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AnHoTamuda. B 310ii crarbe paccMarpuBaercs MHOOIApaMeTPUYecKast
pacrpeseanTeabHas 3a7ada Ha MpocToM rpade 6e3 JTUMHUTOB Ha Tepe-
MeIeHust pecypcos. U njisi Hee ycTaHABIMBAIOTCS HEOOXOIMMbBIE U JO-
CTATOYHbIE YCIOBHS CYIIECTBOBAHNUS PEIIEHUIl B BU/IE HAOOPA JINHEHHBIX
OrpaHUYEHHH, CBA3BIBAIOIINX [IPE/JIOZKEHHsI PECYPCOB U ITOTPEOHOCTH B
HUX. 3aTeM IIPeIaraercs aJrOPUTM IIOCTPOEHHS BCEX HEe3aBUCHMBIX
JUHEHHbIX orpaHmdenuit. [lomydeHHBI PE3yIbTAT 3aBUCUT TOJIBKO OT
CTPYKTYPBI HcXoaHoro rpada. BrisBiena cBA3b MEXKAYy OrpaHUYdeHUsI-
MU 3371294 U ajredpandeckumu pererkamu. Tabu. 4, oubauorp. 24.

KurroueBsbie cioBa: AByI0/bHBIE TpadBbl, TPOCThIE rpadbl, MHOTOMA~
paMeTpuydecKue IOTOKH B CeTAX, PEIIeTKH.

BBenenue

B cratbe cTposiTcst siBHBIE aHAIUTHUECKNE BBIpAYKEHUS /i 0BJIacTH 10-
IIyCTUMBIX OIPaHUYCHHUl y MHOTOIIapaMeTpPUYeCKON pacHpelenTebHOR 3a-
Jladr B TPAHCIOPTHON CeTH Ha JBYJI0JBHOM rpade.

DTa cTaThs SBJSETCS DA3BUTHEM DE3YJbTATOB cTaThbu 1| m comepxkur
JaJabHeHmuil aHaans3 MHOTOIIapaMeTpPUYeCKON TPaHCIIOPTHOM 3a1a49H Ha JIBY-
noiapHOM rpacde. Pabora BO3HUK/IA U3 NPAKTUYECKONH MHOrOMapaMerpude-
CKOIT 3a/1a4n paclpese/IeHAs TPAHCIIOPTHBIX CPEeJCTB 10 IIPEIBAPUTEIBHOMY
HEYETKO 33JJaHHOMY HAabopy paboT. DTOT METO/] TAKKE MOKET ITPUMEHSITHCS:

- B 33jaue aHaJu3a HACBIIeHUs ToTpeduTeseil HabopPOM UMEIOIITUXCH Pe-
CyPCOB;

- B 3aJla¥e JIOCTATOYHOCTU PECYPCOB JJis IOKPLITHA HaOopa 3a/aHHBIX
norpebHoCTel;

- B 3aJade PacrpeesieHuns OI0/KeTa [0 PA3JIUIHBIM PACXOTHBIM CTATHIM;

- B 3a/Ja4€ TJIaHWPOBAHUA OITHUMAJILHOTO CKJIAAWPOBAHUA W XPAHEHUA

3amacoB PECYPCOB 0 PACTPEIETIeHNS UX 0 TOTPeOuTeIaM.
[Mocneangas 3aa4ua aKTyaATbHA, TP TTEPUOINIECKOM CO3TaAHNT 3AMACOB PECYP-
COB B TPYJHOJOCTYIIHBIX PEruoHaXxX, C KOTOPBIMU PETYIAdpHad, ITOCTOSAHHASA
CBS3b HEBO3MOXKHA. Pa3zpaboTka KaxKaoi 3Toi 3aga4um Tpedyer OTAeTbHBIX
WCCJIeJOBAHUN.
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B 910ii crarhe s pacnpeaemTebHol cetu Ha, 1By 10 bHBIX Tpadax (3a-
Jlada paciupeiesieHnst Pecypea) yaa0Ch Moy YuTh KOHCTPYKTUBHOE OIIUCAHNE
AHAJUTUYECKUX BBIPAXKEHUH U 3P HEKTUBHYIO BBIUUCIUTENBHYIO CXEMY TIO-
CTPOEHUS BCEX HE3ABUCUMBIX JIMHEHHBIX YCJIOBUI MEXK Y TTApaMETPAMU CETH.
CTpyKTypa U KOJUYECTBO JUHEHHBIX YCAOBUI HA MapaMeTphbl CETH 3aBUCUT
TOJIBKO OT CTPYKTYPBI UCXOIHOTO Tpacha U MOITOMY YCTOHIUBO K BapHUAIIAIM
3aMacoB B UCTOYHUKAX U nOTpebHOCTEl v noTpebureieii.

[lepen mocTpoenneM KOHKPETHOTO TJIaHA, MEPEBO30K 3a/ada pacipesiese-
HUsl PECYPCa OT TIOCTABIIMKOB M0 MOTpeOUTENSIM TPebyeT NpeBapuTebHON
OIEHKH JIOCTATOYHOCTH 3AIaCa PECYPCa ¥ KAXKJIOT0 MOCTABIINKA /s YI0BJIe-
TBOpEHUS BCeX NOTPeOHOCTEN B HEM, UTO SBJISIETCS 3ajadell IaHuPOBAHUS.
T.e. HEOOXOIMMO PEIUTH BOIPOC CYIIECTBOBAHUS PeIlleHust y Oyiyiiei 3a-
Jlaqn pacupejiesieHns, a UMEHHO, COBMECTHA JIM CUCTEMA BCEX OI'pAaHUYEHUi
Ha napaMmeTpb! 3ajauu. Hajmuune siBHOrO aHaJMTUYECKOT'O BHJA STUX Or'pa-
HUYEHUN CyIIECTBEHHO YIPOIIAET 3Ty 3a/ady, I03BOJIZeT IPUMEHUTh K Heil
3¢ deKkTUBHBIE BEIYUCIUTEIbHbBIE METOIBI. 1aK K€ CUJIBHO YIIPOIIAETCS MHO-
rorapaMeTpuyecKuil aHaJ M3 MCXOJAHON pacipeneanTenbHoil 3a1a4un. [Tosro-
MY Pe3yJIbTaT 3TOTO MCCJEOBAHUS NMEET W TIPUKJIA/IHOE TTPUMEHEHNE.

Saaun aHAIN3a TOTOKOB B CETAX MMEIOT H0/iee YeM TMOJTYBEKOBYIO HC-
Toputo. B Kiaccuuecknx pyKoBOACTBaX [2—-8] paccMaTpuBatoTCs aaropuTMbl
permennd CT&HI/IOHapHOﬁ 3aJa91 HaXO0XKJCHUA MaKCUMAJILHOT'O ITIOTOKa B CETH
npu HUKCUPOBAHHBIX 3HAYEHWIX OTPAHWYEHWI Ha MOTOKH B pebpax, Bep-
muHax. B coBpeMeHHBIX padoTax CTPOATCI AJTOPUTMBI PEIeHud 3aadu O
MaKC TMOTOKE W ee pasjmdHbie 0600menna ¢ (PUKCUPOBAHHBIMUA 3HATCHUA-
MU IpOIyCKHBIX crocobuocteit [9-11]. TIpu ananuse 3a1a4 IIOTOKOB B CETSX
MCCTIe/I0BATENN AKIEHTHPYIOT OCHOBHOE BHUMAHWE HA $IBHOM DEIIEHHH DKC-
TpeMaJIbHBIX 3aJiav O ITOTOKaX MHUHAMAJBHONA CTOMMOCTHA U UX O606H_LGHI/IHX.

Bompoc cyimectBoBanus perennii mpoyCKaeTCs WK ABISIETCI TT0O0THBIM
PE3YJIBTATOM IIPHU PEIICHUN ONTUMHU3AIMOHHON 33Ja4u ¢ KOHKPETHBIMU 3Ha-
YEeHUAMU OI'PAHUYCHUNR [12]. Ilosiabiit HabOp ycsi0BUil CyIlieCTBOBaHUS TIOTO-
KOB B KOHKDETHOIl CeTw, KaK BUIHO W3 pe3yabrara 2|, ecTh J0BOJTHO 6OJIb-
1110# HAOOP OJTHOPOAHBIX JTUHENHHBIX HepaBeHCTB. Y KOHCTPYKTUBHOE BhIJEIE-
HUE U3 HUX TTOJMHOYKECTBA HE3ABUCHMbBIX HEPABEHCTB MPEICTABAAET JOBOJIb-
HO CJIOXKHYIO 337a4dy. [lo3ToMy mpu MHOrOmapaMeTpuviecKoOM aHAJIU3E CETH
(Bapuaruu ee mapaMeTpoB) MPUXOIUTCS IPU KaXKJIOM 3HadUeHHM Habopa Tra-
paMeTpoB peraTh 3a/1a1y 0 MAKCHMAaJbHOM TOTOKE IBOWCTBEHHOM ceTtn [2].
Ecth monbiTKu HCITOIB30BATE BAPUAIUIO [TAPAMETPOB B 33aja4e 0 PACCTOSHU-
ax B cern, HapuMmep [9]. B [13] mperararorcs Momem KpUTHIECKUX YPOBHEH
U MEPUOINYIECKON TTPOBEPKH, KOTOPBIE TIPEIIIO0/IATaI0T KOHTPO/Ib 38 COCTOSHU-
€M 3allacOB U AJANTUBHOE IOMOJIHEHNE UX MyTEeM 3aKa30B, Pa3Mep KOTOPBIX
OIpEJIeISAETCsT B COOTBETCTBUHU ¢ BHIOpaHHOI crparerneii. B [14] paccmarpu-
BAIOTCSI BEPOSITHOCTHBIE MOJIE/N I IMIPOIIyCKHOM criocobHocTH pebep rpada



CBs3u mapaMeTpoB MapaMeTPHIECKON pacIpeaeJnTebHON 330890 3

MHOI'OII0JIb30BaTe/IbCKOM cereBoil cucrembl. B [10] paccmarpusarores cuenn-
duIecKne SMIUPUIECKHUE CIIOCOOBI MOJCTMPOBAHNST U BAPUAINHT TaPAMETPOB
B TOPOJICKUX TPAHCIIOPTHBIX ceTsiX. B [15] ncmos3yorest HeueTkue mepeMe-
uele (fuzzy set) a1st mapaMerpoB TpaHcmopTHOl cetu. B [16] paccmarpuBaror-
CsI CETH C M3MEHsTIoIeiicst cTpyKTypoii ux rpada. B [11] mis MmEOTOCTA M HOT
MOJIEJIA pacupese/ieHnsT TPAHCIIOPTHBIX MOTOKOB 0 CETH MCIOJIB3yeTCs] Me-
TOJ, BBIIYKJION OIITUMUI3AINN.

