)].
Part V
IIpeo6pasoBanue Bhipakenuii andasura £ (U), B BoipaxkeHus andasura &

WNunyknueit mo mocTpoennio pyHKTOPA, IOCTPOUM mpeobpa3oBanue, 0003HAUAEMOE KaK *, (pyHKTOPA andaBuTa
Z(U) B dyukrop andasura Z.

st mcxomHbIx hyHKTOPOB:

L (Sp)* = [JS,13],

2. (2)" = [JZ13),

3. (8)" = [J413],

4. (U)* =G,

5cu. [pmmoxenne
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5. (Length)* = [JLengthI3L3],

6. (=) = (7B,

7. (Concat)* = [JConcatI3I3],

8. (D)* = [JDIBI],

0. ()" = UL, .. L)

L ([JOWy, ..., W])* = [J(®) (W), ., (Ug)"],

2. ([Ra®y,...,®,,])* = [RConst} (®1)*,...,(9,)*],

3. ([ROTq, ..., U,])* = [R(D)*(T1)*, ..., (Tm) ]

Sameuanmne. Eciu dyukrop ¢ - dynkrop andasura £, roraa nepsbiit apryment dysakropa (9)* - dbuk-
tuBHas nepeMenuas: - ®(T) = (®)*(y, T).

Teopema 5.1. s mo6oro n - mectaoro dyukropa ¢ andasura Z(U) VA , V& V0 O OsimpleFw,o.a,4
BepHO A | [®(@) = ()*(6,@)] (WordM, E [@(a) = (D)*(6,a)]).

JokazareabcTBo. /[0Ka3aTeIbCTBO MPOBOINTCA WHIYKIIUEH TIO TIOCTPOECHNIO (DYHKTOPA, BHYTPH 3TOH WH-
JNYKIUHU IS PEKYPCUBHOTO (PyHKTOPA, JOKA3ATETBCTBO MPOBOJNUTCA MHIYKIUEH 10 TOCTPOEHUIO CJIOBA.

Basza maayknuu. Vcxoambie GyHKTOPBI

s ncxonubix gynkropos: S, Z,d, Length, —, Concat, D, I} moxHO yOeauTbCs HEIOCPEICTBEHHO, BbI-
nucaB yKasauublii GyHKTOp ¢ u dyHkTOp ())*.

Hokaxkem Teopemy st dyukropa U. CormacHo onpenenennst (U)* = G, Heobxomumo nokazars VA Vo
V0 O OsimpleFw,U,a,a A F [U(a) = G(0, )]

Iycrs a € A, rorna U(a) = A - akcuoma u siBisiercs npocrbiM BblaucieHueM (ynkroa U na ciose
a. B kauecrBe (QYHKIUOHATLHOIO CI0BA BO3BMEM CJIOBO OSimpleFw,U,a,a = C(@,A) = |a|2a22, Torma co-
riaacHO ompezenenust Gyukropa G, momyduMm V0 O OgimpleFw,U,a.a © G(6,a) = A. Ilycts Py - (mampu-
Mep)upocToil BbiBog, MyHkropa G Ha 1OC/IEAOBATEILHOCTU CJOB 6, (v, TOrJa 1OCIEJ0BATEIbHOCTD DABEHCTB
U(o) = A, Py o, U(a) = G(6, a) - Beox pasencrsa U(a) = G(6, ), npu unrepuperanu (HyHKIHOHAILHOIO
cumBosnia U muO2kKECTBOM A.

Ananornuno: mycrs « € A, rorna U(a) = a1 - akcmoMa u sIBJISIETCS MTPOCTHIM BhrvancyenneM dhyrkroa U Ha
ci0Be «v. B kadecTBe QyHKIMOHATIBHOTO CIOBA BO3BMEM CII0BO simpleFw,U,a,4 = C(@, a1) = |a|20:a122(]r|20122),
TOrAa coracHo oupenenenus ¢ynkropa G, noayduM V6 O OsimpleFw,U,aa;, - G(0,a) = a1(F G(6,a) = 1).
IIycts Py, - mpocroii BbIBOA (byHKTOpa G Ha MOCIEIOBATEIBHOCTH CIOB 6, , TOLJA IOCIEJOBATEILHOCTD
pasercts U(a) = a1, Py o, U(a) = G(6, o) - BeBox pasencrsa U(a) = G(0, o), mpu unTepnperanuu HyHKIH-

oHayibHOIro cuMmBosia U mHoOxKecTBOM A.
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a). Uanykumonnoe npeamnosioxkenune. [Iycrs reopema Bepra juis dyukropos: @, Uy, ..., Uy, g0Kaxkem
reopemy mist byrkTopa [JOUy, ..., Ur]. O6o3naunm f = [JOUq,..., Uyl

Nmeem (a): 1y MHOXKECTBA apryMEHTHBIX CJIOB A, HOCJEI0BATEIHLHOCTH APTYMEHTHBIX CJIOB (1, . . ., (p,
ana dyakropa Vi, BepHO VO O OsimpleFw, v, 7.4, A F ¥i(a) = (¥1)*(0,@) ,..., aaa dyrxropa ¥y, BepHO
V8 D OsimpleFw, v, a4, A F V(@) = (Ug)* (0, @);

JI7IsT MHOXKECTBA apTyMEHTHBIX CJTOB A, MOCIeI0BATETHbHOCTH apTyYMEHTHBIX CJIOB (31, ..., Bk, Aasd PYHKTOPa

(I)’ BEPHO Vo 2 GSimpleF‘w,Cb,E,A’ Atk (P(B) = ((I))*(976)

D@ yHKIIIOHATBHOE CI0BO 0SimpleFw,f,&,A, COTTIACHO €r0 OIpe/e/eHns, COCTABACHO IO MHOXKECTBAM:

k
(A+)P[Jq>wl vpla U (AJr)P\pi,a U(A+)P¢W7 (Ai)P[anpl

,,,,, i1

we = U8 e, U8 e, o), voraa
OSimpleFw 7,4 2 USimpleFw, v, 3,4 1 USimpleFw,§@,4 2 Ogimplerw. 5.4+ 1LYCTE 05 2 OSimpleFw,f,a,4-
Cremyromast moc/Ie0BaTEIbHOCTD PABEHCTB:

L (Wy)*(05,@) = 71,5 - .-, (¥r)* (05, @) = i - BoIuUCIHEM,

2.(®)* (05,71, - -,Vk) = 1) - BEIUNCTIAEM,

3. [J( @) T (), (0505, @) = (9)*(65, (U1)* (05, @), ..., (¥);(65,@)) - mouTH axcHoMa,

4. (D)*(y,z1,...,zk) = (®)*(y,21,...,2k) - aKCHOMA,

5. (@) (05, (01) (05,).- .. (V) (05, 0)) = (©)* (0,71, 70) - w3 L4,

6. (®)" (85, (01)" (85, @), .., (V)5 (05,0)) = 1 - w3 2,5,

7 [ J(@) TP (W), L (9)E] (65, @) = 7 - w3 3,6,

[PaBencrBa 1-7 gokasbiBaiorsi B ucaunciennu CalcEq]

8. [JPU,..., T )(a) = 2(V1(@),..., ¥i(@)) - nouTm akcuoma,

9. ¥y (a) = (V)" (b,@),...,¥y(@) = (Vi)*(05, @) - MHAYKIMOHOE MPETIONOKEHHE,

10. ®(xq,...,2) = ®(x1,...,x) - aKCHOMA,

1L.9(¥y(a),..., V(@) = 2((¥1)* (0}, @), ..., (Vi) (6}, @)) - u3 9,10,

12. (V1) (b5, @), ..., (Vg)*(05,@)) = ®(71, ..., W) - u3 1,10,

13. @(v1,. .., %) = (®)* (05,71, - - -, V&) - MHAYKIHOHHOE IIPeAIOIOKeHu e, (1o1araeM B (a) f; = ;)
14. ®(y1,..., %) =1 - u3 2,13,

15. @((U1)* (65, @), ..., V)" (0, @) = n - u3 12,14,

16. (¥ (a),..., U1 (@)) =n - 11,15,

17. [JOUy, ..., Up(@) = - u3 8,16,

18. [JOUy, ..., U)(@) = [J(@) T (Ty)*, ... (D)) (05.@)- u3 7,17
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19. [JOV,,... .V, ](@) = ([JPW1,...,¥])* (0, @) - u3 18 - KBA3UBHIOJ LIPH UTEPUPETAIMOHHOM MHOMKECTBE
A, re. B ucunciennu CalcEq,.

b). UnaykumonHoe mpeamosoxenue. [Iycrs Teopema Bepua mis dbyukropos: O, Uy, ... Uy, nokaxkem
teopemy mis byHkTOpa f = [ROUq, ..., Ugl.

ITo MHAYKIMOHHOMY TPEANOIOKEHUIO UMEEM:

JIJIsT MHOKECTBA, APTYMEHTHBIX CJIOB A, MOCTIEI0BATEILHOCTH APTYMEHTHBIX CJIOB (U, . - . , (i, 7T (DYHKTOPA
®, Bepuo V0 D OsimpleFw, ¢ a0, 1 A F &(a) = (2)*(0,@);

JIJIST MHOXKECTBA apTyMEHTHBIX CJIOB A, MIOC/I€0BATEIbHOCTH APIYMEHTHBIX CJIOB (U1, . - . , Qly, 3, Y, J7isd DYHK-
topa Vi, BepHO V8 O OsimpleFw, v, 7,8,v.6, & F Ui(@) = (¥1)*(0,@,8,7) ,..., ana dyuxropa ¥y, BepHO
VO O OsimpleFw,uy,a,8,v,6, A V(@) = (V)" (0, @, 5,7).

Jlanee moka3aTenbCTBO OyIeT MPOBOIATCS WHAYKIMEH MO MOCTPOCHUEID APTYMEHTHOTO CJIOBA.

Basza uaaykmuun. Jlokazkem, 9T0 J/1s MHO?KECTBA APy MEHTHBIX CJI0B A, [10C/I€/10BATEIbHOCTH APIy MEHTHBIX
CIOB (1, . .., Oy, BEPHO V05 O OsimpleFw,f,a,a A F [ROVy, ..., ¥i](@,A) = ([ROYy, ..., V])* (6, A).

Cornacuo onpegenenus npeodbpasopanus " umeem: ([ROU, ..., Ui])* = [R(P)*(¥y1)*, ..., (Vk)*], cnenoBa-
TeJIbHO, He0OX0uMO HoKa3arh V05 O OsimpleFw,fa,a A F [ROY, ..., ¥il(a,A) = [R(P)*(V1)*, ..., (Vk)*](65, A).

Cirieyiommas noc/jie0BaTeIbHOCTh PABEHCTB:

1. [R(®)* ()", ..., (¥e)*(y,Z,A) = (D)*(y,T) - akcuoma,

2. [R(®)*(P1)*, ..., (V)" ](b5, @, A) = (P)*(b5, @) - u3 15

[Paencra 1,2 mokasbiBators B ucuuciaennn CalcE(q]

[Vuanrsisas, 410 05 2 OsimpleFw,j,a,A 2 ISimpleFw,d,a,4, HOLY4UM |

3. [RO¥, ..., U](a,A) = &(a) - mourn akcuoMa,

4. d(a) = (P)*(b;, @) - UHAYKIUOHHOE IPEIIOTIOKEHNE,

5. [ROVy,..., Ui](a,A) = (®)* (05, @) - u3 3,4,

6. [ROVy,..., Ui](a,A) = [R(P)"(¥1)*, ..., (¥r)*](6,a,A) -u3 2,5

7. [ROV,, ..., Vi](@, A) = ([ROVy, ..., U.])* (05, @, A) u3 6 - KBA3UBBLIBO/, DX HHTEPIPETAIMOHHOM MHOZKe-
ctre A.

