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1. Overview

Optimizing ML Training with Perturbed Equations is a methodology for improving
machine-learning model training by introducing controlled perturbations into the
optimization equations. Instead of relying solely on fixed gradient-based update
rules, this approach injects stochastic or deterministic perturbations into the
learning process.

Perturbations help models escape sharp local minima, enhance generalization,
accelerate convergence, and increase robustness—especially in high-dimensional
or noisy optimization landscapes.

2. Core Concepts

2.1. Perturbed Equations

Standard gradient-descent update:

Ot+1=0t—nVL(0t)\theta {t+1} = \theta t - \eta \nabla L(\theta t)0t+1=6t—nVL(6t)
Perturbed update:

0t+1=0t—n(VL(0t)+ot)\theta {t+1} = \theta t - \eta (\nabla L(\theta_t) +
\delta_t)0t+1=0t—n(VL(6t)+5t)

Where

. ot\delta tot — perturbation term applied at step t

. Can be random noise, structured modifications, or adaptive corrections

« [Forces exploration of the parameter space and prevents premature
convergence

3. Types of Perturbations
3.1. Stochastic Perturbations

« (Gaussian noise
« Uniform noise
« DropNoise (dropout-like noise applied to gradients)



3.2. Structural Perturbations

. Modifying gradient direction
« Curvature-aware transformations
« Regularization-driven offsets

3.3. Adaptive Perturbations

« Noise intensity depends on training stage
. Automatically decreases as the model approaches convergence
« Can be gradient- or curvature-dependent

4. Problems the Method Addresses
v Faster convergence

Perturbations help escape narrow local minima and lead the optimizer toward
smoother regions.

v Better generalization

Noise acts as a regularizer, reducing overfitting.

v Improved robustness

Models become less sensitive to noisy or incomplete data.
v Enhanced stability in complex models

Useful for deep networks, large language models, and reinforcement learning
agents.

5. System Architecture
5.1. Components

Perturbation Generator — produces perturbations ot\delta_tot
Perturbed Optimizer — combines gradient and perturbation
Scheduler — controls perturbation magnitude over time
Stability Controller — prevents divergence

5.2. Training Pipeline



Forward pass

Compute gradient
Generate perturbation
Modify the update equation
Apply optimizer step
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6. Mathematical Formalization

6.1. Stochastic Perturbation

ot~N(0,ct2)\delta_t \sim \mathcal{N}(0, \sigma_t"2)5t~N(0,ct2)
6.2. Adaptive Perturbation

ot=atf(VL(0t))\delta_t =\alpha_t f(\nabla L(\theta_t))ot=atf(VL(6t))
6.3. Regularization-Driven Perturbation

ot=AR(0t)\delta_t = \lambda R(\theta_t)6t=AR(6t)

7. Implementation
Pseudocode Example

for t in range(num_steps):
grad = compute_gradient(model, data)
perturb = perturbation_generator(t, grad)
update = grad + perturb
model.params -= Ir * update

Compatible Optimizers

SGD

SGD with Momentum
Adam (with modifications)
RMSProp

8. Applications
8.1. Neural Networks

« CNNs



« Transformers
o« RNNSs/LSTMs

8.2. Reinforcement Learning
Perturbations boost exploration and stabilize policy learning.
8.3. Large-Scale Models

Useful in non-convex and high-dimensional optimization landscapes.

9. Advantages and Limitations
Advantages

Better generalization

Faster convergence in complex landscapes
Increased robustness

Easy integration into existing training pipelines

Limitations

« Requires tuning of perturbation parameters
. Excessive perturbations may slow convergence
« Adds variability to training outcomes

10. Usage Recommendations

1. Use stronger perturbations at early training stages.

2. Gradually reduce noise (noise annealing).

3. Combine with standard regularization (L2, dropout).

4. Prefer adaptive perturbations for large-scale or sensitive models.

11. Conclusion

Optimizing ML Training with Perturbed Equations provides a powerful, flexible
strategy for improving training dynamics in machine-learning models. By
introducing controlled disturbances into the parameter-update equations, the
method enhances convergence, stability, and generalization across a wide range of
architectures.