Useectro [17], uTo m06y10 TPAHCIOPTHYIO CETh MOYKHO TIpeo0pa3oBaTh B
PaBHOCHJIBHYIO CETb Ha JIBYI0JBHOM Tpade. [loaromy nzydenmne takux cereit
npuobperaeT ocoboe 3HAYCHUE.

1. IlocTanoBka 3ama4dn

[pocroit rpad G = (X, Y, I') aro rpad, onpenensiemslit 1ByMst Hemepece-
KaromuMucs MaOKecTBamMu X u Y ¥ MHOTO3HAYHBIM OTOOpakenunem [' MHO-
xecrsa X BY [8] (rmasa 10).

X ={zs, i=1..n},Y ={y;, j=1.m}. Hdyra (z;,y;) € G < y; €
FJJZ‘.

B kax10ii BepmmHe x; eCTh 3amac npogayKTa B Koaudectse a; = a(x;) > 0,
HOTPeOHOCTE KaXK/I0M BepimHbl y; 310 bj = b(y;) > 0. IIpomyckasre crocob-
HocTH Beex pebep Heorparmuenbl. CIpammmBaeTcst, TP KAKUX COOTHOIICHHIX
MexK Ly mapamerpamu {a;} u {bj} Bech 3amac mpoigyKTa MOMXKHO Dacupeje-
JIUTH MEXKJIy MOTPEOUTENIAMU, HACBITAB MX MOJHOCTBHIO. T.e. mpu Kakux Co-
OTHOIIEHUSAX MezKly napamerpamu {a;} u {b;} coBmecrna cucrema (1), rae

p(i, yj) —norox no ayre (i, y;).

a; = 35 p(@i, )
b (1.1).
Ecmu nyra (z;,y;) ze upunagiexur rpady G, 10 ¢(x;,y;) = 0 u uckoda-
ercs u3 cucrems (1.1).

Bynem paccmarpusarh cBs3Hblil rpad G. fcHo, 94TO OrpaHuveHus JJIst
HECBSI3HOTO Tpada ecTh 00heJnHEeHne OTPAHNYIEHTH 11 eT0 KayK 10 CBIABHOM
KOMITIOHEHTHI.

1.1. CsoiicrBa orobpakenusi I'. B [8| ykazano, uro I' umeer takume
CBOMCTBA!

(1) X1 - XQ = FXl - PXQ;

(2) P(Xl U XQ) =TX,UI'Xy;

(3) P(Xl N XQ) CI'X;NnIl'Xs.
B mocaemmem croiictee Bo3moxuo X1 N Xo = &, vHo 'X1 NT' Xy # &. Ecan
xe X1 N Xy # I, 10 F(Xl N XQ) =TX;NI'X,.
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2. CucreMa HepaBE€HCTB Ha IMOTOKU

Chauasia paccMorpum cucremy (2) u ycji0Bust €€ paspenmMOCTH.

{ a; < Zj (P(xi7yj) (2 1)
by =3 e(xiy)

B mamnom ciaydae cumCTeMbl HEPABEHCTB IMPOAYKTOB Y MOCTABIIMKA C W3-
OBLITKOM U MBI MOKEM VIOBJIETBOPHUTH BCE 3aIIPOCHI IIOTPEOUTEIEH.

[IpoTrBOIONIOKHAS CHCTEMa HEPABEHCTB ONpeae/IseT CIydail, KOraa Ipe-
JIO?KEHHE IIPOYKTa OTPAHIYICHO, BOSHAKAELT €ro JeHUIAT. ITO BO3ZMOKHO IPH
HOBOM IIPOJIYKT€, TOJBKO YTO BBLIIYIIEHHOM HAa, PBIHOK. AHajormano medu-
T (PUHAHCOB 4aCTO BOZHUKAET B 331a49aX Oro/KeTuposanud. PaccMoTpenue
9TOTO CIydas TeXHWIECKN CBOINTCT K TPEILIIYIIEMY CJIydaro.

Hormonaum rpad G 10 TpaHcIopTHO cetn S, 106aBUB BXOJ, S, BLIXOH, T 1
ayru (s, x;), (y;,t),1 = 1.n,j = 1.m.

Kasx0it myre mocTaBuM B COOTBETCTBHE MApPy YNCEJ — HUXKHIOK U BepX-
HIOIO MPAHMUIIBI TOTOKA 110 9T10# myre. Ima (s, x;): (ai, 00), mmst (z4,y;): (0, 00),
st (y;,t): (0,b;). Torga cucrema (2.1) paspemmnva <=> 3 HOTOK 10 CeTH

B [6-8, 18] umeerca Takas

Teopema 1 (Hoffman). ITycre kaxkmg0fi qyre u HEKOTOPOH TPAHCIOPTHON
cern orHecenpl jBa resbix yncaa a(u) nb(u) [0 < a(u) < b(w)]. Iycrs X — ce-
MeHCTBO TeX MOAMHOXKECTB MHOXKECTBA, BCEX BEPIHH CeTH, KOTOphIe Jub0 He
conepxkar HU S, HE t, 1ub0 copepxkar s u t ogHoBpemerHo. CyiecrByer HoToK
@, yaosaersopsitoruii yeaosuto a(u) < ¢(u) < b(u), rorga u Toapko Toraa,
korga b(U; ) > a(Ug) ana Beex L € N. Bnecs U, — ayrn, s3axonaimue B L,
UZF — pyru, nexogsamue u3 L. Jlns moboro matopa ayr U a(U) = > alu),

b(U) = >y b(u).

3ameuanue 1. Ipsavoe ucnorp30oBanue Pe3yabTaTa ITOM TEOPEMBbI TTPHU-
BOJHUT K MOCTPOEHUI KCIOHEHITHAJBHOINO UHUC/Ia OUPAHUYEHUI, MHOTHE W3
KOTOPBIX 3aBUCUMBI IPYT OT Apyra. s paccMaTpuBaeMbIX B 9TOUW CTAThe
ceTell 9MCI0 ITUX OTPAHWYIEHUH B OOTBITTMHCTBE CJIy9IaeB OyIeT Pe3KO COKpa-
TTEHO.

st mameit 3aya4u y106HEe BMECTO MHOXKECTB L PACCMATPUBATH MHOXKE-
crea D = S ~\ L Toro ke Tuia, 4To n B Teopeme Bbimte. /s vux b(U; ) =
b(US) n a(U}) = a(Up). Torya nepasencTBa TeOpeMbl IPHHUMAIOT BU
a(Up) <HUF) (22)
HaGop mepasencts (2.2) 3amaer HaOOp OrpaHUYEHUH MEXKJTy Mapamerpa-

Mu a; u bj, mpu Koropsix cucrema (2.1) paspermmma. Kazxkgoe orpanndenne
OTIpeIeIsIeTCss CBOMM MHOXKeCTBOM D).



CBsa3u mapaMeTpoB MapaMeTPHIECKON pacIpeaegnTebHON 330890 5

Kakue muoxkecrBa D umeer cvmbica paccmarpusarh? Ilpexae scero, D
JIOJIZKHO OIIPEJIe/IATh HelycToe orpanunyienue. /lasiee, Bce b(Ug) JIOJIZKHBI OBITH
KOHEUHBI, WHaUe Tpu 6ecKoHeuHOM b(u) Oy YNM TPUBUAJIBHOE OTPAHUIEHHE,
Te. Bee (s,2;) &€ Up u (z;,y;) ¢ U,. Kpome roro, ecm u = (x;,y;) € Up,
To a(u) = 0 u HE JaeT BKJIAJ HU B OMHO U3 orpanudennii. [losromy cumraem,
aro Bee (x4,y5) ¢ Up.

Onpejenenne 1. Orpannvenne (MuOXKecTBO D) 6yeM Ha3bIBATE CyIIe-
CTBEHHBIM, €CJIM OHO 00/Ia1aeT yKa3aHHBIMHU BBIIIE CBOMCTBAMMU.

Haitnem ycioBust, npu KOTOpbIX orpanndenus (2.2) CynieCTBEHHbI.
JlemMma 1. Eciu orpanmuenune cyiecrseHno, 1o x; € D <— T'z; C D.