Nuaykumonusbiit mepexoy. 110 MHAYKIHOHHOMY MPE/IIIONOKEHUI0 UMEEM: JIJIsi MHOMKECTBA apryMEHTHBIX
cioB A, s 110060# TTOC/IEI0BATEBHOCTH APIYMEHTHBIX CJIOB (1, - . . , Olp, (3, BEPHO
V05 O OsimpleFw,ja,8 A [ROV, ..., V](@, B) = [R(®)* (Y1), ..., (Vr)*](6),, @, B);

6) Iy MHOXKeCTBA apryMEHTHBIX CJIOB A, IOCIE0BATEIbHOCTH APIyMEHTHBIX CJIOB (U1, . . . , Oy, (3,7, BEPHO:

Vo 2 QSimpler,\Il.;,E,,B,’y,Ay AF \Ijz(au 67’7) = (\Ijz)*(97a7677>
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Tpebyercs mokazarb, 9To i ByHKTOpA f, /JIsi MHOXKECTBA aPUyMEHTHBLIX CJIOB A, MOCII€0BATEIbHOCTH
ApPTryMEHTHBIX CJIOB (1, . .., Oy, 3G;, BEPHO
Vﬁf D GSimpler,f,E,ﬁai A [R(I)\Ill, R \I/k](a, ,Baz) = [R((D)*(\I’l)*, ey (\I’k)*](ofﬂa, Baz)

CocraBuM (DYHKIIMOHAJIBHOE CJIOBO COIVIACHO MHOYKECTBAM:

- pocToe Beruncsenune dbyrkTopa [RO®Wy, ..., U] Ha MOCIEIOBATETHFHOCTH APTYMEHTHBIX CIIOB (U1, . . . , Oy, Ba4,
Py, - mpoctoe Beraucienne byskTopa V; Ha IOCIEI0BATEIBHOCTH APIYMEHTHBIX CJIOB (1, . . . , Oy, 3, Y, IOJIy9AM
OsimpleFw,f,&,8a:> TOIIa USimpleFw.f,a,8a; = USimpleFw,¥;,,8,7y,A> 0SimpleFw,j,@,8a; = USimpleFw,f,a,3- BO3bMEM
05 2 OsimpleFw,j,a,8a;

Cremyrormast mOCIeIOBATENBHOCTD PABEHCTB:

L [R(®)*(T1)*, ..., (¥r)*](05,@, B) = 7 - BbluuCIsIEM,

2. (¥;)*(65, @, B,7v) = n; - BBIYHUCIAEM,

3. [R(®)*(W1)",..., ()} (6, Bas) = (3)* (65,5, B, [R(®)*(V1)", ..., (91)*)(6;,, B)) - nowr axcuona,

4. (9,)*(y,Z, z,u) = (V;)*(y, T, 2, u) - akcuoma,

5. ()" (0, @, B, [R(®)*(1)*, ..., (T)*](05,@, B)) = (¥;)* (65, @, B,7)) - 3 1,4,

6. (Wa)" (05, @, B, [R(®)"(¥1)", ..., (Wk)"|(05, @, B)) = n; - m3 2,5,

7. [R(®)*(T1)*,. .., (Tx)*] (65, @, Ba;) = 1; - u3 3,6,

[PaBencrBa 1-7 gokaseiBaiors B ucuuciaennn CalcEq |

8. [ROV,, ..., ¥](@, Ba;) = ¥;(a, B, [ROY, ..., Vi](@, B)) - mourm akcmoma,

9. [ROVy,...,Vi](a, B) = [R(®)*(¥1)",...,(¥r)*](6;,, @, ) - MHIYKIMOHHOE MPE/IIIONIOKEHHE,

10.9, (%, u,v) = ¥, (T, u,v) - akcuoma,

11 V(@ B, [ROWy, ..., Ui](@, B)) = Wi(@, B, [R(D)" (¥1)", ..., (¥&)"] (05, @, B)) - u3 9,10,

12. Uy(@, B, [R(®)*(W1)*, ..., (Ve)*](6;, @, B)) = ¥;(@, B,7) - u3 1,10,

13. Vi(@, B8,7) = (W) (05, @, B,7) - uHAYKIHOHOE IIPE/IIIOIOKEHHE,

14. U;(a, B, [R®¥, ..., V(@ 8)) = ¥;(w, 8,7) - u3 11,12,

15. U(@, B, [ROV, ..., Vi) (@, B)) = (V) (65, @, B,7) - u3 13,14,

16. ¥;(a, B, [ROY, ..., (@, B)) = n; - u3 2,15,

17. [R®U, ..., Uy)(@, Ba;) = n; - u3 8,16,

18. [ROU,..., (@, Ba;) = [R(®)*(T1)*,..., (V) )(6;.,@, Bas) - u3 7,17
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19. [ROYy, ..., ¥i](@, Ba;) = ([ROVy, ..., ¥])* (65, @, Ba;) - u3 18 - KBa3UBBIBOJ IIPU UTEPIPETAIIOHHOM
mHOKecTBe A, T.e. B ucuncienun CalcEq,.

Ocranbubie akcuoMbl pekypcun(15,16,17,20) paccMarpuBaroTCs AHATIOTUYHO.

Caencrue 5.2. 1. g ao6oro n - mecruoro ¢gyukropa ¢ andasura £ (U) VA |, V& Bepho
AF [®(a) = 2*(Os(a),a)] (WordM, [ [®(a@) = D*(O¢ (@), @)]).

2. Jya mo6oro n - mectaoro ¢hyukropa ¢ andasura £ (U) VA, Va Vb O Og (@), Bepro A + [@(@) = &*(0,@)]
(WordM, E [@(a) = *(0,@)]),

3. Hua mo6oro n - mecrrnoro ¢gyukropa ¢ andasura £ (U) VA, Va, 8 V8 O O (@), BepHo
A d(a) = <F 0*(0,a) = 5] (WordM, | (@) = 8 < WordM E @*(0,a) = ).

4. Ins moboro n - mecrHoro ¢dbyukTopa ¢ andasnra £ (U) Va BepHo
WordM, = (04)*(0g (@), @) = O3(a) - Kak paBeHCTBO CIOB(HAMMEHbIIIAS HEMOJABUKHAS TOYKA:

VO 2 O4(a)[(0s)*(0,@) C 0] {V8 2 Og(a)[Os (@) = (0s)*(0,@)]}, npuuém, ecim Og(a) # A, Torma
dom (g (@)) = dom((Os)*(6,@)) must mro6oro moboro dbyHKIHOHATBHOTO coBa §. CMm. Teopemy 4.4.

Sameuanmne. IIycrb ® - npoussoabubliii n - mectabiit Gyukrop andasura £ (U). IIpocroe Bbruucienue
dynkropa ® Ha 1OC/IEA0BATEIHLHOCTH aPIyMEHTHBIX CJIOB (! MOXKHO PA3JI02KUTb HA J1BA BHIMUCJIEHHSI: IIPOCTOE
Boraucsenue dbyukropa Og andasura £ (U) Ha 10CI€10BATENILHOCTH aPIyMEHTHBIX CJIOB O ¥ 3aT€M MPOCTOE
Bbraucsenue dpyukropa (P)* andasura £ Ha 10CIEI0BATEIBHOCTH apryMeHThIX CJI0B O (@), @. [Ipuuém 06-
JIacTh onpeesienusi byHKINOHAIHLHOTO ¢10Ba O (@) COCTONT U3 TEX U TONBKO TeX apryMEHTHBIX CJIOB, KOTOPbIe
ObLIM KMCIIOJIB30BAHbl B IPOCTOM BbiuucaeHuu (pyHkropa P Ha MOC/IEI0BATENHLHOCTH apryMEHTHBIX CJIOB O U
upu j1t060M pacimpenun QyHKIUOHAIBHOIO ¢10Ba Og (@) C 0, neobs3aTesbHO COrJIACOBAHHOIO € OPAKYJIbHBIM
MHOXKeCTBOM A\, pe3ysbrar npocroro Beraucyienus dbynkropa (®)* Ha mocaenosarenbrocTn Og (@), @ coBmagaéT
C Pe3yJIbTaToM IIPOCTOrO BbIYUCJIEHUs 3TOro xe ¢dyukropa (P)* na mocnegosaresvrocru §, a(ananor "Ipun-
uuna ucnosb3osanusa" ("Use Principle") opakysbHbix Bbluucsienuil, Haupumep Ha MalluHax ThIOpHHra) u
Kak panee ormedanioch (Og)* (6, @) C 0 - "Use Principle"coirpaer B gasbheiineM BasKHYIO POJIb OPU MEpe-
HeceHuu (pacupocrpanenun) 31oro yHIAMEHTAIbHOIO MOHSATUS, CBA3aHHOE C BHIYMCIEHUIME B CTaHIAPTHON
MOJIEJIN, HA HECTAHIAPTHBIE MOJIEIH.

Eciu B npocrom Bbraucsienun (ynkropa ® Ha MOC/IEI0BATENHHOCTH APTyMEHTHBIX CJIOB (O KAXKIYIO WH-
repuperauuonHyo akcuomy suza U(a) = A, 3amenurs na pasencrso Buga G(|a|2a22 ) = A(3amenurs Ha
pasencreo Buga G(0,a) = A, rue |a|2022 C 0), akcnomy Buma U(a) = aj, 3aMEHHTh HA PABEHCTBO BUIA
G(|a)2aa122, ) = a1 (3amenurs Ha pasencrso Buga G(6, ) = ai, rue |a|2aa122 C 0), To nosyuenHas mnoce-

JI0BATEJIbHOCTDh PABEHCTB OyJeT KBAa3WBBIBOJIOM, KOTODbIA HE Oy/er COAepKaTb WHTEPIPETAUOHHBIX AKCHOM,
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NpUYEM 3TOT KBA3UBBIBOJI MOXKHO JIETKO IIPeoOpa30BaTh B BbIBOJ aidaBura £, 3aMEHUB yKa3aHHBIE PABEHCTBA
Ha UX, HATPUMED, TPOCTHIE BHIBOIKI.

Teopema 5.3. [lis npoussosibHOro n - mectaoro dbyukropa @ andasura £ (U), mis n1pou3BOJILHBIX apry-
MEHTHBIX CJIOB @, (3,7, eciiu WordMy = (©g)* (8, @) = vy, Toraa 7y - QyHKIMOHAJIBLHOE CJIOBO.

Jloka3aTeabCTBO MPOBOAUTCS MHAYKIINEH O TOCTpoeHuio hpyHKTOpa P.

Teopema 5.4. s nupoussosbHOro n - Mecruoro ¢gpyukropa ¢ andasura £ (U), nis n1pou3BoJIbLHOrO MHO-
JKECTBA apryMeHTHBIX 0B A, BepHo WordM,, = Vavh[Oq (@) = 8 = (O¢)* (8, @) = BA B C Al.

Hoxka3zaresbcrBo. [ljisi IPOU3BOJIBHBIX apryMEHTHBIX CI0B @, 3 umeem WordM, E Og(a) =  <—
(03)*(Oo, (@), @) = B, yuurbiBasg Teopemy 4.4, nonyaum WordM, = (03)*(8,a) = BA S C A.

Teopema 5.5. ITycrs qyst n - MectHOro dyukTopa @ andasnra £ (U), 1 apryMeHTHBIX CJIOB (U, . . . , (y,
JI7IsT MHOYKECTBA apryMEHTHBIX CJIOB A, 1s1 PYHKITMOHATIBHOTO CJ0Ba (3 BEPHO
WordM, E (©g)*(8,a1,...,a,) € B8A B CA, rorna WordM, | Og(ay,...,a,) C 8.

Joka3zareabcTBo. /J0Ka3aTesbcTBO MPOBEAEM UHAYKIHEH 10 mocTpoeHuio ¢pyHkTopa P.

Baza unaykmun. @ - ucxonueiit ynxrop, zanpumep U, Torma Oy = [Jc3 U], rorma (Oy)* = [J I3 [JIIIE] G,
torma WordM, E (Ou)*(8,a) = ¢*(8, o, G(8, o)) = |a|2aG (8, @)22.(F c*(z,y, z) = c(y, 2), cMm Bameuanune
crp.27). Ilycts WordM, = (Ou)*(B,a) C B u 8 C A, rorga |a|2aG(B, )22 C 5.

Pazbepém cryuanm:

a) G(B,a) = A, rorna S(a) = A, Torma a € A, Torma U(a) = A, Torna Oy (a) = |a|2a22, yunteiBasi, 9T0
(©u)*(8,a) = |a|20G(B, @)22 = |@|2a22 C j, Torna Ou(a) € B;

b) G(8,a) = 1, rorna B(a) = 1, rorua a ¢ A, rorga U(a) = 1, rorpa Oy(a) = |a|2a122, yuurbisas, 4ro
(Ou)*(B, @) = |a)2aG (8, a)22 = |a|2a122 C B, Torga Oy(a) C .

Lt OCTAbHBIX UCXOMHBIX (DYHKTOPOB JIOKA3ATEIHCTBO JOCTATOYHO HATIISIHOE.

Nuanykumonnoe mnpexmostoxkenne 1). Ilycrs Tteopema Bepua aust k - mecruoro dyunkropa ®, qis n -
MecTHBIX dyHKTOpOB Uy, ..., Uy, JTokaxkem Teopemy mist dynkropa [JPU, ..., Uil Nmeem
F Ousw,,.. v, (T) = Concat([JOzVy,...,¥;](7), (Concat(Oy, (T),...,Concat(Oy,_,(T),Ov,(T))),---,),
TOTA

- (Opsw,,..w,)) (¥, T) = Concat([J(Os) Ty (¥1)", ..., (¥4)"](y,T), (Concat((Ow, )" (y. T),

.., Concat((0y,_,)*(y,7), (0v,)*(y,7))),...,)°, Torna
WordM, = (Opsw,,...w,]) (B, @) = Concat([J(04) TP (T))*, ..., (¥4)*](B, @), (Concat((Oy,)* (8, @),

.., Concat((Oy,_,)*(8,@),(0v,)*(8,Q))),...,).

6 st yrounenus, cm. Ipusroxenue
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Iycrs (Oj0w,,.. w,) (8,@) C B C A, roraa [J(0a) IFTH(T1)*, ..., (¥r)*](8,a@) = (0a)* (B, (¥1)*(8,@), ...
(U)*(B,@) € Bu (Og,) (B, @) CB,...,(09,)" (B,a) C L.

ITo unpykumonnomy npennosnoxkenuto noiaydum Og((U1)*(5,@), ..., (Vr)*(8,@)) C B, a Takxke
Oy, (@) CB,...,0y, (@) C B, rorma ¥y (a) = (¥1)*(8,a),...,Vi(a) = (Pg)*(8,a), rorna
Os((T1)* (B, @),...,(Tp)*(B,@) = Os(V1(),... Ur(a)), Torna Og (¥ (a),... ¥x(a)) C B, Torma
Concat([JOs ¥y, ...,U;](T), (Concat(Oy, (Z),...,Concat(Oy,_, (T),Ov,(7))),...,) C B, Torga
Opaw,,.. v, (@) C .

