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Abstract 
 

We propose a unified framework for analyzing complex ecosystems that integrates: (1) a 

minimal functional taxonomy for classifying and clustering ecosystem elements (Universal 

Classification and Clustering, UCC), (2) a selection logic and survey of structural theories 

used to reason about scale, uncertainty, interaction, and safety, and (3) an algebraic and 

dynamical interaction model that supports pattern/form/model extraction and measurable 

effectiveness invariants. UCC classifies elements by role (Value-Adding, Archived, 

Communication, Evaluation, and Exchange role when transactions are first-class) using 

operational assignment tests and multi-role signatures. We demonstrate conditional 

universality under explicit modeling assumptions and show cross-domain instantiations. 

The structural-theory toolbox provides checklists for choosing mathematical tools (logic, 

probability, information, computation, optimization, symmetry, dynamics/control, games, 

category theory, causality, and verification). Finally, we define role-layered interaction 

networks and role-flow summaries that enable comparison across domains and support 

simulation and measurement. The manuscript includes a pilot application and specifies a 

multi-domain empirical validation program to establish inter-rater reliability and predictive 

utility.  
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1. Introduction 

1.1 Contribution Summary and Testable Claims 

The framework contributes three integrated deliverables, each with testable claims under 

explicit boundaries and modeling assumptions: 

• UCC (Universal Classification and Clustering): a minimal functional role basis (Value-

Adding, Archived, Communication, Evaluation; plus optional Exchange) with operational 

assignment tests and multi-role signatures. 

• Structural Theory Toolbox: a selection logic and survey explaining which mathematical 

theories become necessary under scale, uncertainty, safety, strategic interaction, and 

compositional design. 

• Dynamic Interaction Modeling: a role-layered interaction representation (role-flow 

summaries and algebraic closures) enabling Pattern/Form/Model extraction and 

measurable invariants (including effectiveness metrics). 

Testable claims (to be evaluated empirically, not asserted metaphysically): (i) coverage—

within a declared boundary and objective set, all functionally meaningful elements admit 

classification into the role basis (possibly multi-label); (ii) reliability—independent raters 

can apply the operational tests with measurable agreement; (iii) utility—role signatures 

and role-flow measurements predict or diagnose known failure modes and governance 

gaps. 

1.2 Positioning Against Existing Literature and Competing Universal 

Frameworks 

The manuscript’s universality claim is reframed as conditional and operational: UCC is not 

proposed as a metaphysically “true” upper ontology, but as a compact modeling lens that 

supports cross-domain comparison, system design, and failure diagnosis. This subsection 

adds explicit positioning against widely used universal or quasi-universal frameworks, 

while preserving existing comparisons. 

• Sensemaking frameworks: Conceptual tools used to turn complex, ambiguous data into 

a coherent understanding to guide action. They are primarily applied in organizational 

behavior, leadership, and design to navigate uncertainty. 

• General System Theory and extensions: emphasize broad system primitives 

(inputs/outputs, feedback, hierarchy); UCC can be interpreted as a minimal functional 

refinement aligned with cybernetic primitives (work, memory, coupling, selection). 

• Computational universality / computational equivalence narratives (e.g., Wolfram): 

argue many processes can simulate one another; UCC’s claim is different—about 

operational classification of ecosystem elements for engineering and governance rather 

than simulation equivalence alone. 

• Complexity Theory: The multidisciplinary study of "complex adaptive systems" 

(CAS)—systems composed of many interacting parts that spontaneously 



organize into intricate, collective behaviors. 

 

• Upper Ontologies: They provide universal categories—such as Object, Process, and 

Quality—that are domain-independent, allowing disparate specialized systems to 

communicate accurately. 

Scope control: UCC is intended for purposive or teleonomic ecosystems where 

goals/constraints and a boundary are declared. Elements that appear to resist role 

assignment are treated as (a) boundary/goal artifacts, (b) composites requiring 

decomposition, or (c) emergent graph-level properties better modeled as state variables or 

system-level evaluators. 

Coordinate System vs. Extraction Engine: A clarifying conceptual distinction underlies 

the unified framework. The functional roles (V, A, C, E, NE) provide the invariant coordinate 

system for complex systems—they define where things happen in functional space. The 

algebraic and dynamical methods (closures, homomorphisms, spectral modes, tensor 

decompositions) constitute the extraction engine that operates on these coordinates—they 

define how structures emerge and evolve. This separation allows independent advances: the 

coordinate system can be refined through empirical validation, while the engine can 

incorporate new mathematical methods (e.g., Tensor Dynamic Mode Decomposition for 

spectral analysis) without disrupting the underlying semantic framework. Critically, every 

algebraic extractor must operate on UCC-typed objects—we do not extract patterns from 

raw “data” but from Role-Flow Tensors that preserve the functional semantics. 

1.3 Empirical Validation  and Reporting Plan 

• Inter-rater reliability: run studies across ≥3 disparate domains; report Krippendorff’s α 

(and κ where appropriate) plus qualitative disagreement analysis tied to boundary 

choices and multi-role ambiguity. 

• Predictive case studies: test whether role-flow matrices and role signatures forecast 

bottlenecks, control failures, quality breakdowns, or exchange frictions in known 

historical episodes. 

• Counterexample protocol: This is a fundamental proof procedure used to demonstrate 

that a general statement, claim, or argument is false or invalid 

1.4 Mathematical Presentation Notes 

Section 4.3 (“Effectiveness Metrics”) contains dense notation and mixed formatting in the 

preserved manuscript. No equations are changed here; instead, the document adopts 

consistent symbol naming and grouping conventions and keeps full derivations together in 

the integrated derivation section so the logical progression is easier to follow. 

Ecosystems that involve data, information, knowledge, science, technology, industry, and 

trade are increasingly interdependent. Yet the language used to describe their components 

and interactions remains fragmented: disciplines adopt incompatible taxonomies, reuse the 

same terms with different meanings, and select mathematical tools without a shared 



selection logic. The result is avoidable conceptual friction: it becomes hard to compare 

ecosystems, transfer insights across domains, and measure how structures change over 

time. 

 

This paper provides a single narrative arc that links (i) a universal, operationally testable 

functional taxonomy, (ii) a survey of structural theories as a toolbox shaped by historical 

and engineering constraints, and (iii) a dynamic interaction framework for extracting 

patterns, forms, and models in multi-layer networks. 

 

Part I introduces Universal Classification and Clustering (UCC) and argues that any modeled 

ecosystem can be classified and clustered using five functional roles: Value-Adding, 

Archived, Communication, Evaluation, and Exchange. Part II compares the structural 

theories that are most useful for reasoning about such ecosystems and explains why these 

theories had to be developed historically. Part III proposes a method to analyze and model 

dynamic interactions across hierarchical networks, leveraging the theories from Part II and 

the roles from Part I. We then synthesize the three parts into a unified workflow for 

ecosystem analysis and outline a validation and research roadmap. 

2. Universal Classification and Clustering (UCC) 
Part I provides a functional proof-oriented taxonomy and clustering mechanism intended to 

apply across domains. The content below is preserved from the original UCC manuscript 

(with local front matter archived in Appendix O). 

2.1 Motivation and Problem Statement 

Across disciplines, we repeatedly face the same practical question: “What are the essential 

kinds of things in this system?” But traditional answers are domain-bound (e.g., ‘datasets’ in 

data science, inventories’ in supply chains, laws in governance), making it hard to compare 

systems, transfer designs, or detect missing capabilities. UCC aims to be a universal 

‘functional’ vocabulary that works at any scale—from a microservice to a multinational 

trade network. 

The target claim is strong: that one can classify or cluster the meaningful elements of a 

modeled ecosystem using a small, domain-agnostic role set. The paper therefore 

distinguishes two questions: 

• Universality: Do the core categories cover every meaningful element (exhaustiveness)? 

• Minimality: Are the core categories the smallest universal basis (no role removable, and 

no additional primitive required)? 

UCC argues for four core roles (Value, Archive, Communication, Evaluation) and also 

supports an Exchange label NE(t) when transactions are first-class. 

2.2 The UCC Proposition: Function Over Substance 

Preview of the algebraic layer. In Section 4 we represent each ecosystem (within a 

boundary S at time t) as a role-generated compositional structure G_n(t)=⟨E(t), ⊗, e⟩ 



(monoid/category; group as a special case), where UCC roles are treated as typed 

generators {g_nv, g_na, g_nc, g_ne, g_nx}. This makes roles not only labels but generators 

that produce interaction structure and measurable invariants. 

UCC classifies by what element is made of and its functionality in the ecosystem. An 

element’s role is defined relative to an ecosystem boundary, time t, and the 

objectives/constraints that define “meaningful behavior.” 

By classifying by function rather than substance, UCC avoids domain-specific ontologies and 

enables cross-domain comparison: the same role language can describe a database, a 

warehouse, a legal contract, or a signaling pathway. This functional focus is most useful 

when designing, governing, or debugging systems, because failure modes and control 

surfaces follow what an element does, not what it is called. 

This ‘function over substance’ stance aligns with recurring primitives across foundational 

lenses: 

• System dynamics: stocks (archive), flows (communication), transformations (value), 

feedback (evaluation). 

• Cybernetics: communication and control, coupled with plant dynamics and memory. 

• Value chains: production (value), inventory (archive), logistics/information 

(communication), transaction/market mechanisms (exchange), assurance/regulation 

(evaluation). 

Because these lenses are independent yet convergent, UCC treats the core roles as deep 

invariants of organized activity, and treats Exchange (NE) as an optional lens that is 

especially salient in trade and market ecosystems. 

2.3 Comparative analysis with existing frameworks 

UCC deliberately occupies a middle ground between (i) domain ontologies that define what 

things are, and (ii) process or enterprise frameworks that prescribe how organizations 

should operate. Its claim is narrower: many ecosystems can be compared by the small set of 

functional roles their elements play (Value, Archive, Communication, Evaluation).  

This comparison also shows what UCC is intentionally silent about: it does not prescribe 

governance structures, encode domain semantics, or define complete life-cycle processes. 

Instead, it offers a compact role basis that can be reused as a diagnostic and clustering layer 

across those richer frameworks. 

Additional perspective: Control-centric frameworks such as MAPE-K (Monitor–Analyze–

Plan–Execute over a Knowledge base) and organizational cybernetics (e.g., Stafford Beer’s 

Viable System Model) align closely with UCC’s core roles—execution maps to Value-Adding, 

the knowledge base maps to Archived, monitoring and signaling map to Communication, 

and analysis/planning/policy map to Evaluation. What these single-agent control loops 

usually omit is explicit Exchange: multi-agent systems with property transfer, pricing, and 

settlement benefit from NE(t) as a first-class role (or tag) to represent transactional closure 

and rights-transfer across boundaries. This suggests UCC is best positioned as a cross-



domain functional lens that complements (rather than replaces) structural upper ontologies 

and life-cycle process standards. 

2.4 Related literature (systems engineering, ontology, taxonomy) 

Systems engineering commonly relies on functional decomposition, life-cycle process 

models, and architecture-description standards. ISO/IEC/IEEE 15288 (2015) and the 

INCOSE Systems Engineering Handbook (INCOSE, 2015) provide process-centric views for 

developing and operating systems, while ISO/IEC/IEEE 42010 (2011) standardizes how 

architectures are described via viewpoints and concerns. UCC is compatible with these 

perspectives: it supplies a role-based viewpoint that can be applied to the elements 

appearing in an architecture description or a functional breakdown. 

In ontology engineering, the focus is typically on category structure and well-founded “is-a” 

hierarchies (e.g., OntoClean), and on upper ontologies such as BFO and DOLCE. UCC does 

not compete with these efforts; it adds a functional annotation layer that can be attached to 

ontological entities regardless of metaphysical stance. This suggests an integration pattern: 

keep domain ontologies for meaning and use UCC to compare and cluster entities by their 

roles in a specific ecosystem at time t. (Gruber, 1993; Welty & Guarino, 2001; Arp et al., 

2015; Masolo et al., 2003). 

In classification and terminology research, faceted methods emphasize describing an item 

from multiple independent viewpoints. UCC can be read as a compact functional facet set: 

V/A/C/E in the base model, with an optional Exchange facet (NE) for transactional systems. 

This makes UCC compatible with domain ontologies and taxonomies: keep domain-specific 

types, then annotate them with shared functional facets for cross-domain comparison. 

(Ranganathan, 1967; ISO, 2022). 

2.5 Formal Model and Notation 

2.6 Ecosystem 

Let an ecosystem S be modeled (over a time window) as a dynamical system with state x(t) 

∈ X, external inputs u(t) ∈ U, outputs y(t) ∈ Y, and a state transition: 

𝑥(𝑡 + 𝛥) =  𝐹(𝑥(𝑡), 𝑢(𝑡),𝑚(𝑡), 𝜃(𝑡)) 

where m(t) denotes mediated transfers/messages among components and θ(t) denotes 

parameters/policies. Let J be an objective (or set of objectives) and G a constraint set 

defining admissible trajectories. 

2.7 Elements 

Let E be the set of identifiable elements—artifacts, modules, agents, institutions, processes, 

rules—that can causally influence F, x, m, θ, J, or G. We restrict attention to *functionally 

meaningful* elements: those whose presence/absence changes reachable trajectories or the 

evaluation of outcomes. 



2.8 Role predicates and sets 

2.9 Role Definitions and Operational Tests 

Table 1 provides definitions, diagnostic questions, and practical operational tests. 

Role Set Core function Question Operational test Algebraic 
generator 

Value-Adding 𝑁𝑛𝑣(𝑡) 
Transforms inputs → 

outputs/capability 

What changes the world? If removed, some outputs/capabilities 
become impossible. 

𝑔𝑛𝑣 

Archived 𝑁𝑛𝑎(𝑡) Preserves 
state/history/inventory/knowledge 

What persists for later use? If removed, the system loses memory, 
traceability, or inventory. 

𝑔𝑛𝑎 

Communication 𝑁𝑛𝑐(𝑡) Transfers/routes/interfaces; 
coupling and coordination. 

Does it connect sources and sinks or 
mediate coordination? 

If removed, 
connectivity/coordination/signaling/logistics 
fails. 

𝑔𝑛𝑐 

Exchange 𝑁𝐸(𝑡) Enables or constitutes 
exchange/transactions: transfer of 
ownership/rights/value. Includes 
exchange objects 
(goods/services/products, 
exports/imports) and exchange 
mechanisms (pricing, matching, 
contracting, clearing, settlement, 
payment/market rails). 

What is being traded and how is 
ownership/value transferred? 

If removed, trades cannot be executed or 
settled; pricing/clearing breaks and 
exports/imports cannot occur. 

𝑔𝑛𝑥 

Evaluation 𝑁𝑛𝑒(𝑡) Measures/judges/selects; 
constraints and governance. 

Does it measure 
performance/fitness/permissibility? 

If removed, 
quality/control/compliance/optimization 
collapses. 

𝑔𝑛𝑒 

Note: the same named object can map to different roles depending on which aspect is being 

modeled. For example, a ‘database platform’ contains archival (storage), value-adding 

(query processing), communication (replication/protocols), and evaluation 

(constraints/access control). UCC therefore prefers decomposing composites into role-pure 

sub-elements where useful. 

2.10 Universality Proof Sketches 

This section offers proof sketches about functional completeness and minimality within the 

paper’s modeling assumptions. They are not metaphysical claims about reality; they are 

claims about how to model goal-directed ecosystems in a way that is useful, testable, and 

comparable across domains. 

2.11 Assumptions 

A3 (Decomposability): the ecosystem’s causal influence can be represented through 

transformations, persistence, coupling, and evaluation; transaction/exchange mechanisms, 

when present, can be modeled either as composites across 

coupling+persistence+evaluation or tagged explicitly as NE. 

Boundary and purposiveness clarification (teleology vs. teleonomy): UCC targets purposive 

ecosystems—systems with explicit goals (teleological) or internally maintained 



constraints/programs (teleonomic, e.g., homeostasis or organizational survival). The 

framework is conditional on (i) a declared boundary, (ii) a notion of functional relevance to 

the system’s goals/constraints, and (iii) representability of the system as interacting 

elements and relations at time t. Purely chaotic/no-goal aggregates, or purely abstract 

structures considered without any use-context, may be better treated as outside-scope or as 

inputs to the model rather than elements within it. 

2.12 Theorem: Collective Exhaustiveness 

For any meaningful element e at time t, 𝑒 ∈ 𝑁𝑛𝑣(𝑡) ∪ 𝑁𝑛𝑎(𝑡) ∪ 𝑁𝑛𝑐(𝑡) ∪ 𝑁𝑛𝑒(𝑡) ∪ 𝑁𝐸(𝑡) 

(with NE optional in the base four-role model). 

Proof sketch (exhaustion of functional roles): Since e is in scope (A1), it affects reachable 

trajectories, admissibility, or outcomes. In the base model, influence is realized through (i) 

transformation of inputs into outputs (V), (ii) persistence of state/history (A), (iii) 

coupling/transfer between components (C), and/or (iv) selection under criteria (E). In 

transactional ecosystems, it is often useful to tag exchange-specific mechanisms as X/NE, 

which typically manifest as structured coupling that updates inventories/ownership under 

evaluative rules. Hence e satisfies at least one predicate. 

2.13 Proposition: Minimality 

No core role can be removed without losing universality. Each core role has a family of 

witness ecosystems that require it: 

• 𝑁𝑛𝑣: computation/production/experimentation. 

• 𝑁𝑛𝑎: persistence, inventory, reproducibility, accounting. 

• 𝑁𝑛𝑐: distributed coordination, routing/logistics, signaling. 

• 𝑁𝑛𝑒: optimization, governance, quality assurance, compliance, selection. 

 

2.14 Proposition: Sufficiency of the core roles and an Exchange overlay 

The four core roles (V/A/C/E) form a minimal scaffold under A1–A3. Many ecosystems also 

contain explicit transaction mechanisms (money, markets, contracts, clearinghouses, 

payment rails). In UCC-4 these can be modeled as composites across Communication 

(interfaces/rails), Archive (accounts/ledgers/inventory), and Evaluation 

(prices/rules/credit/verification). For clarity and measurement, UCC optionally introduces 

NE(t) to label such elements directly, yielding a 5-dimensional signature. This extension 

improves interpretability without requiring a new causal primitive beyond the core 

scaffold. 

2.15 MECE (Single-label) and Multi-role (General) Forms 

MECE is achieved by adopting a primary-role assignment 𝜌(𝑒, 𝑡) that selects one dominant 

role for each element, producing a partition. However, reality often demands multi-role 

modeling. UCC therefore treats MECE as an *analysis convention* rather than a 

metaphysical claim: elements are MECE after decomposition into role-pure sub-elements, 

or after choosing a dominance criterion. 



2.16 What the proof does and does not establish 

Because the four roles are defined in terms of causal influence, the exhaustiveness 

argument can look circular if the roles are treated as an arbitrary partition of 'everything 

that matters'. UCC therefore treats universality as conditional: it shows that if a modeled 

ecosystem’s causal influence can be represented through (i) transformation, (ii) persistence 

across time, (iii) coupling/transfer across boundaries, or (iv) selection under criteria, then 

V/A/C/E are exhaustive. 

In that sense, the proof is closer to an axiom schema or basis choice than a metaphysical 

theorem. Its credibility comes from convergence: the same four primitives recur in 

independent traditions (system dynamics, cybernetics, information theory, and value-chain 

analysis) and can be operationalized as diagnostic tests (Section 4). 

A practical falsification protocol is straightforward: within a specified boundary and time 

window, identify an element that is causally relevant yet cannot be decomposed into any 

combination of the four roles. Section 10 lists candidate stress tests and how UCC proposes 

to handle them. 

2.17 Clustering From Roles: Signatures, Graphs, and Flows 

2.18 Functional signature space 

Let each element e have a functional signature. In the base model, 𝑠(𝑒, 𝑡) = [𝑣, 𝑎, 𝑐, 𝑒] over 

V/A/C/E. When Exchange is modeled explicitly, use 𝑠(𝑒, 𝑡) = [𝑣, 𝑎, 𝑐, 𝑥, 𝑒], where x 

corresponds to NE. Either way, the signature defines a domain-agnostic metric space for 

clustering and comparison. 

2.19 Role-first clustering 

A practical universal clustering workflow: 

1) Estimate 𝑠(𝑒, 𝑡) for all e. 

2) Assign primary roles 𝜌(𝑒, 𝑡) = 𝑎𝑟𝑔𝑚𝑎𝑥(𝑠). 

3) Cluster within each role using role-relevant features and graph metrics. 

This yields stable, interpretable clusters: transformations with transformations, stores with 

stores, channels with channels, exchange mechanisms with exchange mechanisms, and 

evaluators with evaluators. 

2.20 Graph and flow models 

Construct an interaction graph 𝐺(𝑡) with nodes E and typed edges for flows (material, 

information, rights/ownership, control). Aggregate these interactions into a role-flow 

matrix 𝐹(𝑡). In the four-role base model, 𝐹(𝑡)is 4×4 over 𝑉, 𝐴, 𝐶, 𝐸; if Exchange is explicit, 

𝐹(𝑡) becomes 5×5 over 𝑉, 𝐴, 𝐶, 𝑁𝐸, 𝐸. Role-flow matrices are useful for comparison, 

anomaly detection, and governance checks. 



2.21 Clustering ecosystems, not just elements 

Because F(t) summarizes role-to-role traffic, it can be used to cluster entire ecosystems 

(organizations, platforms, markets) by structural similarity. Two ecosystems with very 

different semantics may still be functionally similar if their role-flow matrices match. 

2.22 Cross-Domain Instantiations and Case Studies 

Table 2 gives a cross-domain instantiation matrix (examples, not exhaustive). 

Domain Nnv (Value) Nna (Archive) Nnc (Comm.) Nne (Eval.) 
Computing CPU/GPU execution, 

compilation, query 
execution 

RAM/SSD, DB tables, 
logs, checkpoints 

networks, buses, 
APIs, brokers 

scheduler, tests, ACLs, 
policies 

Data pipelines ETL transforms, 
feature jobs 

data lake, warehouse, 
catalog 

streaming, 
orchestration, 
connectors 

schema checks, SLAs, 
data quality rules 

Science experiments, model 
building, synthesis 

datasets, lab 
notebooks, literature 

journals, 
collaboration, 
instruments links 

peer review, 
statistics, ethics 

Manufacturing assembly steps, 
machining, service 
delivery 

inventory, 
warehouses, 
maintenance records 

logistics, ERP links, 
EDI 

QA, safety control, 
audits 

Trade/economy production, 
innovation, 
negotiation 

capital stocks, 
ledgers, reserves, IP 

markets, payment 
rails, shipping 

prices, regulation, 
credit scoring, 
arbitration 

Governance public service 
operations 

laws, registries, 
archives 

media, diplomatic 
channels 

courts, elections, 
oversight 

Table 2B: Exchange (NE) elements across domains (examples, not exhaustive). 

Domain Typical Exchange (NE) elements 
Computing / distributed systems Transaction coordinators, ACID commit/ledger services, 

billing/settlement subsystems, marketplaces for 
compute/storage. 

Trade / economy Traded goods/services/products (including 
imports/exports and commodities), money and payment 
rails, markets/exchanges, brokers, clearinghouses, 
settlement systems, contracts and pricing mechanisms. 

Supply chains Products and shipments as exchange objects 
(imports/exports), purchase orders and contracts as 
exchange instruments, invoicing, trade finance, escrow, 
customs processes, and settlement/payment mechanisms. 

Governance / law Contracts, licensing, property registries, tax 
collection/payment systems, public procurement 
mechanisms. 

Science / R&D Grant contracts, procurement of instruments/materials, 
licensing/IP transfer, data-use agreements, and exchange of 
research outputs as tradable goods (patents, datasets, 
publications, prototypes). 

AI platforms API billing and usage credits/tokens, data/model 
marketplaces, licensing and usage exchange mechanisms, 
and traded digital products (model access, datasets, fine-
tunes) bundled with settlement. 



Table X. Five-role mapping across data→information→knowledge layers and science/technology/industry/trade domains. 