JJOKABATENLCTBO. Ecmu x; € D n y; € 'y, Ho y; ¢ D, 1o (24,y;) €
U, b(zi,y;) = oo u orpammdenne st D necymecrsenno. Iloxyannu mpo-
TUBOpEYUE.

Ecmu I'ey € D ux; ¢ D, 1o Jy; € 'y C D. Torma (x,y;) € U, aro
TPOTUBOPEYNT CYIIECTBEHHOCTU OTPDAHUYICHUA.

Wrak, g xaxxgoro x; € D tak e m I'r; € D w waobopor. Jlemwma, 1
JIOKA3AHA.

Jlemma 2. Ecawm orpanmdaenne cymecrsenso, 1o D C G.

JIOKABATE/NBLCTBO. Ecomm s € D, t € Dux; ¢ D, to (s,2;) € Up u
orparmdenue st D #ecyrecrsernto. [lomyaumn nporuBopetne.

Ecm s € D, t € D u Vx; € D, To, no npeapiaymeit gemmve, ['(X) =
Y CDuD =5 Hoy S Her BXOAANNX U UCXOIANUX YT — OIPAHUIEHNE
OTCYTCTBYET, XOTsI OHO JOJIXKHO OBITH CYIIECTBEHHBIM.

T.k. o Teopeme 1 s, OJHOBPEMEHHO BXOIST WM HE BXOAdT B D, TO
bymem cunrarh, uro D C G 6e3 norepu Kakux Jjinbo orpanudenunii. Jlemma 2
TOKA3aHA.

fAcno, uro nna Beex x; I'z; # @ n nud Beex y; dx; Takoe, 4ro y; € I'z;.
Wnaue BepmuHbl T;, y; BUCAYNE, HE yIaCTBYIOT HH B OJHOM OI'DaHHYCHUU H
AX MOXKHO HE YUNTBHIBATD.

Vreepxkaeuune 1. Orpanutdenns (2.2) cymecTBeHHB TOIa U TOJBKO TO-
rma, korma D CGuax; € D < T'x; CD.

JOKABATEJLCTBO. B npamyio cTOpoHY /I0Ka3aHO B HIPEABIAYIINAX JIEM-
Max.
Ecm D C G, {z;} C D, T'{z;} C D, 10 Up, = {(s,2:)}, U}, = {(yj,t)|y; €
I'{z;}}, orkyma a(s,z;) > 0, b(y;,t) < 00 m OrpaHMueHWe CYIECTBEHHO.
Yreepxkgenne 1 mokazamo.

HOI/IH.[QM CJIydan, KOTJa OAHW OTPAHWHYCHUA ABJAIOTCA CJACACTBUEM IPY-
TUXx.
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Yreepxkaenune 2. Ecim I'X; = I'X; = Yy, 1o orpanmyenne, coorser-
creyromee Dy = {X; U X;, Yy}, cunbree kaxoro ms orpaHmdeHnii s
Dk: = {Xk71/b}7k € {,Lv]}

HOKABATEJNBCTBO. Orpanndenud mjia Dg, Dy umeroT B

2oxux, O < 2y, br
Zxk ap < ZYO br

Tak xaK Yy, ap < X x,u X, Gp; TO TOJydaeM Tpebyemoe. YTBep:KIeHUE 2
JOKa3aHO.

3ameuanue 2. [losromy misa Bcex X; ¢ omamm obmum I'X; 6yaem yuan-
TBIBATH TOJBKO OTPAHWUYEHNE, COOTBETCTBYIOIIEE O0BEINHEHNIO TakKuX X; C
Dinax(Yo) = {UX;, YoIT'X; = Y0, VX; € X, Yo C Y}

Yreepxkaeuune 3. Eciun I'’Xg C I'Xy, 1o orpanmuenune s Doy = {XoU
X1,T' X1} cunpree orpannuenns {X1,1'X1}. B 1o e BpeMmst octaercs B cuie
orpaanvenne {Xo, ' Xo}.

HOKABATEJBCTBO. Ilo ycaoBuio I'X; = T'Xy U V7.
OrparuHenust IMerOT BUI ) | x, Lx, @ < 2_rx, Ors Dox, Op < Dorx, Or D2ox, @ <
2_rx, br-
Ho >y, ap <D x,ux, Gp — TOTyHaeM TepBoe yTBepIK/IeHne.

dorx, O < 2rx, br T D ox, ap < Dox, Ap, OTKYZIA CHeTyeT BTOpOe yTBep-
KIEHWe. Y TBEpXKIeHNe 3 JOKA3AHO.

Yreepxkaenue 4. Ecim X1 \TXo #, I'XoNTX1 #0u X1NXg #

@, 1o orpanndenns s {X1, X1}, {Xo, T X}, {X; U X, (X7 U Xo)}
He3aBHCHMBL.

HOKABATEJNBCTBO. Ilycts X1 N Xy = X, ' X =Yy, X7 \TXy =Y7,
X NT'X; =Ys. Torma X1 = X10U Xg, X2 = X9 U Xy, 'X; =Y UYY,
I'Xs =Y, UY, X7 UXs = X19U X9g U Xy, F(Xl UXQ) =Y1uUY, UY,.
I orpammienust Yy ap < D opy, by Dox,p < Dpx, bry Doxiux, W S
ZF(XlLJXQ) by IPUHUMAIOT B Y\ 01ix, O S 2oy, Uvp Ors 22 Xa0ux0 @ S 2ov,uy, Ors
ZXloquouXo ap < ZYlL_JYQUYO by--

Ho X1oUXo @ < ZXH)UXQOUXO ap n ZquYU br < ZYluYQUYO br,k € {1,2}.
3HAYUT, UCXOIHBIE OTPAHUYEHUS HE3ABUCUMBI. Y TBep:K/JeHue 4 1oKa3aHo.

Vreepxkaeune 5. Ecin I'Xy NT'Xe = &, 10 orpannyenne s {X1 U
Xo, T'(X1U Xo)} sBasierca ciencreuem orpanmyennit qist { X1, [ X1}, {Xo, T Xo}.

JOKABATENBCTBO. Tak kak X1NXy = &,T0 3 v x, Gp < Y or(x,ux,) Or

PABHOCUIIBHO )y Gp+ Y x, ap < Y px, br + D ry, br, T€. CyMMe orpanute-
muit g { X1, TX 1}, {Xo, T Xo}. Vreepkaenue 5 mokazamo.
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Caencrsue 1. Orpanumuenusi jgjs Bcero rpagpa G ecrtb 00bequHEHHE
OrpaHmYeHuil I KaxkKJQ0H ero CBA3HOH KOMIOHEHTHI.

JIOKABATEJIBCTBO. HemocpencrBenno ciaemgyer u3 mpeabiayiiero Y TBep-
KINEHUI.

3. Asaropurm

3.1. IIpeasapuresibaas oopadorka. CoriacHo mpeabLIyIeMy pasie-
JIy MOPOK/JIATh HOBbIE HE3ABUCHUMBIE OIPAHUYEHUs] MOTYT TOJBKO TTOIMHOKE-
crBa U3 X ¢ mepecekamuMucsa ' MEOKecTBaMu. B 3TOM anropuTMe Takue
OrpaHUYEHUST CTPOATCS TOCIE0BATEBHBIM obaBeHneM BepiiuH 3 X .

ITar 1. Tak kak Bce KoaddunuenTs B orpannyiennsx (2.2) paBubl 1 nau
0, TOo XpaHUM KazKJIO€ OI'DAHUYEHUE B [Tape OUTOBBLIX CTPOK C JJIMHAMU N U M,
raen = | X|,m = |Y|. Hymepanus 6uToB B 9TUX CTPOKAX WJIET CIPAaBa HAJICBO
U COOTBETCTBYeT HyMmepaiuu Bepiius B X . s Kaxqoro orpanuvienns: D; =
{au}, (waD{za}) = {ya}} » crpoxu sanocsres 1y u 1, re 1, — 1 na
MmectTe t B cTpoke. st Bcex orpaHWYeHUi MMOJyd4aeM MacCUB Hap OUTOBBIX
ctpok R.

ITar 2. Ins rpada G crponm marpuiyy cmexxuoctn M(G), crpokn Ko-
TOPOIt COOTBETCTBYIOT BepimuuaMm u3 X a CTOJOIBI - BepiinHaM u3 Y .

ITar 3. Coprupyem marpuny M(G) sekcukorpaduueckn Mo CTPOKaM,
aT00BI BCe Bepiuubl n3 X ¢ ogunm [’ okazasuck psaom. [Ipoxoauv matpuiry
M (G) n 3amensiem Bce BepIInHbI T ¢ 0bumm [N 0HO# TICeBI0BEPIINHOMN 7 ¢
a(x,) = Yrag. lHonyaaem penyrupoBanubiii rpad e Jamee, ns yIIpoIeHns
u3nozxenus, Gyaem Bymecto G mmcaTs mpocto G.

ITar 4. Ins X rpada G BBOANM PACCTOSTHHE p MEXKY BEPITHHAMU I; :
p(xi,xj) = 1 mpn I'ey NTx; # &, unave p(x;,x;) = 0. Crponm cummer-
puunyio marpuiy coceucrsa M(X) = M(G) x MT(G), a o ueit — rpad
emexnoctn QX = (X, {[xi, x5]lp (2, 2;) = 1}). 3mecy MT(G) — marpuna,
TpaHcrnoHupoBaHHasg K marpuie M(G).

ITar 5. [ns rpada QX crpoum marpuny cmexuocta Q(X): Qi(X) =
min(1, M;;(X)).

