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AnHoTamuda. B 310il crarbe paccMarpuBaercs MHOOapaMeTpuiecKast
pacmpeseanTeabHas 3a7avda Ha MpocToM rpade 6e3 JTUMHUTOB Ha Tepe-
MeIeHust pecypcos. U njisi Hee ycTaHABINBAIOTCS HEOOXOJIMMbBIE U JO-
CTATOYHbIE YCIOBHS CYIIECTBOBAHNUS DEIIEHUIl B BU/IE HAOOPA JINHEHHBIX
OrpAaHUYEHHH, CBA3BIBAIOIINX [IPE/JIOZKEHHUs PECYPCOB U ITOTPEOHOCTH B
HOX. 3aTeM IPeIaraercs aJrOPUTM IIOCTPOEHHS BCEX HEe3aBUCHMBIX
JUHEHHbIX orpaHmdenuit. [lomydeHHbIi PE3yIbTAT 3aBUCUT TOJIBKO OT
CTPYKTYPBI HcxoaHoro rpada. BrisBiena cBA3b MEXKAYy OrpaHUYdeHUsI-
MU 337297 U ajredpandeckumu pererkamu. Tabu. 4, oubauorp. 24.

KurroueBsbie cioBa: JByI0/bHBIE TpadBbl, TPOCThIE rpadbl, MHOTOMIA~
paMeTpuydecKue OTOKH B CeTAX, PEIIeTKH.

BBenenue

B cratbe cTposiTcst siBHBIE aHAIUTHIECKNE BBIPAYKEHUSA /i 0BJIacTH [10-
IIyCTUMBIX OIPaHUYCHHUl y MHOTOIIapaMeTPUYeCKON pacHpelenTeIbHOR 3a-
Jlaqr B TPAHCIOPTHON CeTH Ha ABYI0JBHOM rpade.

DTa cTaThs SBJSETCS DA3BUTHEM DE3YJbTATOB cTaThbu 1| m comepKur
JaJabHeHmuil aHaans3 MHOTOIIapaMeTPUYeCKON TPaHCIIOPTHOM 3a/1a49U Ha JIBY-
noiapHOM rpacde. Pabora Bo3HUK/IA U3 NPAKTUYECKONH MHOrOMapaMerpude-
CKOIT 3a/1aun paclpesesIeHAs TPAHCIIOPTHBIX CPEeJCTB 10 IIPEABAPUTEIBHOMY
HEYETKO 33J]aHHOMY HAabopy paboT. DTOT MeTO/] TAKKE MOKET ITPUMEHSITHCSI:

- B 33ja4e aHaJu3a HACBIIeHUs oTpeduTeseil HabopPOM UMEIOIITUXCH Pe-
CyPCOB;

- B 3aJlade JIOCTATOYHOCTU PECYPCOB JJis MOKPLITHA HaOOpa 3a/aHHBIX
norpebHoCTel;

- B 3aJade PacrpeiesieHus OI0/2KeTa 110 PA3JIUIHBIM PACXOTHBIM CTATHIM;

- B 33a/Ja4€ TJIaHWPOBAHUA OITUMAJILHOTO CKJIAAVWPOBAHUA W XPaAHEHUA

3amacoB PEeCypPCOB 0 PACIPEIENeHNd UX 0 TOTPeduTe IaM.
[Mocnenngas 3aa4ua aKTyaATbHA, TP TIEPUOINIECKOM CO3TaAHNN 3AMACOB PECYP-
COB B TPYJHOJOCTYIIHBIX PEruoHaXxX, C KOTOPBIMU PETYIAdpHad, ITOCTOSAHHASA
CBS3b HEBO3MOXKHA. Pa3zpaboTka KaxKaoi 9Toi 3aga4um Tpedyer OTAeTbHBIX
WCCJIeJOBAHAN.
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B 910ii craThe s pacnpeaemTebHol ceru Ha, 1By 10 IbHBIX Tpadax (3a-
Jlada pacupeie/ieHnst Pecypea) yAaa0Ch Moy YuTh KOHCTPYKTUBHOE OIIUCAHNE
AHAJTUTUYECKUX BBIDAXKEHUH U 3P (HEKTUBHYIO BBIUUCIUTENBHYIO CXEMY TIO-
CTPOEHUS BCEX HE3ABUCUMBIX JIMHEHHBIX YCJIOBUI MEXK Y TTapaMETPAMU CETH.
CTpyKTypa U KOJUYECTBO JIMHEHHBIX YCJIOBUI HA MapaMeTphbl CETH 3aBUCUT
TOJIBKO OT CTPYKTYPBI UCXOAHOTO Tpacdha U MOITOMY YCTOHIUBO K BapHUAIIUIM
3aMacoB B MCTOYHUKAX U nOTpebHOCTEN v oTpeburesieii.

[lepen mocTpoenneM KOHKPETHOTO TJIaHA, MEPEBO30K 3a/a9a pacipesiese-
HUsl PECYPCa OT TIOCTABIIMKOB M0 MOTpebUTENIM TpebyeT IpeBapuTebHON
OIEHKH JIOCTATOYHOCTH 3AI1aCa PECYPCA ¥ KAXKJOT0 MOCTABIIUKA /s YI0BJIe-
TBOpEHUS BCexX NOTPeOHOCTEN B HEM, UTO SBJISIETCS 3ajadell [IaHuPOBAHUS.
T.e. HEOOXOMMMO PEIIUTH BOIMPOC CYIIECTBOBAHUS PeEIlleHusi y Oy/yiiei 3a-
Jlaqn pacupejiesieHns, a UMEHHO, COBMECTHA JIM CUCTEMA BCEX OI'DAHUYEHUi
Ha napaMmeTpsl 3ajauu. Hajmuune siBHOrO aHaJMTUYECKOT'O BHJA STUX Orpa-
HUYEHUN CYIIeCTBEHHO YIPOIIAET 3Ty 3a/ady, I03BOJIgeT IPUMEHUTh K Heil
3¢ deKkTUBHBIE BEIYUCIUTEIbHbBIE METOIBI. 1aK K€ CUJIBHO YIIPOIIAETCS MHO-
rorapaMeTpuyecKuil aHa M3 MCXOJAHON pacipenesanTenabHoil 3a1a4un. [Tosro-
My Pe3yJITaT 3TOTO MCCJEIOBAHUS NMEET W TIPUKJIAHOE TTPUMEHEHNE.

Sajaur aHATN3a TOTOKOB B CETAX MMEIOT H0Jiee YeM TMOJTYBEKOBYIO HC-
Toputo. B Kiaccmuecknx pyKoBOACTBaX [2—-8] paccMaTpuBatoTCs aaropuTMBbl
permennd CT&HI/IOHapHOﬁ 3aJa91 HaXO0XKJCHUA MaKCUMAJILHOTO ITIOTOKa B CETH
npu HUKCUPOBAHHBIX 3HAYEHWIX OTPAHWYEHWI Ha MOTOKH B pebpax, Bep-
muHax. B coBpeMeHHbIX paboTax CTPOATCI AJTOPUTMBI PEIeHud 3aJadu O
MaKC MOTOKE W ee pasjumdubie 0600mennsa ¢ (PUKCUPOBAHHBIMUA 3HATCHUA-
MU IpOIyCKHBIX crocobuocteit |[9-11]. TIpu ananuse 3a1a4 IIOTOKOB B CETSX
MCCTIe/0BATENN AKIEHTHPYIOT OCHOBHOE BHUMAHUE HA $IBHOM DEIIEHHH DKC-
TpeMaJIbHBIX 3aJiav O ITOTOKaX MUHAMAJBHONA CTOMMOCTHA U UX O606H_LEHI/IHX.

Bompoc cyrmectBoBanus perennii mponyCKaeTCs WK ABISIETCI TT000THBIM
PE3YJIBTATOM IIPHU PEIICHUN ONTUMHU3AIMOHHON 33/Ja4d ¢ KOHKPETHBIMU 3Ha-
YEeHUAMU OI'PAHUYCHUNR [12]. Ilosiabiit Habop ycsioBuil CyIliecTBOBaHUS TIOTO-
KOB B KOHKDETHOIl CeTH, KaK BUIHO W3 pe3ysabrara 2|, ecTh J0BOJTHO 6OJIb-
1110# HabOP OJHOPOAHBIX JTUHENHHBIX HepaBeHCTB. V KOHCTPYKTUBHOE BhIJEIE-
HUE U3 HUX TTOJMHOYKECTBA HE3ABUCUMbBIX HEPABEHCTB MPEJICTABAAET JOBOJIb-
HO CJIOXKHYIO 337a4dy. [o3ToMy mpu MHOrOTmapaMeTpuviecKoOM aHAJIU3E CETH
(Bapmaruu ee mapaMeTpoB) MPUXOIUTCS IPU KaXKJIOM 3HadYeHHM Habopa Ta-
pPaMeTpOB peraTh 3a/1a4y 0 MAKCHMAJbHOM TOTOKE IBOHCTBEHHOH ceTtn [2].
Ecth monbiTKu UCITOIB30BATH BAPUAIUIO [TAPAMETPOB B 3aja4e 0 PACCTOSHU-
ax B cern, HampuMmep [9]. B [13] mperararorcs Momem KpUTHIECKAX YPOBHEH
U MEPUOINYIECKON TTPOBEPKH, KOTOPBIE TIPEITIOIAraI0T KOHTPO/Ib 38 COCTOSHY-
€M 3allacOB U AJANTUBHOE IOMOJHEHNE WX MIyTEeM 3aKa30B, pa3Mep KOTOPBIX
OpEJIeIAETCsI B COOTBETCTBUHU ¢ BHIOpaHHOI crparerneii. B [14] paccmarpu-
BAIOTCSI BEPOSITHOCTHBIE MOJIE/N I IIPOIIyCKHOM crrocobHoCcTH pebep rpada
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MHOI'OII0JIb30BaTe/IbCKOM cereBoil cucrembl. B [10] paccmarpusarores: cuenu-
duIecKne SMIUPUIECKHUE CIIOCODOBI MOJCTMPOBAHNS U BAPUAINHU TaPaAMETPOB
B TOPOJICKUX TPAHCIIOPTHBIX ceTsiX. B [15] ncmos3yores HeueTkue mepeMe-
uele (fuzzy set) 11st mapaMerpoB TpaHcmopTHOl cetu. B [16] paccmarpuBaror-
CsI CETH C M3MEHsTIoIelicst cTpyKTypoii ux rpada. B [11] mais MmEOTOCTAIMIHOT
MOJIEJIA pacipesie/ieHnsT TPAHCIIOPTHBIX MOTOKOB IO CETH MCIOJIb3yeTCsT Me-
TOJ, BBIIYKJION OIITUMU3AINN.