Group Archive (Nna) Value (Nnv) Comm. (Nnc) Exchange (NE) Eval. (Nne) 
Data Data lakes/warehouses, 

logs, checkpoints, 
stored raw facts 

ETL/ELT transforms, 
cleaning, feature 
extraction, aggregation 

APIs, streaming 
pipelines, message 
brokers, 
ingestion/egress 
connectors 

Datasets/data feeds as products, 
data access rights/licensing, 
cross-org dataset 
exports/imports 

Data-quality 
checks, schema 
validation, 
privacy/compliance 
gates, SLA 
monitoring 

Information Schemas, metadata 
catalogs, data 
dictionaries, report 
history, ontologies (as 
structure memory) 

Curation/structuring 
tools, indexing, 
summarization, 
normalization, templating 

Dashboards, 
reports, queries, 
documentation 
portals, search 

Information 
products/subscriptions, 
syndicated reports, analytics 
deliverables sold/shared under 
agreement 

Relevance/usability 
review, governance 
approvals, KPI 
alignment, 
freshness checks 

Knowledge Repositories of research 
findings, playbooks, 
wikis, learned models, 
provenance/traceability 

Inference/decision-
support, synthesis 
pipelines, reasoning 
systems, expert practice 

Seminars, 
mentorship, 
communities of 
practice, 
knowledge bases, 
training 

Expertise/insights as services, 
patents/IP, licensing/royalties, 
consulting agreements, 
model/dataset licensing 

Validation/audit, 
peer review 
(informal/formal), 
safety/ethics 
review, consistency 
checks 

Science Literature, protocols, 
lab notebooks, datasets, 
specimen registries 

Experimentation, 
discovery, model-
building, synthesis and 
explanation 

Journals, 
conferences, 
collaboration 
networks, 
instrument links, 
lab information 
systems sharing 

Research outputs as exchange 
objects (papers, datasets, 
models), lab 
services/instrument time, 
grants/contracts, IP transfer 

Peer review, 
statistics, 
replication, ethics 
boards, quality 
control 

Technology Standards, 
designs/blueprints, 
version-control history, 
requirements baselines 

Engineering design and 
implementation, 
prototyping, integration, 
optimization 

Technical 
documentation, 
API specs, 
CAD/CAM files, 
release channels, 
CI/CD interfaces 

Products and transferable rights: 
software/hardware, licenses, 
SaaS/compute offerings, 
support/maintenance contracts 

Testing/QA, 
security review, 
feasibility and 
impact assessment, 
compliance gates 

Industry SOPs/work 
instructions, logistics 
records, maintenance 
logs, inventory/asset 
registers 

Manufacturing/service 
delivery, process 
automation, logistics 
execution 

ERP/MES, IoT 
telemetry, 
production 
schedules, EDI, 
supplier/customer 
coordination 
channels 

Manufactured 
goods/components, production 
capacity sold/allocated, 
industrial services, 
exports/imports and 
procurement contracts 

QA, audits, safety 
checks, regulatory 
compliance, 
scalability and 
market-fit 
evaluation 

Trade Trade histories/ledgers, 
contracts, customs 
records, price histories, 
accounts 

Distribution/optimization 
algorithms, brokerage, 
market-making, logistics 
planning 

Trade platforms, 
invoices, shipping 
notices, messaging 
standards, 
settlement 
messaging 

Commodities/products/services, 
imports/exports, financial 
instruments, 
clearing/settlement, 
ownership/rights transfer 

Pricing signals, 
credit scoring, risk 
assessment, 
regulation, 
arbitration and 
dispute resolution 



2.23 Case Study A: Machine Learning System 

𝑁𝑛𝑣: training/inference jobs, feature computation, ranking/scoring transforms. 

𝑁𝑛𝑎: raw datasets, feature stores, model checkpoints, experiment tracking. 

𝑁𝑛𝑐: data ingestion, streaming, service APIs, distributed compute fabric. 

𝑁𝐸: (when relevant) paid datasets/models, licensing and billing rails, usage credits/tokens, 

and marketplaces for access. 

Nne: loss/metrics, validation suites, safety filters, human review, deployment gates. 

2.24 Case Study B: Supply Chain and Trade 

𝑁𝑛𝑣: fabrication/assembly, packaging, value-added services. 

𝑁𝑛𝑎: inventories, warehouses, records, capital assets. 

𝑁𝑛𝑐: logistics, shipping lanes, EDI and market information channels. 

𝑁𝐸: traded goods/services/products (including exports/imports and commodities), 

marketplaces/exchanges, money and payment rails, and transaction instruments (purchase 

orders, contracts, invoices) plus clearing/settlement. 

Nne: compliance, customs rules, pricing policies, risk scoring, arbitration, audits. 

2.25 Case Study C: Scientific Knowledge Ecosystem 

𝑁𝑛𝑣: experimental work and theory construction. 

𝑁𝑛𝑎: accumulated literature, datasets, repositories, institutional memory. 

𝑁𝑛𝑐: journals, conferences, collaboration networks. 

𝑁𝐸: (when relevant) grant/contract funding mechanisms, IP licensing, and resource 

allocation via exchange. 

Nne: peer review, statistical tests, replication standards, ethics governance. 

2.26 Pilot empirical study: an open-source software ecosystem 

To demonstrate operationalizability (and to expose ambiguity and boundary effects), we 

ran a small pilot classification exercise on an open-source software ecosystem. We used 

Kubernetes as the target ecosystem because its technical artifacts, governance structures, 

and communication channels are publicly documented. (Jansen et al., 2009; Kubernetes 

Community, 2025). 

Method (pilot): (i) select a diverse sample of ecosystem elements (software components, 

process artifacts, governance artifacts, and communication channels), (ii) apply the four 

operational tests in Section 4 at a fixed time t, allowing multi-role signatures, and (iii) 

summarize role frequencies and common ambiguity patterns. This is a single-rater pilot; 

Section 10.6 outlines how to expand to inter-rater studies (e.g., using Cohen’s κ). (McHugh, 

2012). 

 

 

 



Table 3A shows an illustrative subset of classifications (Kubernetes Community, 2025). 

Element Brief description Role signature (V/A/C/E, 
optional NE) 

Operational test trigger 
(informal) 

kube-apiserver Entry point for API requests; 
validates and serves cluster 
state 

C+E (+V) 
Remove → coordination fails; 

control/authorization 
collapses 

etcd Persistent key-value store 
for cluster state 

A (+C) 
Remove → 

memory/traceability fails 

Scheduler Selects node for pods E (+V) 
Remove → 

selection/placement degrades 
or collapses 

Controller Manager 
Reconciliation loops drive 
desired→actual convergence 

E+V 
Remove → control collapse; 
desired state not enforced 

Kubernetes API objects 
(manifests) 

Declarative desired state 
representations 

A (+C) 
Remove → reproducibility and 

traceability fail 

GitHub issues/PRs Coordination + record of 
change proposals 

C+A (+E) 
Remove → coordination and 

history collapse; review 
quality drops 

KEPs Design proposals and 
decision record 

A+E+C 
Remove → design memory 

and selection of changes fail 

CI system (Prow) and test 
gates 

Automated checks and 
merge gating 

E (+C) 
Remove → quality control 

collapses 

Release Managers / 
release process 

Coordinates releases and 
timelines 

C+E 
Remove → coordination and 
selection of what ships fail 

Docs site & reference docs User-facing knowledge and 
interface documentation 

A+C 
Remove → learning and 

interface coupling degrade 

SIG meetings / Slack 
channels 

Ongoing coordination and 
discussion 

C (+A) 
Remove → cross-team 

coordination fails 

Security response process Detection, triage, disclosure 
policy 

E+C 
Remove → risk control 

collapses 

Pilot observations: (1) multi-role signatures were common (especially for change-

management artifacts like PRs and KEPs), (2) ambiguity typically arose from boundary 

choice (what counts as “inside” the ecosystem) and from elements that are both a store and 

an interface (e.g., etcd-backed APIs), and (3) several important phenomena (e.g., trust, 

norms) behaved more like emergent graph-level properties than single elements, 

supporting the treatment proposed in Section 10.2. 

2.27 Practical Procedure: How to Classify/Cluster Anything 

2.28 The Core Questions (plus Exchange when needed) 

For any candidate element, ask: 

Q1: Does it transform inputs into outputs/capability? →𝑁𝑛𝑣(𝑡) 

Q2: Does it preserve state/history/inventory/knowledge? → 𝑁𝑛𝑎(𝑡) 



Q3: Does it transmit/route/interface signals or resources between components? → 𝑁𝑛𝑐(𝑡) 

Q4: Does it enable or constitute exchange (transfer of ownership/rights/value), including 

exchange objects (goods/services/products, exports/imports) or mechanisms 

(pricing/contracting, matching, clearing, settlement)? → 𝑁𝐸(𝑡) 

Q5: Does it measure/judge/constrain/select/optimize? → 𝑁𝑛𝑒(𝑡) 

If none apply, either the element is outside the modeled boundary or not functionally 

meaningful (A1). If you prefer the four-role base model, fold Q4 into combinations of 

Communication/Archive/Evaluation as appropriate. 

2.29 Multifunctional elements 

Use one of three modeling conventions: 

• Decompose: split the element into role-pure sub-elements. 

• Dominance: choose the role responsible for the primary causal contribution. 

• Multi-role/weights: assign multiple roles or a signature vector 𝑠(𝑒, 𝑡), allowing role drift 

over time. 

2.30 Disambiguation table 

Element Primary role Notes / secondary roles 
Model checkpoint 𝑁𝑛𝑎 Stored state; selected by 

metrics (𝑁𝑛𝑒). 
API gateway 𝑁𝑛𝑐 Mediates calls; may enforce 

policy (𝑁𝑛𝑒). 
Audit report 𝑁𝑛𝑒 Evaluates; stored as record 

(𝑁𝑛𝑎). 
Inventory stock 𝑁𝑛𝑎 Archive; replenishment rules 

are evaluation (𝑁𝑛𝑒). 
Pricing mechanism 𝑁𝑛𝑒 Evaluation/selection signal; 

communicated via markets 
(𝑁𝑛𝑐). 

Data transformation job 𝑁𝑛𝑣 Produces new dataset; output 
stored (𝑁𝑛𝑎). 

Message broker 𝑁𝑛𝑐 Communication infrastructure; 
durability option adds 𝑁𝑛𝑎 
aspect. 

Quality gate 𝑁𝑛𝑒 Accept/reject; routes 
approvals (𝑁𝑛𝑐). 

Payment rail / 
clearinghouse 

𝑁𝐸 Executes/settles exchange; 
relies on messaging (𝑁𝑛𝑐), 
ledgers (𝑁𝑛𝑎), and 
rules/verification (𝑁𝑛𝑒). 

2.31 Metrics, Dashboards, and Ecosystem Analytics 

Let the role sets be time-varying. Track both membership and flows: 

• Cardinalities: |𝑁𝑛𝑣(𝑡)|, |𝑁𝑛𝑎(𝑡)|, |𝑁𝑛𝑐(𝑡)|, |𝑁𝐸(𝑡)|, |𝑁𝑛𝑒(𝑡)|. 

• Role drift: how many elements change dominant role across time windows. 

• Role-flow matrix 𝐹(𝑡): aggregate flows between roles. 

These constructs enable a universal dashboard for any ecosystem: transformation capacity 



(V), persistence depth (A), connectivity/logistics load (C), exchange/transaction throughput 

(NE), and governance/control coverage (E). 

Typical pathologies become role-patterns: 

• Uncontrolled transformation: strong V with weak E (errors, unsafe outputs). 

• Fragile archive: strong A with weak E (corruption, inconsistency, fraud). 

• Communication bottleneck: overloaded C (latency, congestion, trade friction). 

• Over-governance: excessive E gating relative to V (innovation paralysis). 

2.32 Limitations, Boundary Cases, and Extensions 

UCC does not claim that reality ‘is’ four kinds of things. Instead, it claims that organized, 

goal- or constraint-directed modeled ecosystems often admit a four-core-role functional 

decomposition (Value/Archive/Communication/Evaluation), and that transactional 

ecosystems can benefit from an explicit Exchange tag (NE) as an overlay for 

pricing/contracting/clearing/settlement. The remainder of this section outlines boundary 

dependence, ambiguity sources, and a program for strengthening the universal claim. 

2.33 Conditional universality and the circularity risk 

Universality proof sketches depend on assumptions about what counts as causal influence 

in a model. If the four roles are defined to cover all influence by stipulation, the argument 

becomes tautological. UCC’s stronger reading is the roles are proposed as a minimal basis of 

primitives that repeatedly reappear in independent system descriptions, and the proof 

shows exhaustiveness relative to that basis. 

To keep the claim substantive, UCC should be read as committing to three practices: 

• Explicit assumptions (A1–A3) and a declared boundary for every application. 

• A falsification criterion: a causally relevant element that resists decomposition into 

𝑉/𝐴/𝐶/𝐸. 

• Comparative baselines: demonstrate that alternative taxonomies are either less minimal 

or less operational. 

2.34 Boundary selection, functional relevance, and emergence 

UCC is boundary dependent. Changing the ecosystem boundary (or the 

objective/constraints that define ‘meaningful’) can reclassify elements, because relevance is 

defined relative to what the model aims to explain or govern. 

Some candidates that appear ‘unclassifiable’ are often emergent properties of interactions 

(e.g., market liquidity, culture, or network effects). UCC treats emergent properties in two 

ways: 

• Model them as system-level elements if they causally constrain or select trajectories (often 

𝑁𝑛𝑒), or if they persist as state across time (often 𝑁𝑛𝑎). 

• Otherwise, treat them as properties of the role-flow graph rather than as standalone 

nodes. 



2.35 Multi-functional elements and primary-role ambiguity 

Real artifacts frequently serve multiple roles. A database, for example, can be archival 

(retention), communicative (serving queries, replication), value-adding (query 

optimization), and evaluative (constraints, access control). 

UCC reduces arbitrariness by: 

• Decomposing composites into role-pure sub-elements where practical. 

• Using a time window and an explicit dominance criterion (marginal contribution to the 

objective) for single-label classification. 

• Retaining multi-label signatures 𝑠(𝑒, 𝑡) (with an optional NE/X dimension) when the 

application needs fidelity rather than a partition. 

2.36 Domain-specific nuance and ontology compatibility 

A universal functional scaffold can flatten important domain nuance. For example, in law a 

contract is both a durable record (archive) and a normative instrument that constrains 

behavior (evaluation). Reducing it to a single label can hide legal distinctions that matter. 

UCC is therefore best treated as a top-level scaffold that aligns domain ontologies rather 

than replacing them. Within each role, domain-specific subtypes and semantics can be 

retained as refinements (e.g., ‘contract’ as an 𝑁𝑛𝑎 record plus an 𝑁𝑛𝑒 rule). 

2.37 Counterexamples and stress tests 

The paper should explicitly welcome counterexamples. Useful stress tests include: 

• ‘Meaning’, ‘trust’, ‘culture’, ‘legitimacy’, and ‘power’ (often evaluative selection criteria plus 

persistent histories). 

• Platform ‘rules of the game’ (often 𝑁𝑛𝑒) versus the media that store and propagate them 

(𝑁𝑛𝑎/𝑁𝑛𝑐). 

• Purely emergent effects (often best modeled as graph properties or system-level state 

variables). 

When an element resists classification, a practical diagnostic is: 

• Does it transform inputs into outputs/capability (𝑁𝑛𝑣)? 

• Does it preserve state/history/inventory across time (𝑁𝑛𝑎)? 

• Does it couple components by routing/transferring influence (𝑁𝑛𝑐)? 

• Does it measure, judge, constrain, or select under criteria (𝑁𝑛𝑒)? 

If none apply, either the candidate is not functionally relevant under the chosen boundary, 

or the model’s primitives need revision. 

2.38 Empirical validation and formal strengthening 

UCC currently has many illustrative mappings but limited empirical validation. A concrete 

validation program would include: 

• Case studies: perform full inventories in complex real-world ecosystems (e.g., an ML 

platform, a hospital, a legal system, a supply chain) and test whether every causally relevant 

element can be classified (possibly multi-label). 



• Reliability: run inter-rater classification using the operational tests in Section 4 and 

measure agreement. 

• Predictive value: test whether role signatures and role-flow matrices predict known 

failure modes, bottlenecks, or governance gaps. 

For formal strengthening, one direction is to specify axioms in systems or category-

theoretic terms (e.g., elements as objects, interactions as morphisms, with the four roles 

corresponding to primitive operator classes) and to compare against competing minimal 

decompositions. 

2.39 Conclusion 

Universal Classification and Clustering (UCC) proposes a role-based functional overlay for 

modeling ecosystems. The core taxonomy identifies Value-Adding (𝑁𝑛𝑣), Archived (𝑁𝑛𝑎), 

Communication (𝑁𝑛𝑐), and Evaluation (𝑁𝑛𝑒) elements. This version also introduces an 

optional Exchange label 𝑁𝐸(𝑡) for elements whose primary function is enabling and settling 

transactions (e.g., money, markets, contracts, clearing and payment rails), which can 

otherwise be represented as composites across Communication/Archive/Evaluation in the 

base model. 

UCC’s universality is best read as conditional on boundary selection, causal relevance, and 

decomposability: it is a strong modeling hypothesis and a practical diagnostic lens rather 

than an irrefutable metaphysical theory.  

2.40 Role-Flow Matrix Interpretations (UCC) 

Let roles be ordered (𝑉, 𝐴, 𝐶, 𝐸) in the base model, or (𝑉, 𝐴, 𝐶, 𝑁𝐸, 𝐸) when Exchange is 

explicit. The role-flow matrix 𝐹(𝑡) summarizes aggregate flow from row-role to column-

role. 

Examples: 
• 𝐹{𝐶𝑉}high: heavy routing/dispatch into transformations (typical in distributed compute or logistics hubs). 

• 𝐹{𝑉𝐴}high: transformation outputs are largely stored (typical in analytics, reporting, warehousing). 

• 𝐹{𝐸𝑉} high: evaluators strongly gate transformations (typical in safety-critical systems and regulated trade). 

• 𝐹{𝐴𝐸} high: archived records feed evaluation (audits, compliance, model selection). 

• With Exchange explicit: F_{NE,V} high indicates exchange activity feeding production; 𝐹{𝐶,𝑁𝐸} high indicates 

heavy messaging/rails supporting transactions. 

2.41 Signature Inference Heuristics (UCC) 

Design-time heuristics: 

• If an element’s spec describes ‘compute/produce/transform’ → increase v. 

• If it describes ‘store/retain/log/history’ → increase a. 

• If it describes ‘send/route/interface/transport’ → increase c. 

• If it describes ‘validate/measure/approve/reject/policy/optimize’ → increase e. 

 

Run-time heuristics (from telemetry): 

• v correlates with CPU/workload, transformation event counts, output creation. 

• a correlates with state size, retention time, read/write reuse ratios. 



• c correlates with throughput, fan-in/out, centrality, latency budgets. 

• e correlates with gating decisions, constraint checks, test executions, approvals. 

2.42 Mapping to Existing Taxonomies (AI and Economics) (UCC) 

This shows how the UCC primitives—Value-Adding (𝑁𝑛𝑣), Archived (𝑁𝑛𝑎), Communication 

(𝑁𝑛𝑐), Evaluation (𝑁𝑛𝑒), and optionally Exchange(𝑁𝐸)—map to existing taxonomies in AI 

and economics, so that comparison and clustering can be done using a common functional 

signature. 

Mapping rule of thumb: 

• Production/actuation/capability execution → 𝑁𝑛𝑣 (Value-Adding). 

• State/accumulation/records/knowledge/capital → 𝑁𝑛𝑎 (Archived). 

• Interfaces/coordination/message-passing → 𝑁𝑛𝑐 (Communication/Coupling); 

trade/markets (goods/services/products including exports/imports, plus 

payment/contracting/clearing/settlement) → 𝑁𝐸 (Exchange). 

• Measurement/control/governance/selection/reward/loss/verification → 𝑁𝑛𝑒 

(Evaluation/Selection). 

2.43 D.1 AI: From MLOps to Agent Loops and Governance 

In AI systems, the four primitives appear repeatedly: model execution and training produce 

capability (𝑁𝑛𝑣); datasets, weights, and registries persist information (𝑁𝑛𝑎); serving, 

retrieval, and integration routes couple components (𝑁𝑛𝑐); losses, reward models, 

monitoring, and risk governance provide selection and control (𝑁𝑛𝑒). 

Table D.1 — UCC mapping to a typical MLOps lifecycle (phase → dominant role signature). 

MLOps / ML Lifecycle Phase Typical Artifacts 
UCC Role Signature (Dominant → 

Secondary) 

Problem framing & success metrics Requirements, constraints, acceptance 
tests 𝑁𝑛𝑒 → (𝑁𝑛𝑣) 

Data collection & ingestion Pipelines, connectors, logging 
𝑁𝑛𝑐 → (𝑁𝑛𝑎) 

Data preparation & feature 
engineering 

Feature transforms, feature store 
entries 𝑁𝑛𝑣 → (𝑁𝑛𝑎) 

Dataset/feature versioning Dataset snapshots, lineage, registries 
𝑁𝑛𝑎 → (𝑁𝑛𝑒) 

Training Optimization loop, gradient updates, 
checkpoints 𝑁𝑛𝑣 → (𝑁𝑛𝑒,𝑁𝑛𝑎) 

Validation & evaluation Holdout tests, offline metrics, red-
team eval 𝑁𝑛𝑒 → (𝑁𝑛𝑣) 

Deployment & serving Inference service, API gateway, latency 
budgets 𝑁𝑛𝑐 → (𝑁𝑛𝑣,𝑁𝑛𝑒) 

Monitoring & drift detection Telemetry, alerts, dashboards 
𝑁𝑛𝑒 → (𝑁𝑛𝑐) 

Retraining / continual learning Triggers, pipelines, new checkpoints 
𝑁𝑛𝑣 → (𝑁𝑛𝑒,𝑁𝑛𝑎) 

Governance & audit Model cards, approvals, risk registers 
𝑁𝑛𝑒 → (𝑁𝑛𝑎) 



Practical note: most “data” phases are multi-role because pipelines (Nnc) produce archives 

(Nna), and evaluation phases (Nne) often create durable artifacts (reports, benchmarks) 

that become archives (Nna). 

Table D.2 — UCC mapping to common control-loop taxonomies (OODA, MAPE-K). 

Framework Step Functional Meaning UCC Role 
OODA Observe Acquire signals from 

environment 
𝑁𝑛𝑐 

OODA Orient Interpret using prior 
knowledge/models 

𝑁𝑛𝑎 +  𝑁𝑛𝑒 

OODA Decide Select an action/policy 𝑁𝑛𝑒 
OODA Act Execute action that changes 

state/world 
𝑁𝑛𝑣 

MAPE-K Monitor Sense/collect telemetry 𝑁𝑛𝑐 
MAPE-K Analyze Diagnose / infer situation 𝑁𝑛𝑒(+𝑁𝑛𝑎) 
MAPE-K Plan Synthesize intervention 

plan 
𝑁𝑛𝑒(+𝑁𝑛𝑣) 

MAPE-K Execute Apply control actions 𝑁𝑛𝑣(+𝑁𝑛𝑐) 
MAPE-K Knowledge Shared knowledge base 𝑁𝑛𝑎 

Table D.3 — UCC mapping to the reinforcement learning (RL) abstraction. 

RL Component Role in the RL loop UCC Role (Dominant) 
Policy / agent action selection Maps observations/history to actions 𝑁𝑛𝑒(𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑜𝑛) 
Action execution Produces intervention in environment 𝑁𝑛𝑣 
Environment transition dynamics Couples action to next state 𝑁𝑛𝑐(𝑐𝑜𝑢𝑝𝑙𝑖𝑛𝑔) 
Reward signal Evaluates outcomes to guide learning 𝑁𝑛𝑒 
Value function / critic Stores and refines evaluative estimates 𝑁𝑛𝑎 +  𝑁𝑛𝑒 
Replay buffer / trajectories Persist experience for reuse 𝑁𝑛𝑎 

Key insight: RL makes the 𝑁𝑛𝑒 role explicit (reward and policy improvement). UCC 

highlights that many non-RL systems still contain 𝑁𝑛𝑒 implicitly (e.g., heuristics, guardrails, 

approval gates). 

Table D.4 — UCC mapping to NIST AI RMF Core functions (Govern, Map, Measure, Manage). 

NIST AI RMF Function What it Emphasizes UCC Role Signature 
GOVERN Policies, accountability, oversight 

𝑁𝑛𝑒 → (𝑁𝑛𝑎) 

MAP Context, system purpose, stakeholders, 
risks 𝑁𝑛𝑎 + 𝑁𝑛𝑐 → (𝑁𝑛𝑒) 

MEASURE Metrics, testing, monitoring, 
evaluation 

𝑁𝑛𝑒 

MANAGE Risk treatment, mitigation, response 
𝑁𝑛𝑣 + 𝑁𝑛𝑒 → (𝑁𝑛𝑐) 

 

2.44 D.2 Economics: Production, Stocks, Markets, and Institutions 

Economic systems are naturally expressible in UCC terms: production and innovation 

transform inputs (𝑁𝑛𝑣), capital and inventories persist state (𝑁𝑛𝑎), information and 

logistics couple agents (𝑁𝑛𝑐), explicit transaction mechanisms (money, markets, 

contracting, clearing and settlement) can be tagged as NE, and prices, audits, and regulation 

provide selection and control (𝑁𝑛𝑒). 

 

 



Table D.5 — UCC mapping to macroeconomic accounting and flow models. 

Economic Construct Interpretation UCC Role 
Stocks vs flows (national accounts) Stocks are positions at time t; flows 

are changes over a period 𝑆𝑡𝑜𝑐𝑘𝑠 →  𝑁𝑛𝑎;  𝐹𝑙𝑜𝑤𝑠 →  𝑁𝑛𝑣/𝑁𝑛𝑐 

Circular flow of income Households/firms exchange labor, 
goods, money 𝐸𝑥𝑐ℎ𝑎𝑛𝑔𝑒/𝑓𝑙𝑜𝑤𝑠 

→  𝑁𝑛𝑐;  𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 →  𝑁𝑛𝑣 

GDP (production approach) Value added from production 𝑁𝑛𝑣 
GDP (income/expenditure views) Accounting views of the same activity 

via flows 
𝑁𝑛𝑐 + 𝑁𝑛𝑒(𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡) 

Savings/investment Deferred consumption and capital 
formation 

𝑁𝑛𝑎 +  𝑁𝑛𝑣 

Taxation and transfers Policy-driven redistribution and 
incentives 

𝑁𝑛𝑒(+𝑁𝑛𝑐) 

Table D.6 — UCC mapping to micro/strategy taxonomies (value chain, institutions, 

transaction costs). 