HTar 6. YnopsiounBaem Bce BepiiuHbl rpada QX , mMpoxojs ero cruoco-
6owm moucka, B mupuny |5](22.2). Ilpu 9T0M Bce KOMIIOHEHTHI CBA3HOCTH rpada
QX 6yayT mpoiTeHbl MOCIET0BATENBHO, OHA 38 IPYTOi.

3.2. OcHomHoI 1nkJ. Ha kaxxgom 1mare B Maccue cTpok R mobariastem
Bce orpammdenns st x; B nogrpade QX; = {{zy}lk < j}, cawras [ro
orparudenus st Bcex QX ¢ k < j y’Ke 3aHECEHBI B MACCUB CTPOK R.

ITukot o Bcem x5 rpada QX, (ureparms j):

IIpenycaosue Maccur R mepes nmrarom j JIeKCUKOTPaMUUECKH YIIOPSII0-
veH M0 OMTOBBIM CTPOKaM X, Iie KaxkKas CTPOKa — HAOOp BEPINMH W3 TIOJI-

rpada X; = {{zx}[k < j}.
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Iar 1. [Ina sepmunnl x; Beibupaem u3 rpada QX oTcoprupoBanHblil
CIIMCOK Prev_CONM BCEX CBA3AHHBIX C HEll IPEAbIILYINX BepInt {T;|p (Tk, ;) =
1,k<j},.

ITar 2. [To ciucky prev__conn momydaeMm m3 R oTCOpTHUpOBAHHLIN CIin-
COK OTpaHWueHuil prev_limits, Kyaa BXOJST BEpIIUHBI U3 prev_conn. (1o
MOXKHO CJIeJIaTh 33 OJUH TPOXOM, TaK KaK MaccuB R W COUCOK prev_conn
YTOPSITOYEHBI OJIMHAKOBO).

IMTar 3. [dob6asisem B Maccus R orpammdenne {z;, ['z;}..

ITar 4. [lob6asisem rexyee {2, 'z;}. Bo Bce orpannydenus ciucka prev_ limits,
paciupsist BJeBO CTPOKHM 9TUX OIPAHUIEHUIA.

HTar 5. Ecyiz B cuucke prev limits UMeOTCst OTPAHUYEHUS C OJINHAKO-
BBIMH 4YacTdaMu Y, TO yOUpaeM U3 DTOr0 CIIMCKa TO OpaHUYeHNEe, KOTOPOe
OmKe K ero Hadauly.

HTar 6. Ecyin yacts Y orpanudenus: p u3 crucka prev_limits coBmajaer
c qacTbio Y y orpaHuveHus r u3 maccuba R, To ybupaem HCXOJHOE OrpaHu-
yeHue r u3 maccusa R.

HTar 7. Jobasisiem cnimcok prev limits B KoHer maccuBa R.

ITocTycaoBue Ynopagouenrocts MaccuBa R coxpamsgercs.

Konerr ITukia

B xomre aaropurma mosrygaem Habop CyIIECTBEHHBIX OTPAHMYICHUN B BUIE
maccuBa R cTpykTyp U3 JIByX OUTOBBIX CTPOK.

Ecan rpad PEeJIyIMPOBAH, TO BOCCTAHABIMBACM BO BCEX OrPAHHYTEHMSX
TICEBJIOBEPITUHBI z Ha YpTE, IS KOTOPRIX ['ag = Iz

Maccus R HemnocpeacTBEHHO OTODPAXKAETCS HA CUCTEMY JIUHEHHBIX HEPa-
BEHCTB Mexk Iy mapamerpamu {a;} u {b;}

Ala < Blb (31)

rae a u b— BeKTOphI mapamMeTpoB {a; } u {b;}, A; — Marpuna pasMepoM si Xn,
Bj —Marpuria pasMepoM §1 X m, §1 — YUCJI0 OTpaHUYEHNI.
Peanmusanust anropurma Ha si3bikax Python, Java mocrymua B [19].

3.3. Ananu3 ajaropurma.
Yreepxkaenune 6. AJIropuTM CTPOHT BCE CYIECTBEHHDBIC OTPDAHHICHHST.

JOKABATEJLCTBO. Ilo yTBepxkaeruto 1 Bce cyImecTBEHHBIE OTpaHUYe-
uust umeror sug { Xo, ' Xo}.

Ha wrepamuu 1 mukia mis moarpada QX mMeeM TOJBKO OIHO CYIIE-
crernoe orpannvenne {x1, 'z}, KoTopoe nobasisercs Ha mare 3.

[Ipeanmonoxmum, uro ama moarpada QX;_1 B R BXomar Bce ero cymie-
CTBEHHBIC OT'PDaHUYCHUA.

Ha nreparmu j na mare 3 8 R gobasuan {x;, I'z;}.

Pacemorpum moboe {Xo,I'Xo} ¢ Xo = {zp[p < j}. Hycrs X1 = Xo ~
{l‘j} = {xp‘p < j} X1 C Xo, torma I'’Xy C I'Xy mmbo I'X7 = T'Xy.



CBs3u mapaMeTpoB MapaMeTPHIECKON paclpeaegnTebHON 3a0a9n 9

Ipu X7 C X {X1,T'X;} yxe 106aBI€HO HA TPEABILYIIUX UTEPALUAX 1
{X0, I'Xo} = {XoU{x;}, I XoUI'X} nobasieno na mare 4.

IIpu I'’Xy =I'Xy T'z; € I'Xo u dog ¢ ¢ < j Takag, uro I'vy NT'z; # @.
Nnave I'’Xo NT'z; = (U zy) NTa; = Ug(Tey NT2;) = @ — monyunam mpo-
THBOpeune. 3HAUUT, T4 cocell 5, {X1,'X1} orobpano na mare 2, { X, 'Xo}
MOJIY9IEeHO Ha mmare 4.

B anropuTMe BLITOTHSIOTCS BCe YTBep:XKAeHus 1-5. YTBep:xKaenue 6 10-
Ka3aHo.

HezaBucumMmocTh CyIiecTBEHHBIX OrpaHUYe€HUL-HEPABEHCTB.

JIemma 3 (®@apram [20]). Iycrs fi(x), fa(z), ..., fr(z) 1 fo(z) — ogHo-
POJHBIE JIUHEHHBIE (DYHKI[HH 1M BEIIECTBEHHBIX MEPEMEHHBIX X1,XL9, ..., Tm-
Ipenmonoxum, aro coorrourenns f1(x) = 0, fa(z) = 0,..., fr(x) = 0 Bie-
KyT 3a coboii nHepaserctso fo(x) > 0. Torya cymiecTByroT HEOTPUIIATEbHBIE
MTOCTOSTHHBIE A1, A2, ..., Ay, JJIST KOTOPBIX BBHITIOIHSIETCS TOXKAECTBO A1 f1(T) +

A2 fo(x) + o + A fr(2) = folo).

Eciu B memmve @apxkarra xkoddduiineHTs Beex (DyHKINI pallnoHaIbHBIE
qucra (y HaC OHU BCE PABHBI 1), TO U BCe \; PAIMOHAIBHBI, T.K. JeMma Dap-
Kallla CIPaBe/IuBa JJisi JE000TO YIOPSI0IeHHOTO moJist [21].

YMHOXKUB BCE \; HA HAUMEHBINNN ODIIMII 3HAMEHATEb, MOJYUUM yCJIO-
Bue Qapkama B Buge Lqfi(x) + Lafa(z) + ... + Ly fr(z) = Lofo(x)., rue
Bce L; HATYypaJIbHBIE YKCJIA. Y BCEX CYIIECTBEHHBIX HEDABEHCTB-OI'PAHUYEHU I
BCe HeHyJieBble KoaduiinenTr! paBhbl 1. [losTomy j71d 3aBUCUMOCTH OHOTO
OrpaHUYEHUs OT JAPYTUX IPU B3ATHUU UX JUHEHHONH KOMOUHAIINY C TIOJIO0ZXKU-
TeJbHBIMU KO(MDUIUEHTAME, MbI JIOJIZKHBI TI0JyYUTh HEPABEHCTBO, B KOTO-
poM Bce HenyseBbie KO3 UITUEHTH B 00erX CTOPOHAX PABHBI OHOMY U TOMY
Ke HATYyPaJbHOMY YHCIY.

YrBepxkaeHue 7. Bce cymecrBeHHbIe HEPABEHCTBA-OI PAHUICHHI ST JIHHEH-
HO HE3aBUCHMBI.

HOKABATEJBLCTBO. [lo mocTpoeHnIo aaropuTMOM CYIIECTBEHHOTO OT'Pa-
HUYEHUs KaxKJasd TeKyllas BepIIHHa T, cocel B rpade QX mpenplmymeit
BepmuHLI £j_1 1 T.4.. T.e. Bce I'e; NIz # @.

Homyctum, nMeercs HECKOBbKO (> 1) orpanudenuil u HepaBeHCTBO fj 3a-
BUCHUT OT JIPYI'UX HEPABEHCTB.

Ecmn B fo BXOAMT TONBKO G, TO fi coorBeTCTBYeT Orpanndenuio {z;, 'z}

T MOZKET 3aBUCETh TOIBKO oT orpanmaernii suga { Xo, ' Xo, [{z;} C Xo,T'z; D
I'Xo}, aro BozmoxknO Toxmbko mpw I'z; = I'Xy n, mo 3amevanmio 2, Takoe
{x;,I'z;} me BXOANT B YUMCIO CYNECTBEHHBIX.