Useectro [17], uTo M06y10 TPAHCIOPTHYIO CETh MOYKHO TIpeo0pa3oBaTh B
PaBHOCHJIBHYIO CETb Ha JIBYI0JBHOM Tpade. [loaromy nzydenmne takux cereit
npuobperaeT ocoboe 3HAYEHUE.

1. IlocTanoBKka 3amaydn

[Mpocroit rpad G = (X, Y, I') aro rpad, onpenensiemslit 1ByMs Hemepece-
KaIomuMucs MHOKecTBamMu X u Y ¥ MHOTO3HAYHBIM OTOOpakenunem [' MHO-
xkecrsa X B Y [8] (rmasa 10).

X ={zs, i=1.n},Y ={y;, j=1.m}. Hdyra (z;,y;) € G < y; €
FJJZ‘.

B kax10ii BepmmHe x; eCTh 3amac npogayKTa B Koaudectse a; = a(x;) > 0,
HOTPeOHOCTE KaXKI0M BepmmHe! y; 310 bj = b(y;) > 0. IIpomyckasre crocob-
HocTH Beex pebep Heorparmuenbl. CIpammBaeTcs, TP KAKUX COOTHOIICHHIX
MexKly mapamerpamu {a;} u {bj} Bech 3amac mpojgyKTa MOMXKHO Dacipeje-
JIUTH MEXKJIy MOTPEOUTENAMU, HACBITUB MX MOJHOCTBHIO. T.e. mpu Kakux Co-
OTHOIIEHUSAX MezKly napamerpamu {a;} u {b;} coBmecrna cucrema (1), rue

p(i, yj) —norox no ayre (i, y;).

bj =2 e(wiy;)
Ecmu nyra (z;,y;) ze upunagiexur rpady G, 10 ¢(x;,y;) = 0 u uckoya-
ercs u3 cucremsl (1).
Bynem paccmarpusarh cBs3Hblil rpad G. fcHo, 94TO OrpaHuveHus JJIst
HECBSI3HOTO Tpada ecTh 00heJnHEeHne OTPAHNYIEHTH IS eT0 KayK 10 CBABHOM
KOMIIOHEHTHI.

1.1. CsoiicrBa orob6pakenusi I'. B [8] ykazano, uro I' umeer rakue
CBOHCTBA:

(1) X1 - XQ = FXl - FXQ;

(2) P(Xl U XQ) =TX,UI'Xy;

(3) P(Xl N XQ) CI'X;NnI'Xs.
B mocaemmem croiictse Bo3Moxuo X1 N Xo = &, vo 'X1 NT' Xy # &. Ecan
xe X1 N Xy # I, 10 F(Xl N XQ) =T'X;NI'X,.
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2. Cucrema HepaBE€HCTB Ha IMOTOKU

Chauasia paccMorpum cucremy (2) u ycji0Bust €€ paspernmmMOCTH.
{ a; < Zj So(xiayj) (2)
bj = 22 (i, yj)

B ganHOM CIydae cucTeMbl HEPABEHCTB MPOJAYKTOB Y MOCTABIIMKA C W3-
OBITKOM U MBI MOXKEM YJIOBJETBOPUTH BCE 3AIIPOCHI OTpeduTe 6.

[TpOTUBOIIONIOXKHAST CUCTEMA HEPABEHCTB OTPEIEIAET CIIyaii, KOra npei-
JIOZKEHUE TIPOJYKTa OIPAHUIEHO, BOSHUKAET ero gedunut. IT0 BOZMOKHO IIPU
HOBOM HPOJIYKTE, TOJBKO YTO BBIILYIIEHHOM Ha PBIHOK. AHAI0rn4aHo jgedu-
T (DUHAHCOB YaCTO BOBHUKAET B 33/1a49aX O pKeTHpoBaHnd. PaccMoTpenne
9TOTO CJIyYasd TEXHUUECKN CBOJIUTCA K TPEILIIYIIEMY CJIyIaro.

Homonuaum rpad G 10 TpaHCIOpTHON ceTn S, 100aBUB BXOJ S, BHIXOM t 1
ayru (s, z;), (y5,t),i = 1l.n,j = 1.m.

Kazka0it jiyre mocTaBuM B COOTBETCTBUE Mapy YHUCE] — HUXKHIOI U BEpX-
HIOIO TPAHUIIBI TOTOKA 110 9T0dt ayre. [a (s, x;): (a;,00), mas (x4, y;): (0,00),
s (y;,t): (0,b5). Torna cucrema (2) paspermnMa <= 3 HOTOK 1O cetn S.

B [6-8, 18] umeerca Takas

Teopema 1 (Hoffman). ITycts kaxka0fi gyre u HEKOTOPOH TPAHCIOPTHON
cern orHecenbl ABa resbix yncaa a(u) nb(u) [0 < a(u) < b(w)]. Iycrs X — ce-
MeHCTBO TeX MOAMHOXKECTB MHOXKECTBA, BCEX BEPIHH CeTH, KOTOphIe Jub0 He
conepkarT HE S, HEA t, 1ub0 coxep:kar s u t ogaHoBpemerHo. CyIecTByer moToK
@, yaosmaersopsiroruii yeaosuro a(u) < ¢(u) < b(u), Torga u roapko Toraa,
xorga b(U; ) > a(Uzr) s Beex L€ N, Brecy U, — ayru, 3axonsmue B L,
U} — ayru, nexonamme us L. g mo6oro nabopa ayr U a(U) = 3 a(u),

b(U) = >y b(u).

3ameuanue 1. Ilpsavoe ucnosrp3oBanue Pe3yabTaTa TOH TEOPEMBbI PU-
BOJHUT K MOCTPOEHUI) IKCIOHEHIUAJBHOINO YHUC/Ia OUPAHUYEHUI, MHOTHE W3
KOTOPBIX 3aBUCUMBI JIPYT OT Apyra. st paccMaTpuBaeMbIX B 9TOW CTAThe
ceTell 9MCI0 ITUX OTPAHWYEHUH B OOJIBITTMHCTBE CJIy9IaeB OyIeT Pe3KO COKpa-
ITEHO.

st mameit 3a1a9u yobHee BMECTO MHOXKeCTB L pacCMaTpuBaTh MHOXKE-
crea D = S ~\ L roro e Tuma, 4ro u B Teopeme Boime. [ mux b(U; ) =

+ + —
b(US) na(U;") = a(Up). Torma HepaBencTBa T€OPEME! IPHHUMAIOT BHJ

- +
a(Up) <b(UR) (3)

HaGop mepasencrs (3) 3amaer HAbOp OrpaHnvenuii MK Iy napaMeTpamu
a; n b;, mpm KOTOPHIX cucTema (2) paspemunma. Kaxoe orpanndenue ompe-
IeIAeTCa CBOMM MHOXKeCTBOM D.

Kakwue muoxkecrBa D mmeer cMmbica paccmarpusBarh?! Ilpexae scero, D
IOJIZKHO OTIPEIe/TaTh HeIryCcToe orpannyienue. /laree, Bce b(Ug) JTOJIZKHBI OBITH
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KOHEYHbI, nHa4e npu 6eckone HoM b(1) MOy YMM TPUBHAJIBLHOE OIPAHUYEHUE,
Te. Bee (s,2;) € Up u (x;,y;) ¢ U,. Kpome toro, ecim u = (x;,y;) € Up,
to a(u) = 0 u He JaeT BKJIAJ HUA B OJHO u3 orpanndenuii. [losromy cunraem,
aro Bee (x4,y5) ¢ Up.

Oupegesienne 1. Orpanndenue (MHOKecTBO D) 6yeM Ha3bIBaThH CyIIIE-
CTBEHHBIM, €CJIH OHO 00/1a/1aeT YKA3aHHBIMU BBIIIIE CBOMCTBAMU.

Haitsem ycsioBust, npu KOTOpbIX OrpaHuderus (3) CylieCTBEHHDI.
JlemMma 1. Ecau orpanmuenwne cyiiectsenno, 7o x; € D <= T'x; C D.