Taxonomy / Concept Key Components UCC Role Signature 
Porter value chain (primary 
activities) 

Operations, logistics, marketing/sales, 
service 𝑂𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 → 𝑁𝑛𝑣; 𝑙𝑜𝑔𝑖𝑠𝑡𝑖𝑐𝑠

/𝑚𝑎𝑟𝑘𝑒𝑡𝑖𝑛𝑔
/𝑠𝑒𝑟𝑣𝑖𝑐𝑒
→ 𝑁𝑛𝑐(+𝑁𝑛𝑒) 

Porter value chain (support 
activities) 

Procurement, technology, HR, 
infrastructure 𝑃𝑟𝑜𝑐𝑢𝑟𝑒𝑚𝑒𝑛𝑡/𝑡𝑒𝑐ℎ →  𝑁𝑛𝑣

+ 𝑁𝑛𝑎;  𝐻𝑅
/𝑖𝑛𝑓𝑟𝑎𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 
→  𝑁𝑛𝑎 + 𝑁𝑛𝑒 

Prices as signals (Hayek) Distributed information via price 
changes 

𝑁𝑛𝑐 +  𝑁𝑛𝑒 

Money Medium of exchange; store of value 𝑁𝑛𝑐 +  𝑁𝑛𝑎 
Contracts & property rights Persistent commitments and 

enforcement 
𝑁𝑛𝑎 +𝑁𝑛𝑒(+𝑁𝑛𝑐) 

Transaction cost economics Search/negotiation/monitoring costs; 
governance structures 

𝑁𝑛𝑐 + 𝑁𝑛𝑒(𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑖𝑜𝑛
+ 𝑚𝑜𝑛𝑖𝑡𝑜𝑟𝑖𝑛𝑔) 

2.45 D.3 Mapping 

These mappings make two things explicit. First, many “different” domain taxonomies are 

variations on the same four functional primitives. Second, UCC signatures provide a shared 

metric space for clustering: systems that look different substantively (e.g., an API gateway 

vs. a commodity market) may cluster closely because both are primarily coupling 

mechanisms (𝑁𝑛𝑐) with strong evaluative constraints (𝑁𝑛𝑒). 

Common cross-domain imbalance patterns (diagnostic heuristics): 

• High 𝑁𝑛𝑣 with weak 𝑁𝑛𝑒: rapid capability growth without adequate control (quality, 

safety, governance). 

• High 𝑁𝑛𝑎 with weak 𝑁𝑛𝑐: “silos” (knowledge/capital exists but does not propagate into 

coordination). 

• High (𝑁𝑛𝑐 + 𝑁𝐸) with weak 𝑁𝑛𝑎: fast coordination/exchange without institutional 

memory (fragile markets/teams; repeated mistakes). 



• High Nne with weak Nnv: over-governance / bureaucratic selection without value 

creation. 

Suggested sources (non-exhaustive): 

• NIST AI Risk Management Framework (AI RMF 1.0), NIST AI 100-1, 2023. 

• Sutton & Barto, Reinforcement Learning: An Introduction (2nd ed.), 2018. 

• Porter, Competitive Advantage: Creating and Sustaining Superior Performance, 1985. 

• System of National Accounts (SNA 2008) stocks/flows definitions; national accounts 

methodologies (e.g., ABS/UN/IMF). 

• Hayek, The Use of Knowledge in Society, 1945. 

2.46 D.4 Systems engineering and architecture frameworks 

UCC can be used as a lightweight crosswalk layer over systems engineering and enterprise 

architecture artifacts by labeling each artifact (or element) with a role signature. This helps 

compare projects that use different modeling conventions while keeping their operational 

roles visible. 

Table D.7 — Example mapping from SE/EA artifacts to UCC roles. 

Artifact / concept Typical function in ecosystem UCC role signature 
Requirement specification Defines constraints and acceptance 

criteria 
E (+A) 

Interface control document / API 
contract 

Enables coupling across 
components/teams 

C (+E) 

Design record / ADR Stores decision rationale for future 
reuse 

A (+E) 

Build & integration pipeline Coordinates artifacts and enforces 
quality gates 

E+C 

System state repository Maintains authoritative state 
history 

A (+C) 

Operational dashboard/alerts Measures and selects corrective 
actions 

E (+C) 

Standards and handbooks provide the surrounding process and architectural scaffolding; 

UCC supplies a minimal, repeatable labeling scheme that supports cross-domain clustering 

and diagnostics (ISO/IEC/IEEE 15288, 2015; ISO/IEC/IEEE 42010, 2011; INCOSE, 2015). 

2.47 D.5 Ontology, upper ontologies, and taxonomy research 

Upper ontologies and ontological-analysis methods focus on category structure and identity 

conditions (e.g., BFO, DOLCE, OntoClean). UCC can be layered on top as a role annotation at 

time t: the same entity type may take different ecosystem roles depending on use-context. 

This lets one preserve domain semantics while still comparing across ecosystems by role 

signatures. 

In faceted classification and terminology work, UCC can be viewed as a shared functional 

facet overlay: keep the underlying concept systems (thesauri, controlled vocabularies, and 

ontologies) and add 𝑉/𝐴/𝐶/𝐸 tags (and 𝑁𝐸 where relevant) as a cross-domain index. 



Representative references include Gruber’s early ontology-specification definition work, 

OntoClean’s constraints on taxonomic correctness, and modern upper-ontology and 

ontology-pattern literature (Gruber, 1993; Welty & Guarino, 2001; Arp et al., 2015; Masolo 

et al., 2003; Hitzler et al., 2016). 

3. Survey of Structural Theories and Applications 
Part II surveys structural theories as a toolbox for analysis, design, and validation. 

Purpose. AI has created a “Babel” of mathematical languages, but this fragmentation is 

superficial: the same structural theories recur across domains. This paper assesses how the 

major theories are used today—inside and outside AI—while adding adjacent theories 

increasingly necessary for modern intelligent systems (causality, verification, privacy, 

safety). 

Method. For each theory we provide: (i) core mathematical objects, (ii) signature 

equations/results, (iii) historical drivers, (iv) applications in AI and beyond, (v) 

limitations/failure modes, and (vi) interfaces with neighboring theories. 

3.1 Integrated overview (formerly executive summary) 

The central work of intelligence—biological, artificial, or organizational—is the imposition 

and preservation of structure under noise and change. Across domains, this requires the 

same toolkit: formal representation, uncertainty quantification, symmetry constraints, 

regulated dynamics, strategic interaction, and compositional design. 

• Assessment: the ladder-of-abstraction view is useful, but “universal” claims fail unless 

they accommodate emergence, multi-functionality, and governed semantics. 

• Key synthesis: learning can be read as compression (information) and as optimal 

control (dynamics); robustness as minimax games; symmetry as inductive bias; 

category theory as a calculus of composition. 

• Deliverable: a master article with mathematics, historical context, application matrices, 

and a formalization path for functional frameworks such as UCC. 

What this paper delivers: 

1. A cross-domain map of structural theories and the constraints that produced them 

historically. 

2. Mathematical presentations sufficient for technical reasoning (without turning into a 

textbook). 

3. Comparative tables (theory-to-application; interface matrix) and engineering checklists. 

4. A critical, upgrade-path assessment of UCC using multi-label vectors and categorical 

constraints. 



3.2 Part A — Thesis and historical drivers 

3.3 The structural-dynamics thesis and a generalized ladder of abstraction 

The same problems occur across systems: (i) define what exists, (ii) handle uncertainty, (iii) 

exploit invariants, (iv) steer dynamics, (v) negotiate interaction, and (vi) compose parts 

without breaking semantics. 

3.3.1 A generalized ladder of abstraction (dependency graph) 

Rung Question Primary mathematics Typical artifacts 
Ontology What does it mean? Sets, logic, types, relations Ontologies, state spaces, 

schemas 
Uncertainty What is unknown/noisy? Probability, statistics, 

information 
Distributions, likelihoods, 
entropies 

Invariance What must be preserved? Groups, representations Symmetry constraints, 
equivariant maps 

Dynamics How does it evolve and how 
to steer it? 

Dynamical systems, control State equations, feedback 
laws 

Interaction How do agents couple? Decision/game theory Policies, equilibria, 
mechanisms 

Composition How do parts compose 
safely? 

Category theory, type systems Interfaces, wiring 
diagrams, contracts 

3.3.2 Unification: what it can mean (and what it cannot) 

• Unification is interface compatibility, not “one theory to rule them all.” 

• Claims of universality must handle: (a) emergent phenomena, (b) multi-functional 

components, (c) semantics governance. 

• The strongest unification is constructive: build systems whose composition rules 

preserve guarantees. 

3.4 Historical requirements: why these theories had to be invented 

Each theory emerged because something broke: paradoxes, instability, noise, adversaries, 

scale, or computational infeasibility. 

Pressure What broke Mathematical response Modern role 
Foundational 
paradoxes 

Naive set reasoning 
inconsistent 

Axiomatic sets (ZFC), logic, types Formal semantics and 
verification 

Noise & bandwidth Signals degraded Entropy, coding theorems Compression; learning 
objectives 

Stability & regulation Machines oscillated/drifted Feedback, Lyapunov theory Robotics, grids; safe 
learning 

Strategic adversaries Opponents adapt Game theory, minimax Security; adversarial ML; 
MARL 

Scale & modularity Complex systems 
unmanageable 

Category theory, compositional 
systems 

System design with 
interfaces 

Computational limits Exact solutions infeasible Computability & complexity Approximation, tractable 
inference 

 



3.5 Part B — Theories: mathematics, applicability, and limits 

3.6 Sets, logic, types, and graded/approximate membership (ontology and 

meaning) 

3.6.1 Core objects 

𝑆𝑒𝑡𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝: 𝑥 ∈ 𝐴; 𝑠𝑢𝑏𝑠𝑒𝑡: 𝐴 ⊆ 𝐵; 𝑝𝑜𝑤𝑒𝑟𝑠𝑒𝑡: 𝑃(𝐴) = 𝑆|𝑆 ⊆ 𝐴 

𝑅𝑒𝑙𝑎𝑡𝑖𝑜𝑛: 𝑅 ⊆  𝑈 × 𝑈;   𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛: 𝑓: 𝐴 → 𝐵 (𝑢𝑛𝑖𝑞𝑢𝑒 𝑜𝑢𝑡𝑝𝑢𝑡 𝑝𝑒𝑟 𝑖𝑛𝑝𝑢𝑡) 

𝐹𝑖𝑟𝑠𝑡 − 𝑜𝑟𝑑𝑒𝑟 𝑙𝑜𝑔𝑖𝑐: ∀𝑥 𝑃(𝑥), ∃𝑥 𝑃(𝑥);   𝑇𝑦𝑝𝑒 𝑗𝑢𝑑𝑔𝑚𝑒𝑛𝑡: 𝛤 ⊢  𝑒 ∶  𝜏 

3.6.2 Beyond crispness: fuzzy and rough sets 

Crisp sets enforce boolean membership; many real concepts are vague (fuzzy) or limited by 

observation granularity (rough). 

𝐹𝑢𝑧𝑧𝑦 𝑠𝑒𝑡 𝐴 𝑜𝑛 𝑈: 𝜇𝐴: 𝑈 →  [0,1] (𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝) 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒 (𝐺ö𝑑𝑒𝑙 𝑇 − 𝑛𝑜𝑟𝑚): 𝜇{𝐴∩𝐵}(𝑥) = min(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)) ;  𝜇{𝐴∪𝐵}(𝑥) = max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)) 

𝛼 − 𝑐𝑢𝑡: 𝐴𝛼 = 𝑥 ∈ 𝑈|𝜇𝐴(𝑥) ≥ 𝛼(𝑏𝑟𝑖𝑑𝑔𝑒𝑓𝑟𝑜𝑚𝑔𝑟𝑎𝑑𝑒𝑑𝑡𝑜𝑐𝑟𝑖𝑠𝑝) 

𝑅𝑜𝑢𝑔ℎ𝑠𝑒𝑡𝑠: 𝑖𝑛𝑑𝑖𝑠𝑐𝑒𝑟𝑛𝑖𝑏𝑖𝑙𝑖𝑡𝑦𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛~𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑠𝑈𝑖𝑛𝑡𝑜𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒𝑐𝑙𝑎𝑠𝑠𝑒𝑠[𝑥] 

𝐿𝑜𝑤𝑒𝑟 𝑎𝑝𝑝𝑟𝑜𝑥 𝐿(𝑋) = {𝑥|[𝑥] ⊆ 𝑋};  𝑈𝑝𝑝𝑒𝑟 𝑎𝑝𝑝𝑟𝑜𝑥 𝑈(𝑋) = {𝑥|[𝑥] ∩ 𝑋 ≠ ∅};  𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝐵(𝑋)
= 𝑈(𝑋)\𝐿(𝑋) 

3.3 3.6.3 Applications beyond AI 

- Databases and schema design; legal and policy ontologies; program verification 

(types as contracts). 

- Fuzzy control in industrial systems; rough sets for rule induction and feature 

reduction in interpretable pipelines. 

3.6.4 Applications in AI 

• Knowledge graphs, planning, and constraint solving; neuro-symbolic integration via 

typed interfaces. 

• Fuzzy/rough ideas for soft classification, ambiguity modeling, feature selection, and 

granular computing. 

3.6.5 Limitations and failure modes 

• Ontology drift: labels change meaning unless governed and tested. 

• Fuzzy systems depend on chosen t-norms/semantics; rough sets depend on the chosen 

indiscernibility relation (features). 

 

3.7 Probability, statistics, and stochastic processes (uncertainty over structures) 

3.7.1 Core objects 

𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑠𝑝𝑎𝑐𝑒: (𝛺, 𝐹, 𝑃).  𝑅𝑎𝑛𝑑𝑜𝑚 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑋: 𝛺 → 𝑅. 

𝐵𝑎𝑦𝑒𝑠: 𝑃(𝜃|𝐷) ∝  𝑃(𝐷|𝜃)𝑃(𝜃).
𝑀𝐿𝐸

𝑀𝐴𝑃
: 
𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑

𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟
. 



𝑀𝑎𝑟𝑘𝑜𝑣 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦: 𝑃(𝑋{𝑡+1}|𝑋𝑡 , … ) = 𝑃(𝑋{𝑡+1}|𝑋𝑡). 

3.7.2 Applications beyond AI 

Risk/reliability engineering; finance; epidemiology; queues and networks; sensor fusion 

and navigation. 

3.7.3 Applications in AI 

Uncertainty quantification; probabilistic programming; MDPs/POMDPs; diffusion 

models as stochastic processes. 

3.7.4 Limitations and failure modes 

Model mismatch and non-stationarity; miscalibration; confounding when causal 

structure is ignored. 

3.8 Information theory, rate–distortion, and algorithmic complexity 

(compression and learning limits) 

3.8.1 Shannon information 

𝐸𝑛𝑡𝑟𝑜𝑝𝑦: 𝐻(𝑋) =  −∑𝑝(𝑥) log𝑝(𝑥) 

𝑀𝑢𝑡𝑢𝑎𝑙 𝑖𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛: 𝐼(𝑋; 𝑌) =  𝐻(𝑋) −  𝐻(𝑋|𝑌) =  𝐷𝐾𝐿(𝑃(𝑋,𝑌)|𝑃(𝑋)𝑃(𝑌)|) 

𝐶𝑟𝑜𝑠𝑠 − 𝑒𝑛𝑡𝑟𝑜𝑝𝑦:𝐻(𝑃, 𝑄) = −∑𝑝 lo g 𝑞 ; 𝐾𝐿: 𝐷𝐾𝐿 (𝑃||𝑄) = ∑𝑝 log (
𝑝
𝑞)) 

3.8.2 Rate–distortion and the information bottleneck (schematic) 

Rate–distortion formalizes the tradeoff between compression rate and reconstruction 

quality; it generalizes to learning as a tradeoff between representation compression and 

predictive sufficiency. 

𝑅𝑎𝑡𝑒 − 𝑑𝑖𝑠𝑡𝑜𝑟𝑡𝑖𝑜𝑛: 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐼(𝑋; 𝑍)𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐸 [𝑑 (𝑋, 𝑋̂(𝑍))] ≤  𝐷 

𝐼𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑏𝑜𝑡𝑡𝑙𝑒𝑛𝑒𝑐𝑘 (𝑠𝑐ℎ𝑒𝑚𝑎𝑡𝑖𝑐): 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐼(𝑋; 𝑍) −  𝛽 𝐼(𝑍; 𝑌) 

3.8.3 Algorithmic information (AIT) and MDL 

𝐾𝑜𝑙𝑚𝑜𝑔𝑜𝑟𝑜𝑣 𝑐𝑜𝑚𝑝𝑙𝑒𝑥𝑖𝑡𝑦: 𝐾(𝑥) =  𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑠ℎ𝑜𝑟𝑡𝑒𝑠𝑡 𝑝𝑟𝑜𝑔𝑟𝑎𝑚 𝑝 𝑤𝑖𝑡ℎ 𝑈(𝑝)

= 𝑥 (𝑛𝑜𝑡 𝑐𝑜𝑚𝑝𝑢𝑡𝑎𝑏𝑙𝑒 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙). 

𝑀𝐷𝐿 (𝑠𝑐ℎ𝑒𝑚𝑎𝑡𝑖𝑐): 𝑐ℎ𝑜𝑜𝑠𝑒 𝑀 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑖𝑛𝑔 𝐿(𝑀) +  𝐿(𝑑𝑎𝑡𝑎|𝑀). 

3.8.4 Applications beyond AI 

Coding/compression; channel capacity planning; cryptography; experimental design via 

information gain. 

3.8.5 Applications in AI 

Loss functions as code-length proxies; representation learning via compression–

prediction tradeoffs; MDL-inspired model selection. 



3.8.6 Limitations and failure modes 

• Estimating MI in high dimensions is fragile; “information” interpretations must be 

supported by measurable quantities. 

• MDL depends on coding choices; AIT gives deep principles but limited direct 

computability. 

3.9 Computation and complexity (what can be computed, and at what cost) 

3.9.1 Core objects 

𝐷𝑒𝑐𝑖𝑠𝑖𝑜𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝐿 ⊆  𝛴 ∗ : 𝑖𝑛𝑝𝑢𝑡 𝑥, 𝑜𝑢𝑡𝑝𝑢𝑡 𝑦𝑒𝑠/𝑛𝑜;  𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚𝑠 𝑐𝑜𝑚𝑝𝑢𝑡𝑒 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝. 

𝐶𝑜𝑚𝑝𝑙𝑒𝑥𝑖𝑡𝑦𝑐𝑙𝑎𝑠𝑠𝑒𝑠(𝑖𝑛𝑓𝑜𝑟𝑚𝑎𝑙): 𝑃(𝑝𝑜𝑙𝑦 − 𝑡𝑖𝑚𝑒), 𝑁𝑃(𝑝𝑜𝑙𝑦 − 𝑡𝑖𝑚𝑒𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛). 

𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛: 𝑓𝑖𝑛𝑑𝑥̂𝑤𝑖𝑡ℎ𝑐𝑜𝑠𝑡(𝑥̂) ≤ 𝛼 · 𝑐𝑜𝑠𝑡(𝑥 ∗)𝑤ℎ𝑒𝑛𝑒𝑥𝑎𝑐𝑡𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠𝑎𝑟𝑒𝑖𝑛𝑓𝑒𝑎𝑠𝑖𝑏𝑙𝑒. 

3.9.2 Applications beyond AI 

Cryptography; routing/scheduling; large-scale optimization; simulation pipelines. 

3.9.3 Applications in AI 

• Intractability of exact inference/planning motivates variational methods and learned 

heuristics. 

• Compute budgets shape feasible model classes; scaling regimes are compute-limited 

and memory-limited. 

3.9.4 Limitations and failure modes 

• Worst-case bounds can be pessimistic; structured/average cases may be tractable. 

• Ignoring computational constraints yields elegant but unusable theories. 

3.10 Optimization and variational methods (how solutions are found) 

3.10.1 Core objects 
𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑒𝑑 𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛: 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑓(𝑥)𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑔𝑖(𝑥) ≤  0, ℎ𝑗(𝑥) = 0 

𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑖𝑎𝑛: 𝐿(𝑥, 𝜆, 𝜈) = 𝑓(𝑥) +∑𝜆𝑖𝑔𝑖(𝑥) +∑𝜈𝑗ℎ𝑗(𝑥) 

𝐾𝐾𝑇 (𝑠𝑐ℎ𝑒𝑚𝑎𝑡𝑖𝑐): 𝛻𝑥𝐿 = 0, 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦, 𝜆 ≥ 0, 𝜆𝑖𝑔𝑖(𝑥) = 0 

𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑑𝑒𝑠𝑐𝑒𝑛𝑡: 𝑥{𝑘+1} = 𝑥𝑘 −  𝜂𝛻𝑓(𝑥𝑘);  𝑠𝑡𝑜𝑐ℎ𝑎𝑠𝑡𝑖𝑐 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡𝑠 𝑓𝑜𝑟 𝑙𝑎𝑟𝑔𝑒 𝑑𝑎𝑡𝑎𝑠𝑒𝑡𝑠. 

3.10.2 Applications beyond AI 

• Operations research; engineering design; portfolio optimization; MPC in control; 

compressed sensing. 

3.10.3 Applications in AI 

Training deep nets; variational inference; robust and distributionally robust 

optimization; optimal transport tooling. 

3.10.4 Limitations and failure modes 

Nonconvexity and optimizer bias; instability from ill-conditioning; numerical issues 

(vanishing/exploding gradients). 



3.11 Symmetry: groups, representations, and equivariance (inductive bias) 

3.11.1 Core objects 

𝐺𝑟𝑜𝑢𝑝 𝑎𝑐𝑡𝑖𝑜𝑛: 𝐺 × 𝑋 → 𝑋, (𝑔, 𝑥) ↦ 𝑔 · 𝑥;  𝑖𝑛𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑓(𝑔 · 𝑥)

= 𝑓(𝑥);  𝑒𝑞𝑢𝑖𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑓(𝑔 · 𝑥) = 𝑔 · 𝑓(𝑥). 

𝐺𝑟𝑜𝑢𝑝 𝑐𝑜𝑛𝑣𝑜𝑙𝑢𝑡𝑖𝑜𝑛: [𝑓 ⋆ 𝜓](𝑔) = ∫ 𝑓(ℎ)𝜓(𝑔{−1}ℎ)𝑑ℎ
{ℎ∈𝐺}

(𝐻𝑎𝑎𝑟 𝑚𝑒𝑎𝑠𝑢𝑟𝑒). 

3.11.2 Applications beyond AI 

Physics (conservation laws), robotics (poses on Lie groups), signal processing 

(Fourier/harmonic analysis). 

3.11.3 Applications in AI 

Equivariant CNNs; permutation-equivariant GNNs; 3D equivariant perception; 

“symmetry engineering” for data efficiency. 

3.11.4 Limitations and failure modes 

Wrong symmetry assumption harms performance: real-world symmetries can be 

approximate and context-dependent. 

3.12 Geometry, topology, and graphs (spaces, shape, and networks) 

3.12.1 Core objects 

Manifold M with tangent spaces 𝑇𝑥𝑀 and metric g; measures support integration and 

probability. 

Persistent homology: track topological features across scale ε; summarize with 

barcodes/diagrams. 

3.12.2 Graph theory and network science 
𝐺𝑟𝑎𝑝ℎ 𝐺 = (𝑉, 𝐸), 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑐𝑦 𝐴, 𝑑𝑒𝑔𝑟𝑒𝑒 𝐷, 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 𝐿 =  𝐷 −  𝐴 (𝑜𝑟 𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑 𝑣𝑎𝑟𝑖𝑎𝑛𝑡𝑠). 

𝑅𝑎𝑛𝑑𝑜𝑚 𝑤𝑎𝑙𝑘𝑠: 𝑃 =  𝐷{−1}𝐴;  𝑠𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛𝑠 𝑎𝑛𝑑 𝑚𝑖𝑥𝑖𝑛𝑔 𝑡𝑖𝑚𝑒𝑠 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑧𝑒 𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛 𝑜𝑛 𝑔𝑟𝑎𝑝ℎ𝑠. 

3.12.3 Applications beyond AI 

• Networked infrastructures (internet, power grids), biological networks, social 

networks, transportation. 

• Geometry/topology in physics, PDEs, materials, and biological morphometrics. 

3.12.4 Applications in AI 

• Embedding geometry; curvature-aware optimization; optimal transport for domain 

shift. 

• GNNs and spectral methods; clustering via Laplacian eigenmaps; TDA for robustness. 

3.12.5 Limitations and failure modes 

• Graph metrics can encode bias; topology tools depend on distance choices and sampling 

density. 

• Geometric stories must be validated with measurable invariants (not post-hoc 

metaphors). 



3.13 Dynamical systems and control (regulation, stability, robustness) 

3.13.1 Core objects 

𝐷𝑦𝑛𝑎𝑚𝑖𝑐𝑠: 𝑥̇ = 𝑓(𝑥, 𝑢, 𝑡)𝑜𝑟 𝑥{𝑡+1} = 𝑓(𝑥𝑡, 𝑢𝑡);  𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘 𝑢 = 𝜋(𝑥). 

𝐿𝑦𝑎𝑝𝑢𝑛𝑜𝑣: 𝑉 > 0 𝑎𝑛𝑑 𝑉̇ < 0 ⇒  𝑠𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑛𝑒𝑎𝑟 𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚. 

𝐻𝐽𝐵 (𝑠𝑐ℎ𝑒𝑚𝑎𝑡𝑖𝑐): −
𝜕𝑉

𝜕𝑡
= min

𝑢
[ℓ(𝑥, 𝑢, 𝑡) + (𝛻𝑉) · 𝑓(𝑥, 𝑢, 𝑡)] . 