NunykumuonHoe npeanodioxkenue 2). Ilycrb Teopema BepHa Jjist n - MectHoro dgyukropa @, njsa n + 2 -
mectabix dynkropoB Uy, ..., Uy, lokaxem reopemy s n + 1 - mecrHoro ¢yukropa [ROWq, ..., Uyl.

Nnveem: = Oraw, ... v, (T, A) = Op(T).

F Orew,,..,w,)(T, Tny10;) = Concat(Oy, (T, rn11, [ROVy, ..., Vi][(T,2n11)), Oraw,,... w,](T; Tny1)), TO-
ria = (Orew, .. v,])" (¥, Z,A) = (02)"(y,7), F (Orew,,.. v,])" (Y, T, Tni1a;) =
Concat((0y,)* (Y, T, Tny1, ([ROV1, ..., V) (¥, T, Tny1)), (Oraw,,...,w,)* (¥, T, Tnt1))’, Torma
c) WordM, = (O(raw,,...w,]) (B, @ A) = (02)" (8, @),
d) WordMy = (Oraw, ... v,))" (8,0,7a;) =
= Concat((©y,)"(8,a,7, ((ROY1,..., Uk])* (8. @7)), (Orraw,,..,v,))* (B, @7))-

Cayuait (¢). IIycrs (04)*(B,@) C S C A. ITo HHIYKIUOHHOMY IIPEAIIOIOKEHHIO [IOJLY IUM
WordM, | ©¢(a) C 3, Torma Oraew, ... v, (T, A) C B.

Caywait (d). Ilycts (Oraw,....,.w,))* (8, @,va;) € B C A, Torma
Concat((0Oy,)*(8,@, 7, (RO, ..., VL))" (8,2, 7)), (Oraw,,...v,))* (8, @,7)) C B, rorna
(G[Réq,hwq,k])*(ﬂ,@,y) C 8, Torma 1O WHIAKIIMOHHOMY MPEIMTOJIOXKEHHUIO, MOJIYIHM G)[R@q,hwq,k](&, v) C B,
TOT A @[Rq)\pl"__,\l;k](a, v) =06 <= (@[Rwl,_“ﬂ,k])*(ﬁ,a, v)) =38 u d C 8. Hanee yuurbiBas
[ROWy, ..., Wi])(@, 7)) = n <= ([ROVy,...,Y])" (Oraw,,..v,](@,7),@,7)) = 1 1 Orew, .. v, (@) C B,
nomyanm [RO¥q,..., U])(@,v)) = n < ([RO®Vq,...,¥:])*(8,@,v),@, 7)) =, Torga
Concat((0y,)*(8,a,v, ([R®V1, ..., ¥i])*(8,@,7)), (Oraw,....w,]) (B, ®,7)) =
= Concat((0y,)" (8, @,v, [ROVy, ..., ¥]|(@, 7)), Orsw,,...v,](@,7))-

Nyeem (©g,)"(8,@,7, ([ROVy,..., Wi])*(B,@,7)) € B, rorna (Ow,)*(8,@,7,[ROVy,..., ¥il(@, 7)) € B,
TOrJa MO MHIAYKIMOHHOMY TIPEIIIONOKEHuI0, moayanM Oy, (@, v, [ROV, ..., ¥i](@,v)) C B, Torma
Concat(Oy, (a,v, [ROVy,..., ¥;](@,7)), Orew,,...v,](@,7)) € B, Torna Orew, ... v, (@,va;) € B u B CA.

Ocranbuble akcuoMbl pekypeun(15,16,17,20) paccMarpuBaloTcs aHAJIOIMYHO, TOIAA

7eu. [pmmoxenne
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Vovy{Fw(y) = [[(0s)"(y,T) Cy Ay C U] = 04(T) C y]} € Th(U)(cMm. cTp.38).

CaencrBue 5.6. /115 mpon3BOIBHOTO N - MECTHOTO (DYHKTOpaA P, [JIs TPOU3BOJIBHON TOCIEI0BATETHHOCTH
APryMEHTHBIX CJIOB (1, . . . , iy, JIJIS TPOU3BOJIBHOTO MHOXKECTBA APTyMEHTHBIX CJIOB A, CyIIIeCTBYeT € IMHCTBEHHOE
GYHKIMOHATBHOE CJIOBO [3, TAKOE, 9YTO BEPHO
WordM, E Og(ay,...,a,) = <= WordM, = (0s)*(8,a1,...,a,) = B A S C U, rorga
VEly[(0s)" (4.7) = y Ay U] € Th(U), vz3y{[00(F) = y = [(©0)* (4, 7) =y Ay C U]} € Th(U).

Caenacrsue 5.7. [Iycts m1s n - MecTHOTO (byHKTOpa P, 17151 MOCIETOBATETLHOCTH aPTyMEHTHBIX CJIOB O, JIIS
dyukuuonanbuoro ciosa 3 sepao WordM | (04)* (8, @) = 3, TOrga MOXKHO IIOCTPOUTH TAKOE MHTEPIIPETAIH-

onHOe MHOXKecTBO B opakynbHOro cumsosa U, uro Bepuo WordMg = [(Os)* (5, @) = AL C UABg(a) = F].
OrpanndyeHablie popMyJabl. Y HUBepcajdbHoe (PYHKINOHAJIbHOE CJIOBO

Oupezenum nonsTue orpanndeHnoil ¢hbopmysbl ¥ U CONPOBOXKIAAIOIIEE STO MOHATUE, MHOKECTBA, 0003HAYA~
emble Kak Bwpyg, Vwpy.

1) Beskast 6eckBanToprast dopmyia A seiasiercst orparnaennoit ¢hpopmynoit, Buwpa = 0, Vwpa = 0;

2) Ilycrs A(z,x1,...,Zn;Y1,...,Yx) - Orpanudennas dopmyna, P(zy1,...,x,) - cloBapHbIi MHOro4JeH,
z & Vwpg, Torma dbopmyna B = Jz[|z] < |P(x1,...,2,)|&A(z, 21, .. ., Zni Y1, - -, Yg)] WiH
B =Vz[|z| < |P(2z1,...,24)| D Az, 2Z1,...,Zn; Y1, .., Yk)]- orpanudennas bopmyna, P(zy,...,x,) € Bwpa,
{z1,...,2,} C Vwpy, mepeMenusie i, ..., Yy - HA3BIBAIOTCA MAPAMETPAME PACCMATPUBAEMON OrPAHMIEHHON
bOpMYJIBI, STOT CIUCOK OTIENAETCS TOYKOM C 3amaTol U MOXKeT ObITh mycThiM. Takyo dbopmyry Gymaem 06o3HA-
JaThb B BUJE EILP(wl"“’w")IA(z, Tlyene s TpiYly-- -, Yg)| UM V‘ZP(ZI""’QJ”)‘A(,Z, Tlyeeo s TniYly- - Yk)]-

C10BapHbI MHOMOYJICH IPHHAJIEXKAIINI MHOXKECTBY Bwpy HA3BIBACTCA OIPAHUYUBAIOIIIM CJIOAPHBIM MHO-
FOYJICHOM.

Orpanuuennas dopmyna A waseiBaercsa (V) orpanudensoii (popmMyioii ¢ napamMerpamMu wiu 6€3 HUX, eCiIu
OHa, UMEET BUJ, 3‘;:1(5)', ... Hlfk(f)lﬁ(zl, 2By T YLy e YR) (V'le)l@l, .. .VLP,:’“(T)‘B(zl, e ZEy T YLy Yk)), TOE
B(z1, -2k, T; Y1, - - -, Yk ) - OECKBaHTOpHASA (DOPMYJIa.

Bameuanmue. V¢ Va VP(T) : 1. Word, |= EILP(EH(I)(E, u)=A& EILP(E)l((I))*(@q)(E, u), @, u) = A,

2. Word,, = V¥ @o(@,u) = A = VIF@N(@) (04 (@, u),a,u) = A,

Vg .

3. Word, = V¥ @@, u) € g= 35 Do@, u) = A & w3 C 0= AT DN(@)(0,a,u) = A},
4. Word,, £ V¥ @og (@ u) € 8= {(VF@o@,u) = A < v[8 C 0= VDN (@)(0,a u) = A}

Paccemorpum cienyronryio ciosapuyio dyukuuto: Order(a) - Takoe c10BO 3, 94TO YUCIIO CJIOB MPEIIECTBYO-
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WMX CJIOBY [ B JIeKCUKOrpadUUIecKOM yIopsigouuBanuu, pasuo |a|. B [6 c. 217] nokazano, 410 3Ta cjoBapHas
dyHKIMS ABISIETCS CIOBAPHON MPUMHUTHBHO PEKYDCUBHOM (yHKIWmeit, Torma maist cioBapHoit dyrkimmn Order
cymiecTByeT Takoil omnoMmectHbiit GpyuakTop Order andasura £, 9T0 BEpHO:
Ve, f[Order(a) = 8 < F Order(a) = g].

Brmutrem onpenensiomniue paBeHcTBa aisa ¢pyukropa Order:

1). Order(A) = A;

2). Order(S;(a)) = R(Order(a)), rue

a). R(A) = aq;

b). R(S;(a)) = S;41(a), rme 1 < i < p;

0. R(S,(a)) = S (R(a)).

3amedganme. [ KasKJI0r0 MHOXKECTBA p - aadaBUTHBIX CJIOB, OyaeT cBOM p - andaBUTHBIN (yHKTOP
Order,,. I3 xorTEKCTa OyAeT NOHATHO Kakoii p - andaputHeii Gynrop umeercsa pugy. @ynkrop Order obma-
JTaeT CBOHCTBOM:

1. WordM = Vaf[|a| = || D Order(a) = Order(f)];

2. upu k > 2 A p > 2 Bepuo WordM [= |Order, (k)| < k;

3. Hana xaxgoro p > 2 sepuo WordM = Orderp(p

n+1—pa3

4. JTna kaxoro p > 2 sepuo WordM = Vz[|z| > 2 = Order,(p/*!) = (p — 1),...,(p — 1) pl;

|z|—1—pa3
5. CoryacHO OIpPEENAIINM PABEHCTBAM, KOTOpPbIe HpuBeJeHbl B [6 ¢. 217], ciemyer, uro sror dbyHKTOD

npunazgnexur PPr, r.e. Order € PPr.

plP@I+1 _ 1
13 (3) monyunm WordM |= Order,(——— )= 1,...,1
p—1 ——
|P(Z)|+1—pas

Ecnu nyis apryMenTHbIX ¢10B «, 8 Bepuo WordM = Order(«) = 8, To apryMenTHOe CJIOBO |a| - HaTypaJib-
HOE 4KcIIo, Oy/ieM Ha3bIBaTh IEeJIeBbIM HOMEPOM apryMeHTHOro cjioBa [ u obozuadars " 57 = |a|.
OueBngnHO, 9TO A7 JIIOOOTO APTYMEHTHOTO CJOBA [3 CYIIECTBYT TaKOe HATYPAJbHOE UMCJIO0 (, 9TO BEPHO

737 = a(WordM |= Order(a) = ), Torma WordM = "(p—1),...,(p — 1) p" = p!*|, npu || > 2.

|z|—1—pa3
C xaxapM n > 1 - MectabIM GyHKTOpoM @ CcBIKEM Tako# GyHKTOD, 0003HATaEMbIH KaK Og v, YAOBIETBO-

PATOIIHIH CeTYIOMNM ONPeJeIAIONIM PaBeHCTBAM:
O v (T, A) = Os(T,A);
O4 v (T, Sk(z,)) = Concat(O4 v(T, ), O (T, Order(Sy(z,))))-

Bepno: 1. Ecrm @ € PPr = Og v € PPr;
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2. WordM,, = Vo, 5, Z[|a| = || = Oav(T, a) = Oav(T, B)];
241 _ 1
3. WordM,, |= ¥V [04 (7, y) C O v(7, %

Onpesenum yHUBEpcaTbHOe (PYHKIMOHATBHOE CIOBO, 0003HAYaeMoe Kak Oy.

Oupesesngromnmuye paBeHCTBa;

Ou(A) = A,

Ouy(aa;) = Concat(Oy(«), c(Order(a), U(Order(w)))). Cornacuo onpenenenus, Gyskrop Oy npuHaie-
xut PPr andarnra £ (U), yunteisas Concat(u,c(v,w)) = u|v|2vw22, moayunm Gosee HATIAIHYIO 3aMUCh
Buna Opy(aa;) = Oy(a)|Order(a)|Order(a)U(Order(«a))22.

Nneem:

(Ou)*(y, A) = A,

(Ou)*(y, aa;) = Concat((Oy)*(y, @), c(Order(a, G(y, Order(a)))),

VYafV 2 Oy(a)WordM, = [Oy(a) = 5 < (Oy)*(0, «) = F], B wacrroCcTH
WordM, | VaVy[Oy(z) = y < (Oy)*(Ou(x),x) = y).

3amedanue. /[1g KaxkI0ro p > 2, Ompesensercs CBOE p - aadaBUTHOE YHUBEPCATbHOE (PYHKITHOHATHLHOE
¢JI0BO Oy.

YrBepxkaenue 5.7. [Iycts [ - Takoe GpyHKIIMOHAIBHOE CJIOBO, YTO [JIsi HEKOTOPOTO CJIOBA (v BEDHO
WordM, = (Op)*(8,a) C 8 C A, rorqa WordMy = Oy(a) C 8. meem
vevy{Fw(y) = [[(Ov)*(y,7) Cy Ay C U] = Oy(x) C y]} € Th(U).