If you'd like, I can also:

. format this as Markdown,

« rewrite it as a scientific article,

« Create a presentation,

« or produce ready-to-use implementation code.

Mo0O0JIbIIIE

KoneuHo — HMKe Ipe/icTaBlIeHa paclIuPeHHAsl, 3HAYNTEILHO 0oJiee
NnoAPoOHAasi M yriIy0JéHHASl JOKYMEHTAUA HA AHTJIMICKOM SI3bIKE 110 TEME:

Optimizing ML Training with Perturbed Equations — Extended Technical
Documentation

1. Overview

Modern machine learning models—especially deep neural networks—are trained
using variants of gradient-based optimization. While effective, these methods often
suffer from several challenges:

« Getting trapped in sharp local minima or saddle points

. Slow convergence in high-dimensional parameter spaces
« Sensitivity to noisy or incomplete data

« Overfitting due to deterministic optimization trajectories
. Instability when training very deep or large models

Perturbed Equation Optimization (PEO) is a broad class of techniques that
incorporate controlled perturbations into the mathematical equations that govern
model updates. Instead of computing model parameter updates solely from the
gradient of the loss function, PEO modifies the underlying differential or
difference equations by injecting adaptive noise or structured perturbations.

The resulting training process becomes more exploratory, more robust, and often
more efficient.

2. Motivation and Background
2.1. Classical Optimization Challenges

Traditional training relies on the gradient descent update:



Ot+1=0t—nVL(0t)\theta_{t+1} = \theta_t - \eta \nabla L(\theta_t)0t+1=6t-—nVL(6t)

This method assumes smooth, well-behaved optimization landscapes, which is
rarely true in practice:

« Deep networks have highly non-convex loss surfaces
« Many local minima are “‘sharp,” causing poor generalization
« Loss landscapes contain extensive flat regions and saddle points

2.2. Perturbation as a Solution
By modifying the optimization dynamics, we can:

« Encourage exploration

« Escape sharp basins

« Smooth the optimization trajectory

« Introduce implicit regularization

. Improve gradient signal-to-noise ratio

Perturbed optimization is inspired by:

« Simulated annealing

« Stochastic differential equations
« Langevin dynamics

« Injected gradient noise methods
« Dynamic regularization theory

3. Theoretical Foundations

Perturbation-based training methods can be described through stochastic
differential equations (SDES):

dot=—VL(6t)dt+c(t)dWtd\theta_t = -\nabla L(\theta_t)dt + \sigma(t)dW _tdot
=—VL(6t)dt+o(t)dWt

Where:

« o(t)\sigma(t)o(t) controls perturbation magnitude
o dWtdW_tdWt is a Wiener process (Gaussian noise)

The discrete analogue used in training is:

0t+1=0t—n(VL(0t)+ot)\theta {t+1} = \theta t - \eta (\nabla L(\theta_t) +
\delta_t)0t+1=0t—n(VL(6t)+5t)



3.1. Categories of Perturbations

3.1.1. Stochastic Perturbations

ot~N(0, ot2)\delta_t \sim \mathcal{N}(0,\, \sigma_t"2)5t~N(0,ct2)
Used to:

Improve exploration

Avoid local minima

Simulate Bayesian posterior sampling
Improve generalization through regularization

3.1.2. Gradient-Dependent Perturbations
ot=atf(VL(0t))\delta_t =\alpha_t f(\nabla L(\theta t))dt=atf(VL(6t))
Examples:

- Noise proportional to gradient magnitude
« Directional noise orthogonal to gradient
« Noise shaped by curvature

3.1.3. Parameter-Dependent Perturbations
ot=AR(Ot)\delta_t = \lambda R(\theta t)6t=AR(6t)
Where R(6t)R(\theta_t)R(6t) is a regularization function such as:

o L1/L2 penalties
« Norm penalties
« Trust-region constraints

3.1.4. Adaptive Perturbations
ot=c0-g(t)\sigma_t = \sigma_0 \cdot g(t)ot=c0-g(t)
Typical schedules:

« Exponential decay

. Step decay
« Cosine annealing

4. System Architecture



A system implementing Perturbed Equation Optimization typically includes:
4.1. Perturbation Generator

« Produces noise or structured perturbations
. Can depend on gradients, parameters, or training iteration
« Supports multiple modes (Gaussian, Laplace, uniform, etc.)