3.13.2 Applications beyond AI 

Process control, aerospace, automotive, power systems, economics (dynamic 

optimization), physiology. 

3.13.3 Applications in AI 

RL as adaptive optimal control: safe RL uses constraints; neural ODEs and continuous-

depth models; stability as robustness lens. 

3.13.4 Limitations and failure modes 

Model error and non-stationarity; verification hardness for nonlinear/high-dimensional 

systems. 

3.14 Decision and game theory (interaction, conflict, cooperation) 

3.14.1 Core objects 

𝐵𝑎𝑦𝑒𝑠𝑖𝑎𝑛𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛: 𝑎 ∗= 𝑎𝑟𝑔𝑚𝑖𝑛𝑎𝐸[𝑙𝑜𝑠𝑠(𝑎, 𝜃)|𝑑𝑎𝑡𝑎]. 

𝑁𝑎𝑠ℎ 𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚: 𝑛𝑜 𝑝𝑙𝑎𝑦𝑒𝑟 𝑏𝑒𝑛𝑒𝑓𝑖𝑡𝑠 𝑏𝑦 𝑢𝑛𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛. 

𝑀𝑖𝑛𝑖𝑚𝑎𝑥:min
𝜃
max
𝛿
𝐿(𝜃, 𝛿) (𝑟𝑜𝑏𝑢𝑠𝑡𝑛𝑒𝑠𝑠 𝑎𝑠 𝑎 𝑔𝑎𝑚𝑒 𝑎𝑔𝑎𝑖𝑛𝑠𝑡

𝑑𝑖𝑠𝑡𝑢𝑟𝑏𝑎𝑛𝑐𝑒

𝑎𝑑𝑣𝑒𝑟𝑠𝑎𝑟𝑦
) . 

3.14.2 Applications beyond AI 

Markets, auctions, bargaining; security/conflict; mechanism design; distributed 

incentives. 

3.14.3 Applications in AI 

GANs; adversarial training; multi-agent RL; alignment as strategic interaction with 

users/adversaries. 

3.14.4 Limitations and failure modes 

Multiple equilibria and instability; learning dynamics may not converge; payoff mis-

specification leads to perverse outcomes. 

3.15 Category theory and compositional systems (meta-language of structure) 

3.15.1 Core objects 

Category: objects + morphisms with identities and associative composition. 

Functor preserves structure; natural transformation compares functors. 

Monoidal categories model parallel composition; traced structure models feedback. 



Lens (get, put) models inference + update; supports compositional learning pipelines. 

3.15.2 Applications beyond AI 

Programming language semantics; compositional systems engineering; networked 

systems with interfaces. 

3.15.3 Applications in AI 

Differentiable programming semantics (adjoints/backprop); compositional game 

theory; interface-verified agent architectures. 

3.15.4 Limitations and failure modes 

Abstraction risk: must align categorical objects with measurable interfaces; adoption 

depends on tooling/ergonomics. 

3.16 Part C — Operationalization and frameworks 

3.17 Classification, clustering, and learning theory as operational interfaces 

Classification and clustering are where sets become decisions, probabilities become 

predictions, information becomes loss, geometry becomes separation, and symmetry 

becomes inductive bias. 

3.17.1 Supervised learning: ERM and generalization 

𝐸𝑅𝑀: 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝜃 (
1

𝑛
) ∑ ℓ(𝑓𝜃(𝑥𝑖), 𝑦𝑖)

𝑛

{𝑖=1}

.  𝑅𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛: 𝐸𝑅𝑀 +  𝜆 · 𝛺(𝜃). 

Learning theory intuition: generalization ≈ training error + complexity penalty (capacity 

of hypothesis class). 

3.17.2 Unsupervised learning: clustering and topology 

Spectral clustering (schematic): embed via eigenvectors of L then cluster. 

3.17.3 Interface matrix (how theories translate) 

Interface Bridge concept Why it matters 
Sets ↔ 
Classification 

Decision regions / 
membership 

Defines what a class means 

Probability ↔ 
Learning 

Likelihood / posterior Uncertainty-aware prediction 

Information ↔ Loss Cross-entropy / KL Training as code-length minimization 
Geometry ↔ 
Learning 

Margins / separability Generalization via geometric structure 

Groups ↔ Learning Equivariance Data efficiency & robustness 
Control ↔ RL Bellman/HJB Planning and long-horizon stability 
Games ↔ 
Robustness 

Minimax Worst-case guarantees 

Categories ↔ 
Systems 

Composition Safe modular architectures 

 



3.18 Additional theories used in AI and safety-critical systems 

3.18.1 Causal inference 

𝑆𝐶𝑀: 𝑋 ≔  𝑓(𝑃𝐴𝑋, 𝑈𝑋);  𝑑𝑜(𝑋 = 𝑥)𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠.  𝐴𝑇𝐸: 𝐸[𝑌|𝑑𝑜(𝑇 = 1)]

− 𝐸[𝑌|𝑑𝑜(𝑇 = 0)]. 

• Beyond AI: medicine, economics, policy evaluation. 

• AI: robustness under shift, intervention planning, debugging feedback loops. 

3.18.2 Formal verification and runtime assurance 

• Beyond AI: avionics, medical devices, cryptographic protocols. 

• AI: certified robustness, reachability for neural controllers, safety shields. 

3.18.3 Privacy, security, and adversarial ML 

Differential privacy: 𝑃(𝑀(𝐷) ∈ 𝑆) ≤ 𝑒𝜀𝑃(𝑀(𝐷′) ∈ 𝑆) + 𝛿𝑓𝑜𝑟𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡𝑑𝑎𝑡𝑎𝑠𝑒𝑡𝑠𝐷, 𝐷′. 

• Beyond AI: governance and compliance; secure computation. 

• AI: privacy-preserving training, leakage mitigation, red-teaming as minimax evaluation. 

3.18.4 Modern AI safety exemplars (why causality + verification matter now) 

This subsection is intentionally concrete: it shows how “causality” and “verification” 

become necessary when learned systems are embedded in open environments, with tools, 

adversaries, non-stationarity, and high stakes. 

 

Examples (illustrative, cross-domain): 

• Tool-using agents and workflows: correctness depends on invariants across calls 

(types/contracts), safe tool policies, and runtime monitors; purely statistical fit is 

insufficient. 

• Distribution shift and feedback loops: systems change the data they later learn from 

(recommendation, markets, policy). Causal structure is needed to separate intervention 

effects from correlations. 

• Specification gaming / reward hacking: control-style analysis exposes objective 

misalignment; verification/assurance can enforce safety constraints independent of reward 

signals. 

• Prompt/command injection as “interface attacks”: security framing + compositional 

verification helps treat inputs as untrusted and enforce boundary conditions. 

• Multi-agent environments: game-theoretic equilibria can be unsafe; causal and verification 

layers provide guardrails and auditing. 

 

Operational guideline: 

Pair (learning + optimization) with (causality + verification + security) when the system can 

act, influence its own data, or be adversarial manipulated. 



3.19 Framework assessment: UCC and the limits of universal taxonomies 

UCC proposes five functional categories: Value-Adding (V), Archived (Ar), Communication 

(C), Evaluation (E), Exchange (X). It is strongest as a cybernetic lens for engineered systems 

with explicit feedback loops. 

3.19.1 Validation: MAPE-K alignment 
UCC MAPE-K Cybernetic role Notes 
Communication (C) Monitor Sensing/telemetry pathways Observes plant and environment 
Evaluation (E) Analyze + Plan Controller logic/homeostat Computes policy and value 
Value-Adding (V) Execute Actuation/work Changes system/world state 
Archived (Ar) Knowledge Memory/state history Supports non-Markovian 

reasoning 
Exchange (X) Environment 

boundary 
I/O & negotiation Coupling surface 

3.19.2 Critical gaps 

• Emergence gap: system functions may not be localized to components (deep nets, 

swarms, markets). 

• Multi-functional blur: modern services often implement 

communication+evaluation+storage simultaneously. 

• Exchange conflation: physical I/O vs logical/API vs economic exchange should be 

separated for risk modeling. 

• Semantic drift: without formal definitions and tests, labels become unstable. 

3.19.3 Upgrade path: vectors + categorical constraints 

𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟: 𝑣(𝐶) = [𝑣𝑉 , 𝑣𝐴𝑟 , 𝑣𝐶 , 𝑣𝐸 , 𝑣𝑋]𝑤𝑖𝑡ℎ 𝑣𝑖
∈ [0,1](𝑚𝑢𝑙𝑡𝑖 − 𝑙𝑎𝑏𝑒𝑙 𝑤𝑒𝑖𝑔ℎ𝑡𝑖𝑛𝑔). 

• Split Archived: immutable archive vs mutable knowledge/state. 

• Define types for categories and allowed morphisms (flows) between them; express 

policies as forbidden/required compositions. 

• Benchmark the taxonomy: inter-annotator agreement, coverage of edge cases, and 

decision usefulness. 

3.20 Conclusion: design principles and research directions 

These theories cohere around a single engineering fact: complex systems survive only when 

they preserve structure under uncertainty and compose safely under interaction. 

• Choose representations that match semantics (logic/types) and uncertainty 

(probability/info). 

• Encode invariances (groups) before collecting more data; treat symmetry as a first-class 

requirement. 

• Treat learning and acting as regulated dynamics (control) under disturbances (minimax 

games). 

• Invest in compositional structure (categories, contracts) so systems scale without 

semantic collapse. 



• For safety-critical deployment, couple learning with causality, verification, privacy, and 

security. 

Open practical research directions: 

1. Composable safety cases for AI components (contracts + runtime assurance). 

2. Unified semantics for tool-using agents (types, policies, proofs of allowed flows). 

3. Efficient approximate equivariance for real-world data with broken symmetries. 

4. Better bridges between causal structure and representation learning under distribution 

shift. 

3.21 Comparative Tables and Checklists (Structural Theories) 

3.22 A1. Theory-to-application matrix (AI and beyond) 
Theory Core object Key operation AI usage Non-AI usage 
Sets/logic/types Sets, predicates, types Specification, inference Ontologies, 

planning, KBs 
Databases, 
verification, 
policy modeling 

Fuzzy/rough sets μ_A; approximations Graded/possible 
membership 

Soft 
classification, 
feature 
selection 

Fuzzy control, 
granular 
decision support 

Probability/statistics Measures, estimators Inference, prediction Bayes, 
calibration, 
RL/MDPs 

Risk, reliability, 
finance, 
epidemiology 

Information theory Entropy/MI/codes Compression, bounds Losses, 
representatio
n learning 

Communications
, cryptography, 
compression 

Computation/complexity Algorithms/classes Feasibility limits Approx 
inference, 
search 

Crypto, routing, 
scheduling 

Optimization Objectives+constraints Minimization Training, VI, 
robust 
learning 

Design, OR, MPC 

Groups/symmetry Actions/representation
s 

Equivariance Equivariant 
nets, GNNs 

Physics, robotics, 
signal processing 

Geometry/topology/graphs Spaces/networks Invariants/metrics Embeddings, 
TDA, spectral 
methods 

PDEs, materials, 
infrastructure 
networks 

Control Dynamics+feedback Stabilize/track Safe RL, 
neural ODEs 

Aerospace, 
process control, 
power grids 

Games Players+payoffs Equilibria/minimax GANs, MARL, 
robustness 

Markets, 
security, 
bargaining 

Category theory Objects+morphisms Composition Modular ML 
semantics 

Software 
architecture, 
systems design 

Causality/verification/privac
y 

SCMs/specs/DP Intervention/guarantee
s 

Shift 
robustness, 
certified AI, 
DP 

Medicine/policy; 
safety-critical 
governance 

3.23 A2. Checklist: choosing a mathematical tool 

• Ambiguity of meaning → logic/types + ontology design (consider fuzzy/rough if 

graded/limited perception matters). 

• Noise/uncertainty → probability + information objectives + calibration. 

• Data inefficiency → encode symmetries (equivariance) + priors. 



• Instability/unsafe dynamics → control (Lyapunov/reachability) + robust design. 

• Strategic/adversarial environment → game theory + minimax evaluation. 

• Brittle composition → category/contract thinking + compositional verification. 

3.24 A3. Theory-to-UCC role mapping (explicit bridge table) 

The table below makes explicit how each structural theory most naturally supports the UCC 

roles (V/A/C/E/NE). This is not exclusive: most theories can be applied to multiple roles, 

but the mapping helps choose tools quickly. 

Theory / Method Primary structural 
contribution 

UCC roles most 
supported 

Typical constructs Notes / limits 

Set theory / logic / 
types 

Membership, 
predicates, 
consistency 

A, E (and all via 
formalization) 

Sets, relations, 
predicates, types 

Often static; needs 
dynamics/control to 
model time. 

Probability / 
statistics 

Uncertainty, 
inference, 
generalization 

E (evaluation), V 
(decision under 
uncertainty) 

Distributions, 
estimators, 
likelihood 

Correlation ≠ 
causation; shift can 
break assumptions. 

Information theory Compression, limits, 
channel capacity 

C, A, E Entropy, mutual 
information, rate–
distortion 

Excellent for bounds; 
less direct for 
semantics/agency. 

Computation / 
complexity 

Feasibility and cost 
of processes 

V, E Algorithms, 
complexity classes 

Upper bounds don’t 
pick the right 
objective. 

Optimization / 
variational 

Search and resource 
allocation 

V, E Objectives, 
constraints, 
Lagrangians 

Needs correct 
objectives/constraints; 
risk of gaming. 

Group theory / 
symmetry 

Invariance, 
equivariance, 
inductive bias 

V (structure of 
transformations), C 
(coding symmetries) 

Groups, 
representations 

Powerful but domain-
specific (requires 
identifiable 
symmetries). 

Graphs / topology / 
geometry 

Network structure, 
connectivity, shape 

C, NE, V Graphs, manifolds, 
topology 

Topology alone 
doesn’t specify 
flows/incentives. 

Dynamical systems Time-evolution of 
state 

V, E State, trajectories, 
attractors 

Model mismatch and 
nonlinearity can 
dominate. 

Control theory 
(MAPE-K) 

Regulation, feedback, 
robustness 

E 
(measurement/selection), 
V (actuation) 

Feedback loops, 
stability, observers 

Requires measurable 
signals and 
controllable inputs. 

Game theory / 
mechanism design 

Strategic interaction, 
incentives 

NE (exchange), E 
(selection), V (outcomes) 

Payoffs, equilibria, 
auctions 

Equilibria may be 
undesirable; needs 
safety constraints. 

Causal inference Interventions and 
counterfactuals 

E (evaluation), V (policy 
impact) 

DAGs, SCMs, do-
operator 

Identification 
assumptions are 
critical. 

Formal verification 
/ assurance 

Correctness, 
invariants, contracts 

E (verification), C 
(interface contracts) 

Model checking, 
theorem proving, 
runtime monitors 

Scales poorly without 
compositional 
structure. 

3.25 A4. Historical necessity sketches (why each theory emerged) 

Short sketches to anchor “why” historically (expandable into full case studies): 

 

• Probability/statistics: astronomy, insurance, and error quantification forced mathematics 

of uncertainty. 

• Information theory: telegraphy/telephony and noisy channels forced capacity and coding 

results. 

• Control theory: industrial automation and flight control forced stability, feedback, and 



robustness frameworks. 

• Computation/complexity: limits of mechanization forced formal models of algorithms and 

resource bounds. 

• Optimization: scarce resources forced constrained decision-making, from logistics to 

learning objectives. 

• Group theory/representation: physics and symmetry forced invariant-based reasoning 

and compact structure. 

• Graphs/topology: networks (power, transport, communication) forced combinatorial and 

geometric tools. 

• Game theory/mechanism design: markets and conflict forced incentive-aware and 

strategic modeling. 

• Verification: safety-critical software/hardware forced machine-checkable correctness and 

compositional contracts. 

• Causality: interventions (medicine, policy, A/B tests) forced distinction between 

correlation and effect. 

4. Algebraic Foundations of Ecosystem Structure 
This section elevates the algebraic layer to the main text: UCC roles act as generators in a 

compositional algebra whose operations represent interactions, whose matrix/tensor 

representations support measurement, and whose closures support extraction of patterns, 

forms, and models. 

4.1 Universal Group Definition (UCC roles as generators) 

We propose a universal “group-like” structure (not necessarily a classical group) to 

formalize ecosystem composition and support pattern extraction. The equations below are 

presented as a suggested mathematical backbone for UCC and the interaction model. 

Universal Group: 
Each universal group 𝐺𝑛  defined by 𝐺𝑛+1

𝑛  , that have Group-Oriented relationships across sub 
universal groups: 

  𝐺𝑛 = 𝐺𝑛+1
𝑛 〈∏  

𝑁𝑛(𝑡)

𝑘=1

{𝑔𝑛,𝑘  }〉 

  𝐺𝑛 = 𝐺𝑛+1
𝑛 〈 ∏  

𝑗𝜖{𝑎,𝑣,𝑐,𝑒}

∏  

𝑁𝑛,𝑗(𝑡)

𝑘=1

{𝑔𝑛,𝑗,𝑘}〉 

 

  𝐺𝑛 = 𝐺𝑛+1
𝑛 〈 ∏  

𝑁𝑛𝑎(𝑡)

𝑘=1

{𝑔𝑛𝑎𝑘}. ∏  

𝑁𝑛𝑣(𝑡)

𝑘=1

{𝑔𝑛𝑣𝑘}. ∏  

𝑁𝑐𝑎(𝑡)

𝑘=1

{𝑔𝑛𝑐𝑘}. ∏  

𝑁𝑒𝑎(𝑡)

𝑘=1

{𝑔𝑛𝑒𝑘}〉 

 

 
Where: 

𝑗: Represents sub universal groups (Archived, Value-Adding, Communication, Evaluation). 

𝑁𝑛(𝑡): Number of elements in universal group {gn1…gnNn(t}}. 



𝑁𝑛𝑣(𝑡): Value-Adding Elements (e.g., innovation or processes or resources contributing to 
progress or transformation). 
𝑁𝑛𝑎(𝑡): Archived Elements (e.g., stored knowledge, resources, or past states). 
𝑁𝑛𝑐(𝑡): Communication Elements (e.g., data transferred, structured exchanges, and 
communicational requests and replies between universal groups). 
𝑁𝑛𝑒(𝑡): Evaluation Elements (e.g., future goals, needs (maintaining and expanding interest-
benefits, fears (maintaining and prevent reduction of interest-benefits), balancing 
opportunities and threats). 

 
Network Interactions: 
 

4.2 Algebraic Specification (Axioms and Closure Layer) 

Algebraic Specification strengthens the UCC “universality” claim by stating a compact 

axiomatization. The intent is not to make UCC metaphysical, but to make its assumptions 

explicit, testable, and refutable. 

 
𝐼. 1 𝑆𝑒𝑡 − 𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐 𝑝𝑟𝑖𝑚𝑖𝑡𝑖𝑣𝑒𝑠 

𝐿𝑒𝑡 𝑇 𝑏𝑒 𝑎 𝑡𝑖𝑚𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 (𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒 𝑜𝑟 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠). 𝐹𝑜𝑟 𝑒𝑎𝑐ℎ 𝑡 ∈ 𝑇, 𝑎𝑛 𝑒𝑐𝑜𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑎 𝑝𝑎𝑖𝑟 𝔈(𝑡) = (𝐸(𝑡), 𝐼(𝑡))𝑤ℎ𝑒𝑟𝑒: 

• 𝐸(𝑡)𝑖𝑠𝑡ℎ𝑒𝑠𝑒𝑡𝑜𝑓𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑡𝑡𝑖𝑚𝑒𝑡. 

• 𝐼(𝑡)𝑖𝑠𝑎𝑠𝑒𝑡𝑜𝑓𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑𝑜𝑟ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑧𝑒𝑑𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑠𝑏𝑒𝑡𝑤𝑒𝑒𝑛𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠(𝑒𝑑𝑔𝑒𝑠, 𝑒𝑣𝑒𝑛𝑡𝑠, 𝑡𝑟𝑎𝑛𝑠𝑎𝑐𝑡𝑖𝑜𝑛𝑠, 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠). 

 

𝐿𝑒𝑡𝑅 = 𝑉, 𝐴, 𝐶, 𝐸, 𝑁𝐸𝑏𝑒𝑡ℎ𝑒𝑟𝑜𝑙𝑒 − 𝑠𝑒𝑡: 

𝑉: 𝑉𝑎𝑙𝑢𝑒

− 𝐴𝑑𝑑𝑖𝑛𝑔 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠, 𝐴: 𝐴𝑟𝑐ℎ𝑖𝑣𝑒𝑑 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠, 𝐶: 𝐶𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠, 𝐸: 𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑖𝑜𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠, 𝑁𝐸: 𝐸𝑥𝑐ℎ𝑎𝑛𝑔𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠. 

 

𝐿𝑒𝑡𝜎: 𝐸(𝑡) → 𝒫(𝑅)𝑏𝑒𝑎(𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑦𝑚𝑢𝑙𝑡𝑖 − 𝑙𝑎𝑏𝑒𝑙)𝑟𝑜𝑙𝑒𝑎𝑠𝑠𝑖𝑔𝑛𝑚𝑒𝑛𝑡𝑎𝑡𝑡𝑖𝑚𝑒𝑡(𝑎“𝑟𝑜𝑙𝑒𝑠𝑖𝑔𝑛𝑎𝑡𝑢𝑟𝑒”). 

𝐼. 2 𝐶𝑜𝑟𝑒 𝑎𝑥𝑖𝑜𝑚𝑠 (𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙) 

𝐴𝑥𝑖𝑜𝑚 𝑈1 (𝑁𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑖𝑛𝑒𝑠𝑠): ∀𝑡, ∀𝑒 ∈ 𝐸(𝑡), 𝜎(𝑒, 𝑡) ≠  ∅. 

𝐴𝑥𝑖𝑜𝑚 𝑈2 (𝑅𝑜𝑙𝑒 𝑒𝑥ℎ𝑎𝑢𝑠𝑡𝑖𝑣𝑒𝑛𝑒𝑠𝑠 𝑎𝑠 𝑎 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠): 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑒𝑐𝑜𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑡𝑜𝑐𝑜𝑙 𝛱, 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝜎 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑡 𝑤𝑖𝑡ℎ 𝛱 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝜎(𝑒, 𝑡)

⊆  𝑅 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑒, 𝑡. 

𝐴𝑥𝑖𝑜𝑚 𝑈3 (𝑅𝑜𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑡𝑒𝑠𝑡𝑠): 𝐹𝑜𝑟 𝑒𝑎𝑐ℎ 𝑟𝑜𝑙𝑒 𝑟 ∈ 𝑅 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 

𝑡𝑒𝑠𝑡𝜏𝑟(·)𝑡ℎ𝑎𝑡(𝑖)𝑖𝑠𝑓𝑎𝑙𝑠𝑖𝑓𝑖𝑎𝑏𝑙𝑒𝑢𝑛𝑑𝑒𝑟𝛱, 𝑎𝑛𝑑(𝑖𝑖)𝑙𝑖𝑛𝑘𝑠𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑏𝑙𝑒𝑓𝑎𝑖𝑙𝑢𝑟𝑒/𝑐𝑎𝑝𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝑙𝑜𝑠𝑠𝑡𝑜𝑎𝑠𝑠𝑖𝑔𝑛𝑖𝑛𝑔𝑟. 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒𝑠𝑘𝑒𝑡𝑐ℎ: 𝜏𝐸(𝑒)

≔ “𝑟𝑒𝑚𝑜𝑣𝑖𝑛𝑔𝑜𝑟𝑑𝑖𝑠𝑎𝑏𝑙𝑖𝑛𝑔𝑒𝑒𝑙𝑖𝑚𝑖𝑛𝑎𝑡𝑒𝑠𝑎𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑜𝑛/𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡

/𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠𝑖𝑔𝑛𝑎𝑙𝑡ℎ𝑎𝑡𝑐ℎ𝑎𝑛𝑔𝑒𝑠𝑠𝑦𝑠𝑡𝑒𝑚𝑡𝑟𝑎𝑗𝑒𝑐𝑡𝑜𝑟𝑖𝑒𝑠. ” 

 

Axiom U4 (Exchange overlay distinctness): NE is not reducible to “communication” because 

it includes explicit transaction semantics (clearing, contracting, settlement, custody, scarcity 

enforcement, ownership transfer). Formally, NE interactions carry additional invariants 

(conservation, ledger consistency, enforceability) not required by plain C interactions. 

 

Axiom U5 (Minimality witnesses): For each role r∈R, there exists a family of ecosystems 

{𝔈𝑟} such that removing r from the role-set makes U1–U4 un-satisfiable (i.e., some observed 

capability cannot be represented without r). This provides a constructive minimality 

argument rather than purely verbal minimality. 

I.3 Category-theoretic view (optional but clarifying) 

Define a time-indexed category 𝒞𝑡: 

• Objects: elements 𝑒 ∈ 𝐸(𝑡) 

• Morphisms: typed interactions 𝑓: 𝑒 → 𝑒′ labeled by a role-layer ℓ ∈ {𝑉, 𝐴, 𝐶, 𝐸, 𝑁𝐸} (or by a 



vector of role-weights). 

 

A “role functor” 𝐹𝑡: 𝒞𝑡 →  𝑅𝑜𝑙𝑒Graph maps: 

• each object e to its signature σ(e,t) 

• each morphism to a role-labeled edge in a role-layered multigraph. 