JOKABATENLCTBO. Ecin 2; € D u y; € I'zy, wo y; ¢ D, 1o (z4,y;) €
UB, b(z,y;) = oo u orpanudenne gias D mecymiecrsenno. Iomyunmm mpo-
THBOPEYNE.

Ecmu I'e; € D wx; ¢ D, 1o Jy; € T'z; C D. Torpa (z;,y;) € Uy, aro
IIPOTUBOPECYUT CyH_[eCTBeHHOCTI/I OrpaHUYICHNA.

Urak, mrsa xkaxgoro x; € D tak ke u I'e; € D u waobopor. Jlemwma 1
JIOKA3AHA.

Jlemma 2. Ecaw orpanmdenne cymecrsernso, 1o D C G.

JOKABATENBLCTBO. Ecu s € D, t € D ux; ¢ D, 10 (s,2;) € Uf u
orpannuenve qig D HecymecTserHo. [lomyannm mporuBopedne.

Ecm s € D, t € D u Vz; € D, To, mo npenpiaymieit semmve, ['(X) =
Y CDuD =S5 HoyS #Her BXogdanmx U UCXOIANNX YT — OrPaHAYIEHNE
OTCYTCTBYET, XOTSI OHO JOJI?KHO OBITH CYIIECTBEHHBIM.

T.x. mo Teopeme 1 s,t OXHOBPEMEHHO BXOASIT WJIW HE BXOAST B D, TO
Hymem cuntarth, uro D C G 6e3 moTepu Kakux Jnb0 orpanndenuii. Jlemma 2
JIOKA3AHA.

fAcno, uTo 114 Beex x; 'z # @ n nng Beex y; dx; Takoe, uro y; € I'z;.
Wnaue Bepmunbl T;, y; BUCAYNE, HE yIaCTBYIOT HE B OJHOM OI'DaHHYCHHU H
UX MOXKHO HE yUIHTBHIBATD.

Vreepxkaeuune 1. Orpanudennst (3) CyNmecTBeHHBI TOTJa U TOJBKO TO-
rma, korna D CGux; € D < T'x; CD.

JIOKABATEJBCTBO. B npamyio cTOpoHy H0Ka3aHO B MPEABIAYIIAX JIEM-
Max.
Ecn D C G, {z;} € D, T{a;} € Do Up, = {(s,2:)}, Uy = {5, t)ly; €
I'{z;}}, orkyma a(s,x;) > 0, b(y;,t) < 00 um OrpaHmYeHHE CYIECTBEHHO.
Yreepxkaenne 1 mokazaHo.

HOI/IH.[QM CJIydan, KOTJa OAHW OTPAHWHYCHUA ABJAIOTCA CJACACTBUEM IPY-
THUX.
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Yreepxkaenune 2. Ecim I'X; = I'X; = Yy, 1o orpanmyenne, coorser-
creyromee Dy = {X; U X;, Yy}, cunbree kaxoro ms orpaHmdeHnii Jyis
Dk: = {Xk71/b}7k € {,Lv]}

HOKABATEJNBCTBO. Orpanndenud mjia Dg, Dy umeroT B

2oxux, O < 2y, br
Zxk ap < ZYO br

Tak xaK >y, ap < X x,u X, Gp; TO TIOJyHaeM Tpebyemoe. YTBep:KIeHUE 2
JOKa3aHO.

3ameuanue 2. [losromy misa Bcex X; ¢ omamm obrmum I'X; 6yaem y«uan-
TBIBATH TOJBKO OTPAHWUYEHNE, COOTBETCTBYIOIIEE O0BEINHEHNIO TaKuX X; C
Dinax(Yo) = {UX;, YoII'X; = Y0, VX; € X, Y C Y}

Yreepxkaeuune 3. Eciun I'’Xg C I'Xy, to orpanuuenune s Doy = {XoU
X1,T'X1} cunpree orpannuenns {X1,1'X1}. B 1o e BpeMmst octaercs B cuie
orpaanuenne {Xo, ' Xo}.

HOKABATEJBCTBO. Ilo ycaoBuio I'X; = T'Xy U V7.
OrpanuHenust IMerOT BU ) | x, Lx, @ < 2_rx, Ors Dox, O < Dorx, Or D2ox, @ <
2_rx, br-
Ho >y, ap <D x,ux, Gp — TOTyHaeM TIepBoe yTBepK/IeHne.

dorxe O < 2orx, br T D ox, ap < Dox, Ap, OTKYZA CHeTyeT BTOpOe yTBep-
KIEHWe. Y TBEpXKIAeHNe 3 JTOKA3AHO.

Yreepxkaenue 4. Ecin X1 \NTXo #3, I'Xo\TX1 #20 u X1NXg #

@, 1o orpanndenns s {X1,TX 1}, {Xo, T X}, {X; U Xo, (X7 U Xo)}
He3aBHCHMBL.

HOKABATEJNBCTBO. Ilycts X1 N Xy = X, ' X =Yy, X7 NI Xy =Y7,
X NT'X; =Y. Torma X1 = X10U Xg, X2 = XooU Xy, 'X; =Y UY,
I'Xs =Y, UY, X7 UXs = X19U X9g U Xy, F(Xl UXQ) =Y1uUY, UY,.
I orpammienust oy ap < D opy, by Dox,8p < Xpx, bry Doxiux, @ S
ZF(XlLJXQ) by IPUHAMAIOT B Y\ 0ix, O S Doy, Uy Ors 22 Xa0ux0 @ S 2ov,uy, Ors
ZXloquouXo ap < ZYlL_JYQUYO by-.

Ho XpoUXo p S ZXH)UXQOUXO ap 1 Eykuyo br < ZYluYQUYo br, k€ {1,2}.
3HAYUT, UCXOIHBIE OT'PAHUYEHNS] HE3ABUCUMBI. Y TBEp:K/IeHNEe 4 JTOKA3aHO.

Vreepxkaeuune 5. Ecin I'’X1 NT'Xy = &, 10 orpannyenne s {X1 U
Xo, T'(X1U Xo)} sBasierca ciaencreuem orpanmyennit qist { X1, T X1}, {Xo, T' X},

JOKABATENBCTBO. Tak kak X1NXy = &,T0 3 v, x, G < D or(x,ux,) Or

PABHOCUIILHO )y Gp+ Y x, ap < Y px, br + D ry, br, T€. CyMMe orpanute-
muit g { X1, T X1}, { X2, T'Xo}. Vreepkaenue 5 mokazamo.
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Caencreue 1. Orpanumuenusi jgjs Bcero rpagpa G ecrtb 00bejquHEHHE
OrpaHmYdeHuit I KaxkKJQ0H ero CBA3HOH KOMIOHEHTHI.

JIOKABATEJIBCTBO. HemocpencrBenno ciaemgyer u3 mpeabiaymiero Y TBep-
KINEHUI.

3. Asaropurm

3.1. IIpeasapuresibuast obpadorka. CoriacHo mpeabIyIeMy pa3ze-
JIY TIOPOKIATH HOBBIE HE3ABUCUMBIE OTPAHUYIEHUA MOTYT TOJBKO TTOJAMHONKE-
crBa U3 X ¢ mepecekamuMuca ' MHOKecTBaMu. B 3TOM anroputMe Takue
OrpAaHUYEHUST CTPOATCS TOCIE0BATEBHBIM JobaBeHneM BepiiuH 13 X .

ITar 1. Tak kak Bce Ko3bbUIMEHTH B orpanndeHnsix (3) paBHbl 1 niu
0, To XpaHUM KazKj0e OTpaHIIeHne B ape OUTOBBIX CTPOK ¢ JJTHHAMEA 1 U 11,
e n = | X|,m = |Y|. Hymepanus 6uToB B 9TUX CTPOKAX WJIET CIPABA HAJICBO
U COOTBETCTBYeT HyMmepaiuu Bepiius B X . [is Kaxoro orpanuvienns: D; =
{auh lwa} T({za}) = {ya}} » crpoxu samocsres 1 u 1, te 1,1 ma
MmecTe t B cTpoke. /st Bcex orpaHWyeHul moyIaeM MacChB Hap OWUTOBBIX
ctpok R.

ITar 2. Inst rpada G crponm marpuiyy cmexuoctn M(G), crpokn Ko-
TOPOIt COOTBETCTBYIOT BepimuuaMm u3 X a CTOJOIBI - BepiinHaM u3 Y .

IMTar 3. Coprupyem marpuny M(G) sekcukorpaduueckn Mo CTPOKaM,
aT00BI BCe Bepiuubl u3 X ¢ ogunm [’ okazasuck psmom. [Ipoxoguv marpuiry
M (G) n 3amensiem Bce BepiinHbI T ¢ 0bumm [N 0HO# 1ICeBI0BEPIINHOMN z ¢
a(m,) = Yrag. lHonyuaem penyrupoBanubiii rpad e Hamee, nas yIporeHns
uznozxenus, GyaeM Bymecto G mmcaTs mpocto G.

ITar 4. Ins X rpada G BBOANM PACCTOSTHUE p MEXKY BEPITHHAMU I; :
p(xi,xj) = 1 mpn I'wy; NTx; # &, unave p(x;,x2;) = 0. Crponm cummer-
puunyio marpuny coceucrsa M(X) = M(G) x MT(G), a uo neit — rpad
emexnoctn QX = (X, {[xi, x5]lp (zi,2;) = 1}). 3mecy MT(G) — marpuna,
TpaHcrnoHupoBanHasg K marpuie M(G).