Bepmo:

1. WordM, = Va, fllal = || <= Ou(a) = Oy(B)];

2. WordM,, = Vo, B|a| < || <= Ou(a) C By(5)].
p|y|+1 -1

3. WordM, | Va{|z| —7

IN

ly| = [Ou( )NJ(x) = A < = € A}, tae A - mHO)eCTBO p > 2 -
as1paBUTHBIX API'YMEHTHBIX CJIOB;

4. WordM, E Va[Oy(a) = Og,(«)], npu ucnonb3oBanun npasuia [ygcreiina, MOXKHO J0Ka3aTh, 9TO
F Ou(x) = Og, ().

IMycts 3aman n + m - mecrubiii(n > 1,m > 1) p - andasurubiii Gyuakrop ® € PPr, unrepnperaimontoe p -
araBUTHOE MHOXKECTBO apryMeHTHBIX cJI0B A. [j1s1 9T0r0 pyHKTOpPA CyIMIECTBYET TAKON CJA0BAPHBIN MHOTOYJIEH
P(x1,. 20 Y1, -y Ym), 9T0 A8 Vi, ..., Qn; P1,- - -, Bm, B IpocToM Bhrauciennn dbynkropa ® ma @, 3, Bee

_ _ [P@p)+1 _q
OIPOITIEHHBIE CJIOBA MMEIOT JJINHY, He npeBocxonsiyio |P(a, §)|, Torna O¢ (@, 8) C @U(p—

p—1
Hanee, nycrs 11| < [P1(@)], ..., |vm| < |Pm(@)|, Torga B nupocrom Bbraucienuu dbyukropa ¢ wa @,7, Bce
ONPONIEHHBIE CJIOBA UMEKOT JJIuHYy, He npesocxoasmyto |P(a, Py(a),..., Py, (a))|, Torma moayanm
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PPEPI@). P @)1 _

®<I>(a7 7) C @U(

p—1
Hanee, paccmorpum GOpMyIy BHIA Ellzpl(a)l [®(@, z) = A}, Torna mis 1106000 CI0Ba 7y, TAKOTO, Y4TO
plP@P1(@)+1 _q

|7] < [P1(@)], Bepro O4 (@, ) € Ou( ), TorIA

p—1

PPEPI@)I+1 _ 1

WordM, = {HLpl(E)lfb(a, 2)=A & Hlpl(a)‘(q))*(&g( ,a,z) = A}. Anamornano paccyx-

p—1

Jad, IOy IuM

p‘P(E)PI(E)7P2(E))I+1 — ]_
U

WordM;, | (3523 P03, 21, 2) = A & 35PN (@)(0y( ), 8,21, 20) =

p—1
A}
YrBepxkaenue [lycrs n + m - mectubiii(n > 1,m > 1). p - andasurubiii dyuakrop ® € PPr, unrepupera-

LMOHHOE P - aJ(DABUTHOE MHOXKECTBO apI'yMEHTHBIX CJI0B A u csioBapubie Muorowienbl P1(Z), ..., P, (T), Torna

MOKHO MTOCTPOHMTD TaKOM CJI0BapHbIH MHOrOWIeH P (T), uro
pP@I+1 _ 1

)7xazla"'azm):

WordM,, | {35 @ 3Pr@lgz 2, 2,) = Ae IP@ 1 SP@l @)@y -
A}.

Amnayornyso.

VYrBepxkaenue [lycrs n + m - mecrubiii(n > 1,m > 1), p - andasurubiii dyukrop ® € PPr, unrepupera-
IIMOHHOE P - aaBUTHOE MHOXKECTBO apTyMeHTHBIX CJIOB A u cioBapHbie MHOrOWIeHb! P1(Z), ..., P, (Z), Torma
MOXKHO HOCTPOUTH TaKoii cjoBapHbliit Muorodwien P(T), uro

_ _ _ _ P@)|+1 _ |
WordM, = (VP @ yPr@lgz o )= A e VP @ P @l gy g, P

Zm

p—1
A}

Part VI
CJ102KkHOCTHBIE KJIacChl U 3JIeMeHTapHas Teopus MojeJei

MuoxkectBo B n -0K apryMeHTHBIX CJIOB, NpPU 33JaHHON WHTEPHPETAMA OPAKYJIbHOr0 cuMBosia U MHO-
JKECTBOM apTyMEHTHBIX CJIOB A, HA3BIBAETCS IIOJUHOMUAJBHBIM, €CJIUM CYHIECTBYeT(MOKHO MOCTPOUTD) TaKyio
G6eckBanTOpHYIO popmysay B, Koropas mocrpoena u3 (pyHKTOPOB, npuHaaiexKanmx PPr, yro BepHo
Va[WordM, | B(a) < @ € B].

Kiacc Bcex MOJMHOMUAIBHBIX MHOXKECTB OTHOCHTEJILHO MHOXKECTBA A - apryMeHTHBIX CJIOB Oy/eM 0bo3Ha-
garb Py (U). Dror Kiace cJoBaAPHBIX MHOXKECTB 3aMKHYT OTHOCHTEJILHO OYyJIEBbIX Ollepallyii: liepecedenust, 00b-
€/IMHEHWs, JTOMOTHEHNS U HABEIINBAHUSA OPPAHUYEHHOTO KBAHTOPA CYIIECTBOBAHUS W BCeoOIuocTH (3, V) 10 moz-
CJIOBaM.

MuoxkectBo B 1 -0K apTyMEHTHBIX CJIOB, HA3BIBAETCA MHOKECTBOM THUIIA Y, OTHOCHTEIBHO HEKOTOPOTO MHO-
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JKECTBa apryMEHTHBIX CJI0B A, ecsu Jyis HekoTopoii 1 orpanuvennoii ¢hopmynbl B(T), 6eckBanropras dopmyiia
KOTOpOii, mocrpoena n3 dbyukropos mpuaaiexxut PPr, sepro Va{a € B <= WordM, = B(a)}.

Kmace Beex CToBapHBIX MHOXKECTE THTA » . Oyaem obozaavarh nocpeactsoM NPy (U). dror kmace crnosap-
HBIX MHOYKECTB 3aMKHYThI OTHOCHTEJILHO OIepPalyii: epecedenns, O0beIMHEHNs 1 HABEITUBAHUS OIPAHUYEHHOIO
KBAaHTOpA CYIIECTBOBAHUS TIO JIJTHHAM CJIOB.

Hycts co — NP (U) = {C : C € NP4(U}. Muoxecrso, npunamiexkamue knaccy co — NPy (U) Gynem
Ha3bIBaTh MHOXKecTBOM Tuma [ [|7].

IIycTs nana dpopmysia Buga EILP(ﬂ(I)(E, z), e dbyukrop P - PPr - dyukrop. C nomomsio dyakropa Order
MOKHO IIOCTPOUTH TAKOH MPUMHUTHBHO PEKypPCUBHBIN (dyHKTOp W, 9TO BEPHO
WordM,, = Vz[3F @\3(z, 2) = U(z) = A]. Anatormano mieem WordM,, = Vz[vE @\ d(z, 2) = ¥(z) = A

W3BecTHBIE COOTHOIEHUST MKy BBEIEHHBIMHU KJIACCAMU:

a). Cywecrsyer Takoit opakyi A, uro Py(U) = NP, (U);

b). Cymecrsyer Takoit opaxyn B, aro Pg(U) # NPr(U);

¢). Cymecrsyer takoii opakyn C, aro Pc(U) # NPc(U) u NPc(U) = co — NP (U);

d). Cyuecrsyer raxoii opakysn D, uro NPp(U) # co — N'Pp(U);

e). Cymecrsyer takoii opaxyn E, uro Pg(U) = N'Pg(U) () co — NPr(U);

f). Cymecrsyer raxoit opakys F, uro Pr(U) = NPr(U)(co — NPr(U) u NPp(U) = co — N Pp(U);

g). Cymectsyer taxoit opakyn G, uro Pg(U) = NPg(U) (N co — NPs(U) u NPs(U) # co — NP (U);

h). Cymecrsyer rakoii opaxyn H, aro Pg(U) # NPr(U)(co — NPu(U) u NPg(U) = co — NPy (U)

i). Cymecrsyer takoii opaxya I, aro Py(U) # NPy(U) (N co — NPy(U) u NPy (U) # co — NPy(U).

Kaxkmoe ykazaHHOe COOTHOIIENE B HEPEIATHBH30BAHHOM BapHAHTE - TPOOIEMA.

OCHOBHBbIE TIOHATHS U PACCMATPUBAEMbIE TEOPEMbI B TOM Pa3/ieJie, 3auMCcTBOBaHbI u3 [8-13] u npeobpasoBaHbl
COOTBETCTBYIOIMIIM 00Pa30M.

Iycrs % (U) - HEKOTOPOE MHOKECTBO (DYHKTOPOB, COAEPIKAIIEE MCXOAHBIE (DYHKTODDI.

#I3BIK mepBoro mopsA/Ka, ONpese/iAemMblii 3aJaHHBIM MHOXKECTBOM (DyHKTOPOB, 1 obo3HadaeMblil Kaxk Lz (u),
cocTonT n3 (HYHKIMOHAIBHBIX CHMBOJIOB fg, Asis Kaxkaoro dbyukropa ® € % (U), MeCTHOCTH KOTOPOTO PaBHA
mecTHOCTH (BYyHKTOpa P, KOHCTAHTHOTO CMMBOJIA A, OCHOBHOTO MPEINKATHOTO CHMBOJIA <.

3ameuanne. Kak npasuio GpyHKIMOHAJIBHBIA CUMBOJI fg Oyaem 0003Ha4arh Kak $ 1 HHTEpHperupoBaTh €ro
KaK GyHKImo. A3k L 2 (u) HaspBaeTcs k - andasuTabiv, ecim MEOKecTBO byHKTOpoB .7 (U) - K - andasuTHoe.

Ecnu muoxecrso dynkropos % (U) cocorout u3 BCEro MHOXKECTBA CJIOBAPHLIX IPUMUTUBHO PEKYDPCHBHBIX

dbynkropos, o a3bik L gy Oyser obosnauarscsa kax L(U) (L).
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Tl Kaxk10ro pUKCHPOBAHHOIO MHOXKECTBA P > 2 -ai(aBUTHBIX aPTyMEHTHBIX CJIOB OIIPEJIEIUM CJIELYIOIIIe
TeOpUN:

Th = {A: WordM |= A - npennoxkenne sisbika L} + Vay(z <y = |z|=—|y| = A).

Teopust Th - nonnas reopusi B a3bike L.

Teopuio B s3bike L(U), obo3nagaemyto kak Th(U):

Th(U) = {A : Hua moboro muoxkecTBa p > 2 — andaBuTHbix apryMmeHTHbix cioB A WordM, | A,
A - npemnoxkenne s3bika L(U)} + Vay(z <y = || =—|y| = A).

Th(A) = {A: WordM, E A, A - npemoxkenne s3bika L} + Vay(x <y = |z|—|y| = A)

Teopust Th(A) - monnas Teopusi B si3bike L.

Nwmeer mecro: Th C Th(U) C Th(A).

Yreepxkaenue 6.1. [Tycrs A’ = Th. Ilycrs u: A" — {A, 1}, rorna momens 2 sibika £ MOXKHO 060raTUTh
1o rakoit mozesmu A asbika L(U), aro A C A, A = Th(U), Vb € A’ u(b) = Uy (b) u ana moboit Gpopmysst
o/ (T) aswika L, Va € A’ ecim A’ = o/ (@), Torna A = o (a).

HoxkazareanscrBo. Cocrasum Teopuio Th(A,,) (em.[9, crp. 130]). IIporHTepnpernpyeM opakynbHyio GyHK-

muio U:

A, if u(a) =A;
U(a) = Jutst Kaxkoro asmementa a € A’ (S1(A) = a1 = 1)

Si1(A), if u(a)=1.
Hanee cocrasum teopuio Th(2',,) + Th(U) + {U(c,) = b : a € A’}. Dra tepust mbo HEIPOTUBEPOIUBA

i TakoBoit He apisercs. ITycrs Teopust Th(,) + Th(U) + {U(c,) = b : a € A’} - mporusopeunsa, Torga

Th(U)F A Ulcg,) =b; 2~ A HBj(cay,---,Cq,), Torma Th(U) - A U(y;)) =b; D=~ A B(y1,-- -, Uk)-

i<k j<m i<k j<m
Nmeem: reopust Th - nomnas reopust B s3bike £, A’ = Th, u A’ = A Bj(a1,...,ax), Toraa cymecrsy-
j<m
I0T TaKWe Pa3ndHble apryMeHTHbIE CI0BA Qf1,...,a, 970 WordM = A %;(au,..., ), Torma Th(U) F
j<m

N U(w) = b, D= A\ Bjlai,...,ax). Hponurenperupyem opaxyn U: U(wy) = b;, 4us Ipyrux apryMeHT-
i<k j<m

ubix cioB [ nonoxum U(B) = A. Obosnauum nosydennyto unrenperanusa Kak A, rorgza WordM, = Th(U)
u WordM, = A U(w;) = b;, torma WordMy = - A %Bj(a,...,a5). Popmyna A\ ABj(aa,...,q) ecTb
i<k j<m j<m

dopmyaa a3bika L, Torga WordM = — 4\ PBi(ai,. .., ) - IPOTUBOPETIHE.
j<m
IIycrs 2A = Th(A,,) + Th(U) + {U(a) = b : a € A}, rorna ans moboit dbopmynst o (T) a3vika L, s
va € A’ ecniu A’ = o/ (a), rorna A = o (a).
Beengm cremyrormee BazKHOE TIOHSATHE.