 

Composition f∘g corresponds to chaining interactions; monoidal product ⊗ corresponds to 

parallel composition. Coarse-graining (pattern→form) can be modeled as a functor 𝐺: 𝒞𝑡 →

 𝒞𝑡
′ that preserves selected invariants (e.g., conserved flows, stability margins, ledger 

consistency). 

This view makes “pattern/form/model extraction” a problem of constructing compositional 

summaries (functorial mappings) that preserve domain-relevant invariants. 

4.3 A.2 Structural Interaction Calculus (SIC): Minimal Primitives and Operators 

Structural Interaction Calculus proposes a thin calculus to unify primitives across graph 

theory, dynamics, control, games, causality, and category theory. The goal is not to replace 

those theories, but to give a shared “interaction grammar” for multi-layer ecosystems. 

4.4 3A.1 Primitives 

Let 𝐿 =  {𝑉, 𝐴, 𝐶, 𝐸, 𝑁𝐸} be the role-layer set. At time t, define a role-layered (multiplex) 

interaction network: 

𝐺(𝑡) =  (𝐸(𝑡), {𝔈ℓ(𝑡)}{ℓ∈𝐿}) 

where each 𝔈ℓ(𝑡) ⊆  𝐸(𝑡) × 𝐸(𝑡) is the directed edge-set for interactions of layer ℓ. 

Each edge (i→j) in layer ℓ may carry attributes: weight 𝑤ℓ(𝑖,𝑗,𝑡), type tags, costs, delays, and 

invariants. 

Interaction tensor (discrete-time, n elements): 

𝒯(𝑡) ∈  ℝ{𝑛×𝑛×|𝐿|} 

with entries 𝒯{𝑖𝑗ℓ}(𝑡) =  𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑
𝑖𝑛𝑡𝑒𝑛𝑠𝑖𝑡𝑦

𝑣𝑜𝑙𝑢𝑚𝑒
𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑖 → 𝑗 𝑖𝑛 𝑙𝑎𝑦𝑒𝑟 ℓ. 

 

State variables: 

• Stocks 𝑠𝐴(𝑒,𝑡) for Archive/accumulation (inventories, stored models, documents) 

• Control/selection signals 𝑢𝐸(𝑒,𝑡) for Evaluation (metrics, reward, governance actions) 

• Throughputs 𝑞𝑉(𝑒,𝑡) for Value-Adding (production/compute/transform) 

• Channel capacities 𝜅𝐶(𝑒,𝑡) for Communication 

• Settlement/ledger constraints for Exchange (NE) (balance, conservation, enforceability) 

4.5 3A.2 Operators 

(1) Layer marginalization: 𝑀𝑆(𝒯)(𝑡) = 𝛴{ℓ∈𝑆}𝒯(:,:,ℓ,𝑡)𝑓𝑜𝑟𝑆 ⊆ 𝐿. 

(2) Coarse-graining (hierarchical aggregation): given a partition Π_k mapping elements to 

super-nodes at level k, 

𝒯(𝑘)(𝑡) = 𝛱𝑘 ·  𝒯(𝑡) ·  𝛱𝑘
𝑇   (applied per layer), preserving selected invariants. 

(3) Composition of interactions: (𝑖 → 𝑗 𝑖𝑛 ℓ1) ∘  (𝑗 → 𝑘 𝑖𝑛 ℓ2) yields a typed path 𝑖 → 𝑘 with 



a composite label (ℓ1, ℓ2)and composed cost/delay. 

(4) Constraint enforcement: apply invariants 𝐼𝑁𝐸(ledger consistency), 𝐼𝐸(thresholds/safety 

constraints), I_C (protocol constraints) as filters on admissible paths and flows. 

(5) Regime comparison (model extraction): define a distance d between forms (role-layered 

graphs) across time windows, enabling change detection and “ecosystem evolution” 

modeling. 

4.6 3A.3 Pattern/Form/Model as closure under operators 

Pattern (sub-system): a subgraph 𝑃(𝑡)𝑜𝑓 𝐺(𝑡) that is relatively closed under a chosen 

operator set Ω (e.g., high internal flow vs external, stable feedback loop, repeated motif 

across time). 

Form (system): a composition of patterns whose interconnections satisfy the enforced 

invariants and remain coherent under coarse-graining 𝛱𝑘. 

Model (ecosystem evolution meaning): a sequence {𝐹𝑜𝑟𝑚(𝑡)} together with a 

transformation operator Δ capturing how forms change relative to each other across 

ecosystems/time (regimes, shifts, adaptation). 

4.7 Hierarchical Aggregation Operators 
 
Group Definition: 
Each group 𝐺𝑛 defined by 𝐺𝑛+1

𝑛  , that have Group-Oriented relationships across subgroups: 

  𝐺𝑛 = 𝐺𝑛+1
𝑛 〈∏  

𝑁𝑛(𝑡)

𝑘=1

{𝑔𝑛,𝑘  }〉 

  𝐺𝑛 = 𝐺𝑛+1
𝑛 〈 ∏  

𝑗𝜖{𝑎,𝑣,𝑐,𝑒}

∏  

𝑁𝑛,𝑗(𝑡)

𝑘=1

{𝑔𝑛,𝑗,𝑘}〉 

 

  𝐺𝑛 = 𝐺𝑛+1
𝑛 〈 ∏  

𝑁𝑛𝑎(𝑡)

𝑘=1

{𝑔𝑛𝑎𝑘}. ∏  

𝑁𝑛𝑣(𝑡)

𝑘=1

{𝑔𝑛𝑣𝑘}. ∏  

𝑁𝑐𝑎(𝑡)

𝑘=1

{𝑔𝑛𝑐𝑘}. ∏  

𝑁𝑒𝑎(𝑡)

𝑘=1

{𝑔𝑛𝑒𝑘}〉 

 

Where: 
𝑗: Represents subgroups (Archived, Value-Adding, Communication, Evaluation). 

𝑁𝑛(𝑡): Number of elements in group {𝑔𝑛1…𝑔𝑁𝑛(𝑡)}. 

𝑁𝑛𝑣(𝑡): Value-Adding Elements (e.g., innovation or processes or resources contributing to 
progress or transformation). 
𝑁𝑛𝑎(𝑡): Archived Elements (e.g., stored knowledge, resources, or past states). 
𝑁𝑛𝑐(𝑡): Communication Elements (e.g., data transferred, structured exchanges, and 
communicational requests and replies between groups). 
𝑁𝑛𝑒(𝑡): Evaluation Elements (e.g., future goals, needs (maintaining and expanding interest-
benefits, fears(maintaining and prevent reduction of interest-benefits), balancing 
opportunities and threats). 

 
 
 
 



Network Interactions: 
 
Group of Inclusive Groups: every group is a member of a larger group: 

  𝐺𝑛 ⊆ 𝐺𝑛+1, ∀ 𝑛 < 𝑁 

Where: 

  𝐺𝑛 = 𝐺𝑛+1
𝑛 〈 ∏  

𝑁𝑛(𝑡)

𝑘=1

{𝑔𝑛,𝑘  }〉 

  𝐺𝑛+1 ≠ 𝐺𝑛+1
𝑛  

Group of Non-Inclusive Groups: every group is not a member of a larger group. 

 

𝐺𝑛 ⊈ 𝐺𝑛+1 , ∀ 𝑛 ≠ 𝑛 + 1 

 

A network of G1, G2…, GN(t)  models the interaction of multiple groups, representing interconnected 
groups. 

 
Transactions Between Groups: 

 
General Equation 
For entire network nodes, the relationship can be expressed as: 

 

 
Where: 

NTr1(t): Number of transactions in entire network in state 1. 
NE1(t): Total number of elements of all groups exchanged in entire network in state 1. 
NTr2(t): Number of transactions in entire network in state 2. 
N(t): refers to the upper limit of the product in: 

 

  𝐺𝑛 = 𝐺𝑛+1
𝑛 〈∏  

𝑁𝑛(𝑡)

𝑘=1

{𝑔𝑛,𝑘  }〉     𝑁𝑛(𝑡) = 𝑁(𝑡) 

𝑁𝑛(𝑡) = 𝑁𝐸𝑥(𝑡). (
𝑁𝑇𝑟𝑥(𝑡)

𝑁𝑇𝑟𝑛(𝑡)
− 1)    

 
Change in Group Elements: 
The value-adding elements evolve dynamically as: 

 
 



 
 

In a well-optimized, advanced, and progressed ecosystem at maximum efficiency that only value-
adding elements dominate, the equation reduces to: 

 
 

 
 

𝑁𝑣,𝑛(𝑡) = (
𝑁𝑇𝑟𝑥(𝑡)

𝑁𝑇𝑟𝑛(𝑡)
− 1) .𝑁𝐸𝑣,𝑥(𝑡)    

 
Then the value-adding elements evolve dynamically as: 

𝑁𝑇𝑟𝑛(𝑡) = 𝑁𝐸𝑥(𝑡)+𝑁𝑛(𝑡)   ⇒   𝑁𝑇𝑟𝑛(𝑡) = 𝑁𝑣,𝑛(𝑡) + 𝑁𝐸𝑣,𝑥(𝑡)  

Group Definition: 

An algorithm can be conceptualized as a group 𝑮𝒏  within a system, characterized by its: 
Subgroups: 

𝑁𝑛𝑣(𝑡): 𝑉𝑎𝑙𝑢𝑒 − 𝐴𝑑𝑑𝑖𝑛𝑔𝐸𝑙𝑒𝑚𝑒𝑛𝑡𝑠. 
𝑁𝑛𝑎(𝑡): 𝐴𝑟𝑐ℎ𝑖𝑣𝑒𝑑𝐸𝑙𝑒𝑚𝑒𝑛𝑡𝑠. 
𝑁𝑛𝑐(𝑡): 𝐶𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝐸𝑙𝑒𝑚𝑒𝑛𝑡𝑠. 
𝑁𝑛𝑒(𝑡): 𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑖𝑜𝑛𝐸𝑙𝑒𝑚𝑒𝑛𝑡𝑠. 

Relationships: 
Interactions between subgroups define the functional behaviour of the algorithm. 

Role of Subgroups in Algorithms: 
Value-Adding Elements (𝑵𝒏𝒗(𝒕)): 

Represent the computational core of the algorithm, generating outcomes like 
transformations, insights, or optimizations. 
Example: In a sorting algorithm, 𝑵𝒏𝒗(𝒕) corresponds to operations that directly sort 
elements. 

Archived Elements (𝑵𝒏𝒂(𝒕)): 
Include prior states, reusable logic, or data structures that support execution. 
Example: A cache in a machine learning algorithm storing past computations. 

Communication Elements (𝑵𝒏𝒄(𝒕)): 
Facilitate interactions, such as data exchange between modules or feedback loops. 
Example: In a distributed algorithm, 𝑵𝒏𝒄(𝒕) handles synchronization or messaging between 
nodes. 

Evaluation Elements (𝑵𝒏𝒆(𝒕)): 
Measure progress, adjust strategies, or align with overarching goals. 
Example: An optimization algorithm evaluating fitness functions to guide iteration 

Effectiveness for Group 𝛯𝐹: 
Effectiveness of 𝑮𝒙 on 𝑮𝒏: 

 

𝐺𝑛 = 𝐺𝑛+1
𝑛 〈 ∏  

𝑁𝑛(𝑡)

𝑘=1

{𝑔𝑛,𝑘 }〉 



𝐺𝑥 = 𝐺𝑥+1
𝑥 〈∏  

𝑁𝑥(𝑡)

𝑘=1

{𝑔𝑥,𝑘 }〉 

𝛯𝐹(𝐺𝑥 → 𝐺𝑛 , 𝑡) = 𝜂𝑛
𝑥(𝑡). [𝑁𝑔𝑛

𝑔𝑥(𝑡). (
𝑁𝑔𝑥(𝑡)

  𝑁𝑔𝑛(𝑡)
) + 𝑁𝑒𝑛

𝑔𝑥(𝑡). (
𝑁𝑔𝑥(𝑡)

  𝑁𝑒𝑛(𝑡)
) + 𝑁𝑔𝑛

𝑒𝑥(𝑡) . (
𝑁𝑒𝑥(𝑡)

  𝑁𝑔𝑛(𝑡)
) + 𝑁𝑒𝑛

𝑒𝑥(𝑡). (
𝑁𝑒𝑥(𝑡)

  𝑁𝑒𝑛(𝑡)
)]  

𝐸𝑓𝑔𝑛
𝑔𝑥(𝑡) = 𝑁𝑔𝑛

𝑔𝑥(𝑡). (
𝑁𝑔𝑥(𝑡)

  𝑁𝑔𝑛(𝑡)
) 

𝐸𝑓𝑒𝑛
𝑔𝑥(𝑡) = 𝑁𝑒𝑛

𝑔𝑥(𝑡). (
𝑁𝑔𝑥(𝑡)

  𝑁𝑒𝑛(𝑡)
) 

𝐸𝑓𝑔𝑛
𝑒𝑥(𝑡) = 𝑁𝑔𝑛

𝑒𝑥(𝑡) . (
𝑁𝑒𝑥(𝑡)

  𝑁𝑔𝑛(𝑡)
) 

𝐸𝑓𝑒𝑛
𝑒𝑥(𝑡) = 𝑁𝑒𝑛

𝑒𝑥(𝑡). (
𝑁𝑒𝑥(𝑡)

  𝑁𝑒𝑛(𝑡)
) 

𝛯𝐹(𝐺𝑥 → 𝐺𝑛) = 𝜂𝑛
𝑥(𝑡). (𝐸𝑓𝑔𝑛

𝑔𝑥(𝑡) + 𝐸𝑓𝑒𝑛
𝑔𝑥(𝑡) + 𝐸𝑓𝑔𝑛

𝑒𝑥(𝑡) + 𝐸𝑓𝑒𝑛
𝑒𝑥(𝑡)) 

𝜂𝑛
𝑥(𝑡) = 𝛼𝑛

𝑥. (
𝜂𝑥
𝑥(𝑡) + 𝜂𝑛

𝑛(𝑡)

2
) 

𝛯𝐹(𝐺𝑥 → 𝐺𝑛 , 𝑡) = 𝜂𝑛
𝑥(𝑡). 𝐸𝑓𝑛

𝑥(𝑡)  

𝛯𝐹(𝐺𝑥 → 𝐺𝑛) = 𝜂1𝑛
𝑥(𝑡). (

(𝐸𝑓𝑔𝑛
𝑔𝑥(𝑡) + 𝐸𝑓𝑔𝑛

𝑒𝑥(𝑡))  . 𝑁𝑔𝑛(𝑡) + (𝐸𝑓𝑒𝑛
𝑔𝑥(𝑡) + 𝐸𝑓𝑒𝑛

𝑒𝑥(𝑡))  . 𝑁𝑒𝑛(𝑡)

 2(𝑁𝑔𝑛(𝑡) +  𝑁𝑒𝑛(𝑡))
) 

𝜂1𝑛
𝑥(𝑡) = 𝛼𝑛

𝑥. 2(𝜂𝑥
𝑥(𝑡) + 𝜂𝑛

𝑛(𝑡)) 

𝛯𝐹(𝐺𝑥 → 𝐺𝑛 , 𝑡) = 𝜂1𝑛
𝑥(𝑡). 𝐸𝑓𝑛

𝑥(𝑡) 

Where: 

𝛼𝑛
𝑥: Adjust factor for group effectiveness adjustment in hierarchical level n. 
ϑ𝑛
𝑥
 
 (𝑡) 

 : Represents the group effectiveness adjustment for group x, Gx. 

𝑁𝑥(𝑡)  : Total number of elements in group x; |𝐺𝑥| =   𝑁𝑔𝑥(𝑡). 

𝑁𝑒𝑥(𝑡)  : Total number of elements exchanged by 𝐺𝑥  with the network of groups. 
𝑁𝑛(𝑡)   : Total number of elements in group n; |𝐺𝑛| = 𝑁𝑔𝑛(𝑡). 

𝑁𝑒𝑛(𝑡)  : Total number of elements exchanged by 𝐺𝑛 with the network of groups. 
 𝑁𝑔𝑥,𝑔𝑛(𝑡): A factor representing the proportion of elements in 𝐺𝑛 that are also part of group 𝐺𝑥 . 

𝑁𝑔𝑛
𝑔𝑥(𝑡)  : A factor representing the proportion of elements in 𝐺𝑥  that are also part of group 𝐺𝑛 . 

 

𝐸𝑓𝑔𝑛
𝑔𝑥(𝑡) =

Total number of elements  in 𝐺𝑛that are also part of{ 𝐺𝑥 ∩ 𝐺𝑛} 

|𝐺𝑛|
 

𝐸𝑓𝑔𝑛
𝑔𝑥(𝑡) = (

 𝑁𝑔𝑥,𝑔𝑛(𝑡)

  𝑁𝑔𝑛(𝑡)
) = (

𝑁𝑔𝑛
𝑔𝑥(𝑡). 𝑁𝑔𝑥(𝑡)

  𝑁𝑔𝑛(𝑡)
) 

𝑁𝑔𝑛
𝑔𝑥(𝑡) =

 𝑁𝑔𝑥,𝑔𝑛(𝑡)

 𝑁𝑥(𝑡)
 

 
𝑁𝑒𝑛
𝑔𝑥(𝑡): A factor representing the proportion of elements in 𝐺𝑥  that are also part of total elements 

exchanged by 𝐺𝑛 , 𝑁𝑒𝑛(𝑡). 
𝑁𝑔𝑛
𝑒𝑥 (𝑡)  : A factor representing the proportion of elements exchanged (𝐺𝑒) by 𝐺𝑥  that are also part of 

group 𝐺𝑛. 
𝑁𝑒𝑛
𝑒𝑥(𝑡): A factor representing the proportion of elements exchanged (𝐺𝑒) by 𝐺𝑥  that are also part of 

total elements exchanged by 𝐺𝑛 ,  𝑁𝑒𝑛(𝑡). 
 



𝜂𝑛
𝑛(𝑡) =

𝜗𝑛
 (𝑡)

(4𝜗𝑛
 (𝑡) − 2 + 𝐸𝑓𝑒𝑛

𝑔𝑛(𝑡) + 𝐸𝑓𝑔𝑛
𝑒𝑛(𝑡))

  , 𝜂𝑥
𝑥(𝑡) =

𝜗𝑥
 (𝑡)

(4𝜗𝑥
 (𝑡) − 2 + 𝐸𝑓𝑒𝑥

𝑔𝑥(𝑡) + 𝐸𝑓𝑔𝑥
𝑒𝑥(𝑡))

 

Where: 

𝜂𝑛
𝑛(𝑡) ∶ representing proportion of 𝐺𝑥  , 𝐺𝑛 compared to programmed group. 

 

𝜂𝑛
𝑥(𝑡) = 𝛼𝑛

𝑥. 𝑔(𝜂𝑥
𝑥(𝑡), 𝜂𝑛

𝑛(𝑡)) 

[ 𝜂𝑛
𝑥(𝑡) = 𝛼𝑛

𝑥. (
𝜂𝑥
𝑥(𝑡) + 𝜂𝑛

𝑛(𝑡)

2
)] 

𝜂1𝑛
𝑥(𝑡) = 𝛼𝑛

𝑥. 2(𝜂𝑥
𝑥(𝑡) + 𝜂𝑛

𝑛(𝑡)) 

For Non-programmed Groups equation reduce to: 

𝐸𝑓𝑒𝑛
𝑔𝑛(𝑡) = 𝐸𝑓𝑔𝑛

𝑒𝑛(𝑡) = 1, 𝜂𝑛
𝑥(𝑡) = 𝛼𝑛

𝑥. (
1

4
) 

Definition of Effectiveness for Group Gx: 

Effectiveness ΞF(Gx, t) in entire network group, 𝐺  is: 
 

𝛯𝐹(𝐺𝑥 , 𝑡) = 𝜂𝐺
𝑥(𝑡). [𝑁𝑥(𝑡). ( 

𝑁𝑔𝐺
𝑔𝑥(𝑡)

  𝑁𝑔𝐺(𝑡)
+
𝑁𝑒𝐺
𝑔𝑥(𝑡)

  𝑁𝑒𝐺(𝑡)
) + 𝑁𝑒𝑥(𝑡). ( 

𝑁𝑔𝐺
𝑒𝑥(𝑡)

  𝑁𝑔𝐺(𝑡)
+
𝑁𝑒𝐺
𝑒𝑥(𝑡)

  𝑁𝑒𝐺(𝑡)
)] 

𝛯𝐹(𝐺𝑥 → 𝐺, 𝑡) = 𝛯𝐹𝐺(𝐺𝑥 , 𝑡) = 𝛯𝐹(𝐺𝑥 , 𝑡) = 𝜂𝐺
𝑥
 
(𝑡). 𝐸𝑓𝐺

𝑥(𝑡) 

Effectiveness of all groups in entire network group, G is: 

 

∑ 

𝑁

𝑛=1

𝛯𝐹(𝐺𝑛 → 𝐺, 𝑡) = ∑  

𝑁

𝑛=1

𝛯𝐹(𝐺𝑛 , 𝑡) = 1 

Effectiveness 𝛯𝐹(𝐺𝑥 , 𝐺, 𝑡)  in entire network Group of Non-Inclusive Groups is: 
𝐺 = {𝐺1, 𝐺2. . , 𝐺𝑁} 

𝐺 ¬x=𝐺 ∖ {𝐺𝑥} 

𝛯𝐹(𝐺𝑥 , 𝐺, 𝑡) =
∑  

 

𝐺𝑛∈ 𝐺 ¬𝑥

[𝛯𝐹(𝐺𝑥 → 𝐺𝑛 , 𝑡). 𝛯𝐹(𝐺𝑛 → 𝐺, 𝑡)]

  

 

𝑁𝑒𝑛
𝑎𝑑𝑗𝑢𝑠𝑡𝑒𝑑: Adjusted exchanges prevent double counting. 

Total Effectiveness of 𝐺𝑥 in entire network Group of Non-Inclusive Groups is: 
𝐺 = {𝐺1, 𝐺2. . , 𝐺𝑁} 

𝐺 ¬x= 𝐺 ∖ {𝐺𝑥} 

𝛯𝐹(𝐺𝑥 , 𝐺: 𝐺, 𝑡) =
∑  

 

𝐺𝑛∈ 𝐺 ¬𝑥

[𝛯𝐹(𝐺𝑥 → 𝐺𝑛 , 𝑡). 𝛯𝐹(𝐺𝑛 , 𝐺: 𝐺, 𝑡)] 

  

 

𝛯𝐹(𝐺𝑛, 𝐺: 𝐺, 𝑡) =
∑  

 

𝐺𝑗∈ 𝐺 ¬𝑗

[𝛯𝐹(𝐺𝑛 → 𝐺𝑗 , 𝑡). 𝛯𝐹(𝐺𝑗  , 𝐺: 𝐺, 𝑡)] 

  

 

… 

𝛯𝐹𝑇(𝐺𝑥 , 𝑡) =
∑  

 

𝐺𝑛∈ 𝐺 ¬𝑥

[𝛯𝐹(𝐺𝑥 → 𝐺𝑛 , 𝑡). ∑  [𝛯𝐹(𝐺𝑛 → 𝐺𝑗  , 𝑡)

 

𝐺𝑗∈ 𝐺 ¬𝑗

, … ] 

  

 

   𝑁𝐸𝑛
𝑎𝑑𝑗𝑢𝑠𝑡𝑒𝑑

: Adjusted exchanges prevent double counting 

Adjust Inclusive Groups definition: 
To adjust group definition within local, regional, global and universal network of groups: 
The combined effectiveness of Gx  on the entire universal group can be expressed as: 

 



 
Updated set of equations, using GN  to represent the group at the hierarchical level n, the total 
effectiveness is the product of effectiveness at all levels: 
G = (G1…GN} of non-Inclusive Groups G1= {G11…. G1N}, G2= {G21…G2N} ….  
GN= {GN1…GNN} 

𝐺𝑥 ⊆ 𝐺1𝑥 ⊆ 𝐺2𝑥 ⊆ ⋯ ⊆ 𝐺𝑁𝑥 
𝐺1𝑥 ⊈ 𝐺11 ⊈ 𝐺12… ⊈ 𝐺1𝑁 
𝐺2𝑥 ⊈ 𝐺21 ⊈ 𝐺22… ⊈ 𝐺2𝑁 

… 
𝐺𝑁𝑥 ⊈ 𝐺𝑁1 ⊈ 𝐺𝑁2… ⊈ 𝐺𝑁𝑁 

𝛯𝐹 (𝐺𝑥 → 𝐺, 𝑡) =  𝛯𝐹 (𝐺𝑥(𝑡) → 𝐺1𝑥(𝑡), 𝑡).  𝛯𝐹 (𝐺1𝑥(𝑡) → 𝐺2𝑥(𝑡), 𝑡) …𝛯𝐹 (𝐺(𝑁−1)𝑥(𝑡) → 𝐺𝑁𝑥(𝑡), 𝑡) 

𝛯𝐹(𝐺𝑥 , 𝑡) =∏ 

𝑁

𝑛=1

𝛯𝐹𝐺𝑛+1(𝐺𝑛 , 𝑡)

  

 

𝛯𝐹(𝐺𝑥 , 𝑡) = 𝛯𝐹(𝐺𝑥 → 𝐺, 𝑡) =∏ 

𝑁

𝑛=1

 

  

[𝜂(𝑛+1)𝑥
𝑛𝑥 (𝑡). 𝐸𝑓(𝑛+1)𝑥

𝑛𝑥 (𝑡)] 

Where 𝐺𝑥 refers to the group at a given hierarchical level. 
   𝐺𝑛 ⊆ 𝐺𝑛+1, ∀ 𝑛 < 𝑁 

  𝐺𝑛 = 𝐺𝑛+1
𝑛 〈 ∏  

𝑁𝑛(𝑡)

𝑘=1

{𝑔𝑛,𝑘  }〉 

  𝐺𝑛+1 ≠ 𝐺𝑛+1
𝑛  

Adjust Non-Inclusive Groups definition: 

𝐺𝑥 ⊆ 𝐺1 

𝐺𝑛 ⊈ 𝐺𝑛+1 , ∀ 𝑛 ≠ 𝑛 + 1 

Where: 

𝐺𝑛 = 𝐺𝑛+1
𝑛 〈 ∏  

𝑁𝑛(𝑡)

𝑘=1

{𝑔𝑛,𝑘 }〉 

 𝐺𝑛+1 ≠ 𝐺𝑛+1
𝑛  

𝛯𝐹(𝐺𝑥 → 𝐺, 𝑡) = 𝛯𝐹(𝐺𝑥 , 𝑡) = ∑  

𝑁 

𝑛=1

𝛯𝐹 (𝐺𝑥 → 𝐺𝑛 , 𝑡) 

  

 

Adjust Inclusive Groups 𝐺 = {𝐺1, 𝐺2… ,𝐺𝑁} of non-Inclusive Groups  𝐺1 = {𝐺11, 𝐺12… ,𝐺1𝑁}, 𝐺2 =

{𝐺21, 𝐺22… ,𝐺2𝑁} …. Effectiveness measurement: 
 

𝐺𝑥 ⊆ 𝐺1𝑥 ⊆ 𝐺2𝑥 ⊆ ⋯ ⊆ 𝐺𝑁𝑥 
𝐺1𝑥 ⊈ 𝐺11 ⊈ 𝐺12… ⊈ 𝐺1𝑁 
𝐺2𝑥 ⊈ 𝐺21 ⊈ 𝐺22… ⊈ 𝐺2𝑁 

… 
𝐺𝑁𝑥 ⊈ 𝐺𝑁1 ⊈ 𝐺𝑁2… ⊈ 𝐺𝑁𝑁 

𝛯𝐹 (𝐺𝑥 → 𝐺, 𝑡) =  ∑  

𝑁0

𝑛≠𝑥

𝛯𝐹 (𝐺𝑥(𝑡) → 𝐺𝑛(𝑡), 𝑡).  ∑  

𝑁1

𝑛≠𝑥

𝛯𝐹 (𝐺1𝑥(𝑡) → 𝐺1𝑛(𝑡), 𝑡).∑  

𝑁2

𝑛≠𝑥

  𝛯𝐹 (𝐺2𝑥(𝑡)

→ 𝐺2𝑛(𝑡), 𝑡) …. 