ITar 5. s rpacda QX crpoum marpuny cmexuocta Q(X): Q;(X) =
min(1, M;;(X)).

HTar 6. YnopsiounBaem Bce BepiuHbl rpada QX, mMpoxojs ero cruoco-
6owm moucka, B mupuny |5](22.2). Ilpu 9T0M Bee KOMIIOHEHTHI CBA3HOCTH rpada
QX 6yayT mpoiTeHbl MOCIEI0BATENBHO, OJHA 38 APYTOi.

3.2. OcHoBHoO 1mkJ. Ha kaxkgom 1mare B Maccue cTpok R mobariastem
BCe orpammdenns st x; B nogrpade QX; = {{xy}lk < j}, cawras [ro
orparudenus st Beex QX ¢ k < j y’Ke 3aHECEHBI B MACCUB CTPOK R.

ITukJt o Bcem x; rpada QX, (ureparms j):

Ilpenycaosue Maccur R mepes nmrarom j JIeKCUKOTPaUUECKH YIIOPSII0-
veH M0 OMTOBBIM CTPOKaM X, Ife KaxkKAas CTPOKa — HAOOp BEPIMH W3 TIOJI-

rpada X; = {{zx}[k < j}.
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Iar 1. [Ina sepmunnl x; Beibupaem u3 rpada QX oTcopTupoBanHbIil
CIIMCOK Prev_CONM BCEX CBABAHHBIX C HEll IPEAbIILYINX BepInt {T;|p (Tk, 2j) =
1,k<j},.

ITar 2. [To ciucky prev__conn monydaeMm m3 R oTCOPTHUPOBAHHLIN CIin-
COK OTpaHWueHuil prev_ limits, Kyaa BXOJST BEpIIUHBI U3 prev_conn. (JTo
MOXKHO CJIeJaTh 33 OJUH TPOXOM, TaK KaK MaccuB R W CIOUCOK prev_conn
YTOPSITOYEHBI OJIMHAKOBO).

IMTar 3. [dob6asisem B Maccus R orpammdenue {z;, ['z;}..

IMTar 4. [lo6asisem rexyee {2, 'z;}. Bo Bce orpannydenus ciucka prev_ limits,
paciupsist BJeBO CTPOKHM 9TUX OIPAHUIEHUIA.

HTar 5. Ecyiv B cuucke prev limits UMeOTCst OTPAHUYEHUS C OJIUHAKO-
BBIMH 4YacTdaMu Y, TO yOUpaeM U3 DTOr0 CIIUCKa TO OpaHUYeHUEe, KOTOPOe
OmKe K €ro Hadaury.

HTar 6. Ecyin yacts Y orpanudenus p u3 crucka prev_limits coBmajaer
c qacTbio Y y orpaHuveHus r u3 maccuba R, To ybupaem HCXOJHOE OrpaHu-
veHue r u3 maccusa R.

HTar 7. Jobasisiem cnimcok prev limits B KoHer maccuBa R.

IlocTycaoBue Ynopagouenrocts MaccuBa R coxpamsgercs.

Konerr ITukia

B xomre agropurma mosrygaem Habop CyIIECTBEHHBIX OTPDAHMYICHUN B BUIE
maccuBa R cTpykTyp U3 JIByX GMTOBBIX CTPOK.

Ecan rpad PEJIyIMPOBAH, TO BOCCTAHABIMBACM BO BCEX OrPAHHYTEHMSX
IICEBJIOBEPITUHBI z Ha YpT, IS KOTOPRIX ['ap = Iz

MaccuB R HemnocpeacTBEHHO OTODPAXKAETCS HA CHCTEMY JIUHEHHBIX HEpa-
BEHCTB Mexk Iy mapamerpamu {a;} u {b;}

Ala < Blb (4)

rae a u b— BeKTOpbI mapamMeTpoB {a; } u {b;}, A; — Marpuna pasMepoM si Xn,
Bj —Marpuria pasMepoM §1 X m, §1 — YUCJI0 OTPpaHUYEHNI.
Peanmusanust anropurma Ha si3bikax Python, Java mocrymma B [19).

3.3. Ananu3 ajaropurma.
Yreepxkaenune 6. AJIropuTM CTPOHT BCE CYIECTBEHHBIC OTDAHHICHHST.

JOKABATEJLCTBO. Ilo yTBepxkaeruto 1 Bce cylmecTBEHHBIE OTpaHUYe-
uus umeror sug { Xo, ' Xo}.

Ha wrepammu 1 mukia mis moarpada QX mMeeM TOJBKO OIHO CYIIE-
creernoe orpannvenne {x1, 'z}, Kotopoe nobasisiercs Ha mare 3.

[Ipeanonoxum, uro gyia moarpada QX;_1 B R BXomar Bce ero cyie-
CTBEHHBIC OT'DaHUYCHUA.

Ha nreparmu j na mare 3 8 R gobasumn {x;, I'z;}.

Pacemorpum moboe {Xo,I'Xo} ¢ Xo = {zp[p < j}. Hycrs X1 = Xo ~
{l‘j} = {xp‘p < j} X1 C Xo, torma I'’Xy C I'Xy mmbo I'X; = T'Xy.
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Ipu X7 € X {X1,I'X;} yxe 106aBI€HO HA TPEIBILYIIUX UTEPAIUAX U
{X0, I'Xo} = {XoU{x;}, I XoUI'X;} nobasieno na mare 4.

Ilpu I'’Xy =TI'Xy T'z; € I'Xp u dog ¢ ¢ < j Takag, uro ['vy NT'z; # @.
Nnave I'’Xo NT'x; = (Ulzg) NTaj; = Ug(Tzy NT2;) = @ — momyunan mpo-
THBOpeune. 3HAUUT, T4 cocell T;, {X1,'X1} orobpano na mare 2, {Xo,'Xo}
MTOJIY9IeHO Ha mmare 4.

B anropuTMe BLITOTHSATIOTCS BCe YVTBepxKAeHus 1-5. YTBep:xaenue 6 10-
Ka3aHo.

HezaBucumMmocTh CyIiecTBEHHBIX OrpaHUYe€HUL-HEPABEHCTB.

JIemma 3 (®@apkam [20]). Iycrs fi(x), fa(z), ..., fr(z) 1 fo(z) — ogHo-
POJHBIE JUHEHHBIE (DYHKIIHH 1M BEIIECTBEHHBIX MEPEMEHHBIX X1,XL9, ..., Tm-
Ipenmonoxum, aro coorroutenns f1(x) = 0, fa(z) = 0,..., fr(x) = 0 Bie-
KyT 3a coboii nepaserctso fo(x) > 0. Torya cymiecTByror HEOTpHUIJATEbHBIE
MTOCTOSTHHBIE A1, A2, ..., Ay, JJIST KOTOPBIX BBHITIOJIHSIETCS TOXKAECTBO A1 f1(T) +

A fo(x) + . + A fr(2) = folo).

Ecmu B memmve @apxkarina xkoddduiineHTs Becex (DyHKINI parnoHaIbHbIE
Tucra (y Hac OHU BCE PABHBI 1), TO U BCe \; PAIMOHATBHBI, T.K. JeMma Dap-
Kallla, COPaBe/InBa JJisl JE000TO YIOPSI0IeHHOTO moJist [21].

YMHOXKUB BCE \; HA HAUMEHBINNN ODIIUIT 3HAMEHATENb, MOJYUYUM yCJIO-
Bue @apkama B Buge Lqfi(x) + Lafa(z) + ... + Ly fr(z) = Lofo(x)., rue
Bce L; HaTypaJIbHBIE YKCJIA. Y BCEX CYIIECTBEHHBIX HEPABEHCTB-OI'DAHUYEHU I
BCe HeHyJieBble KO3 duiinenTr! paBhbl 1. [losTomy j1sd 3aBUCUMOCTH OHOTO
OrpaHUYEHUS OT JAPYTUX IPU B3ATHUU UX JUHEHHONH KOMOUHAINY C TIOJIO0XKU-
TeJbHBIMU KO(MDUIUEHTAME, Mbl JIOJIKHBI TIOJYYUTh HEPABEHCTBO, B KOTO-
poM Bce HenyseBbie KO3 UITUEHTH B 00enX CTOPOHAX PABHBI OTHOMY U TOMY
Ke HATYPAJIbHOMY YNCITY.

YrBepxkaeHue 7. Bce cymecTBeHHbIe HEPABEHCTBA-OI DAHUICHHIS JIHHEH-
HO HE3aBUCHMBI.

HOKABATEJBLCTBO. [lo mocTpoeHnIo aaropuTMOM CYIIECTBEHHOTO OT'pa-
HUYCHUs KaxKJasd TeKyllas BepIIHHa T; cocel B rpade QX mpenplmymeit
BepmuHLI £j_1 1 T.4.. T.e. Bce I'x; NT'zj_1 # @.

Homyctum, nmeercs HECKOBbKO (> 1) orpanuvenuil u HepaBeHCTBO fj 3a-
BUCHUT OT JIPYI'MX HEPABEHCTB.

Ecmu B fo BXOAMT TONBKO G, TO fi coorBeTCTBYeT Orpanndenuio {z;, 'z}

T MOZKET 3aBHUCETH TOJIBKO oT orpanmaernii suga { Xo, ' Xo, [{z;} C Xo,T'z; D
I'Xo}, aro BozmoxknO Tompko mpw I'z; = I'Xy n, mo 3amevannio 2, Takoe
{x;,I'z;} me BXOANT B YMCIO CYyNECTBEHHBIX.