Onpegesenne. Ilycrs 2 - Moznens s3pika L(U) n @ € A . TlonnHOMUATIBHO CPE3KOiA, ONpeiesisieMoil Habo-

POM 3JIeMeHTOB @ € A, Ha3bIBaeTcs Takas MOJesb(anredbpandeckas cucreMa), obo3HadaeMas Kak g, HOCUTEIEM
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KOTOpOil fBiseTcss MHOXKecTBO Ag = {b : mis Hekoroporo ciosapuoro muorowiena P(Z) 2A = b < |[P(a)l}, a
CUTHATYPa COCTOUT U3 BCeX TeX MYHKIWH [, 11 KOTOpbix dhyHKTOp ¢ € PPr.

Nmeer mecro: 1. Az C A [9 ¢.36].

2.Va [Ug = A(a) < A = A(a)], tae A(T) - orpannvennas dopmyna curuarypst PPr.

ITocpencreom Ag - 6yaem obo3HauTh nuarpammy mozenu 2A[9. c. 86], B yacrHocTH Ag - IMArpaMMa MOJHU-
HOMHUAJIBHOU cpe3ku Ug.

Bameuanmue. [Tycts A’ - o6ennenne momnenn A s3pika L(U) 10 s3b1ka L. nveet MecTo Agr C Ay, B YaCTHOCTH
AQl’E C Ay, yauTsBas cieactsue 5.2, crp. 27, no auarpamMme Agp, MOKHO BOCCTAHOBUTE JuarpamMMmy Ag, Ipu
3TOM HOOXOMMMO 3HATh Ipaduk opakyna U, B mogenu 2. duarpamma Ag COXEPKUT TOJTBKO CJIEIbI OPAKYIHHBIX
BBIYHCIIEHNUI, TOTHAS WHMOPMAIHsT 00 OpaKyIbHBIX BRIYUCIEHUX COIEPKUTCS B Auarpamme Ag, HATIPUMED, eCJIu
2 = O4(b) = ¢, Torna A’ = (Og)*(c.b) = ¢, ecmm [Og(b) = c] € Ay, Toraa [(Og)*(c.b) =] € AGT

VYrBepxaenue 6.2. ns upoussosibuoro n + 1(n > 1) - mecruoro ¢yukropa P, mis npousBosbHOl
monenn 2A sa3vika L(U), rakoii, uro A = Th(A), qns mpousBosbHOro Habopa @ € 2, JJist TPOU3BOIHHOTO
caioBapHoro muorowieda P(T), cymecrByer HauMenbmmii 110 aiuHe (byHKIMOHAIBHBII 31eMeHT b, Takoii, 4ro
vIF@loy (@, u) C b.

ITpumeuanne. Takoil HYHKIMOHAIBHBINA JIEMEHT HE €IUHCTBEHHBINH, HO IJIsI JIIOOBIX TaKUX (DYHKITHOHAIb-
HBIX 371€MeHTOB b, ¢ BepHO |b| = |c| A dom(b) = dom(c) A Vz[r € dom(b) = b(z) = c(z)].

YrBepxkaenne 6.3. s mpon3BoasHOro n+1 - mectHoro ¢gpyukropa P, maj1st npon3BobHOM Mozmenn A ss3bka
L(U), rakoit, yro 2 = Th(A), nis npousBosibHOro Habopa @ € 2, i MPOU3BOJIHLHOTO CJI0OBAPHOTO MHOTOYJIEHA,
P(7), Vb € Ag, Jyis 1IPOM3BOILHOIO (BbyHKIMOHAILHOIO 3JIEMEHTa C, TAKOIO, YTO VLP(E”@@ (b,u) C c, Bepuo:

12 = VIP® o, u) = A = 2% = VIP®l(@)*(c,b,u) = A.

2. A = IPOIe[B,u) = A <= A = IP®N(@)*(c,b,u) = A.

VrBepxkaenue 6.4. Jlioboe pacumpenne nomuaomuanbhil cpeskn Ag C N = Th(A), mopokmaer caemyro-
mpe COOTHOIIeH s, s Jjiioboro dyukropa ® € PPr u moboro cioBapuoro muorodiena P(T) :

1. Ag C Mag;

2. Vb € Ag Bepro Og(b)y = O (b)on;

3.Vb,c € Ag, ecu A = ()*(04(b),b) = ¢, Toraa Vf € M, takoro aro Og(b) C f, BepHO
M E (®)*(f,b) = c - "Ipunnum ucnonszosanus" ("Use Principle") mpu pacumpenun momedneii;

4. IlycTn b€ Ag. IIycTb ¢y - HanmensbIuit o AjTuHe DYHKIMOHAIBHBIN 9JIEMEHT, TAKOH, 9TO
A = VP®log (b,u) C ey

. . . P(b T
IIycrb dogp - naumenbwmii 10 Jyiune GyHKIMOHAIBHDIA /1€MEHT, Takoii, yro M = VL ( )‘@q;.(b, u) C doy.
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Torna:

a). dom(ey) C Ag A dom(doy) C Mg A ey C doy;

b). Ecmu |e| < [P(b)| u 2 |= ®(b,e) = h, Toraa A = (®)*(ca, b, ¢) = h u M |= (®)*(don, b, €) = h;

¢). Ecm A VLP(E)‘(@)*(CQL,E u) = A, Torma aa kaxzoro |f| < |P(b)| nomyuum 2 = (®)*(ea, b, f) = A,
torma M = (®)*(don, b, f) = A, Torma M = Vu(ju| < |[P(B)|Au € Ag D (®)*(don, b,u) = A. Umeer mecto
raxzxe, ecmn M = Vu(lu| < [P(B)| Au € Az S (8)*(dy, b, u) = A), rorma 2 = VIE® (@)* (cq, b,u) = A.

"Tpunammm wcnons3osanusa” ("Use Principle") mpwm pacimmpenun mMomenei.

Teopema 6.5. [Iycts A - mpoussombabi opakyr. NP(A) = co— NP(A), Torma u ToIbKO TOTIA, KOTAa, 715
J060ii orpanuyentoit 3 dopmysbl A(x) curnarypst PPr(U), cymwecrsyer orpanuvennas V dopmyna B(x) roii
ke curaarypsl, uto Th(A) - Vz[A(x) = B(z)].

Teopema 6.6. IIycts A - npoussosabHblil opakyi, A(T) - orpanndennas V ¢popmyna curaarypsl PPr a3bika
L(U). Cuenyronue ycioBus paBHOCUIIbHbL:

1. s mroboit mogemn 2 = Th(A), aas mobbix @ € A, ana mobsx b € Ag, moboit Mmomemn I = Th(A),
Takoit, uto Az C M, ecrm A = A(b), Torma M = A(b).

2. s dopmyner A(T) cymecrByer Takas orpanmdennas 3 dbopmyaa B(T) sa3bika aseika L(U),
gro Th(A) E VZ[A(T) = B(T)].

HoxkasareabcrBo. Jokaxkem, uro u3 (1) ciaegyer (2). nes nokasarenbcrsa 3anMmcrBoBana B [8 c. 156], [9
¢.133-134]. Eciin dopmyna A(T) Takosa, uro Th(A) = VEA(Z), rorna Th(A) | V(z[A(Z) = B(T)],
rie B(T) - orparnuennas 3 dopmyna, Takas, uro Th(A) = VZB(T).

IMycrs dopmysa A(T) rakosa, yro Th(A) ¥ VZA(T)(1).

Cocrasnm MHOM)KecTBO npemiokennii I'(¢) = {©(¢) : Th(A) E ~A(Z) D O(Z)}, rae O(T) - orpannvennas V
dbopmyna. U3 (1) monyuum, aro Th(A) + I'(¢) - coBmectro. Jokaxkem Th(A) + I'(¢) = —A(¢).

Iycrs A |= Th(A) + T'(¢), € € A. Cocrasum Agy_ - nuarpamma mozenn As.
Muoxectso npepnoxennit Th(A) + Ag + —A(C) - coBMECTHO nym TaKOBBIM He ABiAeTca. Ecm

Th(A) + Ag, + —A(¢) - mecoBmectHo, Torza Th(A) + Ag( E A(e), tormra Th(A) + A A, d) &= A(e),

i<k
rme A;(¢,d) € Ag_, Torna Th(A) + -A(@) E -~ A Ai(6,d), torra Th(A) = -A(e) D = A Ai(¢,d), Torma
i<k i<k
Th(A) E VzVy[-A(Z) D — é\k Ai(Z,7)], rorma Th(A) = VZ[-A(T) D Vy— 4\/6 A(Z,9)](2).

Tzt d, cymecrser Takoii ciosapupiii mporowren P(Z), uro |d| < [P(?)]. U3 (2) nonyuum
Th(A) = VZ[~A®) O Vlgp(j)l—'_é\kAi(f,y)], rorma Vi@l ‘é\kAi(E,y) € T'(e), Torma A = ﬁ_é\kAi(aE) -

IPOTHBOpEYHe, CIeIoBaTeTbHO MEOKecTBO ipeanoxennit Th(A) + Ag + —A(¢) - coBmecTHO.
C

Iycrs M = Th(A) + Ag_ + ~A(€), Toraa nonyuum Az € M u M = ~A(C), roraa A = ~A(c), creposa-
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teapro Th(A) +I'(¢) = —A(¢€), rorma Th(A) = A Q,(¢) D ~A(©), rae Q,(¢) € I'(¢), Torma

j<m

Th(A) £ A (@) > -A(@).

Nwveem 7Th(A) E-A(T) D 4\ Q,;(z), rorma Th(A) = -A(T) = 4\ Q;(T), roraa
Th(A) E - é\ Q;(7) = A(T).

Jlokazxkem, uto m3 (2) caemyer (1). Iycrs 2A = Th(A), @ € A, b € Az, M |= Th(A), taxas, aro Ag C M u
2 = A(b).

Nwmeem: ais dbopmynsr A(T) cymiecTByer takast orpanndentas 3 dopmyna B(T) s3wika a3pika L(U),
gro Th(A) | VZ[A(T) = B(T)], yuursBas, 2A = Th(A), nonyunm A = VZ[A(T) = B(T)|, rorga
2 = A(b) = B(b), yaurosas A | A(b), nonyuum A = B(b), torna Az = B(b), yuursaz, uro B(T) -
orpanmuennas 3 dopmyna, Ag C MM u b € Mg, moayanm IN |= B(b). Uz M |= Th(A) n
Th(A) E VZ[A(Z) = B(7)] nonyanm M = VZ[A(T) = B(T)], Torna M = A(b) = B(b), Torna M = A(b).

Sameuanne. Ananoruuno reopeme 6.6, Joka3biBaercs reopeMa s orpanudentoi ¥V dopmyist A(T) cur-
warypsl PPr as teopun Th B s3wike L.

Sameuanme. Anasoruduo teopeme 6.6, J0KazbIBaeTCs TeopeMa s orpanudentoit V dbopmysnbl A(T) B
s3pike L(U) curnarypsr PPr(U) nus teopun Th(U).

Teopema 6.7. [ljia jmo6oro opakyna A, moboit orpanudennoii V dbopmynst A(Z) a3eika L£(U) curnarypbr
PPr, cienyroriue ycaoBusi paBHOCHILHBI:

1). Jdast mo6oit momenn 2 = Th(A), moberx sneMenTos @ € A, mo6bIx amemenTos b € Ag, ecmn g = A(b),
torga ams moboit momemm B = Th(A) taxoit, ato B D Ag, sepro B = A(b).

2). s mro60it mozesn 2 = Th(A), mobbix snementos @ € A, nto6bix saementos b € Ag, ecmu Ag = A(b),
roraa Th(A) + Ag_ A(b).

3). Hua dopmyssr A(T) cymecrByer orpanudentas 3 dopmyna B(T) curnarypst PPr, uro
Th(A) F VZ[A(Z) = B(Z)](pasrocunsrao WordMy = VZ[A(T) = B(T)]).

HokasaresbcrBo. [JokazarenbcsBo (1) < (2) - npocroe. JokaxkeM, uto u3 (3) crenyer (1).

Hycts 2 = Th(A), @ € A, b € Ag u Az = A(b). Ilycrs B |= Th(A), takas ato B D Ag, [as nexoropoit J
bopmynsr B(T) curaarypst PPr uvmeem Th(A) - VZ[A(Z) = B(Z)], Torna B = A(b) = B(b). Ipeanonoxnm,
gro B = —A(b), torma B | -~B(b), yaursBag B O Az u 10, ur0 —B(T) - V dopmyna curmarypsr PPr,
nomyanm g = ~B(b), rora A | —B(b), yuursisas, uro A = Th(A) u
Th(A) + VZ[A(Z) = B(T)], nonyunm A = A(b) = B(b). Popmyna A(b) = B(b) - orpanmvennas, Tora
g = A(b) = B(b), yaurssas gz = A(b), noryanu Az = B(b), nomyanmm mporusopeune, Torma B = A(b).

U3 reopemsl 6.6, ciaenyer, uro u3z (1) caenyer (3).