𝛯𝐹 (𝐺𝑥 → 𝐺, 𝑡) =∏ 

𝑁

𝑗=0

 ∑  

𝑁𝑗

𝑛≠𝑥

𝛯𝐹 (𝐺𝑗,𝑥(𝑡) → 𝐺𝑗,𝑛(𝑡), 𝑡) 

 𝑁𝑒  Adjusted exchanges prevent double counting. 



𝛯𝐹(𝐺𝑗,𝑥 → 𝐺𝑗,𝑛, 𝑡) = 𝜂𝑗,𝑛(𝑡). 𝐸𝑓𝑗,𝑥
𝑗,𝑛(𝑡) 

𝛯𝐹(𝐺𝑥 → 𝐺, 𝑡) =∏ 

𝑁

𝑗=0

[∑  𝜂𝑗,𝑛
𝑗,𝑥(𝑡).

𝑁𝑗

𝑛≠𝑥

𝐸𝑓𝑗,𝑛
𝑗,𝑥(𝑡)] 

𝛯𝐹 (𝐺𝑥 → 𝐺, 𝑡) =∏ 

 

𝑗∈𝐺

[∑  

𝑁𝑗

𝑛≠𝑥

𝜂𝑗,𝑛
𝑗,𝑥(𝑡). 𝐸𝑓𝑗,𝑛

𝑗,𝑥(𝑡) ] 

Effectiveness of Groups: 

𝛯𝐹 (𝐺𝑥 ↔ 𝐺𝑛 , 𝑡) = 𝜂𝑥,𝑛
𝑥,𝑛(𝑡).

[
 
 
 
 
 
 
 
 
 

(𝑁𝑔𝑛
𝑔𝑥(𝑡). 𝑁𝑔𝑥(𝑡) + 𝑁𝑔𝑥

𝑔𝑛(𝑡). 𝑁𝑔𝑛(𝑡))

𝑁𝑔𝑛(𝑡) + 𝑁𝑔𝑥(𝑡) 
+

(𝑁𝑔𝑛
𝑔𝑥(𝑡). 𝑁𝑔𝑥(𝑡) + 𝑁𝑔𝑥

𝑔𝑛(𝑡). 𝑁𝑔𝑛(𝑡)). 𝑁𝑒𝑛,𝑥
𝑔𝑥,𝑛(𝑡)

𝑁𝑒𝑛(𝑡) + 𝑁𝑒𝑥(𝑡) 
+

(𝑁𝑒𝑛
𝑒𝑥(𝑡). 𝑁𝑒𝑥(𝑡) + 𝑁𝑒𝑥

𝑒𝑛(𝑡). 𝑁𝑒𝑛(𝑡)). 𝑁𝑔𝑛,𝑥
𝑒𝑥,𝑛(𝑡)

𝑁𝑔𝑛(𝑡) + 𝑁𝑔𝑥(𝑡) 
+

(𝑁𝑒𝑛
𝑒𝑥(𝑡). 𝑁𝑒𝑥(𝑡) + 𝑁𝑒𝑥

𝑒𝑛(𝑡). 𝑁𝑒𝑛(𝑡))

𝑁𝑒𝑛(𝑡) + 𝑁𝑒𝑥(𝑡) ]
 
 
 
 
 
 
 
 
 

 

Where: 
𝑁𝑒𝑛,𝑥
𝑔𝑥,𝑛(𝑡) : A factor representing the proportion of elements in 𝐺𝑒𝑥  𝑎𝑛𝑑 𝐺𝑒𝑛  that are also part of group 

𝐺𝑥  𝑎𝑛𝑑 𝐺𝑛  . 

𝐸𝑓𝑒𝑛,𝑥
𝑔𝑥,𝑛(𝑡) =

Total number of elements  in{ 𝐺𝑥 ∪ 𝐺𝑛} that are also part of {𝐺𝑒𝑥 ∪ 𝐺𝑒𝑛} 

|𝐺𝑒𝑛| + |𝐺𝑒𝑥|
 

 

𝐸𝑓𝑒𝑛,𝑥
𝑔𝑥,𝑛(𝑡) =

(𝑁𝑔𝑛
𝑔𝑥(𝑡). 𝑁𝑔𝑥(𝑡) + 𝑁𝑔𝑥

𝑔𝑛(𝑡). 𝑁𝑔𝑛(𝑡)). 𝑁𝑒𝑛,𝑥
𝑔𝑥,𝑛(𝑡)

𝑁𝑒𝑛(𝑡) + 𝑁𝑒𝑥(𝑡) 
 

𝑁𝑔𝑛,𝑥
𝑒𝑥,𝑛(𝑡) : A factor representing the proportion of elements in 𝐺𝑥  𝑎𝑛𝑑 𝐺𝑛 that are also part of group 

𝐺𝑒𝑥  𝑎𝑛𝑑 𝐺𝑒𝑛  . 
 

𝐸𝑓𝑒𝑛,𝑥
𝑔𝑥,𝑛(𝑡) =

Total number of elements  in{ 𝐺𝑒𝑥 ∪ 𝐺𝑒𝑛} that are also part of {𝐺𝑥 ∪ 𝐺𝑛} 

|𝐺𝑛| + |𝐺𝑥|
 

𝐸𝑓𝑒𝑛,𝑥
𝑔𝑥,𝑛(𝑡) =

(𝑁𝑒𝑛
𝑒𝑥(𝑡). 𝑁𝑒𝑥(𝑡) + 𝑁𝑒𝑥

𝑒𝑛(𝑡). 𝑁𝑒𝑛(𝑡)). 𝑁𝑔𝑛,𝑥
𝑒𝑥,𝑛(𝑡)

𝑁𝑔𝑛(𝑡) + 𝑁𝑔𝑥(𝑡) 
 

𝜂𝑥,𝑛
𝑥,𝑛(𝑡) =

𝛼𝑛,𝑥
𝑥,𝑛. 𝜗𝑛

 (𝑡)

4(𝜗𝑛
 (𝑡) − 1) + 𝐸𝑓𝑒𝑥

𝑔𝑥
(𝑡) + 𝐸𝑓𝑔𝑥

𝑒𝑥(𝑡)+𝐸𝑓𝑒𝑛
𝑔𝑛
(𝑡) + 𝐸𝑓𝑔𝑛

𝑒𝑛(𝑡)
 

𝛯𝐹 (𝐺𝑥 ↔ 𝐺𝑛 , 𝑡) = 𝜂𝑛,𝑥
𝑥,𝑛(𝑡). [𝐸𝑓𝑔𝑛,𝑥

𝑔𝑥,𝑛(𝑡) + 𝐸𝑓𝑒𝑛,𝑥
𝑔𝑥,𝑛(𝑡) + 𝐸𝑓𝑔𝑛,𝑥

𝑒𝑥,𝑛(𝑡) + 𝐸𝑓𝑒𝑛,𝑥
𝑒𝑥,𝑛(𝑡)] 

𝛯𝐹 (𝐺𝑥 ↔ 𝐺𝑛 , 𝑡) = 𝜂 𝑛,𝑥
𝑥,𝑛 (𝑡). 𝐸𝑓𝑛,𝑥

𝑥,𝑛(𝑡)           
For groups 𝐺1 to 𝐺𝑁 Groups: 

𝛯𝐹 (𝐺𝑥 ↔ 𝐺𝑛 , 𝑡) =
1

𝑁(𝑁 − 1)
.∑ ∑  

𝑁

𝑛=1,𝑛≠𝑥

𝑁

𝑥=1

 [𝜂𝑛,𝑥
𝑥,𝑛(𝑡). 𝐸𝑓𝑛,𝑥

𝑥,𝑛(𝑡)] 

𝐴(𝐴𝑙𝑔𝑥|𝜈𝑛
𝐴): 𝑠𝑒𝑡 𝑜𝑓 𝜈𝑛

𝐴  𝑚𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑎𝑙  𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑖𝑜𝑛𝑠  𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑜𝑓 𝑎𝑙𝑔𝑜𝑟𝑖𝑔ℎ𝑡𝑚 𝐴𝑥 𝑎𝑡 𝑛

− 𝑡ℎ 𝑠𝑡𝑒𝑝 𝑜𝑓 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚    

𝑎(𝐴𝑙𝑔𝑥|𝜈𝑛
𝑎): 𝑠𝑒𝑡 𝑜𝑓 𝜈𝑛

𝑎  𝑚𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑎𝑙  𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑖𝑜𝑛𝑠 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑜𝑓 𝑎𝑙𝑔𝑜𝑟𝑖𝑔ℎ𝑡𝑚 𝐴𝑥 𝑎𝑡 𝑛

− 𝑡ℎ 𝑠𝑡𝑒𝑝 𝑜𝑓 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 

 

𝐴(𝐴𝑙𝑔𝑥|𝜈𝑛
𝐴) =  {𝐴𝜈

𝑛}𝜈=1
𝜈𝑛
𝐴

 

𝑎(𝐴𝑙𝑔𝑥|𝜈𝑛
𝑎) =  {𝑎𝜈

𝑛}𝜈=1
𝜈𝑛
𝑎

 



𝜈𝑛 (𝐴𝑙𝑔𝑥) =
𝜈𝑛
𝑎

𝜈𝑛
𝐴

 

𝛯𝑛(𝐴𝑙𝑔𝑥(𝑋∝), 𝑛𝑋∝) =
𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝑠𝑒𝑡 ∶  {{𝐴𝜈

𝑛}𝜈=1
𝜈𝑛
𝐴

∩  {𝑎𝜈
𝑛}𝜈=1
𝜈𝑛
𝑎

} , 𝑎𝑡 𝑛 − 𝑡ℎ 𝑠𝑡𝑒𝑝 𝑜𝑓 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠  𝑖𝑛 𝑠𝑒𝑡 {𝐴𝜈}𝜈=1
𝜈𝑛
𝐴

   , 𝑎𝑡 𝑛 − 𝑡ℎ 𝑠𝑡𝑒𝑝 𝑜𝑓 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚
=
𝜈𝑛
∩

𝜈𝑛
𝐴 

𝛯(𝐴𝑙𝑔𝑥 , 𝑛𝑋∝) =
1

𝑛
. (∑𝛯𝑗(𝐴𝑙𝑔𝑥(𝑋∝), 𝑗)

𝑛

𝑗=1

)  

𝛯(𝐴𝑙𝑔𝑥(𝑋), 𝑛)𝑋0
𝑋∝ =

1

∝
. (∑

1

𝑛𝑋𝑘
. (∑𝛯𝑗(𝐴𝑙𝑔𝑥(𝑋𝑘), 𝑗)

𝑛𝑋𝑘

𝑗=1

)
∝

𝑘=0
) 

𝐴𝐿𝐺 = {𝐴𝑙𝑔𝑥}𝑥=0
𝑛𝐴𝐿𝐺 ⟶ 𝛯(𝐴𝐿𝐺)  =  

1

𝑛𝐴𝐿𝐺
. (∑ 𝛯(𝐴𝑙𝑔𝑥(𝑋), 𝑛)𝑋0

𝑋∝

𝑛𝐴𝐿𝐺

𝑥=0

) 

𝐴𝐿𝐺 = {𝐴𝑙𝑔𝑥}𝑥=0
𝑛𝐴𝐿𝐺  

𝐴𝐿𝐺𝑥 = 𝑔𝐴𝐿𝐺𝑥  

𝐺𝐴𝐿𝐺 = {𝑔𝐴𝐿𝐺𝑥}𝑥=0
𝑛 𝐺𝐴𝐿𝐺  

 

𝛯𝛴𝑛(𝐴𝑙𝑔𝑥 , 𝑛) =
𝜈𝑛
𝑎

𝜈𝑛
𝐴
(
∑ 𝑎𝑣

𝑛 
𝜈𝑛
𝑎

𝜈=1 , 𝑎𝑡 𝑛 − 𝑡ℎ 𝑠𝑡𝑒𝑝 𝑜𝑓 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚

∑ 𝐴𝑣
𝑛𝜈𝑛

𝑎

𝜈=1 , 𝑎𝑡 𝑛 − 𝑡ℎ 𝑠𝑡𝑒𝑝 𝑜𝑓 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 
) 

𝛯𝛴(𝐴𝑙𝑔𝑥 , 𝑛) =
1

𝑛
. (∑𝛯𝛴𝑗(𝐴𝑙𝑔𝑥 , 𝑗)

𝑛

𝑗=1

)  

𝛯𝛴(𝐴𝑙𝑔𝑥(𝑋∝), 𝑛) =
1

∝
. (∑

1

𝑛∝
. (∑𝛯𝛴𝑗(𝐴𝑙𝑔𝑥, 𝑗)

𝑛∝

𝑗=1

)
∝

𝑥=0
) 

𝛯𝛴(𝐴𝑙𝑔𝑥(𝑋), 𝑛)𝑋0
𝑋∝ =

1

∝
. (∑

1

𝑛𝑋𝑘
. (∑𝛯𝛴𝑗(𝐴𝑙𝑔𝑥(𝑋𝑘), 𝑗)

𝑛𝑋𝑘

𝑗=1

)
∝

𝑘=0
) 

𝐴𝐿𝐺 = {𝐴𝑙𝑔𝑥}𝑥=0
𝑛𝐴𝐿𝐺 ⟶ 𝛯𝛴(𝐴𝐿𝐺)  =  

1

𝑛𝐴𝐿𝐺
. (∑ 𝛯𝛴(𝐴𝑙𝑔𝑥(𝑋), 𝑛)𝑋0

𝑋∝

𝑛𝐴𝐿𝐺

𝑥=0

) 

𝛯Δ𝑛(𝐴𝑙𝑔𝑥 , 𝑛) = (
1

𝜈𝑛
𝑎
)∑𝑎𝑣

𝑛      −   (
1

𝜈𝑛
𝐴
) ∑𝐴𝑣

𝑛

𝜈𝑛
𝑎

𝜈=1

 

𝜈𝑛
𝑎

𝜈=1

, 𝑎𝑡 𝑛 − 𝑡ℎ 𝑠𝑡𝑒𝑝 𝑜𝑓 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 

𝛯Δ(𝐴𝑙𝑔𝑥 , 𝑛) =
1

𝑛
. (∑𝛯Δ𝑗(𝐴𝑙𝑔𝑥, 𝑗)

𝑛

𝑗=1

)  

𝛯Δ(𝐴𝑙𝑔𝑥(𝑋), 𝑛)𝑋0
𝑋∝ =

1

∝
. (∑

1

𝑛𝑋𝑘
. (∑𝛯Δ𝑗(𝐴𝑙𝑔𝑥(𝑋𝑘), 𝑗)

𝑛𝑋𝑘

𝑗=1

)
∝

𝑘=0
) 

𝐴𝐿𝐺 = {𝐴𝑙𝑔𝑥}𝑥=0
𝑛𝐴𝐿𝐺 ⟶ 𝛯Δ(𝐴𝐿𝐺)  =  

1

𝑛𝐴𝐿𝐺
. (∑ 𝛯Δ(𝐴𝑙𝑔𝑥(𝑋), 𝑛)𝑋0

𝑋∝

𝑛𝐴𝐿𝐺

𝑥=0

) 

𝐴𝐿𝐺𝑥 = 𝑔𝐴𝐿𝐺𝑥  

𝐺𝐴𝐿𝐺 = {𝑔𝐴𝐿𝐺𝑥}𝑥=0
𝑛 𝐺𝐴𝐿𝐺  

 



4.8 Pattern, Form, and Model as Algebraic Closures 

Interpreting Pattern/Form/Model algebraically clarifies extraction: a Pattern is a closure of 

a locally-generated subset under ⊗ (submonoid/subgroup under constraints), a Form is a 

compositional product/colimit that integrates multiple patterns with interface constraints, 

and a Model is a time-indexed homomorphism (or functor) between forms. These views 

connect role labels to generators, and extraction to finding minimal generating sets and 

stable invariants of the induced interaction structure. 

Editorial integration note (added): Part IV is positioned here so the multiset calculus 

follows the algebraic foundations (Section 4) and precedes dynamic interaction modeling 

(Section 5). 

4.9 Part IV: Algorithmic-Functional Multiset Calculus 

This Part integrates the mathematical engine that complements the UCC semantic 

framework. While UCC (Part I) classifies what elements do in an ecosystem, the Multiset 

Calculus provides the rigorous computational formalism for how states evolve. The key 

conceptual bridge: every UCC Role can be treated as a Generator Base, enabling precise 

algebraic operations on ecosystem states. 

4.9.1 Foundational Concepts: States as Multisets, Computation as Rewriting 

4.9.1.1 The Calculus of Algorithmic States 

Traditional models of algorithms treat variables as singular entities, obscuring the 

quantitative accumulation of state data. The Signed Multiset Calculus re-envisions 

algorithmic states as Multiset Presentations composed of fundamental units called 

Generators. 

This framework allows precise modeling of how an algorithm grows in complexity—

branching from a simple axiom X₀ into a vast tree of derived states Xₙ—and how it can be 

systematically reduced or "returned" to a canonical form through rewrite rules. This duality 

of Growth (via function application) and Return (via normalization and annihilation) forms 

the cyclical heartbeat of the algorithmic process. 

4.9.1.2 What is Evolving? 

You start with a state X. Think of X as "everything the algorithm knows right now": inputs, 

intermediate results, control flags, counters, stack frames, etc. 

We model the algorithm as a state transition system: 

𝑋0 →{𝐹
0}𝑋1→{𝐹

1} … →{𝐹ₙ
−1}𝑋 ₙ 

Each Fᵢ is an algorithm-function (a transformation). 

4.9.1.3 Bridge to UCC: Roles as Generator Bases 

The Multiset Calculus integrates with UCC by treating each functional role as a generator 

base. Instead of just a label "Value-Adding," it becomes a generator base x = V. A specific 



element is 𝑔{𝑉,𝑛}(Value-Adding generator of index n). The UCC role set 𝑅 =  {𝑉, 𝐴, 𝐶, 𝐸, 𝑁𝐸} 

provides the base vocabulary for typed generators. 

UCC Role Generator Base Interpretation 
𝑽𝒂𝒍𝒖𝒆 − 𝑨𝒅𝒅𝒊𝒏𝒈(𝑵𝒏𝒗) 

𝑥 =  𝑉 
Generators that transform/produce 

𝑨𝒓𝒄𝒉𝒊𝒗𝒆𝒅(𝑵𝒏𝒂) 
𝑥 =  𝐴 

Generators that persist state 

𝑪𝒐𝒎𝒎𝒖𝒏𝒊𝒄𝒂𝒕𝒊𝒐𝒏(𝑵𝒏𝒄) 
𝑥 =  𝐶 

Generators that couple/route 

𝑬𝒙𝒄𝒉𝒂𝒏𝒈𝒆(𝑵𝑬) 
𝑥 =  𝑋 

Generators for transactions 

𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒊𝒐𝒏(𝑵𝒏𝒆) 
𝑥 =  𝐸 

Generators that select/control 

4.9.2 Generator-Based Multiset Calculus 

4.9.2.1 The Generator: Definition and Semantics 

A generator, denoted as g, is formally defined as an element belonging to the set of natural 

numbers ℕ, yet it operates within the framework of integers ℤ to support signed operations. 

The generator is characterized by two essential parameters: its base (x) and its index (n). 

Definition 9.1 (Generator). For every generator g ∈ ℕ with base x and index n: 

 𝑔(𝑥,𝑛) = 𝑛, 𝑔 ∈ ℤ 

This notation encapsulates a dual identity: 

1. The Base (x): Represents the domain, dimension, or type of the generator. In UCC terms, 

this corresponds to the functional role (𝑉, 𝐴, 𝐶, 𝐸, 𝑋). 

2. The Index (n): Represents the magnitude, order, or recursion depth of the generator. 

4.9.2.2 Multiset Presentations 

Definition 9.2 (Multiset Presentation). The Multiset Presentation, denoted as 𝐺(𝑥,𝑔), is the 

structural vessel for collections of generators: 

𝐺(𝑥,𝑔) ≔ {𝑔(𝑥,𝑛), … , 𝑔(𝑥,1), 𝑔(𝑥,0)} 

Key Properties: 

• Ordered Structure: Unlike a naive set, the presentation implies a hierarchy. 

• Multiplicity: As a multiset, elements can repeat, capturing frequency or intensity. 

• Signed Extension: The system supports negative multiplicities for "anti-data" or debt. 

4.9.2.3 The Value Function (VAL) 

Definition 9.3 (Value Function). For a single generator 𝑔(𝑥,𝑛) with base x and index n: 

𝑉𝐴𝐿(𝑔(𝑥,𝑛)) = 𝑔ⁿ 



For the entire multiset presentation: 

𝑉𝐴𝐿(𝐺(𝑥,𝑔)) =∑𝑔ʲ

𝑛

𝑗=0

 

This exponential definition suggests that generators function similarly to position markers 

in a positional numeral system, where the index n dictates the magnitude 𝑔ⁿ. 