Urax, mycTs aj u a1 € fo ¥ fo 3aBUCHT OT APYTHX HEPABEHCTB-OrDAHTICHNII

{fp}U{fq}U{fv-}a aj € {fp}U{fq}a aj+1 € {fp}U{fr}y b € I'ajNT'ajy1. To-
ra (XLp+XLg)a;j+(XLp+XLy)aj+... < (2L, + XLy + XL, )by +... w0
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BeIBOJY n3 temmbl @Paprama XL, +X Ly = XL, + XL, = 2XL,+ XL, +XL,,
orkyna YL, = YLy = YL, = 0. A 3naunr 1 Bce ucxounsie Ly = 0, T.K. OHM
HEOTPHUIATETbHBI. Y TBEPXKIEHNE 7 TOKA3AHO.

Omnenka uncja oneparuii. OCHOBHBIE 3JIEMEHTAPHBIE OMEPAIUU B aJi-
TOPUTME: TIONCK TTPEBIIYITEt BepImuHbI B rpade QX 71 CIIHCKa prev__conn
Ha 1rare 1; MOMCK 1O CTPOKE T OrpaHuueHuii B R Ha mrare 2; mMOWCK MO CTPOKe
y orpamuYenuil Ha marax 5,6; mobasnenue orpanundenuit B R Ha marax 3,7;
pacipenne orpannydennii B prev_ limits na mare 4.

[Tycte pnuna R mepex ureparmeil j pasHa rj_1. Torjga mopagox 4mcia
9JIEMEeHTapHBIX oneparuit Ha mare 1: j, na mare 2: < rj_1 log j, na mare 3: 1,
na mare 4: < rj_1, Ha mare 5: < rj_1logr;_1, na mare 6: < r;_1logr;_1, Ha
mare 7: < rj_1. Orcioga moaydaem r; < 2r;_1+1, 1.e. 1 < 27 —1. Yucio Bcex
onepanmii Ha urepamn j: < 2(27 —1)log(2/ — 1)+ (27 —1)log j+2(2/ —1)+1.

Bcero ncio omeparnit Ha BceX UTepannuax: < C’E?:ly j4+271logj+2 ~
Cn2", rne n = | X|, C koncranra. Yuciao orpanngenuit r < 2" — 1.

Kaxk 1mokazbiBaiorT HUXKECTeAYIONIHe TPUMEPDI, XOTS TTOJYIEHHbBIE OIEHKU
¥ JOCTHXKUMBI, HO JUANA30HBI pa3dpoca peasbHOro Jucia Omepaluii 1 orpa-
HUYEHUH BEChMa BEJIUKHU.

4. IIpumepsbl

IIpumep 1 (xkoudwuryparmus '1-17). X = {z;]i = 1L.n},Y = {y;li =
l.n},T'x; = y;. Anroputm obpabarbiBaeT KaKAyH CBS3HYH KOMIOHEHTY
rpada OT/IeJIBHO, CBsI3HASI KOMIOHEHTA COCTOUT U3 OJHOM JIYTH U THCIIO OTPa-
HUYIeHIH — n.

IIpumep 2 (xoudurypanus 'Hamop’). X = {x;|i = 1.n},Y = {y|i =
1.n}, Tz, = {y;]j = 1..4}. Tax xax Bce I'zj_; C 'z, To asropurm Ha mare
J orpaHmuveHue i j 0ObeIUHSET ¢ KOIHell OrpaHUIeH s, IOy 9eHHOrO Ha
mare j — 1. Beero orpannvenuit n: {{z;}, {y;}|i = 1.k}, k = 1..n.

IIpumep 3 (koudurypanus Tuna’). X = {z;li = 1.n}, Y = {y|i =
l.n+ 1}, Tx; = {yi, yit1}. Kondurypanust sipisiercs nmpocToit menso oT yp
70 Ynt1. ANTOpUTM HA KAXKIOW MTEpArMM AyOJIMpPYeT OrPDAHWUIEHHs, KyJa
BXOJJAT &j_1, BBOJS B HUX Zj + CaMo OTpaHnYenue A7 ;. Beero orpanmde-
Huit nosyuaerca 1 +2+ ...+ n = w

IIpumep 4 (koudurypanus 'Ilayk’). X = {x;li = 1.n},Y = {y;]i =
0.n},Tx; = {yo,v:i}. A scex Xg C X Bce I'X mepecekarorest mo yp, HO
passnanbl. [losTOMy Bcero orpaHwveHHil CTOTBKO K€, CKOJBKO U TIOMHO-
xectB B X. T.e. 2 — 1.
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4.1. Onuenka uucja orpaHudeHwuil. Ilpusenennbie nmpuMepbl KOHOU-
rypaguii ceTu II0Ka3blBAIOT, 9YTO POCT YUCJAa OIPAHUYCHUN MOXKET BaPbUPO-
BAThCA B BECHbMa TIIUPOKUX TPEJETIAX, OT JUHEHHOT0, 10 SKCITOHEHTTNAIBLHOTO.
Teoperudeckasi OleHKa MEPBI TOTO, KAK B CPEIHEM PACTET JYUCI0 OrpAHUYIe-
HUli, TpebyeT OTAESBHOTO PACCMOTPEHUS.

g monydenns mpubINAKEHHOM BBIYNCIUTENBHON OIEHKN CPEJTHEro YUnc-
Jia OTpaHuvYeHuil HeoHX0oANMMO 06pPabOTATh 3HAUUTEIBHYIO YacTh Habopa ceTeit
Kakroro-iubo pazmepa. B cern pasmepa n x m, tae n = |X|, m = |Y|, y kax-
no#t Beprmunabl w3 X ' MoxkeT 6bITh JHOOBIM TTOJIMHOXKECTBOM B Y, T.€. BCETO
2™ — 1. ObImee YUCI0 PA3JIUIHBIX ceTeli pasHO (2" —1)™ u ipu m = n uMeer
IIOP4AJIOK o’ IIpu n = 10 noayuaem nopaaok 2%, uro BeIXOAUT 32 IpeIeE!
BBIUNCJANUTEJILHBIX BO3MOXKHOCTEMH.

[MosTomy 06paboTaHbI TIOHOCTBIO CETHU CIEAYIONMX pa3Mepos (n, m): (3,3)
(3.4), (3,5), (3,6), (3,7), (4,4), (4,5), (4,6). TIporpamma pacdaera JOCTYITHA
B [19]. Pesysbrar nokasan B Tabamnax 1, 2, 3.

B tmabmmmax 3 u 4 F — maremMaTnyueckoe OXKUIAHWE KOJUIECTBA OTPAHU-
YEHUi [T KOHKPETHOTO Pa3Mepa CeTH, 0 — €0 CPEJIHeE OTKJIOHEHHE.

W3 stmx pacyeTroB BUIHO, UTO s ceTelt n X m mupu n < M MaKCHMaJIb-
HOE YHCJI0 OTPAHWYEHUN B KAXKA0U cetn paBuo 2" — 1, 9TO COOTBETCTBYET
TEOPETMIECKON OTeHKe TTYHKTa 3.3.

Ceru apyrux pazMepoB 00pabOTaHBI BBIDOPOTHO MyTEM CJIydailHON BbI-
6opxu, mosToperHoii 107 pa3 just KazK10ro pasMepa. Pe3ynbraTsl 9TuxX pac-
deroB nobapiennsl B Tabnumy 3 m nmokazamel B Tabawume 4. MakcumasnibHoe
9UCJI0 OTPAHUYEHUH 15T KarXK10# Takoi cetm Takxke paBHo 2" — 1.

B 1o ke Bpemsi BUIHO, 9TO CpeHee Uncao orpanwdennii F ¢ pazdpocom
30 #e mpeBocxoauT 1 X m. B aToT pazbpoc no HepasercTBy YebbITeBa BXOIUT
moutn 90% Beex ceTelt KOHKPETHOTO pasMepa.

[Tonyuennble pe3yabTaThl MOKA3BIBAIOT, UTO BO BCEX CJAydasX o KoOJeO-
nercst B ipegenax 20-25% or E HezaBucuMO OT pasMepa cetu. T.e. 3T0 110-
Ka3bIBAET, 9TO PACHpEe/eHNe JIJINH BCET/Ia UMEET XBOCTBI, KOTOPhIE MOTYT
TOJIBKO YBEJIMUUBATHCS, [MOKA HE JOCTUTHYT TEOPETUUECKUX T'PAHUI] MUHU-
myma (1) w makcmmyma (2" — 1). Ilocse 3Toro o HadHET yMEHBIIATHCS W
FE crabuwimsupyercs, Tak KaK paclpeje/eHue JJIMH OrPAHUYeHUN CeTH UMe-
eT KOoJI0KoI-00pazubiit Bu. Ho jocTudb 3T0r0 He XBaTaeT BBHIYUCIUTEIBHBIX
MOIITHOCTEI.