Utak, mycTs aj u a1 € fou fo 3aBECHT OT APYTHX HEPABEHCTB-ODAHTICHNII

{fpU{fdU{fi}s aj € {fp}U{fe}s aj1 € {fp}U{fr}, bk € TajNTaj4q. To-
ra (NLp+XLg)a;j+(XLp+XLy)aj+... < (28 Ly +XLy+ XL, )by +... w0
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BeIBOJY n3 emmbl @Paprama XL, +X Ly = XL, + XL, = 2X L, +XL,+XL,,
orkyna YL, = YLy = YL, = 0. A 3naunr 1 Bce ucxounsie Ly = 0, T.K. OHK
HEOTPHUIATETbHBI. Y TBEPXKIEHNE 7 TOKA3AHO.

Onenka uncja onepariuii. OCHOBHBIE 3JIEMEHTAPHBIE OMEPAIUU B aJi-
TOPUTME: TIONCK TTPEBIIYITEt BepIUHbI B rpade QX s CIIHCKa prev__conn
Ha 1rare 1; MOMCK 1O CTPOKE T OrpaHuueHuii B R Ha mrare 2; MOWCK MO CTPOKe
y orpamHuYenuii Ha marax 5,6; nobasrenme orpanndenuit B R Ha marax 3,7;
pacipenne orpannydennii B prev_ limits na mare 4.

[Tycte pnuna R mepex ureparmeil j pasHa rj_1. Torjga mopagox dmcia
9JIeMEeHTapHBIX oneparnuit Ha mare 1: j, na mare 2: < rj_1 log j, na mare 3: 1,
na mare 4: < rj_1, Ha mare 5: < rj_1logr;_1, na mare 6: < r;_1logr;_1, Ha
mare 7: < rj_1. Orcropa nmoaygaem r; < 2r;_1+1, 1.e. 15 < 27 —1. Ynuciio Bcex
onepanmii Ha urepamn j: < 2(27 —1)log(2/ — 1)+ (27 —1)log j+2(2/ —1)+1.

Bcero wncio omeparnit Ha BceX UTepanngx: < C’E?:ly j4+271logj+2 ~
Cn2", rne n = | X|, C koncranra. Yuciao orpanndenuit r < 2" — 1.

Kaxk 1mokazbiBaorT HUXKECTEAYIONIHe TPUMEPHI, XOTS TTOJYIEHHbBIE OIEHKN
¥ JOCTUXKUMBI, HO JUANA30HBI pa3dpoca peasbHOro Jucia Omepaluii u orpa-
HUYEHU BEChMa BEJIUKHU.

4. IIpumepsbl

IIpumep 1 (rkoudwuryparmus '1-17). X = {z;|i = 1L.n},Y = {yli =
l.n},T'x; = y;. Anropurm obpabarbiBaeT KaXKAy0 CBS3HYH KOMIOHEHTY
rpada OT/IeJIbHO, CBsI3HAsI KOMIOHEHTA COCTOUT U3 OHOMH JIYTH U THCIIO OTPa-
HUYIEeHIH — n.

IIpumep 2 (xoudurypanus 'Hamop’). X = {x;|i = 1.n},Y = {y|i =
1.n},T'z; = {y;]j = 1..4}. Tax xax Bce I'zj_; C I'z;, To asropurm Ha mare
J orpaHmuveHue JJis ¥ 0ObeIUHSET ¢ KOIHefl OrpaHUIeHHs, [IOJIy9eHHOrO Ha
miare j — 1. Beero orpanuvennit n: {{z;}, {y;}|i = 1.k}, k = 1..n.

IIpumep 3 (koudurypauus Tuna’). X = {z;li = 1.n},Y = {y|i =
l.n+ 1}, Tx; = {yi, yit1}. Koudurypanust siisiercs npocToit menso oT yp
70 Ynt1. ANTOpuTM HA KAXKIOW MTEparuu AyOJaMpPyeT OrpAHUYeHHs, KyJa
BXOJJAT &j_1, BBOZS B HUX Zj + CaMo OrpaHnYenue A4 ;. Becero orpanmde-
Huit nosyuaercda 1 +2+ ... +n = %

IIpumep 4 (koudurypamnus 'Ilayk’). X = {x;li = 1.n},Y = {y;li =
0.n},Tx; = {yo,v:i}. A scex Xg C X Bce I'X mepecekarores mo yp, HO
passinanbl. [losTOMy BCero orpaHwveHmil CTOTBKO K€, CKOJBKO U TIOMHO-
xectB B X. T.e. 2 — 1.
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4.1. Onuenka uwucja orpaHudeHwuil. Ilpusenennbie npuMepbl KOHOU-
rypaguii ceTu II0Ka3blBAIOT, 9YTO POCT YUCJIa OIPAHUYCHUN MOXKET BaPbUPO-
BATHCA B BECHbMa TITUPOKUX TPEJETIAX, OT JHHEHHOTO, 10 SKCITOHEHTTNAIBHOTO.
Teoperudeckasi OleHKa MEPBI TOTO, KAK B CPEIHEM DPACTET JYUC/I0 OUpAHUYIe-
HUli, TpebyeT OTAESBHOTO PACCMOTPEHUS.

g nmonydennss mpubIMAKEHHOM BBIYNCIUTENBHON OIEHKN CPEJTHEr0 nc-
Jia OTpaHuvYeHuil HeoHXoAMMO 06pPabOTATh 3HAUUTEIBHYIO YacTh Habopa ceTeit
Kakroro-iubo pazmepa. B ceru pasmepa n x m, tae n = |X|, m = |Y|, y kax-
noft pepruabl w3 X ' MoxkeT 6bITh JTHOOBIM TTOIMHOXKECTBOM B Y, T.€. BCETO
2™ — 1. Obrmee 9UCI0 PA3JIUIHBIX ceTeli pasHO (2" —1)™ u ipu m = n uMeer
IIOP&AJIOK o’ IIpu n = 10 noxyuaem nopgaok 2%, uro BeIXOUT 32 HpeIesL!
BBIUNCJANUTEJILHBIX BO3MOXKHOCTEMH.

[MosTomy 06paboTaHBI TIOTHOCTHIO CETHU CIEAYIONMX pa3Mepos (n, m): (3,3)
(3.4), (3,5), (3,6), (3,7), (4,4), (4,5), (4,6). TIporpamma pacduera JOCTYITHA,
B [19]. Pesysbrar nokasan B Tabannax 1, 2, 3.

B rmabmmmnax 3 u 4 F — maremMaTnyueckoe OXKUIAHWE KOJUIECTBA OTPAHU-
YEHUI J71sI KOHKPETHOTO Pa3Mepa CeTH, 0 — €0 CPEJIHeE OTKJIOHEHHE.

N3 9Tmx pacyeTroB BUIHO, UTO s ceTelt n X m mpu n < M MaKCHMaJIb-
HOE YHCJI0 OTPAHUYEHUN B KAXKA0U cetn paBHo 2" — 1, 9TO COOTBETCTBYET
TEOPETMIECKON OTeHKe TTYHKTa 3.3.

Ceru apyrux pazMepoB o0pabOTaHBI BBIDOPOTHO MyTEM CJIydailHON BbI-
6opxu, mosToperHoii 107 pa3 st KaxK10To pasMepa. Pe3ynbraTsl 9Tux pac-
deroB nobapiennsl B Tabsumy 3 m nmokazamel B Tabswume 4. MakcumasibHoe
9UCJI0 OTPAHUYEHUH 15T KaXKI0# Takoi cetm Takxke paBHo 27 — 1.

B 1o ke Bpemsi BUIHO, 9TO CpejHee Uncao orpanwdennii B ¢ pazdpocom
30 #He mpeBocxoauT 1 X m. B aToT pazdbpoc no HepaserncTBy YebbITeBa BXOIUT
moutn 90% Beex ceTelt KOHKPETHOTO pasMepa.

[Tonyuennble pe3yabTaThl MOKA3BIBAIOT, UTO BO BCEX CJAydasX o KoOJeO-
nercst B ipegenax 20-25% or E HezaBucmMo OT pasmepa cetu. T.e. 3T0 110-
Ka3bIBAET, 9TO PAaCHpee/eHre JIJINH BCET/Ia UMeeT XBOCTBI, KOTOPhIE MOTYT
TOJIBKO YBEJIMUUBATHCS, [MOKA HE JOCTUTHYT TEOPETUUECKUX T'PAHUI] MUHU-
myma (1) w makcmmyma (2" — 1). Ilocse 3Toro o HadHET yMEHBIIATHCST W
FE crabuwimsupyercs, Tak KaK paclpejie/ieHue JJIMH OrPAHUIEeHUN CETH UMe-
eT KOoJI0Ko/I-00pazubiit Bu. Ho jocTudb 3T0r0 He XBaTaeT BBHIYUCIUTEIbHBIX
MOIITHOCTEI.

7

5. Cucrema paBeHCTB Ha TIOTOKH

a; =3 _; o(@i, ;) a; 2 35 0(Tiy5) o 4
Ui = eon{ 2 e
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BHa“II/IT, OrpaHuYeHud AJid CHCTEMbl PaBE€HCTB COCTOAT H3 OFpaHI/IquI/H;’I
JJIs CucTeMbl HepaBeHCTB (2.1), u3yueHHble paHee, u OrpaHudeHudl s ABOii-
cTBeHHOH ceTu S, y KOTOPOH, 110 CPABHEHHIO C CETBIO S, HALPABJIEHUS YT
u3MeHeHbl Ha obparHble, s — t, t — s. Orpanuuuresn 1o jgyram OymyT: JJist
(s, yj) 7 (bj’ 00), U (yj7 i) — (0, 00), ana (zi, t) —

(07 ai)'

B asoiicrsentoii ceru S rpad G = (Y, X, F/), e orobpaskenue I nBoii-
crBeHHo oTobpaxkenuio I', T.e. ayra (y;,2;)€ G > uz; ¢ Flyj.