4.9.3 The Rewrite System (Interaction Dynamics) 

4.9.3.1 Multiset Operations 

We extend classical set operations to the multiset domain with the following definitions: 

Definition 10.1 (Multiset Union ⊕). 𝐺ₓ ⊕  𝐺ₕ ≡  {𝑔 | 𝑔 ∈  𝐺ₓ, 𝑔 ∈  𝐺ₕ} 

Definition 10.2 (Multiset Difference). 𝐺ₓ⊖ 𝐺ₕ ≡ {𝑔(𝑥,𝑛ℎ), … , 𝑔(𝑥,0), −𝑔(ℎ,𝑛ℎ), … , −𝑔(ℎ,0)} 

Definition 10.3 (Multiset Product ⊗). Index-additive product: 𝐺ₓ ⊗ 𝐺ₕ ≡ {(𝑔ₓ + 𝑔ₕ)|𝑔ₓ ∈

𝐺ₓ, 𝑔ₕ ∈ 𝐺ₕ} 

4.10 Signed Multiset Calculus Rewrite Rules 

4.10.1 Rewrite Reduction Rules (Multiset Convention to Set): 

Set Operation Rules: 

{𝑔(𝑥,𝑛)} ⊕ {𝑔(𝑥,𝑘)} →
𝐑𝐑
{𝑔(𝑥,𝑛), 𝑔(𝑥,𝑘)}

{𝑔(𝑥,𝑛)} ⊖ {𝑔(𝑥,𝑘)} →
𝐑𝐑
{𝑔(𝑥,𝑛), −𝑔(𝑥,𝑘)}

{𝑔(𝑥,𝑛)} ⊗ {𝑔(𝑥,𝑘)} →
𝐑𝐑
{(𝑔(𝑥,𝑛) + 𝑔(𝑥,𝑘))}

 

{𝑔(𝑥,𝑛), −𝑔(𝑥,𝑘)} →
𝐑𝐑
{𝑔(𝑥,𝑛−1), 𝑔(𝑥,𝑛−2), … , 𝑔(𝑥,𝑘+1), 𝑔(𝑥,𝑘)}

{𝑔(𝑥,𝑛), … , 𝑔(𝑥,𝑛)} →
𝐑𝐑
{#𝐺𝑔(𝑥,𝑛) . 𝑔(𝑥,𝑛)} , #𝐺(𝑔(𝑥,𝑛)) = copies of 𝑔(𝑥,𝑛) in a multiset

 

{(𝑔(𝑥,𝑛) ∘ 𝑔(𝑥,𝑘))}
𝐑𝐑
→ {𝑔(𝑥,𝑛∘𝑘)} ∘∈ {+,−,×,÷} 

{(𝑔(𝑥,𝑛) ∘ 𝑎)}
𝐑𝐑
→ {𝑔(𝑥,𝑛∘𝑎)} ∘∈ {+,−,×,÷} 

(𝑔(𝑥,𝑛) ∘ 𝑎) ≠ {#𝐺𝑔(𝑥,𝑛) . 𝑔(𝑥,𝑛)} 

{(𝑔(𝑥,𝑛) + 𝑔(𝑥,0))} →
𝐑𝐑
{𝑔(𝑥,𝑛)}

{(𝑔(𝑥,𝑛) − 𝑔(𝑥,0))} →
𝐑𝐑
{𝑔(𝑥,𝑛)}

{(𝑔(𝑥,𝑛) × 𝑔(𝑥,0))} →
𝐑𝐑
{𝑔(𝑥,0)}

 

{𝑔(𝑥,𝑛+1), −𝑔(𝑥,𝑛)} →
𝐑𝐑
{𝑔(𝑥,𝑛)}

{𝑔(𝑥,𝑛), −𝑔(𝑥,𝑛)} →
𝐑𝐑
{0}

 

{(𝑔(𝑥,𝑛) ∘ 𝜃)} →
𝐑𝐑
{𝜃} →

𝐑𝐑
⌀, ∘∈ {+,−,×}

{(𝜃 ∘ 𝑔(𝑥,𝑛))} →
𝐑𝐑
{𝜃} →

𝐑𝐑
⌀, ∘∈ {+,−,×}

{𝑔(𝑥,𝑛), 𝜃} →
𝐑𝐑
{𝑔(𝑥,𝑛)}

 

                            𝑔(𝑥,𝑛) → 𝑔(𝑥,𝑛+1), −𝑔(𝑥,𝑛)(if 𝑔 =2) 



𝑔(𝑥,𝑛), 𝑔(𝑥,𝑛) → 𝑔(𝑥,𝑛+1) (if 𝑔 =2) 

𝑔(𝑥,𝑛), −𝑔(𝑥,𝑛) → 𝜃 → ⌀ 

 Multiset Equivalences 

𝐺𝑥 ≡ {𝑔(𝑥,𝑛), … , 𝑔(𝑥,0)}

𝐺ℎ ≡ {𝑔(ℎ,𝑛), … , 𝑔(ℎ,0)}

𝐺𝑟 ≡ {𝑔(𝑟,𝑛), … , 𝑔(𝑟,0)}

 

𝐺𝑥⊕𝐺ℎ ≡ {𝑔 ∣ 𝑔 ∈ 𝐺𝑥 , 𝑔 ∈ 𝐺ℎ}

𝐺𝑥⊖𝐺ℎ ≡ {𝑔(𝑥,𝑛), … , 𝑔(𝑥,1), −𝑔(ℎ,𝑛), … , −𝑔(ℎ,1)}

𝐺𝑥⊗𝐺ℎ ≡ {(𝑔𝑥 + 𝑔ℎ) ∣ 𝑔𝑥 ∈ 𝐺𝑥 , 𝑔ℎ ∈ 𝐺ℎ}

𝐺𝑥̂

𝐺ℎ̂ ≡ 𝐺𝑟

 

𝐺𝑥 →
∗
𝐺𝑥̇ ⇒ 𝐺̂𝑥 : = Sort(𝐺𝑥̇) ⇒ 𝑔̂(𝑥,𝑛) : = {

𝑔(𝑥,𝑛), if 𝑔(𝑥,𝑛) = 𝑛

𝜃, if 𝑔(𝑥,𝑛) ≠ 𝑛
 

𝐺ℎ →
∗
𝐺ℎ̇ ⇒ 𝐺̂ℎ : = Sort(𝐺ℎ̇) ⇒ 𝑔̂(ℎ,𝑛) : = {

𝑔(ℎ,𝑛), if 𝑔(ℎ,𝑛) = 𝑛

𝜃, if 𝑔(ℎ,𝑛) ≠ 𝑛
 

{(𝑔̂(ℎ,𝑗) + 𝑔(𝑟,𝑘)) ∣ 𝑘 + 𝑗 = 𝑛} ≡ 𝑔̂(𝑥,𝑛) 

⇒ 𝐺𝑟  is calculated and is the result of 
𝐺𝑥̂

𝐺ℎ̂
. 

{𝑔(𝑥,𝑛)} ⊕ {𝑔(𝑥,𝑘)} ≡ {𝑔(𝑥,𝑛), 𝑔(𝑥,𝑘)}

{𝑔(𝑥,𝑛)} ⊖ {𝑔(𝑥,𝑘)} ≡ {𝑔(𝑥,𝑛), −𝑔(𝑥,𝑘)}

{𝑔(𝑥,𝑛)} ⊗ {𝑔(𝑥,𝑘)} ≡ {(𝑔(𝑥,𝑛) + 𝑔(𝑥,𝑘))}

{𝑔(𝑥,𝑛−1), 𝑔(𝑥,𝑛−2), … , 𝑔(𝑥,𝑘+1), 𝑔(𝑥,𝑘)} ≡ {𝑔(𝑥,𝑛), −𝑔(𝑥,𝑘)}

{𝑔(𝑥,𝑛), … , 𝑔(𝑥,𝑛)} ≡ {#𝐺 . 𝑔(𝑥,𝑛)}, #𝐺(𝑔(𝑥,𝑛)) = copies of 𝑔(𝑥,𝑛) in a multiset

 

{(𝑔(𝑥,𝑛) ∘ 𝑔(𝑥,𝑘))} ≡ {𝑔(𝑥,𝑛∘𝑘)} ∘∈ {+,−,×,÷} 

{(𝑔(𝑥,𝑛) ∘ 𝑎)} ≡ {𝑔(𝑥,𝑛∘𝑎)} ∘∈ {+,−,×,÷} 

{𝑔(𝑥,𝑛+1), −𝑔(𝑥,𝑛)} ≡ {𝑔(𝑥,𝑛)}

{𝑔(𝑥,𝑛), −𝑔(𝑥,𝑛)} ≡ {0}
 

{(𝑔(𝑥,𝑛) + 𝑔(𝑥,0))} ≡ {𝑔(𝑥,𝑛)}

{(𝑔(𝑥,𝑛) − 𝑔(𝑥,0))} ≡ {𝑔(𝑥,𝑛)}

{(𝑔(𝑥,𝑛) × 𝑔(𝑥,0))} ≡ {𝑔(𝑥,0)}

 

{(𝑔(𝑥,𝑛) ∘ 𝜃)} ≡ {𝜃} ≡ ⌀, ∘∈ +,−,×

{(𝜃 ∘ 𝑔(𝑥,𝑛))} ≡ {𝜃} ≡ ⌀, ∘∈ +,−,×

{𝑔(𝑥,𝑛), 𝜃} ≡ {𝑔(𝑥,𝑛)}

 

4.10.1.1 Ecosystem Interpretation of Rewrite Rules 

The rewrite rules map directly to ecosystem interactions: 

• Merge Rule: Two small "Communication" signals combine into a larger one. 

• Annihilation Rule: A "Value" production meets a "Debt" (negative generator) and cancels 

out. 

• Normalization: The process of an ecosystem stabilizing after a disruption. 

4.10.2 Cyclic Dynamics: Growth and Return 

4.10.2.1 The Growth Phase 

Definition 11.1 (Growth Phase). Growth is the forward evolution: 



𝑋0 → 𝑋1 → ⋯ → 𝑋ₙ ⟺ 𝐺0 → 𝐺1 → ⋯ → 𝐺ₙ 

Conceptually: structure accumulates. You add generators, introduce duplicates, and push 

"pending work" into the multiset. 

UCC Mapping: The Growth Phase corresponds to the "Value-Adding" (𝑁𝑛𝑣) and 

"Communication" (Nnc) expansion phases in ecosystem evolution. 

4.10.2.2 The Return Phase 

Definition 11.2 (Return Phase). Return is the backward evolution: 

𝐺0 → 𝐺1 → ⋯ → 𝐺ₙ ⟺ 𝑋0 → 𝑋1 → ⋯ → 𝑋ₙ 

Conceptually: structure collapses. Duplicates reduce (carry/merge), opposite terms cancel 

(annihilation), and deferred work resolves into canonical form. 

UCC Mapping: The Return Phase corresponds to the "Evaluation" (𝑁𝑛𝑒) and "Archival" 

(𝑁𝑛𝑎) consolidation/optimization phases. 

4.10.2.3 Complete Cycles 

Definition 11.3 (Complete Cycle). A full cycle is: 𝑋0 → ⋯ → 𝑋𝑛 → ⋯ → 𝑋ₙ 

Interpretation: Growth builds a representation; return reduces it back—either to the 

original state or to a canonical "equivalent" state. This is exactly the "growth–return" 

pairing fundamental to ecosystem dynamics. 

4.10.3 Termination and Confluence Theorems 

4.10.3.1 Termination Theorem 

Theorem 12.1 (Termination). The Rewrite Reduction (RR) system terminates for any 

finite signed multiset. 

Proof. We define a potential function #G(G) as the total number of generators in the multiset 

G: 

#𝐺(𝐺)  =  𝛴𝑔∈𝐺  1 

Every application of a rewrite rule strictly decreases this potential: applying RR rules ⟹ 

Δ#G(G) < 0 

Since #G(G) is a non-negative integer and every active reduction step strictly decreases it, 

there can be no infinite sequence of reductions. The algorithm must terminate in finite 

steps.  

12.2 Confluence and Unique Normal Form 

Theorem 12.2 (Confluence). The irreducible form of any multiset under RR is a unique 

signed set. 



Proof. Since Theorem 12.1 guarantees termination, let 𝐺𝑓𝑖𝑛𝑎𝑙 be the state where no more 

rules apply. No duplicates can exist (Carry rule would apply), no opposite pairs can exist 

(Annihilation rule would apply). The Sort Operator yields a unique canonical 

representation.  

4.10.4 Integration Summary 

This Part IV completes the unified theory by providing the computational engine that 

powers the UCC semantic framework. The key integrations are: 

1. UCC Roles as Generator Bases: Every functional role (𝑉, 𝐴, 𝐶, 𝐸, 𝑁𝐸) becomes a base x for 

generators. 

2. Effectiveness Metrics Unified: The UCC Effectiveness ΞF is now grounded in the rigorous 

Approximation Metrics (Ξ, ΞΣ, ΞΔ). 

3. Dynamic Interactions as Rewrite Rules: The "dynamic interaction" from Part III is 

formalized as Growth-Return cycles. 

4. Pattern/Form/Model Algebraically Defined: Patterns are recurring Multisets, Forms are 

Normalized States, Models are time-indexed morphisms. 

The unified framework enables: classification by function (UCC) + modeling of evolution 

by calculus (Multiset) = Unified Theory of Functional-Algorithmic Ecosystems. 

5. Dynamic Interaction Modeling in Multi-Layered Systems and Network 

Topologies 
Part III operationalizes Parts I–II into a framework for measuring and extracting structure 

from evolving, multi-layer interaction networks, supporting both mathematical theorization 

and simulation. 

5.1 Part III — Dynamic Interactions in Multi-Layered Systems and Network 

Topologies 

Dynamic interactions in multi-layered systems and network topologies are central to 

understanding complex ecosystems in domains such as computational networks, multi-

agent systems, and organizational ecosystems. This section proposes a research structure 

that (i) leverages the theories surveyed in Section II and (ii) uses UCC (Section I) as a 

functional overlay to measure interactions across hierarchical networks, extract 

patterns/forms/models, and unify sub-systems, systems, and ecosystems within a single 

comparative language. 

5.2 Objectives and scope 

Given an ecosystem boundary S and a time window around t, the objectives are to: 



• Represent multi-layer, network-like interactions among elements (artifacts, modules, 

agents, institutions, rules). 

• Measure interaction strength and direction at multiple hierarchical levels (element -> 

pattern/sub-system -> form/system -> model/ecosystem). 

• Extract reusable structural regularities (patterns/forms/models) that can be compared 

across different domains. 

• Support two complementary approaches: (a) mathematical theorization (definitions, 

equations, metrics) and (b) simulation (to validate and stress-test). 

• Enable a constructive equivalence viewpoint: convert any algorithm to a function and 

any function to an algorithm; and lift this to groups/collections of functions and 

algorithms. 

5.3 Which theories are compatible and what each contributes 

No single existing theory fully covers representation, dynamics, interaction, hierarchy, and 

compositional guarantees simultaneously. Instead, the most practical stance is a compatible 

toolkit: use each theory where it is strongest and introduce a thin unifying layer to connect 

them (definitions + interfaces + metrics). 

5.3.1 Compatibility map (high-level) 
Theory Classes  Primary contribution to the proposed framework 
Sets / logic / types Define elements, membership, constraints; make roles and 

interfaces precise; enable verification-style reasoning. 
Clustering / learning theory Operational extraction of similarity structure (within roles 

and across role-flow signatures). 
Graphs / topology / geometry Model network topology, multi-layer structure (multiplex), 

diffusion and connectivity; support motif/pattern 
extraction. 

Dynamical systems + control Model evolution over time; stability/robustness; feedback 
interpretation of Evaluation (Nne) acting on Value (Nnv). 

Decision + game theory Model strategic coupling among agents; trade-offs, 
incentives, exchange; equilibrium vs transient dynamics. 

Information theory Quantify coupling, compression, and limits; measure 
informational interactions and drift. 

Optimization Estimate parameters/structures; fit models; solve control 
and inference tasks. 

Group theory / symmetry Encode invariances; reduce sample complexity; define what 
changes vs what is preserved across forms. 

Category theory / compositional systems Provide a calculus of composition: how patterns compose 
into forms, and how forms compose into ecosystems 
without breaking semantics. 

Interpretation: UCC supplies a functional coordinate system (roles and role-flow 

summaries). Graph/geometry supplies topology; dynamics/control supplies evolution; 

games supply multi-agent coupling and exchange; information and optimization supply 

measurable objectives; and category/type ideas supply compositional correctness. 

5.4 Definitions: Pattern, Form, and Model (and alternatives) 

The following definitions align with the requested usage (distinct from the common AI 

meaning of “model”). They are intentionally operational: they aim to be measurable from 

data (telemetry, logs, transactions, messages, state changes). 



5.4.1 Pattern 

Pattern: extracted and measured algorithms used to form and organize a sub-system that 

represents localized rules or operations, enabling the creation of distinct, functional units or 

sub-components. 

5.4.2 Form 

Form: extracted and measured algorithms used to form a system by integrating and 

organizing multiple patterns. Role: forms provide the overall structure and configuration of 

a system, determining how its sub-systems (patterns) interact cohesively. 

5.4.3 Model (ecosystem evolution meaning) 

Model: extracted and measured algorithms used to form an ecosystem, driven by 

comparisons of changes in forms relative to changes in other ecosystems over time. Role: 

models describe relationships, dynamics, and behaviors of systems as they evolve and 

interact within broader contexts (ecosystems). 

5.4.4 Alternative vocabulary (optional) 

If the Pattern/Form/Model triad proves confusing due to established AI usage, an 

alternative is: 

• Motif (instead of Pattern): a recurring local interaction signature in a typed graph (e.g., 

control-loop motif, exchange-clearing motif). 

• Architecture (instead of Form): a composed arrangement of motifs with explicit 

interfaces and invariants. 

• Regime or Evolution Law (instead of Model): a time-indexed family of architectures plus 

a rule for how architectures change under disturbances, incentives, and governance. 

5.5 Proposed framework: Role-layered interaction networks with hierarchical 

aggregation 

Represent the ecosystem as a typed, multi-layer network whose layers are aligned with UCC 

roles, while permitting cross-role edges. This provides a bridge between (i) functional 

decomposition (UCC) and (ii) structural measurement (graphs, dynamics, control). 

5.5.1 Base objects 

𝐸𝑙𝑒𝑚𝑒𝑛𝑡𝑠: 𝐸 = 𝑒1, 𝑒2,… , 𝑒𝑛. 

• Roles: 𝑅 = 𝑉, 𝐴, 𝐶, 𝑁𝐸, 𝐸 (or R = {V, A, C, E} if Exchange is not explicit). 

• Role signature (multi-role): 𝑠(𝑒, 𝑡) = [𝑣, 𝑎, 𝑐, 𝑥, 𝑒] with 𝑣 + 𝑎 + 𝑐 + 𝑥 + 𝑒 = 1 (set x = 0 in 

the four-role model). 

• Typed edges: for 𝑖 → 𝑗, edge types include information/message flow, material/logistics 

flow, rights/ownership transfer, control/feedback, and state updates. 



5.5.2 Role-flow summary 

Define a role-flow matrix 𝐹(𝑡) whose entry 𝐹{𝑝𝑞}(𝑡) aggregates weighted interactions from 

role p to role q during the time window around t. In the 5-role case 𝐹(𝑡)is 5x5 over 

(𝑉, 𝐴, 𝐶, 𝑁𝐸, 𝐸). This is a coarse but universal measurement surface. 

5.6 Mathematical approach: measurements, equations, and extractors 

5.6.1 Interaction tensors for multi-layer networks 

Let the ecosystem be a multiplex network with L edge-layers (by interaction type) and 

optional role-layers (by UCC role). A simple representation is an interaction tensor W(t) 

where 𝑊{𝑖𝑗}
{(𝑙)}(𝑡)

 is the weight of interaction type l from element i to element j. Examples: 𝑙 =

 𝑚𝑒𝑠𝑠𝑎𝑔𝑒,𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙, 𝑒𝑥𝑐ℎ𝑎𝑛𝑔𝑒, 𝑐𝑜𝑛𝑡𝑟𝑜𝑙. 

Role-conditioned aggregation: for roles 𝑝, 𝑞 in R, define 

  𝐹{𝑝𝑞}(𝑡) =  𝑆𝑢𝑚𝑖𝑆𝑢𝑚𝑗𝑠𝑝(𝑒𝑖,𝑡) ∗ 𝑊{𝑖𝑗}(𝑡) ∗ 𝑠𝑞(𝑒𝑗,𝑡) 

where 𝑊𝑖𝑗(𝑡) is either a scalar (total interaction) or a sum over selected interaction types. 

5.6.2 Hierarchical coarse-graining 

To measure interactions at multiple scales, introduce a hierarchy 𝐻: 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 →

 𝑔𝑟𝑜𝑢𝑝𝑠 →  𝑔𝑟𝑜𝑢𝑝𝑠 − 𝑜𝑓 − 𝑔𝑟𝑜𝑢𝑝𝑠. Let 𝑃𝑘 be a partition at level k (e.g., obtained by 

clustering, community detection, or a known organizational decomposition). Define an 

aggregation operator 𝐴𝑔𝑔𝑘that maps element-level tensors to group-level tensors by 

summing or averaging over members. 

This yields 𝐹𝑘(𝑡) at each level k, allowing comparisons such as how role-flow changes from 

sub-system to system to ecosystem. 

5.6.3 Extracting patterns, forms, and models 

Operational extractors can be defined as follows: 

• Pattern extractor: detect recurring typed subgraphs/motifs and fit local update rules 

(e.g., a feedback loop, a replication protocol, a market-clearing loop). 

• Form extractor: identify stable compositions of patterns that persist over a time 

window, with explicit interfaces and invariants. 

• Model extractor (evolution): fit a dynamical law for how forms transition over time (e.g., 

via regime switching, control interventions, or incentive shifts). 

Spectral Extraction via Tensor Dynamic Mode Decomposition (TDMD): To complement 

the discrete pattern extractors above, we introduce a continuous spectral method that 

preserves the multi-layer tensor structure of role-based interactions. The ecosystem state is 

modeled as a 3rd-order Interaction Tensor 𝒳(𝑡) ∈  ℝ{𝑁 × 𝑁 × 𝐾}, where the dimensions are 

Source Node × Target Node × Role Layer (𝑉, 𝐴, 𝐶, 𝐸, 𝑁𝐸). The entry 𝒳{𝑖𝑗𝑘}represents the 

flow (energy, information, or value) from node i to node j in role layer k. This tensor 

representation serves as the unified data object where algebraic group generators induce 



flows, the Structural Interaction Calculus computes Effectiveness metrics, and TDMD 

extracts spectral regimes without flattening the role structure. 

TDMD applies tensor-algebraic extensions of Dynamic Mode Decomposition to the time-

series {𝒳(t)}, yielding eigenvalues λ (growth/decay rates and oscillation frequencies) and 

tensor modes Φ (spatial-role patterns). Eigenvalues with |λ| > 1 indicate instability; 

complex eigenvalues reveal oscillatory coupling between role layers. The modes map back 

to specific role subspaces, enabling interpretations such as: “A dominant mode oscillating 

between Layer V and Layer E indicates a tight production-evaluation feedback loop.” This 

spectral approach transforms Model extraction from a discrete combinatorial exercise into 

continuous spectral analysis, providing predictive forecasting capability: if |λ| > 1 for a 

mode concentrated in certain roles, the framework predicts instability in that functional 

subsystem. 

5.6.4 Suggested metrics 
Metric Meaning (example definition) 
Role mass 𝑀𝑝(𝑡) = 𝑆𝑢𝑚𝑖𝑠𝑝(𝑒𝑖 , 𝑡) (how much functional capacity sits in 

each role). 
Role-flow intensity 𝐹𝑝𝑞(𝑡) as defined above (how strongly roles couple). 

Centrality by role Graph centrality (degree, betweenness) computed on role-
filtered graphs. 

Stability / robustness Control-inspired measures: sensitivity of outcomes to 
disturbances; Lyapunov-like energy functions when a state 
model exists. 

Interaction information Mutual information or transfer entropy between role-
aggregated signals when time series are available. 

5.6.5 The Pattern→Form→Model Extraction Ladder: Algebraic Definitions 

The Pattern/Form/Model hierarchy can be formalized using rigorous algebraic definitions 

that integrate with the UCC functional roles. Each level is defined by a mathematical 

operator and a selection logic that determines when extracted structures are meaningful. 

Level 1 – Pattern (Local Structure): A Pattern is defined as a subset 𝑃 ⊆  𝐺𝑛 that exhibits 

algebraic closure under the interaction operator: for 𝑥, 𝑦 ∈  𝑃, we have 𝑥 ⊗  𝑦 ∈  𝑃. This is 

the submonoid/subgroup test: does this subset maintain stable interaction boundaries? 

Patterns correspond to locally self-contained functional units—a feedback loop, a 

processing pipeline, or a clearing mechanism. 

Level 2 – Form (System-Level Organization): A Form is a hierarchical structure 

preserving composition across scales, defined via a homomorphism. A coarse-graining map 

φ preserves composition: 𝜑(𝑥 ⊗  𝑦) ≈  𝜑(𝑥)⊗  𝜑(𝑦). The selection logic for Forms uses 

the Effectiveness metric ΞF: maximize effectiveness subject to constraints. Forms are 

patterns that actually work—they persist, adapt, and serve ecosystem objectives. 

Level 3 – Model (Evolutionary Regimes): A Model is a time-indexed trajectory of Forms, 

captured via a functor or spectral mode mapping F: Form(t) → Form(t+1) via TDMD 

eigenvalues. The selection logic for Models uses stability criteria: regimes with |λ| ≤ 1 

represent stable evolutionary dynamics. Models capture how ecosystems transform—

growth, decay, phase transitions, and adaptation. 



5.6.6 The Universal Validation Scorecard 

Every extracted Pattern, Form, or Model must be validated against three invariants derived 

from the Multiset Calculus framework, providing a universal scorecard for extraction 

quality: 

• Intersection Metric (Ξ∩ – Coverage): “Did we identify all necessary functional roles?” 

This measures functional completeness—whether the extracted structure accounts for 

all operationally relevant elements within the declared boundary. Ideal value: 1.0. 

• Summation Metric (ΞΣ – Conservation): “Is value/energy conserved within the 

boundary?” This measures thermodynamic viability—whether the extracted structure 

respects resource constraints and conservation laws appropriate to the domain. Ideal 

value: 1.0. 

• Difference Metric (ΞΔ – Drift): “Is the system deviating from its defined purpose over 

time?” This measures teleological stability—whether the extracted structure maintains 

alignment with declared objectives or exhibits systematic bias. Ideal value: 0.0. 

These metrics integrate with the Effectiveness metric (ΞF) to provide comprehensive 

diagnostic capability. When TDMD spectral analysis reveals instability (|λ| > 1), the 

validation scorecard triggers causal diagnosis via Multiset Rewrite Analysis to identify 

which logical rule is failing—for example, “The Exchange role failed to clear Inventory” 

translates to the algebraic observation that the annihilation rule 𝑔𝑎⊕𝑔𝑛𝑒 ↛ ∅ is blocked. 