7

5. Cucrema paBeHCTB Ha TIOTOKH

a; = _; o(@i, ) a; 2 35 0(Ti,Yj) o
(oo = on{ g2 o



12 @. M. Kemuep

BHa“H/IT, OrpaHuYeHud AJid CHCTEMbl PaBE€HCTB COCTOAT M3 OFpaHI/IquI/H;’I
JJIsl CUCTE€Mbl HEPABEHCTB (2), n3y4yeHHbIe DaHee, u OrpaHudeHuii s ABoii-
cTBeHHOH ceTu S, y KOTOPOH, 110 CPABHEHHIO C CETBIO S, HALPABJIEHUS YT
u3MeHeHbl Ha obparHble, s — t, t — s. Orpanuuuresn 1o jgyram OyayT: JJist
(s, yj) 7 (bj’ 00), Juld (yj7 i) — (0, 00), ana (zi, t) —

(07 ai)'

B asoiicrsentoii ceru S rpad G = (Y, X, F/), e orobpaskenue I nBoii-
crBeHHO oToOpaxkenuio I', T.e. ayra (y;,x;)€ G > z; ¢ Flyj.

Orpanndenns Jjs ceTu S COOTBETCTBYIOT CJIydato M30bITKA ITPOJYKTOB,
a IJIsd CeTHu S - nedpunuTa TPOIyKTOB.

Orpanndennst juist S I[OJIy4aeM OIMCAHHBIM BBIIIE CIHOCOGOM M O6bEIN-
HIEM WX C OTPAHUICHUSIMEA JIIs S,

VYreepxkaenue 8. Orpanmienue Xxa; = Xyb; cymecrtByer Torza u
TosbKO Torja, korga (X,Y') csasnas kommornenrta rpaga G.

HOKABATEJBLCTBO. [lo aaropuTMy 3TOi cTaTHW MBI MOJTyYaeM, ITO CY-
IIECTBEHHBIE OTPAHUYEHUS] UMEIOTCS TOJIBKO BHYTPHU KarKJION CBSI3HON KOM-
TOHEHTHI UCXOHOTO Ipada.

B gacTHOCTH, OorpaHuyeHue Y Beell CBSA3HON KOMIIOHEHTHI 17 S Yxa; <
Yybj u orpaHnYeHue 1/ S Yyb; < ¥xa; obbeaungaorca B Yxa; = Xy by,
TaK 2K€ 3TO CJEJICTBUE UCXOIHON CHCTEMBI PABEHCTB.

Bepro u obpaTsOe: ecam mMeeTcs Napa OrpaHudeHnil Yxa; < MNyb; u
Yyb; < ¥xa;, e ¥xa; = Xybj, to (X,Y) cBa3nas xommoHenta rpada
G. Heiicturensho, B 3roMm caydae ['X =Y u I'Y = X. YrBepxkuenune 8
JIOKA3aHO.

6. O cyIiecTBOBAaHNU HETPUBUAITbHBIX OTPAaHUYEHUIA

Vreepxkaenne 9. Cucrema orpanndenuii (4) Bcerga uvmeer HeTpuBHAJIb-
HbI€ DelIeHNUSI.

JIOKA3ATEJILCTBO. Bce smementsl matpurt Ay, By uncaa 0 wiu 1. Bei-
fupaenM TPOU3BOJIBHBIN TTOJOXKHUTENBHbIA HAbop {a;} u nycTh ¢ = ¥;a;. Bol-
bupaem Bce b; = c. Torma xax eIl s/emenT BekTopa Aja < ¢, a KaxkabIit
3JIEMEHT BeKTOopa B1b > c. YTBepx)aenne 9 m10Ka3aHO.

Ecnu Bi6pars #Hab0p {a;} W3 HATYPATBHBIX YHUCEJ, TO HOJYYNM U BCe b;
marypasiababiMu. [TosToMmy BepHO

CaencrBue 2. Cucrema orpanndenuii (4) Bcerjja umeer penieHnsi B Ha-
TYPAJIbHBIX YHCIAX.

3ameuanue 3. 3 obiux pe3yabTaToB O CHCTEMAX JUHEHHBIX Hepa-
BeHCTB [22] caemyer, uro obiacTh periennii cucrembl (4) cocrapisier BBITYK-
JIbIA MHOIOI'PAHHBII KOHYC.
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Orpannyennst 06,1aCTH TAPAMETPOE CUCTEMBI PABEHCTB HA, MOTOKU KPOME

OrpaHmu4eHuTit (4) BKJIIOYAIOT €111€ U OIPAHUuYCHUA JJIst ABOMCTBEHHON ceTn
ng < AQCL (5)

rae a u b—re xe BekTOphl mapamerpos {a;} u {b;}, Ay — marpura pazme-
poM So X n, By — Marpuia pasMepoMm Sg X 1M, So — YUCI0 OrPaHUYEeHuil jiist
OBOMCTBEHHON CETH.

Cucrempl HepaBeHCTB (4) 1 (5) TPOTHBOMOIOKHEL, 00HE/TMHEHHAS CHCTEMA
OTHOCUTCSI K THUIY JBYCTOPOHHMX HepaBeHCTB. U 9Ta cucrema, Mo MOCTPOe-
HUIO, CJIEJICTBUE UCXOJHON CHCTEMBbI PABEHCTE Ha TIOTOKH.

VYreepxxkaenune 10. O6bequnennas cucrema orpanundenuii (4) u (5) sce-
1714 HMeeT HeTPHBHAJIbHBIE PEIIeHH .

HOKABATEJIBCTBO. /g moboro mosoxkuresbHoro vabopa [ay, ..., a,) €
R" ucxomHas cucreMa ypaBHeHUI Ha TOTOKH (1) Beerma mMeer HETPUBUAJb-
Hoe pemrenne. [eiicrBuresnsio, B ucxonnoii cucreme (1) Bce ¢(z,y;) Hesa-
BHCHMBI U KazkJ1o0e ¢(Z;,Vy;) BXOAUT TOJILKO B OAHO ypaBHenue. B kaxoe
ypaBHEHHUE a; = zj ©(xi,y;) BXOAUT X0TA OBI OHO W(X4,Y; ), T.€. lepeMeH-
HBIX He MeHbINEe OJHOro. IT09TOMY MX MOKHO BBIODATH MMOJOKUTEILHBIMU 1
YJIOBJIETBOPSIONIMMEA 3TOMY YPABHEHHIO. 3aTeM, 10 HUM BBIYUC/IAEM HabOp
[b1,...,bm] € R™ u3 ypasnenuit b; = > . p(x;,y;). B pesynprare noayuaem
TOUKY, yI0BJIeTBOpstoItyto cucteme (4) u (5). Yreep:kaenue 10 gokazaHo.

7. CrpykTrypa Habopa orpaHuydeHuii
7.1. 3aMKHyTble MHO>KECTBA.

Oupegesienne 2. B npocrom rpade G = (X, Y, T") ansa moboro Xg € X
BeegieMm omeparuio Cl: Cl(Xy) = Ui {VX;|TX; CTXp}.

U3 ompenenenus sugao, ato Xo C Cl(Xy), CI(Cl(Xy)) = Cl(Xp). Ecau
X1 CXg,moTX; CTXom Cl(Xl) = UZ{\V/X1|FXZ - FXl} - Ul{VXZ|FXZ -
I'Xs} = Cl(X2). fcno, aro CU(X) = X.

Jemma 4. CI(X1) UCI(Xs) € CI(X1 U Xs).

JOKABATENBCTBO. Tak xak I'(X; U Xy) = I'X; UT'Xy, To Cl(X1) U
CZ(XQ) = UZ{VXAPXZ - FXl} U Uj{VXj’FXj - FXQ} = Uij{VXinFXij -
FXl) V (FXZ‘j - FXQ)} - Uk{VXk’FXk cCrxju FXQ} = Uk{\V/Xk‘FXk -
(X1 UXo)} = Cl(X1 U Xo). Jlemma 4 nokazana.

Jlemma 5. Cl(Xl N XQ) - Cl(Xl) N CZ(XQ)

JTOKABATENBCTBO. Ecam Bepumna xo € Cl(X1NX2), 1o T'zg CT(X1 N
X2) CTXiNI'Xy, re. Txg CTX; AT'zg C T'Xo. OTKy,ZLa X € Cl(Xl)/\JJ() S
Cl(X2), snauur xo € Cl(X1) N CU(X3). Jlemma 5 gokasaHa.
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Hoayawmu, aro onepamms Cl obirajgaer BceMu CBOMCTBAMEI 0NEPATMOPG 36~
MBUKAHUA ISt BCEX IOAMHOXKeCTB Muoxkecrsa X [23, crp. 63].

Onpenenenne 3. [logvuoxkectBo Xg C X Ha3bBaeTCd 3aMKEHYMBIM,
ecJin XO = CL(X())

Mo [23, §4.2, emma 1] 3aMKHYTbIE MHOXKECTBA BbIIEPKUBAIOT OLIEPALIUIO
N, T.e. qs 3aMkHyTHIX A, B CI(ANB) = AN B.

JleBast gacTh KaxKJIOro CYIIECTBEHHOTO OIPDAHUYEHUs, BXOJsIero B (4),
cooTBeTCcTByeT HekoeMy Xgo C X.

VYreepxkaenune 11. Kaxmnoe Xy, Bxogsimee B (4), samkryTo. U HA06opor,
kazxkgoMy 3aMKHYTOMY Xo C X COOTBETCTBYeT CYIIECTBEHHOE OTDAHHYICHHE

u3 (4).

HOKA3ATEJILCTBO. IlepBast uacts ciegyer uz 3amedanus 1. Kaxmoe
KOHKpeTHOe 3aMKHyToe X( cTpouTcst AyropurMon 1o Ipemoxennto 6. YTBep-
Knenne 11 10Ka3aHo.