42



Sameuanme. Ananoruyno reopeme 6.7, J0Ka3biBaeTcsd TeopeMa i orpanudentoi V dopmyist A(T) cur-
warypsl PPr mis teopun Th B s3wike L.

Sameuanme. Anasoruyuo teopeme 6.7, J0Ka3bIBaeTCA TeopeMa s orpanudentoit V dbopmymnsr A(T) B
aspike L(U) curnarypst PPr(U) mia reopun Th(U).

3ameuanmne. Vcnonb3ys yreBepxkaenue 6.3 u teopemy 6.7, MOXKHO JOCTATOYHO MPOCTO JOKA3ATH TEOPEMY
4.5[12 p.469].

Teopema 6.8 Ilycts mst Teopun Th BeIMONHSIETCST BTOPO# MyHKT Teopembl 6.7 B st3bike L, Ijs JTH000#
orpanuvenHoi V dhopmyssl curaarypst PPr.

Hycts 2 = Th(U), @ € A, b € Ag.

Iycrs gas popMmyb V!UP(I”(I)(E, y) = A Bepuo A E VLP(E”(I)(E, y) = A, rme & - byHKTOD CHTHATYDPHI
PPr(U), rorma Th(U) + Ay F VIP® 35, y) = A.

Dopuyna VE[VE Dla(z, 2) = A = VIF@N(@)*(Oy(expp (|P(T))]), F, u)) = A], npunaexur teopuu Th(U),
re P(E) - IOAXOIAIIMIA CJIOBAPHBIA MHOTOYJIEH, TOLA,
Th(U) - vz[vl" P (z, 2) = A = Vif D(@)*(0y(expp ([P (2)))), Z, u) = A], Toraa
Th(U) - [VF®lo, 2) = A = VIF® (@)% (0y(expp([P(B)])), b, u) = A](1) Boraucanw: [P(B)] = d,
expp(dy) = dg, Oy(dz) = ds, Torma A’ = VLP(E)‘(Q)*(dg,E, u) = A, rne A’ - obeauenue mozxeu A a3vika L(U)
J10 Mozenu si3bika L, Torga Th + Ag[la;d(z F VLP(E)‘(@)*(dg,B, u) = A, yuurbiBas PaBeHCTBO
Ou(ds) = d3, nonyunm Th + Aﬁlg;d2+{@u(dz):d3} = Vlup(g)‘(@)*(@@(dz),g, u) = A, yuurbisas
(Bu(dz) = d3) € Ag,,,, momyanm Th + Ay, + V‘UP(E)‘ (®)*(Oy(da),b,u) = A. Yunresas
Th F VaVylexpp(z) = y = EXPy(z,y) = Al u Th F V2Vove|[o/ (Z,v) A EXPp(z,v) = A D & (Z, expp(x))],
nomyanm Th + Ag,, F Vlup(g)‘ (®)*(Ou(expp(di)), b, u) = A, yuanrssas |:~P(5)| = dy, moxyuum
Th + Ag,., - Vi (@) (Ou(expp([P(B)))), b,u) = Al, yaursimas(1), notyums
Th(U) + Ag,.,, F VY ®10(®, ) = A, rorma Th(U) + Ay - vF P 0(5,4) = A.

Sameuanue. DTy TEOpeMy MOKHO PACIPOCTPAHUTD HA JII0OYIO orpuuyennyio V ¢popmyiy curnarypst PPr(U).

Teopema 6.9. Ecinu gnsa reopun Th s mo6oit orpanndenoit V - ¢hopmysbl s3biKa L BBIIOIHIETCS Tep-
BBIN TyHKT TeopeMbl 6.7, Torma s jwoboro opakysia A, ans mwo6oit orpanuyenoii V - dbopmyast s3bika L(U)
curtarypbl PPr(U), nys reopuu Th(A) Takke BBINOJHAETCS MEPBBIA MYHKT 3TOH TEOPEMBI.

HoxkaszaresbcrBo. [Iycrs @ - upoussosububiit 4 1 - mecrubiit byukrop, curuarypsl PPr(U) a3pika £(U).
IIycrs P(x1,...,2,) - TPOU3BOJBHbINA CJIOBApHbIH MHOTOUWIEH. JIoKaykeM Teopemy Juist (DOPMYJIbl BHIA
Vlzp(zl"“’x”)lil)(xl, cey T, 2) = A

Hycrs 2 = Th(A), @ € A, b € Ag, A = V‘ZP(Z)‘[CD(E7 z) = A], nokaxewm, aro V M = Th(A), raxoii, uro
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M D Az, sepro M = VIEO[@(5, 2) = Al.

IIycres A’ - ob6enmenune momesn 2 s3vika L(U) mo momenn aswika L.

Cocrasum Teopuio Th(2(,) 8 (em.[9, crp. 130]), nanee cocrasum repuio Th(A(,) + Ao, 1€ M - obeqnenue
mozenn Mg 10 a3biKa L. JTa Teopus IPOTHBOPEYUBA WM TAKOBOI He ABgeTcd. [IpemosoKuM, 9To TeopHs
Th(A;) + Agn, - uporusopeuusa, torma Th = A A, (e, f) D =" AB;(&,h), tie € € Ag, Ai(e, f) € Th(,),
Bj(e,h) € Agyr, Torma Th ANAiE f) D ~ABj(e=), rorna Th - A A;(e, f) D Vz— A\ B;(e,z), Torna
A = Vz—- A\ B;(e,T). s h MoKHO HOCTPOMTDH Takoii ciosapubiii Muorounen Q(Z), uro A’ | |h| < |Q(@)|,
rorma A | V%Q(E)‘ﬁ A\ Bj(€,Z), Torma, cormacno mynkTa 1 Teopemsr 6.7 nmst s3bika L, yaurssas AL C ML,
nomyunm ML = V%Q(E)Iﬂ A B;(€,T) - nporusopeune, cienosarembuo Teopust Th(A'y)+Agy - Hempornsopeymsa.
Ormerum, aro B Mogenax A u 9’ umerorcs caeapl OpaKyIbHbIX Bbrauciaenuit opakyina Ug u opakyna Ugy

IMocTopoum uHTEpIpPETAUIO OPaKy/ILHOTO cuMBosia U:

Ugy(a), ecmua € A;
U(a) =

Um(a), ecmma € Mg

O6o3HaumMM nomyuenHyto naTepnperanuio kak B. Cormacuo Teopeme 6.1. momyanm
N, | Th(U) + Th(A,) + Agy

Nmeem:

L', mecm,.

2. lng marenperamun Ag opakyabroro cumposa U B mMozenu 2 w 1y1s wHTENperanuu Bgy, OpaKyIbHOTO
cumBosia U B mogenu 9y Bepro Ag C By, (Vb € A Ugy(b) = Uy, (b)).

3. Jna nurenperanuu Agy,_ opaxkynapHoro cuMsosia U B Monenu Mg u ayia unTenperanuu By, opakyIbHOTO
cumBona U B momemn 9 BepHO Agy. C Bay, (Vb € Mz Ugn_(b) = Uy, (b)).

4. Tnsa moboro dynkropa ® aspika £ sepho Vb € AVe € A A = ®(b) = ¢ <= Ny = ®(b) = ¢, upu 3rom
ucnonbayercs (1), Torna sepro Vb € AVe € AVd € AU = (Os)*(c,b) = d <= M = O%(c,b) = d.

5. Ilns moboro dbynkropa ® sapika L£(U) Bepro Vb € A Ve € AU | Og(b) = ¢ <= My | Op(b) = ¢, mpu
sToM ucnosb3yercs (2,4), reopema 4.3, reopema 4.4, reopema 5.1 u Teopema 5.5:

A= Op(b) = cy <= A = (Op)*(ca.b) = ca A ey C Ag, Torma Ny = (Op)*(c.b) = ey A ey C By, , Torma
Ny E Op(b) = dy, C ey, Torma Ny = (Os)*(cu.b) = Op(b) = dy,, Torma Ny = Op(b) = dy, = cx

6. JIns mo6Goro dbynkTopa ® s3vika L£(U) Bepro Vb € AVe € AA = ®(b) = c <= Ny |= ®(a) = b, mpu aTOM
ucnoab3yercs (4,5) u reopema 5.1. Takum o6pazom nosyuum A C Ny, roraa Ny = Ay, rorma Ny = Th(U)+Ag,

yuurbiBas reopemy 6.8, nosyuum My = V‘ZP(E)‘ [@(b,2) = Al.

8Moxkno B3arh Teopuio Th + Ay
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7. ona mo6oro ¢dyurropa ¢ sa3pika L curaarypst PPr BepHO
Vb € Mg Ve € Mg Mg = ®(b) = c <= Ny |= ®(b) = ¢, npm 3Tom ncanomwayeres (1), Torma BepHo
Vb € Mg Ve € Mg Vd € Mgz Mg = (Oa)*(c,b) =d <= Ny = O4(cb) =d

8. Hust mo6oro dyukropa ¢ sasvika L(U), curnarypsr PPr(U) sepuo
Vb € Mg Ve € Mg Mg = Op(b) = c = M |= Og(b) = ¢, mpu 31oM ucmombayercs (3,7), Teopema 4.3, Teopema
4.4, reopema 5.1 u Teopema 5.5.

9. st mo6oro dyukropa @ s3wika L(U), curnarypsr PPr(U) Bepro
Vb € Mg Ve € Mg Mg = ®(b) = ¢ <= Ny |= ®(b) = ¢, npu sroM ucnombsyercs (7,8) n Teopema 5.1. Takum
obpazom nomyuum Mg C Ny, yuursiBas (6), noayuum Mg = VLP(E)‘CI)(B, y) = A, Torna
m = vE®la(B, 2) = Al.

IIpogosaxaem. Ilycrs A(z,21,...,2,) - npousBosibHas GeckBanTopHas ¢dopmyna curaarypbl PPr. g
57101 (POPMYJIbI MOKHO 1OCTPOUTH Takol n + 1 - mecrublit hynkrop P 4(reopema 1.6), uro
Th(U) - VZ,Vz[A(z,T) = ®a(z,T) = A], Torna mjst ar060ro coBapHOro MHoro4siena P(Z) BepHO
Th(U) Fvz[3F @ A(z,7) = 3P D@4 (u,7) = A]], a raxsxke
Th(U) F vz[vF @ A(z,7) = VIE@ D4 (u, 7) = A]], roraa
Th(U) - VP2, 5) = IO, (u,B) = A
ycrs A = VE®IA(2,B), rorma A = VIE®[@ 4 (4, 5) = A], rorza M = VIE®[@ 4 (u, ) = A, roraa
m = V@A, B) = A

st bopmysibl, KOTOpas uMeer Ba U 60Jiee OrPAHUYEHHBIX KBAHTOPOB V, 0KA3aTeIbCTBO IPOBOAUTCS aHA~
soruano. KoHer moka3aTeabCcTBa T€OPEMBI.

Teopema 6.10. Cymecrsyer Takaa unreprnperamus A dynkropa U, aro NP(A) # co— NP(A), Torna nis
reopuu Th(A) He BbinOIHSIETCS TPETHUIL IyHKT TEOpeMbI 6.7.

JokazareabcTBo. Paccmorpum Gopmyily Buja ngl[m = |y|&U(y) = A]. Jdna sroit GHopMyasl MOKHO
MMOCTPOUTH TAKYIO N - ajdaButHyo narepnperanyio A dyuakropa U, aTo mpu n > 2, aj1s ja1000if orpaHnIeHHON
Y dopmynst A(z,Z), curnarypst PPr, Beppo WordMy - V:WE[EILZ‘ [lz] = ly|&U(y) = A] = A(z, z)].

Koncrpykimst moctpoernst opakyiaa A nmeercs B[13, p. 437].

3ameuanmne. g ucancienus CalcEqu nocrpouts opakyn A, BecbMma mpocTo.

CaeacrBue. NP # co — N'P.

HoxkaszarenbcTrBo. lcnons3yem Teopemsr 6.5 - 6.10.