Orpanndenns Jjs ceTu S COOTBETCTBYIOT CJIydato M30bITKA IIPOJYKTOB,
a I CeTu S - nedpurnTa TpOIyKTOB.

Orpanndennust juist S I[OJIy4aeM OIMCAHHBIM BBIIIE CIHOCOGOM M O06bEIN-
HIEM WX C OTPAHUICHUSIMEA JIJTs S,

VYreepxkaenue 8. OrpanmieHue Xxa; = Xyb; cymecrtByer Torza u
ToJbKO Torja, korga (X,Y) cesasnas kommornenrta rpaga G.

HOKABATEJBLCTBO. [lo aaropuTMy 3TOi cTaTHW MBI MOJTyYIaeM, UTO CY-
IIECTBEHHBIE OTPAHUYEHUS] UMEIOTCH TOJILKO BHYTPH KarKJIOH CBSI3HON KOM-
TOHEHTHI UCXOHOTO Tpada.

B gacTHOCTH, OrpaHuyeHne Y Beell CBA3HON KOMIIOHEHTHI I S Yxa; <
Yybj u orpaHnveHue 1/ S Yyb; < ¥xa; obbeaungaorea B Yxa; = Xy by,
TaK 2K€ 3TO CJEJICTBUAE UCXOHOU CHCTEMBI PABEHCTB.

Bepro m obpatsOe: ecam mMeeTcd napa orpaHudeHnil Yxa; < Xyb; u
Yyb; < ¥xa;, e ¥xa; = Xybj, to (X,Y) cBasnas xommoHenta rpada
G. HeiictBurensho, B 3roMm caydae ['X =Y u I'Y = X. YrBepxkuenune 8
JIOKA3aHO.

6. O cyrecTBOBAaHNU HETPUBUAITBHBIX OTPaHUYEHUIA

Vreepxkaenne 9. Cucrevma orpanndenuii (3.1) Bcerja nmeer HeTpuBH-
AJIbHbIE PEIIeHUs].

JIOKA3ATEJILCTBO. Bce smementsr matpurt Ay, By uncaa 0 wiu 1. Bei-
fupaenM TPOU3BOJIBHBIN TTOJOKHUTENBHbIA HAbop {a;} u nycTh ¢ = ¥;a;. BoIl-
bupaem Bce b; = c. Torma xaxk eIl s/emenT BekTopa Aja < ¢, a Kaxablit
3JIEMEHT BeKTOpa B1b > c. YTBepX)aenne 9 g10Ka3aHO.

Ecnu Bei6pars HabOp {a;} W3 HATYPATBHBIX THUCEJ, TO HOJYYNM U BCe b;
marypasiababiMu. [TosToMmy BepHO

CaencrBue 2. Cucrema orpanmdennii (3.1) Bcerma mmeer perneHus B
HATYPAJIbHBIX YHCIIAX.

3ameuanue 3. 3 obiumx pe3yabTaroB O CHCTEMAaX JMHEWHBIX Hepa-
BeHCTB [22] caenyer, uro obsacTh perenuii cucrembl (3.1) cocrasiser Bbi-
IIYKJIBI MHOIOIDAHHBIN KOHYC.
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Orpanndenns: 06J1aCTH TAPAMETPOB CUCTEMBI PABEHCTB HA MOTOKU KPOME
orpaHm4eHuit (3.1) BKJIIOYAIOT €11¢ U OrPaHnuYeHnd AJid ABOMCTBEHHON CeTH
BQb g Aga (6.1)
rae a u b—Te XKe BeKTOpEI IapaMeTpoB {a;} u {b;}, Az —marpura pasme-
POM S92 X n, By —MaTpuia pa3sMepoM So X M, So — YHUCI0 OTPAHUIEHU st

IOBOMCTBEHHON CETH.

Cucrempl zHepasercTs (3.1) u (6.1) TpOTHBOIOIOKHBI, 00beTNHEHHAS CH-
cTeMa OTHOCHTCS K THILY JBYCTOPOHHHUX HepaBeHCTB. U sTa cucrema, 1o 110-
CTPOEHUIO, CJIEJICTBUE UCXOIHON CHCTEMbl PABEHCTB Ha HOTOKH.

Vreepxkaeune 10. O6nennnennas cucrema orpanndennii (3.1) u (6.1)
BCErjja UMeeT HETPHBUAJILHbIE DEIIeHUSI.

JIOKABATENBCTBO. g so6oro nonoxuresbHoro Habopa [ai, ..., a,| €
R™ ucxonnas cucrema ypasHeHuil Ha notoku (1.1) Bcerga mmeer HeTpUBHU-
anpHOe pemenue. JleiictBurensHo, B mexonuoit cucreme (1.1) Bee ¢(xi,y;)
HE3ABUCUMBI M KazK10e (T, yj) BXOAUT TOJIBKO B OJHO ypaBHeHuHe. B kax-
noe ypasnenue a; = Y (i, y;) BxoguT x01s 661 04HO (T4, Y;), T.€. 1IEPe-
MEHHBIX HE MCHbLIIIC OJHOTO. HOgTOMy X MOXKHO Bb16paTb IIOJIOZKUTEJIbHBIMA
" YIOBJIETBOPAIOIMIUMU 3TOMY YPABHEHUIO. 3aTeM7 II0 HUM BBIYUCJJIAECM Ha60p
[b1,...,b] € R™ u3 ypasuennii b; = Y . p(x;,y;). B pesymbrare moaydaem
TOUKYy, ymosaerBopstomyto cucreme (3.1) u (6.1). Yreepxkaenne 10 mokasza-
HO.

7. Crpykrypa Habopa orpaHnmveHuin
7.1. 3aMKHyTble MHO>KECTBA.
Oupegesienne 2. B npoctom rpade G = (X, Y, T") ansa goboro Xg C X
BeegieM omepanuio Cl: Cl(Xg) = Ui {VX;|TX; CT'Xp}.
U3 onpenenenus sugro, aro Xo C Cl(Xp), CI(Cl(Xy)) = Cl(Xp). Ecan

X1 CXo,moTX  CTI'Xgm Cl(Xl) = UZ{VXZ‘FXZ - FXl} - UZ{VAXZ’F,Xz -
FXQ} = CZ(XQ) fcwmo, aro Cl(X) =X.

Jemma 4. CI(X1) U CI(Xs) C CL(X; U Xa).

JOKA3ATENBCTBO. Tak kak I'(X; U Xy) = I'X; UT'Xy, to Cl(X4)
CZ(XQ) = UZ{\V/XZ|FXZ - FXl} U Uj{VXj|FX]' - FXQ} = Uz]{VX”KFXU
FXl) V (FXU - FXQ)} C Uk{VXk’FXk crx,u FXQ} = Uk{VXk‘FXk
(X1 UX2)} = Cl(X1 U X>). Jlemma 4 nokazana.

Jlemma 5. Cl(Xl N XQ) - Cl(Xl) N CZ(XQ)

JTOKABATENBCTBO. Ecan Bepunna xg € Cl(X1NX3), 1o T'zg CT(X1 N
X2) CTXiNI'Xy, re. Txg CTX; AT'zg C T'Xo. OTKy,ZLa X € Cl(Xl)/\JJ() S
Cl(X2), snaunt xo € Cl(X1) NCU(X3). Jlemma 5 gokasaHa.

NN C
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Hoayawmu, aro onepamms Cl obirajgaer BceMu CBOACTBAMEI 0NEPAMOPG 30~
MBUKAHUA LT BCEX IOAMHOXKeCTB Muoxkecrsa X [23, crp. 63].

Onpenenenne 3. [logvuoxkectBo Xg C X Ha3bIBaeTCd 3aMKEHYMbIM,
ecJin XO = CL(X())

Mo [23, §4.2, emma 1] 3aMKHYTbIE MHOXKECTBA BbIIEPKUBAIOT OLIEPALIUIO
N, T.e. aus 3aMkHYTHIX A, B CI(ANB) = AN B.

JleBas 9acTh KaxKJ0TO CYIIECTBEHHOTO OTDAaHWYEHMUs, BXOsmero B (3.1),
coorBeTcTByeT HekoeMy Xgo C X.

VYreepxkaeuune 11. Kazxnoe X, Bxomgsmee B (3.1), 3amkryTo. 1 Haobo-
pot, Kaxxaomy zamkHyToMy X9 C X COOTBETCTBYeT CyIIECTBEHHOE OTDaHH-
vernne u3 (3.1).

HOKA3ATEJILCTBO. IlepBas wacts ciegyer uz 3amedanus 1. Kaxmoe
KOHKpeTHOe 3aMKHyToe X( cTpouTcst AyrropurMon 1o Ipemoxennto 6. YTBep-
Knenne 11 10Ka3aHo.

7.2. Pemnerku Haja 3aMKHYThIMU MHOXkecTBamu. Yepes Sub X obo-
3HAQYUM MHOXKECTBO BCEX BaMKHyTbIX IIOOMHOXKECTB OIlepaTopa 3aMBIKAHMA
Cl na X. Io |23, crp. 64] Sub X — nosnnag pemmerka oraocurensuo C. U1 B
Sub X oneparuu nepecederuss A u o0beguHEHUS V UMEIOT B,

XiNXo=X1NXouX;VXy= Cl(Xl UX2).