4.2. Optimizer
A modified optimizer that integrates perturbations:

« SGD with perturbations
« Momentum or Nesterov
« Adam, RMSProp (perturbation-aware variants)

4.3. Scheduler
Controls perturbation strength over time:

« Warm-up schedules
« Annealing schedules
- Adaptive schedules based on convergence metrics

4.4. Stability Controller
Ensures perturbations do not destabilize training:

« Gradient clipping
« Norm-based constraints
« Bounding noise variance

5. Implementation Details
5.1. Pseudocode Implementation
for t in range(num_steps):

# Compute gradient
grad = compute_gradient(model, batch)

# Generate perturbation

noise = generate_perturbation(
step=t,
gradient=grad,



params=model.params

)

# Combine gradient and perturbation
total _update = grad + noise

# Take optimization step
model.params -= Ir * total _update

5.2. Example Perturbation Generators
Gaussian Noise

noise = torch.randn_like(grad) * sigma
Gradient-Scaled Noise

noise = alpha * grad * torch.randn_like(grad)
Orthogonal Noise

noise = torch.randn_like(grad)
noise = noise - (noise * grad).sum() * grad / grad.norm()**2

6. Applications
6.1. Deep Learning
Perturbed optimization improves:

« CNN training stability

« Vision transformer generalization
 Training extremely deep networks
« Avoiding vanishing gradients

6.2. Large Language Models
Perturbations help with:

 Stabilizing huge gradient updates
« Improving convergence for transformers
« Reducing overfitting during finetuning

6.3. Reinforcement Learning

In RL, perturbations can:



« Improve exploration

. Stabilize policy updates

« Reduce policy collapse in PPO, SAC, etc.
6.4. Bayesian Deep Learning
Adds approximate posterior sampling via:

« Stochastic gradient Langevin dynamics (SGLD)
« Noise-injection-based uncertainty estimation

7. Performance Benefits
7.1. Convergence Improvements

. Perturbations reduce sensitivity to local minima
. Improve movement through flat regions
. Enable smoother optimization paths

7.2. Regularization Effects
Perturbations act similarly to:

. Dropout
. Data augmentation
 Label smoothing

But operate at the optimization level.
7.3. Robustness Benefits
Models become more robust to:

« noisy datasets
« adversarial noise
« distribution shifts

8. Practical Recommendations

8.1. How to Choose Perturbation Strength

Model Type Recommended o
Small CNNs Low



Model Type Recommended o
Large CNNs Medium
Transformers Low—Medium
RL agents  High

8.2. Scheduling Strategies
Best practice:

« Start with higher variance
« Gradually reduce noise as training stabilizes
« Optionally increase noise near convergence for smoothing

8.3. Combining with Other Techniques
Perturbed optimization works well with:

« Dropout

. Weight decay

. BatchNorm / LayerNorm
« Learning rate warmup

« Gradient clipping

9. Limitations

Requires careful hyperparameter tuning

Excessive noise may destabilize training

Some perturbation types may slow convergence

Overly complex perturbation schedules increase implementation difficulty

10. Future Directions
Potential research areas:

o Perturbation learning (learning noise model jointly with training)
« Perturbation-aware optimizers (AdamPE, RMSPE, etc.)

« Hybrid deterministic-stochastic optimizers

« Curriculum-based perturbations

« Perturbation-conditioned architectures



11. Conclusion

Perturbed Equation Optimization represents a unified framework for improving
machine-learning training through controlled perturbations of optimization
dynamics. By integrating stochastic or structured variations into the update rules,
this method achieves:

« Dbetter generalization

. faster convergence

« improved robustness

« enhanced exploration

« smoother loss landscapes

The approach is widely applicable, computationally lightweight, and compatible
with modern state-of-the-art models such as Transformers, CNNs, and
reinforcement-learning agents.