P.S. 4 pacnomarain MOKa3aTeNbCTEOM CIEIYIOMIETO COOTHOIEHNs KIACCOB caoxkuoctn P C (NP()co —

NP)?, 110/1X0/1, peLlienus K KOTOpoMy, jlaxKe He obo3Haded B pasjese "Juckpernas maremaruka'.
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The latest version of the presented study can be seen on the page https://logicproof.org
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IIpunaoxkenue

Cocrasum k > 3 mecrusiit dynkrop suna [JConcatlf[JConcatlf...[JConcatl} ,I¥]...]. Jua storo

dyuakropa B ucuunciaennn CalcEq BbiBogmMO paBeHCTBO

[JConcatI}[JConcatl} ...[JConcatI} ,If]...](z1...x;) = Concat(x;, Concat(xs, ... Concat(r,_1,7k)...)).
Iycrs Concat” = [JConcatIf[JConcatI} . ..[JConcatI} 1¥]...], npu k > 3, Torma - Concat®(zy, ... z) =
Concat(z;, Concat(zy, ... Concat(zy_1,z1)...)). Ipu k = 2, moaywim Concat® = Concat, - Concat?(z;, ) =

Concat(z, ) npu k = 1 Concat’ = I}, - Concat'(z) = z.
Hwmeen ([JConcatIf [ IF])* = [J(Concat)* T T (If_)*(I})*] = [J[JConcatT3I|TF 1 (IF_)*(1§)*] =
[JConcat(I}_,)*(I)*] = [JConcatI; ' I} 1], Torma

k+1

(Concat®)* = ([JConcatI¥[JConcatl} ... [JConcatIf ,I}]...]* =

[JConcatIs™ [JConcatI;™ ... [JConcatI’,zHIZﬁ] ...], Torma
- (Concat®)*(z1,zy,...,2411) = Concat”(zs, ..., 25 1)

Nnveem (Opraw,,.. v,))" = (J[Concat" ™ [JOa Wy, ... ¥,]Oy,,...,0,])*, Torma
(J[Concat" T [JOs T, ... ¥.]Oy,,...,04,])* = [J(Concat" ) IM ([ JOs U1, ... ¥.])*(Og,)*, ..., (O, )]
Hanee ([JOTq,... U))* = [J(Og) T (T)*, ... (V)*], Torma
F([JOsWy, ... UL * (1,2, ..., Tpy1) = [J(Oa) TFTH(W)*, .. (Ur)*](z1, T2, . . ., Tnt1), TODIA
F [ J(©@a) T (W), (W) ] (21, 22, s Tns) = (Oa) (a1, (U1) (21,22, o Tn)s - - (Vi) (21, T2, -, ),

Torja - ([‘]6"1)\1/17"'\Ilk’])*(xhx?w"amn-l-l) = (@é)*(xla(\Ill)*(zlax%"'79377.)7'"(\I]k)*(zlax%"'vxn))a TO-

rpa b (Opaw,,. w,) (T1,22,...,Tpy1) = (Concat™)*(z1, ([JOT1, ... UL])* (@1, 22, ..., Tpi1)
,(Ow) (x1, 22, ..., Tpt1), (Ow, ) (21,22, ..., Tnt1)), TOTIA
F (Opaw,,...wy)) (T1,22, ..., 2yt1) = Concat™ ! (([JO Uy, ... Up]) (z1, 22, ..., Tpt1),
(Og, )" (1,22, ...y Zpt1),- -, (O, ) (21, 22,...,2ny1)), TOTTA
FOuaw,,..v,) (@1, 22, ..., Tn11) = Concat"™™ ! ((0g)* (@1, (U1)* (21, Zos - - s Tng1), - - - (V) (1, 2y - . ., Tps1)),
(Ow,)* (1,22, .-y Tnt1),- .-, (Ow, ) (21, T2, ..., Tpy1)), TODLA
F (Ouaw,,.. v,) (T1,22,...,2,11) = Concat((Os)* (x1, (V1) (21,22, ..., Tnt1), .- (Tp)*(T1, 22, ..., Tny1)),
Concat((Oy,)*(z1,%2,.. ., Tnt1)s .- ., Concat((Og, _,)* (21,22, .-, Tnt1), -5 (Ow, ) (T1, T2, .-, Tpt1))s- -y )-
Haner ® - n > 1 - mecrrbiit Gynkrop, ¥y,..., Uy - (n + 2) - mecrabe pynxropbr. CocraBum HyHKTOD
[ROWy, ..., W] - (n+ 1) - mecTnprit. [To atomy dynkTOpy MocTponM GyHKTOP O[Raw, ... w,]-
Iycrs T = 21, ..., Tny A= [J[ROUy, ..., U ]I L I0ET

Uveem = (T, 2, u) = [J[ROTy,..., U JIT T2 I0ET)(7, 2,u) = [ROV, ..., U,)(T, 2).
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Mycts ¥; = [JConcat[JOy, I} 12, ... VNI, U, - (n+ 2) - MecrbIii dbyHTOD.

meewm: - U4 (Z, z,u) = [JConcat[JOy T2, . .. RN (T, 2, u) =
Concat([JOy,IT2, ... . I'TIN(T, 2,u), I'13(7, z,u)) = Concat(Oy, (T, 2, \(T, 2, 1)), u) =

Concat(Oy, (T, z, [ROV4, ..., VL](T, 2)), u).
Urak, b U;(T, z,u) = Concat(Oy, (T, z, [ ROV, ..., VL](T, 2)), u)

HyCTb G[R‘i"l’l,-uﬂl’k] = [R@@‘I;h ey \I/k}
Onpegensionine paBeHCTRA:

- Oraow,,. v, (T, A) = [ROs U1, ..., U] (T, A) = Op(T)

F Oraw,,.. v,y (T, Sk(2) = [ROsT1, ..., U](T,S(2) = V(T, 2, [RO V1, ..., Uk|(T, 2)) =

Vi(Z, 2, Opaw, ... v, (T, 2)) = Concat(Oy, (T, z, [ROVy, ..., V4](T, 2)), Oraw,

Nrak, nmeem ciiegyromue onpeiessionime paBeHcTBa A GyHTOpa @[Rq,q,l)wq,k] :
F Oraw, ... v,] (T, A) = Os(T),
F Olrow,,...,v,](T,Si(y)) = Concat(Oy, (T, 2, [ROVy, ..., Vi|(T, 2)), Oraw,,...v,](T, 2)), tie i <k,
F Oraw,,... v, (T, Si(y) = Oraw,,....v,)(T,y), vre i > k.
Hanee (\)* = ([J[ROUq, ..., T, JIPH2 L TE3))*.
(JR®Ty, ..., U Iy t2 I = [J([R®Wy,..., U] I3 (P H2) . (1))
Myeem: = (N)*(y,Z, z,u) = [J([ROUy, ..., U] TIP3 (AP . (1)) ] (y, T 2, u) =
([ROW, ..., U)X (v, 7, 2,u), () (v, T, 2,0), o (D) (v, 7, 2,u)) = ([ROVL,..., U))*(y, T, 2)
Urak, H (A\)*(y, T, z,u) = ([ROVy, ..., V])*(y, T, 2).
(0;)* = ([JConcat[JOg, I} 2, ... . IMTINII2])* = [J(Concat)* I} 3 ([JOg, IT T2, ..., TMEIN)*(I13)] =

[J[JConcatB3IIy 3 ([JOy, 172, . IV EEA) (10 13)"].

([JOw I H2, . LN = [J (0w, I (I T2) . (1) (V)7

(V0w T2, T (v, T ) = [0, T2 (T2 (V) (v, 7 2u) =
(©w,) (I (y, 7, 2,u), () (v, 7, z,0), .. (LD (7,7 2,0), V) (¥, T, 2,u) =
Ow,)*(y,T, 2z, M) (y,T, z,u)) = (Ow,)*(y, T, z, [ROV1, ..., Vr])*(y, T, 2)).
Urak, - ([JO,I7T2, . IEIN) (v, T, 2, u) = (O4,)* (v, T, 2, ([ROV1, ..., U)) (., T, 2)).
= () (y, T, z,u) = [J(Concat) I+ ([JOw, 112, ... TN (L 13))(y. @, 2,u) =
[J[JConcatBII} T3 ([JOg, I7 2, .. TN (I E2) | (y, T, 2, u) =
[JConcat BT (I 4 (y, 7, z,u), (704 I1 72, T2TAN)* (v, 7. 2, 0), (I42)* (v, 7. 2.w) =
Concat(([JOy,ITT2, ... IV (y, T, 2,u), I113)*(y, T, z,u)) = Concat((Oy,)* (v, 7, 2, ([ROV1,..., U,])*(y,T, 2)), u).

Urax, F (\ili)*(y,f, z,u) = Concat((Og,)*(y,Z, z, ([ROY1, ..., V)" (¥, T, 2)), u).
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(Orraw,,...u,))" = (RO W1, ..., Wi])* = [R(Oa)" (¥1)",..., (V1)]
F (Oraw,, . w) (¥, T A) = (RO W1, ..., Wi])* (v, T, A) = [R(O2)* (¥1)",..., (¥)*](y, T, A) = (Oa)*(v,7)
F (Orew, . w,) (¥, T, Si(2)) = (ROa V1, ..., Wi])* (v, 7, 8i(2)) = [R(Os)* (¥1)*,-.., (¥1)")(y, T, Si(2)) =
(0)*(v, 7, 2, [R(Oa)"(¥1)", ... (T4)*)(y, T, 2) = (L))" (¥, T, 2, ([ROa V1., Ui)])* (v, T, 2)) =
Concat((0y,)* (¥, 7, 2, ([ROV1,..., Ui])*(y,T, 2)), (ROs V1, ..., U))*(y, T, 2)) =
Concat((Ov,)" (v, T, 2, ([ROVy, ..., Wr])*(y, T, 2)), (Otrew, ....w,))" (¥, T, 2)).
Nrax, = (Orow,....v,])" (¥, T, 8i(2)) = Concat((Oy,)"(y, 7, 2, ((ROV1, ..., Vi])* (¥, 7, 2)), (Orow,....v,)) " (¥, T, 2))-
Taxum o6pazoM Moy amm:
F (Orewv,,...v,)) (¥, T, A) = (0)"(y, ),

F (@[R'ZI)\Pl ,,,,, \I/k])*(Y7§7 Sl(Z)) = Concat((@mi)*(y,f,z,([Rq)\l’l,...,\I/k])*(y,f,z)),(@m@pl ,,,,, \I/k]>*(Y7§az>)7

= (Oraw,,...v,)) (¥, 7,8i(2)) = (Oraw,....v,)" (¥, 7, 2), upu i > k.

ITycrs Wy, ... Uy - 2- MmecTHBIE DYHTODBI, (@ - HEKOTpOe p— asdasurHoe coBo. Cocrasum GyHKTOp [RaVy, ..., U]
[ocrpoum GyHKTOP O(RAY, ... W, ]

[ycrs v = [J[RaWy,. .., Ui ]I3].

Uwmeem F vy(z, 2) = [J[RaVy, ..., V)13 (z,2) = [Ra¥y, ..., ¥](z).

ycts ¥; = [JConcat[JOy,I37|13].

meewm: - U, (z, 2) = [JConcat[JOy, I24]12](x, z) = Concat([JOy 127|(x, z), 13(z, 2)) =
Concat(Oy,(z,v(x, 2)), z) = Concat(Oy, (z, [Ra¥y,..., U](x)), 2).

Urax, F ¥,(z, z) = Concat(Oy, (z, [Ra¥,, ..., U)(x)), 2).

Iycts Oraw, ... v, = [RA\Ill, cel \i/k], TOrZIA,

F O Raws ..., v, () = [RATy, ..., U](A) = A,

F ORawy,...0,(Sk(@)) = [RAT, ..., W](Si(x)) = U(x, [RATy,..., Ui)(z)) = Ti(z, Ogaw,,...,v,) (7)) =
Concat(Oy, (v, [RaVy, ..., Vi](2)), Oraw,,...,v,(T))-

Nrak, mMmeeM ciieyioliye onpe/essioliue paBeHCTBa I GyHTOPa O[raw, ... v,
F Olraw,,..,w,(A) = A
F Olraw,,...,w,](Si(7)) = Concat(Oy, (v, [RaVy, ..., Vi]()), Oraw,,...,v,] (7)), Tne i < k.
F Oraw,.... v, (Si(2)) = Oraw, ... v, (@), tae i > k.
Brmumenm ompesiesstionye cooTHOMEHn 11 GyHKTOpa (O[raw, ... w,])* = ([RA\I71, R \i/k])*:

([RA\ijla cee \ijkD* = ([RCODStjl\(\ill)*, ceey (\Ijk)*]a

F ([RAW, ..., U))*(z,y) = [RConsth (T1)*,..., (¥)*](z,y),

50



- RConst} (¥1)*, ..., (¥;)*](z,A) = Const} () = A
- [RConst} (¥,)*, ..., (U3)*)(, Si(y)) = (¥;)* (z,y, [RConst} (¥,)*, ..., (U)*)(x,y)), Torma
- [RConsty (1)*,..., (Vi)*](x, Si(y)) = (Vi) (z,y, ([RAT1,..., Wi])* (2, y)),

F(RAD, . U)) (2, Si(y) = (00)* (2, ([RADL, ... Wi))* (2, ),

F (ORaw,,...w,))" (2,8i() = (¥:)* (2,9, (Olraw, ....w,)) " (T, 1)),

Hanee (v)* = ([J[RaVy, ..., 12",

()" = [JHIIL]

+ (I%)*(mvyvz) = [JI%I%I%]((E,y,Z) = I%(I%(mvyaz)vl:g(xvyaz)) =Y

F ([J[RaWy, ..., U ) (2, y, 2) = [J([RaWy, ..., U)) I3(12)*](, v, 2)
FJ([Ra¥y, .. O] L (1) (2, y, 2) = ([Ra¥y,..., O])* (T{(2, y, 2), (1) * (2,9, 2))
F([Ra®y,..., Up))* (B (2, y, 2), @) (2,9, 2)) = ([Ra¥y, ..., Ui])*(z,y)

F () (@, 2) = ([Ra¥y, ..., Ui])* (2, y)

(¥;)* = ([JConcat[JOy,I1]13))",

([/Concat[JOy, I{1]I5])* = [J(Concat) I3([J Oy, Ii7])* (I3)"],

(Concat)* = [JConcatI3I3],

([JOuw, 1)) = [J(Ow,) TE(I})*(7)"],

()" = [JRBL]

(I3)* = [JBLIL]

Uneen:

F @) (2,y. 2) = [JEBE](z,y,2) =y,

= (13)*(2,y, 2) = [JBBE](z,y,2) = 2

- (Concat)*(z,y, z) = [JConcatI3I3](z, y, z) = Concat(y, 2),

()" (2,y, 2) = ([JConcat[JOy, I{1]13])* (2, y, z) = [J(Concat)* I} ([JOy,1i1))*(13)*] (2, y. 2) =,
F([J0w,I]) (2,1, 2) = [J(Ow,) T (1)* (7)*](x, y, 2) = (Ow,)* (T} (z,y, 2), A})* (2, ¥, 2), (1)* (2,9, 2)),
F(0w,) @(z,y,2), @) (2,9, 2), (1)* (2,9, 2)) = (Ow,) (2,9, (7)* (2., 2))

= [J(Concat) I} ([JOy,137])* (13) ](2,y, 2) = (Concat)*(I(z,y, 2), ([JOuw,117])* (2, y, 2), (1)* (2, y, 2))
= (Concat)* (I (z,y, 2), ([JOw,Ti)* (2, y, 2), (13)* (2, y, 2)) = Concat(([JOw,I7])*(z,y, 2), 2)

- Concat(([JOy,I{1])*(z,y, 2), 2) = Concat((Ow,)"(z,y, (7)*(z,y, 2)), 2)

= Concat((Ow,)"(2,y, ()" (2,9, 2)), 2) = Concat((Ow,)"(x,y, ([RaVy, ..., Vk])*(z,y)), 2)-
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Takum obpazom moayInM
- (\i'l)*(x, y,z) = Concat((Og,)*(z,y, ([Ra¥y,...,¥])*(z,v)), 2), Torma

H (\i/l)*(xv Y, [RCOHSt}\(\ifl)*, LR (\I/k)*](xv y)) =

Concat((Oy,)*(z,y, ([Ra¥1, ..., U])*(x,vy)), [RConst} (T1)*, ..., (¥;)*](z,y)), Torma

F [RConst} (U))*, ..., (0)*](z,Si(y)) =
Concat((0y,)*(z,y, ((RaVy, ..., U])*(z,y)), [RConsth (¥1)*, ..., (Vr)*](z,y)).