3ameuanue 4. Ho X me gapiagerca MaTpomaoM, TaK KakK JJIs HETO HE
BBINOJTHsIeTCsl akcuoma 3amensbl (|23, crp. 64|). Hanpumep, npu A = {z1},
LA = {yi0,v12, 913}, T{p} = {¥13,923,930}, ['{q} = {v12, 923} momysaen
q ¢ Cl(A), g € Cl(AU{p}), no p & CL(AU{q}).

Yreepxkaeaue 12. ITycre X — marpouns, Torga rpag cmexaocta QX —
nonmsii n g seex v, € X T{a} C Uyl {x;}.

JIOKABATEJBLCTBO. Ilo akcmome 3aMeHBI I MATPOUIOB TIPH JIFOOBIX
p,q € X u Beakoro A C X rakoro, uro p ¢ Cl(A), q ¢ Cl(A), g€ CI(AU
{p}) m p € CU(AU {q}), nonysaem T{p} ¢ TA, T{p} C T(AU {q)) C
I'(A) UT{q}. Aranormano noxyuaem, I'{q} ¢ TA, T'{¢q} CT'(A)UT'{p}.

Orcrona norygaem, uro I(I{p} NT{q}) € T'A u B rpade cmexxnocru QX
cymecrsyer pebpo (p, q). T.e. rpad cmexkuoctn QX — moJHbBIiA.

Kpowme Toro, ms seex x; € X I'{a;} C Ujp M {a;}, Va; € X.

Yreep:xxaenne 12 1oka3aHo.

YrBepxkaenue 13. Pemerka Sub X sBiasiercs gucrpubyTuBHONR penier-
KOH, T.e. JJIsT Hee BBIIOJIHSIIOTCS cooTHOIIeHust [24, crp. 51|
X1V (X2 AN Xg) = (Xl V XQ) VAN (X1 V Xg)
X1 A (X2 V X3) = (Xl AN Xg) V (X1 VAN Xg)
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JIOKA3ATEJILCTBO. Muoxkecrsa X1, X9, X3 3aMkHyTbHI 1 BXOAT B Sub X,
nosromy X1 V (X2 VAN Xg) = Cl(Xl U (X2 VAN Xg)) = Cl(Xl U (X2 N Xg)) =
Cl((XlUXQ)ﬂ(XlLJXg)) = Cl(XlUXQ)/\Cl(XlLJXg) = (X1VX2)/\(X1VX3).

Tak xe X1 A (X2 V Xg) =XinNn CZ(XQ U Xg) = Cl(Xl N (XQ U Xg)) =
Cl((XlﬂXQ)U(leXg)) = Cl((Xl/\XQ)U(Xl/\Xg)) = (Xl/\XQ)\/(Xl/\Xg).
Yreep:xkaeHne 13 1oka3aHo.

Sameuanue 5. Ho Sub X me gasiserca 6ymeBoii pererkoii |24, §1.6]. Ha-
upumep, npu X = {z1, 22,23}, Y = {y1,y2,y3}, T{z1} = {y1, 2}, T{az} =
{y2}, T{ws} = {y2, y3} momyuaem Cl({z1}) = {z1, 22}, Cl({z2}) = {22}, Cl({ws}) =

{z2,x3}, n onepauus pononnenns B Sub X He cyiiecrByer.

TMycrs LY € {V;|Y; CY & 3X; C X : TX; = Y;}.
YrBepxkaenue 14. YacTtuyHo ynopsij09eHHOE [0 BKJIIOYeHHI0 T MHO-
KecTBo LY saBisgeTcs perrreTkow.

JIOKABATEJILCTBO. [asa moboit mapsl snementoB A, B u3 LY paccemor-
pum Cy = Uj{}/jHXj : PX]' = }/J - AﬂB} uCi= Uj{E/jHXj : PXj = Y} -
AU B}. dcuo, uro Cy = inf{A,B} = AANB, C1 = sup{A,B} = AV B.
Yreepxkaenue 14 1oka3aHo.

Ho, B obmmem ciygae, LY we aBisiercs auctpubyTwUBHON HU maske MOMIY-
JISIPHOM DEIeTKOof, Kak KaK MOXKeT COJepKaTh IIeHTArOH WJIU JuamMaHT [24,
§2.1]. Hampumep, y X = {z1,22,23},Y = {y1,92,93, ), 21 = {y1,92} =
a,Txe = {y2,y3} = b,Tx3 = {ys} = ¢ smements a,b, c 06pasyrOT NEHTArOH:
aNb=aNc=2,aVb=aVe=Y.Tx; ={y2,ys} = a,Txo = {y1,y3} =
b,Txs = {y1,y2} = c obpasytor gnamant: a A\b=aAc=bAc=2, aVb=
aVe=bVve=Y.

Ha muoxecrse LY Beesem orobpaxenue A: A(Yy) &ef Ui{vX;|T'X; C Yp}.
dcno, aro TA(Yp) = Yy, r.e. A B3aumno ognoszuaqano. Kpome roro, AT' = CI.
Boobme, mapa (I'; A) aBnsiercss coomeememeuem [aiya MeXKITy IaCTUIHO
yIopsinodeHHbIMU MHOXKecTBamMu Sub X u LY. Kpome toro, AT' mw TA —
omobpasicenus 3amukanus [24, crp. 78].

s kazkgoro V' C X Beegem dyukmmio sa = YNgcya(z), vae a(x) mu-
HUMAJLHBIN TTOTOK, BXOAATHH B Beprwmnay x. Jnsg kaxapix A, B u3 Sub X
cuntaem sa(A) A sa(B) &f sa(ANB) < min(sa(A), sa(B)), sa(A)V sa(B) &f
sa(AV B) = max(sa(A), sa(B)).

[Mycrs Sub RX = sa(Sub X). Tak Kak, 10 MOCTPOEHUIO, S& — TOMOMOD-
dusm u3 Sub X B nens geiicrureabHbIX gucea R, To u muoxkecrso Sub RX
— MCTpUOYTUBHAS PeIeTKa.

Ananoruano, aas kaxgoro W C Y seenem dynkmmo sb = Yycwb(y), rae
b(y) MakcuMasnbHBI MOTOK, BBIXOASIIMA u3 Bepiunbl y. usa kaxaeix A, B
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def

u3z LY cunraem sb(A) A sb(B) = sb(A A B) < min(sb(A), sb(B)), sb(A) V
sb(B) M sb(A v B) > max(sb(A), sb(B)).

[Mycrs Sub RY = sb(LY'). Tak kak, no nocrpoenuto, sb — romomopdusm
u3 LY B 1ens geficrBuTeabHbIX ynces R, To u MmuoxkecTso Sub RY — perierka.

7.3. yanpHOCTh 3aMKHYTBIX MHOXecTB. L1s rpada G paccmorpum
ayanbhoe orobpaxkenne I'g 1 Y — X, z; € Ty(y;) <= (24,y;) € G.

Yreepxkaenue 15. IIycrs X1 C X samknyro mra I, Xi d:efX\Xl’ Yl’ def

Y \T'X;. Torza Xi = Flel u le zaMKHyTO 17157 [ g.

HOKA3ATEJILCTBO. Tak kak X; 3amkuyTo Jijisi [, To B rpade G orcyT-
CTBYIOT pebpa Mexkay X1 u Yll . [TosTomy I‘lel cX 1 Ecan 681 cymecTBoBasIa
y; € I'X; rmaxas, aro I'y(y;) C X, 10 He cyuecTBoBaN0 Gbl PGP MeXk Iy
y; u X1, orkyna y; ¢ I'Xy — nporusopeune. 3Hadur Y1, 3aMKHYTO A1 ['g.
YTeepRaeHne 15 T0Ka3aHO.

[Mosyunmm B3auMHOOITHO3HATHOE COOTBETCTBHAE MEXK Y 3AMKHYTHIMHU MHO-
xkKectBamu quisd I w st Ty,

8. IlpusioxkeHnst MeTOOAa

[IpmBenem HEKOTOpDLIE CXEMBI MIPUJIOKEHNH TOCTPOEHHOTO METOA.

8.1. 3agaua punancosoro dwoakeruposanud. llycrs mmeercs n cTa-
Teil 0xX0/a, Kaxkaas 00beMoM B a;, (1 = 1,...,m), 1 m crareii pacxoaa, Kax-
nast obbeMoM B by, (j = 1,...,m). llo ycioBusiM (buHAHCOBOIO KOIEKCA Kazk-
Jlasi CTaThsl JI0XO0JIa MOYKeT MCIIOJb30BAThC TOJBKO Ha HEKOTOPHIE, KOHKPET-
HbIe CTATBY PACXOJia.

Pacnpesesienne crareii J0xoja 10 CTAThbAM PacXojia OMUCHIBAETCS CHCTE-
moit (1.1). Tlosromy geiicTByer obbeaunennast cucrema orpanndenwii (3.1)
u (6.1). Jononnsig 9TM OrpaHnYeHus MeaeBoi (DYHKINEH ¢ IMIUPUIECKIMI
TMPABUIAME YUIETa, TPUOPUTETOR CTATEH PACXOA, TTOJYyTaeM U PErTaeM 3a5ady
OTITUMATHHOTO (DUHAHCOBOTO OIOIKETHPOBAHMSI.