7.2. Pemnerku Haja 3aMKHYTBIMU MHOXkecTBamu. Yepes Sub X obo-
3HAQYUM MHOXKECTBO BCEX BaMKHyTbIX ITOOMHOXKECTB OIlepaTopa 3aMBIKAHMA
Cl na X. To |23, crp. 64] Sub X — nosnnag pemerka oraocurensuo C. U1 B
Sub X oneparuu nepecederust A u o0beguHEHUS V UMEIOT B,

XiNXo=X1NXouX;VXy= Cl(Xl UX2).

3ameuanue 4. Ho X me gapiagerca MaTpomaoMm, TaK KakK JJIsd HECO HE
BBINOJTHsIeTCsl akcuoma 3amensbl ( |23, crp. 64|). Hanpumep, npu A = {21},
LA = {yi0,v12, 913}, T{p} = {¥13,923,930}, ['{q} = {v12, 923} momysaem
q ¢ Cl(A), g € Cl(AU{p}), no p & CL(AU{q}).

Yreepxkaeaue 12. ITycre X — marpouns, Toraa rpag cmexaocta QX —
nonmsii n s seex v, € X T{a} C Uyl {x;}.

JIOKABATEJBLCTBO. Ilo akcmome 3aMeHBI I MATPOUIOB TP JIFOOBIX
p,q € X u Beakoro A C X rakoro, uro p ¢ Cl(A), q ¢ Cl(A), g€ Cl(AU
{p}) n p € CU(AU {q}), nonysaem T{p} ¢ TA, T{p} C T(AU {q)) C
I'(A) UT{q}. Aranormano nonyuaem, I'{q} ¢ TA, T'{q} CT'(A)UT'{p}.

Orcrona norygaem, uro I(I{p} NT{q}) € T'A u B rpade cuexxnocru QX
cymecrsyer pebpo (p, q). T.e. rpad cmexkuoctn QX — moJHbBIIA.

Kpowme Toro, ms seex x; € X I'{a;} C Ujp Mo}, Va; € X.

Yreep:xxaenne 12 1oka3aHo.

YrBepxkaenue 13. Pemerka Sub X spiasiercs gucrpubyTuBHON penier-
KOH, T.e. JJIsT Hee BBIIOJIHSIIOTCS cooTHOIIeHust [24, crp. 51|
X1V (X2 AN Xg) = (Xl V XQ) VAN (X1 V Xg)
X1 A (X2 V Xg) = (Xl VAN XQ) vV (X1 VAN Xg)
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JIOKA3ATEJIbCTBO. Muoxkecrsa X1, Xo, X3 3aMKHYTbHI 1 BXOAT B Sub X,
nosromy X1 V (X2 VAN Xg) = Cl(Xl U (X2 VAN Xg)) = Cl(Xl U (X2 N Xg)) =
Cl((XlUXQ)ﬂ(XlLJXg)) = Cl(XlUXQ)/\Cl(XlLJXg) = (X1VX2)/\(X1VX3).

Tax xe X1 A (X2 V Xg) =XiNn CZ(XQ U Xg) = Cl(Xl N (XQ U Xg)) =
Cl((XlﬂXQ)U(XlﬂXg)) = Cl((Xl/\XQ)U(Xl/\Xg)) = (Xl/\XQ)\/(Xl/\Xg).
Yreep:xkaeHne 13 1oKa3aHoO.

Sameuanue 5. Ho Sub X ne gasmisierca 6yseBoii pererkoii |24, §1.6]. Ha-
upumep, npu X = {z1, 22,23}, Y = {y1,y2,y3}, T{z1} = {y1, 2}, T{a2} =
{y2}, T{ws} = {y2, y3} momyuaem Cl({z1}) = {z1, 22}, Cl({z2}) = {22}, Cl({zs}) =

{z2,x3}, n onepaums pononnenns B Sub X He cymecrByer.

TMycrs LY € {V}|Y; CY & 3X; C X : TX; = Y;}.
YrBepxkaeaue 14. YacTtuyHo ynopsii09€eHHOe [0 BKJIIOYeHHI0 T MHO-
sKecTBO LY saBisgeTcs perrreTkoi.

JIOKA3ATEJBCTBO. [ moboit mapsr snementoB A, B u3 LY paccemor-
pum Cy = Uj{}/jHXj : PX]' = }/J - AﬂB} uCi= Uj{E/jHXj : PXj = Y} -
AU B}. dcuo, uro Cy = inf{A,B} = AANB, C1 = sup{A,B} = AV B.
Yreepxkaenue 14 1oka3aHo.

Ho, B obmmem ciygae, LY we aBisiercs quctpubyTwUBHON HU maske MOIY-
JISIPHOMN DEIeTKOof, Kak KaK MOXKeT COJepKaTh IIeHTArOH WJIU JuaMaHT [24,
§2.1]. Hampumep, y X = {z1,72,23},Y = {y1,92,93, ), [21 = {y1,92} =
a,Txe = {y2,y3} = b,Tx3 = {ys} = ¢ smements a,b, c 06pasyrOT NEHTArOH:
aNb=aNc=2,aVb=aVe=Y.Tx; ={y2,y3} = a,Txo = {y1,y3} =
b,Tx3 = {y1,y2} = c obpasytor guamant: a A\b=aAc=bAc=2, aVb=
aVe=bVve=Y.

Ha muoxecrse LY Beesem orobpaxenue A: A(Y)) &ef U{vX;|T'X; C Yp}.
dcno, aro TA(Yp) = Yy, r.e. A Bzaumno opnoszuaqano. Kpome roro, AT’ = CI.
Boobme, mapa (I', A) aBnsiercss coomeememeuem [aiya MeXKITy IaCTUIHO
yIopsimtodeHHbIMU MHOXKecTBamMu Sub X u LY. Kpome toro, AT' mw TA —
omobpasicenus damukanus [24, crp. 78].

s kazkgoro V' C X Beegem dyukmmio sa = Ygcya(z), vae a(x) mu-
HUMAJILHBIN TTOTOK, BXOAANHH B BeprmwnHy x. Jnsg xkaxapix A, B u3 Sub X
cuntaem sa(A) A sa(B) &f sa(ANB) < min(sa(A), sa(B)), sa(A)V sa(B) &f
sa(AV B) = max(sa(A), sa(B)).

[Mycrs Sub RX = sa(Sub X). Tak Kak, 10 mMOCTPOEHUIO, S& — TOMOMOD-
dusm u3 Sub X B nens geiicrBureabHbIX gucea R, To u muoxkecrso Sub RX
— MCTpUOYTUBHAS PereTKa.

Anasnorwano, aas kaxgoro W C Y seenem dynkmmo sb = Yycwb(y), rae
b(y) MakcuManbHBI MOTOK, BBIXOASIMA u3 Bepiunbl y. usa kaxapix A, B
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def

u3z LY cunraem sb(A) A sb(B) = sb(A A B) < min(sb(A), sb(B)), sb(A) V
sb(B) M sb(A v B) > max(sb(A), sb(B)).

[Mycrs Sub RY = sb(LY'). Tak kak, no nocrpoenuto, sb — romomopdusm
u3 LY B 1ens geficrBuTeabHbIX ynces R, To u Mmuoxkecrso Sub RY — pererka.

7.3. yanbHOCTh 3aMKHYTBIX MHOXecTB. Lis rpada G paccmorpum
ayasbroe orobpazkenne Iy 1 Y — X, x; € Ty(y;) < (xi,y;) € G.

Yreepxkaenue 15. IIycrs X1 C X samknyro mra I, Xi d:efX\Xl’ Yl’ def

Y \T'X;. Torzna Xi = Flel u le zaMkHyTO 1715 [ g.

HOKA3ATEJILCTBO. Tak kak X; 3amkuyTo Jjisi [, To B rpacde G orcyT-
CTBYIOT pebpa Mexay X1 u Yll . [TosTomy I‘lel cX 1 Ecnn 681 cymecTBoBasia
y; € I'X; rmakasz, aro I'y(y;) C X, 10 He cyiecTBOBaNO Gbl PGP MeXK Iy
y; u X1, orkyna y; ¢ I'Xy — nporusopeune. 3nadur Y1, zaMKHYTO A7 ['g.
YTeepRaeHnEe 15 T0Ka3aHO.

[Mosyunmu B3anMHOOITHO3HATHOE COOTBETCTBHE MEXK Y 3AMKHYTHIMHU MHO-
xkecrBamu gt I w st Ty,

8. IlpusoxkeHnst MmeToaa

[IpuBenem HEKOTOpDLIE CXEMBI MIPUJIOKEHNH TOCTPOEHHOTO METOA.

8.1. 3agaua punancosoro dwoakeruposanud. llycrs mmeercs n cTa-
Teil 0xX0/a, Kaxkaas 00beMoM B a;, (1 = 1,...,m), 1 m crareil pacxoaa, Kax-
nast obbeMoM B by, (j = 1,...,m). llo ycioBusiM (buHAHCOBOIO KOIEKCA Kazk-
Jlasi CTaThsl JI0X0JIa MOYKeT MCIIOJb30BAThCS TOJBKO Ha HEKOTOPHIE, KOHKPET-
HbIe CTATBY PACXOJia.