Takum obpazom mMOJIydnm

+ (G[Ra\Ill,...,‘Ilk])*(x7A) =A

- (Ofrav..))" (2.5:(y)) = Coneat((Ow,)* (2,9, ([RaWy.. ... Wi])*(@.)). (Opraws....u))* (2.1)),
mpu ¢ < k.

F (Oraw, ... v,)" (2, S:(¥) = (Oraw,..,v,]) " (,y), npu i > k.

st siro6oro dpyukropa @ s Jit000ro HHTENPeTalOHHOrO MHOXKECTBa A 10KaXKeM
WordM, | Va©g (@) =~ B¢, (a).

Brimunrem 3uavenune omeparopa O:

JUIS UCXOIHBIX (DYHKTOPOB:

Sk, Z,d,Length, —, Concat, D, I}, U:
Os, =Z, 0z =7, 05 = Z, OLengtn = [JZ13], ©_— = [JZI3], Oconcat = [JZI3], Op = [JZI3], O1p = [JZI}],
Oy = [JciU].

s bysrTopa [JOWy, ..., U]

Ouaw, ..., = [JConcat" ™[OV ... U;], Oy, ...Og,].

st dyrakropa [RaWy, ..., Uyl

ORawy,. vy = [RAT1, ..., Ty,

A7 GpyHKTopa ®[R<I>\I/1 ..... U]

Orow, ... vy = [ROsT1, ..., Uy,

st sroboro dyukropa ¥ andasura £ Bepuo Va - Og (@) = A. Ilpu ucnosbzoBanuu npasuna [yncreiina
BepHO F Oy (T) = A.

Hokaxkem F Oy (z) = Ogy (2):

Oy = [JeliU], Og, = Oueniu] = [JConcat?’[JQCI}U]QI%@U], yaurbsas [JOJIIU] = [JZI1], Op =
[JZ1}], nonyuum Og,, = Oy, Torga - Oy (z) = Ogy, (7).

NuayknuoHHOe HIPEeAIIoI0XKEeHNe:

a. Ilycre mna dyrkropa ® sBepuo WordM, = VE[04(T) = Og, (T)].
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b. Ilycrs sy dynkropos W ..., Wy sepro WordMy = Vy1, ..., Vyn[Ow, (Y1, .-, Un) = Oy, (1, -, Yn)]

,Z[OK&)KQM WordM, ): Vyh s vyTL@[J@‘IJl ..... Wk] (yla ) yn> ~ G@[anpl Wk (yla s ay’n)

Nveem Opjow, ... v, = [JConcatk+1[J®q>\Ill, .o, U%]Oy,, ..., Oy, ], Torma

FOuaw,,..u,(7) = [JConcat" ' [JOs U1, ..., T ]Oy,, ..., O] ([F) =
Concat" ™ (04(T1(9), ..., V(7). Ov, (7). .. Ou, (7)) (A).

Borauncianm @[J@(b\plu_\l/k]:

OO0, .. 0, = [JConcatkH[J@@q)\Ill ... 9]0y, ...Oy,], Torma

- Oesv,...w,](7) = [JConcat" ' [JOe, U1 ... U]y, ...O,](7) =
Concat* "' (8¢, (1 (7). ..., V(7)), 00, (7). .. Ow, (7).

YunreiBas wHAyKIMOHHOE Tpeanonoxenne WordMy = VZ[O4(Z) &~ Og, (T)], nomyunm

WordM, = ¥7(0,s0,u, .,/(7) ~ Concat** (€ (¥1(7), ..., Ux(7)), Ou, (7). .- O, ()]

Yuaurbisas unaykmuonnoe npejnosnoxenne WordMy = Vyi, ..., Yy, [Ow, (Y1, .., yn) = Oey (Y1, .-, Yn)];
noyume WordM,, = Vg[Concat () 0,u,...w,)(7): Ooy, (7)) = Concat'™ (04 (¥1(7). - .. Vi(9)), Ow, (7), - - - O, (7)),
WordM, E Vy[Concat?’(G[J@(I,\I,lu_q,k](y), Ooy, (1), Oay, (7)) = Concat" ™ (04 (¥, (%),..., U(7)), 00, @), ... Ou, ()],
WordM,, |= vg[Concat™ (050, v,...0,](7), O, (1) Oou, @), -, Ooy, (1) =
Concat" (04 (¥(7),..., V7)), Ow, (7),... O, (7))], yaurssas (A), noxyanm

WordM,, |= V¥j[Concat* ! (O 6,u,..v,] (7). oy, (7), Oo,, (@), - -, Oy, () = Ouaw, ... v (7)(B)

Berancmm Og

eeuwl,...,\pk] = @[JCOncatk"'l[J@qﬂlll,m,\lik]@q,l,..‘,@\pk]

@[JCOncatk+1[J@q)\lll,...,\llk]@\pl,“.,eq,k] =
[JConcat* ?[JOconcarit: [JOaT1, ..., Uk]Ou, ..., 00,0 0,u,....v,]O0y, -, O0y, |, yaursBas
Oconcatk+1[JOa V1, ..., ¥;]Og,,..., O, | = [JZI}], nonyaum

Op. .. ) = [JConcatkH@[J@q)\pl,__,’\pk]Ggq,l ...,@@q,k}, TOTJI3,
aar...u) (@) = [JConcat" O 0,u,, w004, -, O0,,1(7) =

Concat*™ (O e, u,...0,)(7): O6u, (7). - .- Oey, (7)), yuutsmas (B)nory-umn

WordMy = V[0 4y, o)) = Olraw,,. v (Y)

Borancianm @@[RWI ‘‘‘‘‘ v = G[RG)«p‘ifl,...,‘ifk]'

Umeen V; = [JConcat[JOy, I7 12, ... TPTENIT).

Boranciamm @[J@)\pill‘”,--qlxﬁx\]:

O sy, 1142, 12N = [JConcat"*[JOe, I1*2,... I IINOpmsz, ..., Opr420,], yumreman Opnrz = [JZI ]
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HOJLY YUM G[J@‘Pil?+2"~~7121f)\] = [JConcat[JGG\PiI?H, S UsEPNCINE

Brramenum Oy .

O3, = Ol sConcat[ sy, 1772, 12N 2] =

[JConcat®[JOconcat[JOw, I} T2, . .. 7IZﬁ)‘]IZig]@[J@%I?“,...,Izjﬁx] 91213]’ yIHTbIBAs
[JOconeat[JOw I}, ... INTINIITS] = [JZIT?) 1 Oz = [JZI?] nomywmm
[JConcat®[JOconcat[JOw, Iy, ... . LIINL31O o, e 23 Orriz] = Oy, pre _prizy, TOIIA

Oy, = [JConcat[J@@q,in”, L IEIN e,

Nmeem:

_l_
@
=
o
=
2
=
—~
'
n
~
SN—
I
S
5
=l
“1\2
@
Y
o
=
2
=
—
&
N
=

- Oraw,,... v, (T, Si(2)) = [JConcat[JOy, IT 2, ... TV TENIN2](7, S;(2))
= G[R‘i"l’1,-~7‘1’k] (f, SZ(Z)) = Concat(@wi (T, z, /\(f, Z)), G[R‘I"I’17~--»‘I’k] (T, Z))

F Q6 nas,. oy (T A) = [ROe, U1, ..., U4](T,A) = O, (T)

F 0,y (7 8i(2) = Wi(T. 2,00 00y, o,y (7:2))

Nmeem &/1 = [JConcat [J@\i/,i I?“, e IZﬁ)\]Izg], TOrA

06 rou,....uy (T, Si(2)) = [JConcat[JOg I1 ™2, ... TN (T, 2,06 e, .. v, (T, 2)), TOTAR

06 nou,....uy (T, Si(2) = Concat([JOg 117, ... TN (T, 2, 90 na0, .0, (T 2)), T3 (T, 2,00 g,

- O6pmps, . uy (7 Si(2)) = Concat(Oy, (7. 2, A(. 2)), O6 upu,. . o1, (7 2)).
Nueem Oy = [JConcat[JOo, I1*?,... INTIN]0,], Torma

-0y (T, 2,u) = [JConcat[JOe, I1*?,... INTINOL](T, 2,u)

-0y, (T, z,u) = Concat([]®@% I?H, R IZﬁ)\] (T, z,u), O(T, z,u))

F©g,(T,z,u) = Concat(JOe,, (T,2,\(T,2)), O, (T, z,u))

i

2 2 2
I/IMeeM @)\ = @[J[R‘I)‘Ill,uw\I’k]]I;H—Q,...,I:/if] = [JCOncatn+ [J@[R@\I/17___,\I;k]1?+ geeey 1211]61?4—2, ey @I;Li?],
torna O = [JOraw, .., \pk]I?+2, .. ,IZﬁ], TOrIA,
— 2 27 /—
F GA($7 Z, U) = [‘]@[Rlbllll,“.ﬁllk]l?-i— PRI 71211]($, Z, ’LL), TOoTAa

FO(T, z,u) = Oraw, ... v,] (T, 2), TOra
F Oy, (T, z,u) = Concat(@e\pi (T, 2, \(T, 2)), O[raw, ..., w,], (T, 2)), TOTIA

wk](f, Si(2)) = Concat(Concat(@e\pi(f,z,)\(f, z)),G)[Rq>\1,1,m7q,k](E,z)),@@[Rw1 11111 \pk](T, z2)).

ITonseném urornu:
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F Olrow, ..., v, (T, A) = Os(7)

- Oe, (Z,A) = Og, (T)

ROW,,..., 0]

= Oraw,,...v,](T,Si(2)) = Concat(Oy, (T, z, \(T, 2)), Ogaw,.....v,] (T, 2))

IIpeamnonoxum, 9T0 BEPHO:

YaWordM, | O¢ (@) ~ Og, (@)
VavBvyWordM, = Oy, (@, 8,7) ~ Oe,, (@ ,7)
VavVfWordMy = Oraw,.....v,](@, B) = 96 ray,

WordM,, |= ©6 4y, ., (@ Si(8)) =

Concat(Og,, (@, 3,A(@, )), Concat(Orawi, .. v, (@ B3), T (@, B))), ucnosnb3ys MHIYKIMOHHOE IPE/I-
nosiozxkenue WordMy = Ogowi,... v, (@, B) ~ @@[RWI,_”)%] (@, B)), nomnyuum

WOI'dMA ': COHC&t(@[Rq;.\I;i"“’\pk](a, 6), @e[R<1>\I/1 \Pk](a,ﬁ)) ~ @[R‘P‘Pl,...,‘llk](av 6), TOoraa

,,,,,

WordM, E Concat(G)@\pi (@, B,\(@, B)), Concat(Orawv, ... v, (@, 5)799[%\1}1 11111 W(a, ) ~

Concat(@‘l’i (6767)‘(67 ﬂ))7@[R<I>‘P1 \Pk](a76))’ rorja WordM ': @@[R‘1>‘1’1 ..... \pk](a7si(ﬁ)) ~ ®[R<I>\I/1 ..... \I/k](aa Sz(ﬁ))7

roria WordMy = VZVz[Oraw, .. w,] (T, 2) ® O6 new, v, (T:2)]-

Ucnonp3yst vHAYKIUIO 110 TIOCTPOEHUIO (PYHKTOPOB M MHIAYKIMIO II0 ITOCTPOEHUIO apPI'yMEHTHOI'O CJIOBA, II0-

ayunm: s o6oro dyakropa ® Bepro WordMy | VZ[O4(T) ~ Og, (T).
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