8.2. 3ajaua dpopmMupoBaHus IapKa CTPOUTEJIbHBIX MamnH. [lycrs
UMeeTcd TTapK CTPOUTENbHBIX MAIlUH, COCTOANINN U3 1 TUIIOB, MAaIUHBI -
ro tuma (i = 1,...,n) CrocobHBI 3a 3aaHHBII TIEPUO]] BPEMEHN MPOU3BECTH
cyMMapHbIit 00beMm pabor a; = ¢;N;, rae q;, N; — OIpOU3BOANTEILHOCT W
KOJIMIECTBO MAIIUH ¢-T0 Truna. U mycTh 3a 3TOT YKe Nepuojl HeoOXOIuMO BhI-
HOJHUTE HAGOP PAbOT M BUIOB, KaxkK Iblii Bug o0bemoM by, (j = 1,...,m). Ilpu
9TOM MAIIUHBI OJHOTO THUIIA MOTYT BBITOJIHATH PAOOTHI TOJBHKO OIMPeIeseH-
HBIX THIOB. CopammBaeTcs, IPH KaKUX 3HAYCHHAX b; JQHHBIN ITAPK MOXKHO
pacupeaemTh o paboTaM Tak, YTOOBI OH CMOT BCE BBLITOJIHUTH.
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JlanHast 3aja4a OIUCHIBAETCS MOJIEIbIO B BHJIE JBOHCTBEHHON ceTn S
OTKy/a mosydaeM cucreMmy orpanndenuii (6.1). lobasmisig K 9Toit cucreme
1IEJIEBYIO (DYHKITUIO C CTOMMOCTHBIMU OUPDAHUYEHUAMHE, [I0JIy9aeM OITUMU3A-
ITUOHHYIO 3a/1a49y C JIMHEHHBIMT OTPaHNYCHUAMMN.

Ecmm nabop pabor b; sajzam merouno, T.e. b; € P, rae P — Hexoropas
06J1aCcTh, 1 HaM HY>KHO CHOPMUPOBATH TAPK MAIUH, BRITIOJTHIIONIAN JI000MH
nabop pador uz P, ro B (6.1) 3amenstem a; Ha ¢;N;, 106aBIEM OrpaHUYEHNST
b; € P, nenesyio (pyHKIUIO C CTOMMOCTHLIMM OIDAHUYCHUAMH Ha TapK H
MTOJIy9aeM 3374y MeJTOYUCIEHHOTO TPOrpaMMUupOBanust Jjist ;.

3akJjroueHue

Ajrropurm crarbu gis Kaxaoro npocroro rpacda G = (X, Y, T') no oro6-
paxkenuto ' crpout HaboOp BCex 3aMKHYTHIX HOAMHOXKECTB B X . DTH HOJMHO-
JKeCTa 06pas3yIT TUCTPUOYTUBHYIO PEITIETKY U OMPEETISIOT BCE OTPAHNICHH I
HEPaBEHCTBA Ha MapaMeTpbl HCXOQHOW pacIpenenTeIbHON 3a1aun.

[TocTpoennsrit anTOPUTM MOTYIEHNS TTOJTHOM CHCTEMBI HE3aBUCUMBIX OT'Da-
HUYEHUI Ha MapaMeTpbl MHOTONAPaMETPUUYECKON pacIpele/IuTe/IbHON 3a1a-
YU JIETKO MPOTPAMMUPYETCS U 03BoJisieT 3hHEKTUBHO MOAOUPATEL Pa3Mephl
MaTEpPUAJIBHBIX 3aM1acoB, MOTPEeOHOCTENl MaTepPUAJBHBIX MTPOAYKTOB, aHAJIU-
3UpOBAThH WX Bapuwanmuu. Tak yKe 9TOT METOJ TPHMEHUM B 3aJadaxX aHaInu3a
dUHAHCOBOrO OI0IKETHPOBAHMSI.

AJTopuT™ CTATHU pEATU30BAH B BUJE TPUMEPa IKCTIEPHMEHTATLHOM Tpo-
rpaMMBl Ha PACIIPOCTPAHEHHBIX A3bIKaxX HIPOrpaMMUPOBaHUs, KOTOPas B aHa-
JINTUYECKOM BHUJIE CTPOUT MOJIHBII HAOOD OrpaHUYeHU-HEPABEHCTB JIJIsl [IPsi-
MOT'O WJIM JIyaJIbHOr'O I'padoB.

Tekcr mporpaMmer goctymes B [19).

Tam Ke HaXOMUTCS IKCIEPUMEHTATbHAS IPOIEAypa pacdeTa BCEX OI'pa-
HUYEHUN U WX COBMECTUMOCTH JIjId KOHKPETHOTO HAOOPa PECcypCoB.

[Tpeacrasasier naTepec KOMOMHATOPHASA OIEHKA MEPBI TOTO, KAK B CPEJ-
HEM PacCTET YHUCJIO OTPAHWHYEHUN W pacupesesieHne ero 3Ha49eHn .

PezynbraThl cTaThy MOTYT OBITH MCIO/IB30BAHBI MIPU AHAIN3E COBMECTH-
MocTr HAbOpa mapaMeTpoB MHOTOIAPAMETPUIECKON PACIIPeAeTUTEIHHOM 3a-
nmagn. Takoit aHaj 3 MPOBOAUTCI HE3ABUCUMO OT ONTUMU3AIMOHHON 3a/1a4u,
b0 KaK MpeaBapuTe IbHbBIN ITAI Tepe] TOCTAHOBKON ONMTUMU3ATMOHHON 3a-
Jadgu.

anbHelmuit IaH nUccjaeaoBaHMIA.

1. AmanuTnmyeckuit aHAIN3 YUCJA OTPAHWYEHUN W €0 aCCHMITOTHKY B
3aBUCUMOCTH OT pa3mepa rpada.

2. Yraybiienne cBs3eil CTPYKTYPbl MHOIO3HAYHBIX 0TOOpaXKeHuil ¢ aareod-
pPaMYeCcKUMM CTPYKTYPaMHU.
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3. llpumenenve K 33/1a9aM ONTUMAIBHOTO YIIPABICHNS MOTOKAMU HA T'Da-
de ¢ nabopom orpanmyeHuil B kadecrse pazoBOro IPOCTPAHCTBA.

Ta6smma 1. K-Bo orpanmuennii (r) u x-Bo cereii (Nets) s | X| = 3

ITpunaoxxxenne

Y): 3 4 5 6 7 8
r | Nets % | Nets % | Nets % Nets % Nets % Nets %
1 7 2,0 15 04 31 0,1 63 0,0 127 0,0 255 0,0
2| 108 31,5 | 450 13,3| 1620 54 5418 2,2 17388 0,8 54450 0,3
3| 168 49,0 | 1470 43,6 | 9120 30,6 | 48006 19,2 | 230328 11,2 | 1043790 6,3
4 60 17,5 | 1128 33,4 | 11820 39,7 | 94920 38,0 | 656460 32,0 | 4136328 24,9
5 - -| 216 64| 4320 14,5 | 52920 21,2 | 514080 25,1 | 4359096 26,3
6 - - 72 2,1 2160 7.3 | 34920 14,0 | 423360 20,7 | 4356072 26,3
7 - - 24 0,7 720 2,4 13800 5,5| 206640 10,1 | 2631384 15,9

sum | 343 100 | 3375 100 | 29791 100 | 250047 100 | 2048383 100 | 16581375 100

Tabsmna 2. K-Bo orpanuuennii (r) u k-so cereit (Nets) s | X| =4

Y 4 5 6
r| Nets % Nets % Nets %
1 15 0,0 31 0,0 63 0,0
21 1050 2,1 3780 04 12642 0,1
31 8160 16,1 | 50430 5,5 264936 1,7
4117400 34,4 | 183480 19,9 | 1478400 94
5 | 15000 29,6 | 270480 29,3 | 3266760 20,7
6| 5904 11,7 196440 21,3 | 3525480 224
71 2256 4,5 | 122760 13,3 | 3075240 19,5
8 768 1,5 | 64800 7,0 | 2199120 14,0
9 72 0,1 | 20400 2,2 | 1036440 6,6
10 - - 7920 0,9 591840 38
11 S -] 1440 02| 158400 1,0
12 S -] 1440 02| 120060 0,8
13 - - - - 9360 0,1
14 - - - - 3600 0,0
15 - - 120 0,0 9720 0,1
sum | 50625 100 | 923521 100 | 15752961 100
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Tabsmna 3. Maremarunueckoe oxumanue (F) u ctangaprHoe oTKIoHeHue (o)

Y| 3 4 5 6 7 8
| X|| E o E o E o E o E o E o

282 0,74 | 341 094|394 1,09 442 1,17| 484 120 519 1,18
- - |453 1,19552 151 648 1,76 | 7,38 1,93 | 821 2,03

- | - Z|702 1,82 856 2,25|10,08 2,61 11,55 2,89

- 10,60 2,68 |12,85 3,24 15,10 3,73

- | 15,63 3,83|18,78 4,55

- - ]2255 5,33

O 1 O O = W
1
1
1
1

Tabsmma 4. Maremarnieckoe oxxunanue (E) u crangapraoe oTK/I0HEHNE (0)
IJId CeTeilt m X m

8x%x9 9 x 10 10 x 11 11 x 12 12 x 13 13 x 14
E o E o E o E o FE o FE o

26,83 6,27 | 37,55 8,53 | 51,62 11,49 | 69,83 15,31 | 93,19 20,20 | 122,83 26,41 |
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