Pacnpesesienne craTeii J0xoja M0 CTAThbAM Pacxojia OMUCHIBAETCS CHCTe-
moii (1). TTosTomy neiticTByer obbennaennas cucrema orpanndennii (4) u (5).
JlomoiHsAS 9TH OrpAHUYEHUS I1EJI€BOH (PYHKITMEH C SMIUPUIECKUMU TPABU-
JIAMU ydeTa MPUOPUTETOB CTaTell pacxoja, MmojydaeM U perraeM 3aady Orl-
TUMAJIBHOTO (PUHAHCOBOTO OI0/IKETHPOBAHUS.

8.2. 3agaua dpopmupoBaHus HapKa CTPOUTEJIbHBIX MammH. [lycTs
UMeeTcd TapK CTPOUTETbHBIX MAIllUH, COCTOANINN W3 1 TUIIOB, MAaIUHBI -
ro tuma (i = 1,...,n) CrocoOHBI 3a 3aaHHBII TIEPUO]] BPEMEHN MPOU3BECTH
cyMMapHbIit 00beMm pabor a; = ¢;N;, rae q;, N; — OIpOU3BOANTEILHOCTL W
KOJIMIECTBO MAIIUH ¢-T0 Truna. U mycTh 3a 3TOT YKe Nepuo HeoOXOIuMO BhI-
HOJHUTE HAGOP PaboT M BUIOB, KaxK Iblii Bug 00bemoM by, (j = 1,...,m). Ilpu
9TOM MAIIUHBI OJHOTO THUIIA MOTYT BBITOJIHATH PAOOTHI TOJBHKO OMPeIeseH-
HBIX THIOB. CopammBaeTcs, IPH KaKUX 3HAYCHHAX b; JAHHBINA TAPK MOXKHO
pacupeaemTh o paboTaM Tak, YTOOBI OH CMOT BCE BBITOJIHUTH.
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JlanHas 3a7ada OIMCHIBACTCS MOJEJIBIO B BHJIE JBOICTBEHHOH cetu S
OTKy/a mosrygaeM cucremy orpanudenuii (5). lobapiss K 910l cucreme Tie-
JIEBYIO (DYHKITHIO C CTOMMOCTHBIMU ONPAHUIECHUAMH, IOy IaeM OIITHMU3AIII-
OHHYIO 33129y C JUHEHHBIMU OTPAHWYEHUSIMHA.

Ecmm nabop pabor b; 3ajzam merouno, T.e. b; € P, rae P — nexoropas
06/1acTh, 1 HaM HY>KHO CHOPMUPOBATH TAPK MAIUH, BRITIOJTHIIONIAN JI000M
nabop pabor uz P, to B (5) 3amensiem a; Ha ¢;N;, 106aBIeM OrpaHUTEHNS]
bj € P, meneByio pyHKIIO C CTOMMOCTHBIME OTDAHHYCHHAMH Ha HapK W
MTOJIyIaeM 33729y MeJTOYUCIEHHOTO TPOrpaMMupOBanust st ;.

3akJroueHue

HOCTpOGHHbeI AJIOPUTM 1IOJIy4deHUsd [IOJIHOM CUCTEMBbI HE3ABUCUMbIX orpa-
HUYEHUHA Ha ODapaMeTphbl MHOTOIIapaMeTpPUYCeCKON paclpeneJauTeJbH0N 3a1a-
YU JIETKO MPOTPAMMUPYETCS U M03B0JIsieT 3P HEKTUBHO MOAOUPATH Pa3Mephl
MaTEpPHUAJIBHBIX 3aMacoB, MOTPEOHOCTEN MaTepUAJBHBIX MTPOAYKTOB, aHAJIU-
3UpOBATH WX Bapuwanmu. Tak yKe 3TOT METOJ TPUMEHUM B 3aJadaxX aHaInu3a
PUHAHCOBOTO OIOIKETHPOBAHHA.

AnropuT™ cTATHU pEATM30BAH B BUJE MPUMEPa IKCTIEPHMEHTATBLHOMN Tpo-
rpaMMBbl Ha PaCIPOCTPAHEHHBIX A3bIKaX HIPOrPpaMMUPOBaHUs, KOTOPas B aHa-
JINTUYECKOM BUJIE CTPOUT MOJHBIN HAOOD OrpaHUYeHUA-HEPABEHCTB JIJIsl [IPsi-
MOTO HJIM JIyaJIbHOrO IpadoB.

Tekcr mporpaMMer goctymeH B [19)].

Tam Ke HaXOMUTCS IKCIEPUMeEHTATbHAS IPONEAYpa pacdeTa BCeX OT'pa-
HUYEHUN U X COBMECTUMOCTH JIJId KOHKPETHOI'O Habopa Pecypcos.

[Ipencrasisier naTepec KOMOMHATOPHAS OIEHKA MEpbI TOr'0, KaK B CPEJI-
HEM pacTeT YUCJI0 OrpaHuYeHuil 1 paclpejeaeHue ero 3HadeHuni.

PeByﬂbTaTbI CTaTb MOTYT 6])ITb MNCIIOJIB30BaHBI TTPU aHaAJIN3€ COBMECTH-
MOCTH Habopa rmapaMerpoB MHOTONAPAMETPUYECKON PacIpeIeuTehbHOM 3a-
maun. Tako#l aHaIM3 MPOBOANTCS HE3ABUCUMO OT ONMTHUMW3AIIMOHHON 33,191,
b0 Kak MpeaBapuTe IbHbIN ITAI Tepe] TOCTAHOBKON ONTUMU3AITMOHHON 3a-
Jad4n.

anbHeimuit aaH nuccjaeaoBaHmid.

1. Ananurnueckuil aHAIU3 YHUCIa OTPDAHWYEHWH W ero aCCUMITOTHKH B
3aBUCUMOCTH OT pa3mepa rpada.

2. Yruybiienne cBs3ell CTPYKTYPbl HOIO3HAYHBIX OTOOparkeHuil ¢ ajared-
pandeCKuMu CTPYKTypaMu.

3. llpumenenwve K 33/1a9aM ONTUMAIBHOTO YIIPABICHNS MOTOKAMU HA T'Da-
de ¢ nabopom orpanmyeHuil B Kadecrse (hpazoBOro IPOCTPAHCTBA.
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ITpunoxxkenue
Tabamma 1. K-Bo orpannuennii (r) u x-8o cereit (Nets) ama [ X| =3
Y): 3 4 5 6 7 8
r|Nets % |Nets % | Nets % Nets % Nets % Nets %
1 7 2,0 15 04 31 0,1 63 0,0 127 0,0 255 0,0
2] 108 31,5 | 450 13,3 | 1620 54 0418 2,2 17388 0,8 54450 0,3
3] 168 49,0 | 1470 43,6 | 9120 30,6 | 48006 19,2 | 230328 11,2 | 1043790 6,3
4 60 17,5 | 1128 33,4 | 11820 39,7 | 94920 38,0 | 656460 32,0 | 4136328 24,9
5 - -| 216 6,4 4320 14,5 | 52920 21,2 | 514080 25,1 | 4359096 26,3
6 - - 72 2,1 2160 7,3 | 34920 14,0 | 423360 20,7 | 4356072 26,3
7 - - 24 0,7 720 2,4 13800 5,5 | 206640 10,1 | 2631384 15,9
sum | 343 100 | 3375 100 | 29791 100 | 250047 100 | 2048383 100 | 16581375 100

Tabsmna 2. K-Bo orpanuuennii (r) u k-o cereit (Nets) qs | X| = 4

Y): 4 5 6
r| Nets % Nets % Nets %
1 15 0,0 31 0,0 63 0,0
21 1050 2,1 3780 04 12642 0,1
3] 8160 16,1 | 50430 5,5 264936 1,7
4117400 34,4 | 183480 19,9 1478400 94
51 15000 29,6 | 270480 29,3 | 3266760 20,7
6| 5904 11,7 |196440 21,3 | 3525480 224
71 2256 4,5 | 122760 13,3 | 3075240 19,5
8 768 1,5 64800 7,0 | 2199120 14,0
9 72 0,1| 20400 2,2 1036440 6,6
10 - - 7920 0,9 591840 3,8
11 ~ | 1440 02| 158400 1,0
12 ~ | 1440 02| 120960 08
13 - - - - 9360 0,1
14 - - - - 3600 0,0
15 - - 120 0,0 9720 0,1
sum | 50625 100 | 923521 100 | 15752961 100
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Tabsmna 3. Maremarnueckoe oxumanue (F) u ctangaprHoe oTkaoneHue (o)

Y| 3 4 5 6 7 8
| X|| E o E o E o E o E o E o

282 0,74 | 341 0,943,904 1,09 442 1,17| 484 120 519 1,18
- -|453 1,09552 151 648 1,76 | 7,38 1,93 | 821 2,03

- | - Z|702 1,82 856 2,25|10,08 2,61 |11,55 2,89

- 10,60 2,68 |12,85 3,24 15,10 3,73

- | 15,63 3,83|18,78 4,55

- - ]2255 533

O 1 O O = W
1
1
1
1

Tabsmma 4. Maremarnieckoe oxxunanue (E) u crangapraoe oTK/I0HEHNE (0)
IJId CeTeilr . X m

8x9 9 x 10 10 x 11 11 x 12 12 x 13 13 x 14
E o E o E o E o FE o FE o

26,83 6,27 | 37,55 8,53 | 51,62 11,49 | 69,83 15,31 | 93,19 20,20 | 122,83 26,41 |
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