5.7 Simulation approach: validating and stress-testing the theory 

Simulation complements the mathematical approach by allowing controlled experiments, 

counterfactuals, and stress tests for boundary cases (emergence, multi-functional elements, 

and role drift). A practical program is to build a simulation whose components are 

annotated with UCC signatures and whose interactions follow the same typed-edge schema 

used in measurement. 

• Agent-based simulation (ABM): agents with policies (Evaluation) act (Value) while 

communicating (Communication), storing state (Archive), and transacting (Exchange). 

• Discrete-event simulation: model queues, resource contention, routing, and settlement 

processes (useful for industry/trade and computing infrastructures). 

• System dynamics / differential equations: when aggregate state variables and flow laws 

are known, simulate role-level stocks and flows. 

• Hybrid simulations: ABM at the edge with aggregate control at higher levels (multi-

scale). 

5.8 Algorithm-function duality as a unifying deliverable 

A core deliverable is a constructive viewpoint that supports translation between algorithms 

and functions and scales this translation to collections (systems) and to hierarchies 

(ecosystems). 



• Algorithm -> function: an algorithm induces a function by mapping inputs to outputs (its 

denotation). 

• Function -> algorithm: when the function is computable (or when a constructive 

specification exists), one can synthesize an algorithm that computes it (via compilation, 

program synthesis, or constructive proofs). 

• System of functions -> group of algorithms: represent each function as a module with an 

interface; composition of functions corresponds to composition of algorithms (pipelines, 

controllers, protocols). 

• Algorithm of algorithms: higher-order algorithms that take algorithms as inputs 

(schedulers, optimizers, compilers, meta-learners) correspond to higher-order 

functions in the same way. 

In this master document’s context, category-theoretic and type-theoretic ideas help state 

this precisely: functions/algorithms become morphisms with explicit input-output types; 

composition becomes safe wiring; and equivalence becomes behavioral (same observable 

mapping under defined interfaces and constraints). 

5.9 Where existing theories are partial and what may need to be developed 

Existing theories will often be used partially per area. For example, control theory may 

model regulation in engineered systems, while game theory captures strategic incentives in 

trade; graph theory captures topology, while category theory captures compositional 

constraints. A new theory may be required only at the interface layer - i.e., to define a 

consistent set of primitives that link: 

• Role-based function (UCC) <-> typed interactions (graphs/tensors). 

• Local update rules <-> compositional guarantees (types/categories). 

• Hierarchical aggregation <-> invariants preserved across scales 

(symmetry/topology/control). 

One candidate direction is a thin “structural interaction calculus”: a specification of (i) 

admissible element types and role signatures, (ii) admissible interaction morphisms (typed 

edges), (iii) aggregation/coarse-graining operators across hierarchical levels, and (iv) 

equivalence notions for comparing patterns, forms, and ecosystem models across domains. 

Integration with AI and Machine Learning Methods: Several established AI methods 

align naturally with UCC’s structural and algebraic goals. Graph algorithms (community 

detection, centrality measures, path analysis) can analyze role-layered interaction networks 

to identify structural motifs as Patterns. Matrix factorization (SVD, NMF) can decompose 

role-flow matrices F(t) to reveal dominant interaction modes and latent hierarchies. Rough 

Set Theory provides a formal framework for handling multi-functional elements by 

computing upper and lower approximations for role sets, quantifying the “multi-functional 

blur” inherent in real ecosystems. Category theory offers a meta-language for formalizing 

the Pattern→Form→Model extraction ladder as functors between categories, with UCC roles 

as generator bases in a monoidal structure. 



Complementary Mathematical Methods: Beyond the core algebraic and dynamical 

methods, several additional mathematical frameworks enrich pattern extraction. 

Topological Data Analysis (persistent homology) identifies multi-scale topological 

features—loops, voids, connected components—that persist across parameter ranges, 

revealing robust cyclic patterns in role interactions. Network motifs identify recurring small 

subgraph patterns that serve as functional building blocks (𝑒. 𝑔. , 𝑎𝑉 → 𝐶 →

𝐸𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘𝑡𝑟𝑖𝑎𝑑). Renormalization group methods provide rigorous coarse-graining that 

identifies scale-invariant patterns and universality classes, connecting micro-level role 

interactions to macro-level emergent behaviors. Information-theoretic metrics (mutual 

information, transfer entropy, minimum description length) provide model-agnostic 

measures of pattern significance, ensuring that identified structures reduce uncertainty and 

capture genuine regularities rather than noise. 

Monoidal Categories as the Primary Algebraic Structure: A formal decision for the 

framework is to adopt Monoidal Categories rather than strict Groups as the primary 

algebraic structure, with Groups retained as the special reversible case. The rationale is 

compatibility with real-world irreversibility: biological growth, entropy production, and 

resource consumption rarely admit strict inverses (𝑎 · 𝑎−1 ≠ 𝑒𝑖𝑛𝑔𝑒𝑛𝑒𝑟𝑎𝑙). Monoids allow 

“Transformation” without requiring “Un-transformation,” making the framework 

compatible with thermodynamic arrow-of-time constraints and non-reversible ecosystem 

dynamics. This choice preserves the composition operator (⊗) and role generators while 

relaxing the strict invertibility requirement that would exclude many real ecosystem 

interactions. 

5.10 Practical workflow (end-to-end) 

A repeatable workflow for applying the framework: 

• Declare boundary, objectives/constraints, and time window. 

• Enumerate elements E and interactions (logs, transactions, messages, control actions). 

• Infer role signatures 𝑠(𝑒, 𝑡) and compute role-flow matrix 𝐹(𝑡). 

• Build typed interaction graphs/tensors and compute metrics (Section 3.5.4). 

• Extract patterns (motifs) and compose them into forms (architectures). 

• Fit evolution laws for form changes to obtain ecosystem models (time-indexed). 

• Validate through simulation: reproduce measured 𝐹(𝑡), stress-test interventions, and 

refine role signatures and interaction types. 

6. Operationalizing the Algebra: Interaction, Measurement, and 

Validation 
This section makes explicit how the three parts compose into a single analysis pipeline. 

 

UCC (Part I) provides an operational partition of ecosystem functions into five roles. The 

structural theories (Part II) provide formal languages and calculi to (i) represent elements 

and relations, (ii) reason about uncertainty, dynamics, and strategic behavior, and (iii) 



validate safety, correctness, and robustness claims. The interaction model (Part III) uses 

both: UCC roles label nodes/edges in multi-layer interaction graphs, while selected theories 

specify the state spaces, operators, invariants, and aggregation rules used to extract 

Patterns (sub-systems), Forms (systems), and Models (ecosystem evolution). 

 

A practical reading is: UCC tells us *what kind of functional work* an element performs; the 

theory survey tells us *which mathematics can faithfully represent and test* those claims; 

the interaction model tells us *how to measure, aggregate, and compare* structures across 

hierarchical levels and across time. 

6.1 Mapping algebra to concrete ecosystem interactions 

We interpret ecosystem interactions as typed compositions. Composition ⊗ corresponds to 

interaction/transaction/coupling; the UCC generators {𝑔𝑛𝑣, 𝑔𝑛𝑎, 𝑔𝑛𝑐 , 𝑔𝑛𝑒 , 𝑔𝑛𝑥} denote role-

typed element classes; projections π_r isolate role-specific flows; and effectiveness ΞF is 

treated as an invariant (or constrained functional) computed from the induced role-flow 

matrices and conservation-style constraints. 

Under this view, the interaction tensors introduced later can be read as matrix/tensor 

representations of the same underlying algebra (a representation of the generated structure 

over chosen feature spaces). 

UCC role Primary mathematical 
lenses 

Typical interaction 
quantities 

Failure modes / what to 
validate 

𝑽𝒂𝒍𝒖𝒆 − 𝑨𝒅𝒅𝒊𝒏𝒈(𝑵𝒏𝒗) optimization; computation; 
symmetry; control 

throughput/value rate; cost; 
stability margins 

mis-specified objective; 
brittleness under shift; 
unsafe feedback 

𝑨𝒓𝒄𝒉𝒊𝒗𝒆𝒅(𝑵𝒏𝒂) sets/types; information; 
databases; category 
(interfaces) 

retention, accessibility, 
entropy/complexity 

staleness; schema drift; loss 
of provenance 

𝑪𝒐𝒎𝒎𝒖𝒏𝒊𝒄𝒂𝒕𝒊𝒐𝒏(𝑵𝒏𝒄) information; graphs; coding; 
networks; protocols 

bandwidth; latency; mutual 
information; reachability 

congestion; misalignment of 
semantics; adversarial 
channels 

𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒊𝒐𝒏(𝑵𝒏𝒆) statistics; decision theory; 
causality; verification 

error rates; calibration; 
counterfactual effects; 
certificates 

Goodharting; confounding; 
unverifiable claims 

𝑬𝒙𝒄𝒉𝒂𝒏𝒈𝒆(𝑵𝑬) markets/game theory; 
mechanism design; 
accounting; contracts 

flow conservation; 
price/utility; 
settlement/finality 

missing incentives; 
arbitrage; non-final 
exchange states 

 

Unified workflow (recommended): 

1) Boundary and time window: specify S and the observation interval around t. 

2) Element inventory: list candidate elements E(t) and assign provisional role signatures 

σ(e,t) using the operational tests. 

3) Role-layered graph: build a multi-layer interaction graph with role-labeled nodes and 

typed edges (communication, exchange, evaluation signals). 

4) Measurement: compute role-flow matrices / tensors and interaction strengths at element 

level; choose theory-specific invariants (e.g., stability, information constraints). 

5) Extraction: identify Patterns (localized sub-systems), compose them into Forms (system-

level organization), and compare Forms over time to infer Models (evolutionary regimes). 



6) Validation: run falsification tests (counterexample log, inter-rater agreement, predictive 

validity) and stress tests via simulation. 

7) Iteration: refine role definitions, edge typing, and chosen theories as mismatches are 

discovered. 

6.2 Interaction tensors as matrix representations of the algebra 

Let 𝑅 = {𝑉, 𝐴, 𝐶, 𝐸𝑣, 𝑋} be the role set. The role-flow matrix F(t) is a typed aggregation of 

compositions in 𝐺𝑛(𝑡): its (𝑟1, 𝑟2) entry summarizes the measured influence/flow from role 

r1 to role r2 over the observation window. Higher-order interaction tensors generalize F(t) 

by conditioning on additional indices (layer, interface type, modality, agent class) and can 

be treated as representations of the same underlying compositional structure under 

different projection/feature maps. 

Interpretation notes: (1) In many ecosystems, invertibility is not appropriate; the 

monoid/category view is typically more faithful than a strict group. (2) The operator ⊗ can 

be role-sensitive (different typing per role pair) and may be partially defined (only certain 

interactions are admissible). (3) The same construction applies at multiple hierarchical 

levels (sub-system, system, ecosystem) via coarse-graining maps that aggregate elements 

and interactions. 

6.3 Formal results 

Theorem 6.1 (Role-structured monoidal closure; group as a special case). Fix a boundary S 

and time index t. Let E(t) be the set of ecosystem elements with a UCC role signature. 

Assume a binary composition operator ⊗ that represents a well-typed 

interaction/transaction between elements (or between their role projections), and an 

identity element e representing the null interaction. If ⊗ is associative on the set of 

admissible interactions and closed on E(t), then (𝐸(𝑡),⊗, 𝑒) forms a monoid. If, additionally, 

every admissible element has an inverse under ⊗, then the structure restricts to a group. 

Role projections 𝜋𝑟 ∶  𝐸(𝑡) →  𝑁𝑟(𝑡)(𝑟 ∈  {𝑉, 𝐴, 𝐶, 𝐸𝑣, 𝐸𝑥}) are homomorphisms when they 

preserve composition (𝜋𝑟(𝑥 ⊗  𝑦) =  𝜋𝑟(𝑥)⊗ 𝑟 𝜋𝑟(𝑦)). Patterns correspond to minimal 

generating families (or isomorphism classes in the categorical variant) that reproduce 

observed role-flows under ⊗. 

Proof sketch. Treat the ecosystem element set E(t) as a disjoint union of role-typed 

generators and define ⊗ as the observed composition/interaction. Closure under ⊗ yields 

a smallest compositional structure containing E(t). Inverses exist only when “undo” 

operations are meaningful and observable; hence, a group is a special case of the more 

general monoid/category closure used operationally. 

Proposition 6.2 (Role-flow matrix as a representation). 𝐿𝑒𝑡 𝐺𝑛(𝑡) = ⟨𝐸(𝑡),⊗, 𝑒⟩ be the role-

generated structure and let Σ be a chosen generating set (e.g., UCC-typed generators or their 

observed representatives). The weighted role-flow matrix F(t) is a representation of the 

induced algebra in the sense that its entries encode the action/count of composing by 



generators on role-projected states; equivalently, F(t) can be viewed as the 

adjacency/weight matrix of a role-projected Cayley-type graph of 𝐺𝑛(𝑡). 

Proof sketch. Construct the Cayley graph on observed states with edges 𝑥 → (𝑥 ⊗ 𝜎)𝑓𝑜𝑟 𝜎 ∈

𝛴 (or σ acting on role-projected equivalence classes). Aggregate edge weights by role 

projections π_r to obtain F(t). This yields a faithful measurement representation at the 

chosen granularity; different choices of Σ and projection define different but comparable 

representations. 

Corollary 6.3 (Pattern extraction as minimal generators). Given an observed flow 

tensor/matrix family {𝐹(𝑡)} on a boundary S, extracting a Pattern is equivalent to finding a 

minimal generating subset 𝒢⊆E(t) whose closure under ⊗ reproduces (within tolerance) 

the restricted flows associated with a localized sub-system. This reframes pattern discovery 

as a structured generator-selection problem (often combinatorial), motivating the heuristic 

and simulation-based pipelines. 

Section 4 provides the full universal group-like formulation and equation set. Here we focus 

on operationalization: how the algebra maps to observed interactions, how 

matrices/tensors represent compositions, and how invariants (e.g., ΞF) support validation 

and comparison across ecosystems. 

6.4 Instantiation: supply chain ecosystem (worked sketch) 

As an instantiation, the supply-chain ecosystem sketch shows how UCC typing yields 

generators, how transactions instantiate ⊗, how aggregation produces role-flow matrices, 

and how effectiveness 𝛯𝐹 can be computed and stress-tested under simulation. This 

example also illustrates how different layers (physical logistics, information systems, 

contracts/pricing, and governance) are coupled via typed interfaces and coarse-graining 

operators. 

7. Case Studies: Worked Case Study (Supply Chain Ecosystem) 
This sketch shows end-to-end usage without committing to a single theory. It can be 

expanded into a full simulation chapter. 

7.1 3C.1 Elements and UCC roles 

• V: factories, assemblers, logistics planners (transform inputs to outputs). 

• A: inventories, warehouses, ERP databases (stored stock and records). 

• C: EDI messages, forecasts, shipping notices, APIs (coordination channels). 

• E: QA checkpoints, demand sensing, KPI dashboards, reorder policies, audits 

(selection/control). 

• NE: purchase orders, pricing contracts, payments, settlement, customs clearance 

(transaction semantics). 



7.2 3C.2 Patterns, forms, models 

• Pattern example: reorder loop (E triggers order → NE contract → V production → A 

inventory update → C notifications). 

• Form example: multi-echelon supply network composed of repeated reorder patterns 

plus exception-handling patterns (returns, recalls). 

• Model example: regime shifts (seasonality, shock events, policy changes) detected as 

form-distance increases across time windows. 

7.3 3C.3 Simulation plan (two-track validation) 

• Mathematical track: estimate 𝒯(𝑡), compute coarse-grained 𝒯(𝑘)(𝑡), derive 

stability/robustness metrics and NE-balance violations. 

• Simulation track: agent-based simulation of suppliers/retailers/logistics with stochastic 

demand and adversarial disruptions; compare simulated vs measured pattern 

frequencies and regime shifts. 

7.4 3C.4 Outputs 

• A pattern library (motifs) with measured parameters. 

• A form atlas (system architectures) with invariants and constraints. 

• A model timeline (regimes) explaining evolution and cross-ecosystem comparisons. 

8. Empirical Validation and Reporting 
Provides a compact coding sheet and an expanded element list for the pilot described in 

Section 7.4. It is intended to be reusable for replication on other open-source ecosystems 

(or other domains). 

8.1 E.1 Coding protocol (minimal) 

• Fix time t and the ecosystem boundary (what repositories, organizations, channels, and 

infrastructure count as “inside”). 

• Enumerate candidate elements (artifacts, components, processes, actors, and 

institutions) that plausibly affect system behavior. 

• For each element, apply the operational tests in Section 4. Assign all roles that pass 

(multi-label). 

• If a single “primary” role is needed, prefer the role that fails most catastrophically when 

removed under the chosen boundary; keep secondary roles in parentheses. 

• Record ambiguity notes and boundary-sensitive cases; treat culture/trust/norms as 

emergent graph-level features when they do not localize cleanly to an element (Section 

10.2). 

• Optionally run multi-rater coding and report agreement (e.g., Cohen’s κ) and 

adjudication rules. 



8.2 E.2 Expanded element list (Kubernetes ecosystem example) 

Table E.1 — Expanded sample of elements and their UCC role signatures (illustrative; 

boundary-dependent). 

Element Category Role signature Notes / boundary sensitivity 

kube-apiserver component C+E (+V) Interfaces + admission/control; 
also routes work 

etcd component A (+C) State store; also serves 
interfaces through API server 

kube-scheduler component E (+V) Selection/placement decisions 

kube-controller-manager component E+V Control loops that reconcile 
state 

kubelet component V+C Executes workloads + 
node↔control-plane coupling 

container runtime component V Executes containers; boundary 
may include vendor 

CNI/CSI plugins extension C+V Coupling to network/storage 
plus actuation 

RBAC policies / admission 
controllers 

policy E Selection/constraint 
enforcement 

Cluster state (API objects) artifact A (+C) Desired+actual state record; 
accessed via interfaces 

KEPs process artifact A+E+C Design record + 
decision/selection + 
coordination 

GitHub pull requests process artifact C+A (+E) Coordination + record; review 
as evaluation 

Code review process process E+C Quality selection + social 
coordination 

CI pipeline (Prow) infrastructure E (+C) Automated selection; signals to 
contributors 

Test suites artifact E Verification as evaluation 

Release notes/changelogs artifact A+C History + communication to 
users 

Release managers / release 
team 

actor/process C+E Coordination + selection of 
what ships 

SIG structure institution C+E Coordination bodies with 
decision rights 

Steering committee 
governance 

institution E+C Oversight/control + 
coordination 

Security response process process E+C Risk control + coordination 

Documentation site artifact A+C Knowledge archive + interface 
to users 

API reference docs 
generator 

tool A+E Produces authoritative docs; 
checks interfaces 

Issue triage process E+C Selection/prioritization + 
coordination 

Community norms/trust emergent (graph-level) Often better treated as 
emergent; may be proxied via 
policies, moderation, reputation 

CNCF/project charter institution E+A Constraints + archival record; 
boundary may include 
foundation 



8.3 Matrix Extension (GenAI + Circular Economy) 

8.4 G.1 Alignment assessment (UCC vs. the 2025 Matrix text) 

• Aligned: Each chapter (Data→Trade) maps cleanly onto UCC’s functional roles; the text 

mainly provides a 2025 operational instantiation (GenAI, knowledge graphs, 

autonomous labs, digital twins, circular trade). 

• Aligned: The expanded 𝑁𝐸(𝑡) notion (exchange objects + exchange mechanisms) fits 

UCC’s 𝑁𝐸(𝑡) as a first-class tag for transactional ecosystems; the text adds a useful 

‘network exchange over time’ interpretation for circularity. 

• Caution: Some 𝑁𝐸(𝑡) equations and named tools/benchmarks should be treated as 

illustrative examples/metrics rather than hard axioms of UCC, to avoid over-claiming 

empirical generality. 

• Caution: Several items (e.g., ‘trust/circularity gap’) are better treated as (i) evaluation 

metrics (𝑁𝑛𝑒) or (ii) graph-level properties, consistent with UCC’s treatment of 

emergent phenomena. 

8.5 G.2 Extended tables (merged with UCC role definitions) 
Group Archived 

Elements 
Nna(t) 

Value-Adding 
Elements 
Nnv(t) 

Communication 
Elements 
Nnc(t) 

Exchange Elements 
NE(t) 

Evaluation 
Elements 
Nne(t) 

Data • Vector 
embeddings / 
latent-space 
stores (vector 
DBs; hybrid 
relational+vec
tor storage) 

• Raw logs, 
traces, time-
series 
archives; 
checkpoints 
and snapshots 

• Quantization / 
compression 
of 
embeddings; 
provenance & 
lineage 
metadata 

• RAG pipelines 
(retrieve→syn
thesize) and 
hybrid 
retrieval 
(dense+BM25
+metadata 
filters) 

• ETL/ELT 
cleaning, 
deduplication, 
feature 
extraction, 
aggregation 

• Chunking, 
embedding 
generation, 
indexing and 
refresh 

• Token streams 
(LLM context 
ingestion); 
embedding-
based queries 

• APIs, streaming 
pipelines, 
message 
brokers; 
connectors/ing
estion rails 

• Semantic 
similarity 
interfaces (ANN 
search) and 
query routing 

• Datasets/data 
feeds as products; 
access rights, 
licensing, and 
controlled 
exports/imports 

• Tokenized/packa
ged data assets 
for downstream 
model 
consumption 

• Data-sharing 
agreements and 
entitlement-
controlled 
distribution 

• Retrieval 
performanc
e: latency, 
QPS, 
recall@k, 
cost per 
query 

• Quality 
gates: 
schema 
validation, 
privacy/co
mpliance 
checks 

• Monitoring: 
drift, 
freshness, 
SLA 
adherence 

Inform
ation 

• Knowledge 
graphs 
(nodes/edges)
, ontologies, 
schemas and 
metadata 
catalogs 

• Historical 
report 
baselines; 
curated 
‘golden’ 
datasets and 
reference 
taxonomies 

• Evidence 
subgraphs and 
audit trails for 

• GraphRAG / 
multi-hop 
reasoning 
over graphs + 
text; relation 
extraction 

• Structuring/n
ormalization: 
entity 
resolution, 
linking, 
indexing 

• Summarizatio
n into 
interpretable, 
queryable 
representatio
ns 

Semantic query 
protocols: 

NL→Cypher/SPARQL
; graph traversal 

interfaces 

• Dashboards/re
ports/queries; 
documentation 
portals and 
search UIs 

• Bidirectional 
‘answer + 
evidence’ 
communication 
(subgraph 
receipts) 

• Contextual insight 
packets 
(answer+evidenc
e) delivered 
under 
subscription/cont
ract 

• Syndicated 
reports, 
information 
products, and API 
access plans 

• Rights-managed 
sharing of 
structured 
information 
across org 
boundaries 

• Faithfulness
/factuality: 
hallucinatio
n rate; 
grounding/
attribution 
quality 

• Consistency 
checks 
against 
graphs; 
‘judge’/guar
dian 
evaluation 
loops 

• Usability/re
levance 
review; 



explainability governance 
approvals 

Knowl
edge 

• Digital 
knowledge 
base (explicit 
+ tacit 
artifacts); 
playbooks and 
mental models 

• Provenance of 
decisions; 
lessons-
learned 
repositories; 
model cards / 
runbooks 

• Skill maps and 
competency 
traces (who 
knows what, 
how, and why) 

Tacit→explicit 
conversion (GenAI-

assisted capture 
from 

video/text/threads
) 

• Synthesis and 
decision-
support; 
personalized 
recommendati
ons 

• Reusable 
‘how-to’ 
procedures 
and 
troubleshooti
ng logic 

• Structured tacit 
artifacts shared 
via intelligent 
Q&A modules 

• Communities of 
practice, 
mentorship 
channels, 
training 
pathways 

• Knowledge-
base interfaces 
(search, chat, 
guided 
workflows) 

• Capability 
transfer (training, 
consulting, 
licensing of know-
how/IP) 

• Patents, royalties, 
expertise-as-a-
service; 
playbooks 
sold/shared 

• Model/dataset/ag
ent licensing 
agreements 
(where the 
‘capability’ is the 
product) 

• Utilization 
efficiency: 
reuse rate, 
time-to-
solve, 
learning-
curve 
acceleration 

• Silo 
permeabilit
y and cross-
team 
access; 
adoption/c
overage 
metrics 

• Audit: 
safety/ethic
s/complian
ce review of 
recommend
ations 

Scienc
e 

• FAIR digital 
objects (RO-
Crates) 
packaging 
data+metadat
a+code+workf
low 

• Lab 
notebooks, 
registries, 
datasets, and 
protocol 
archives 

• Reproducibilit
y artifacts: 
containers, 
environments, 
provenance 
records 

• Autonomous 
experimentati
on loops 
(design–
make–test–
analyze); 
active 
learning 

• Hypothesis 
generation, 
model 
building, and 
synthesis 
planning 

• Automated 
instrumentati
on + data 
pipelines 
producing 
new evidence 

• Executable 
research 
(workflows, 
notebooks, 
containers) and 
collaboration 
networks 

• Journals/confer
ences as 
dissemination 
channels; lab 
information 
system sharing 

• Machine-
actionable 
methods 
(workflow 
definitions) for 
replication 

• Research outputs 
as exchange 
objects: papers, 
datasets, models; 
lab services 

• Grants/contracts/
IP transfer; 
instrument time 
and shared 
facilities 

• Reproducible 
insight traded via 
reusable 
workflows and 
standardized 
packages 

• Reproducib
ility indices; 
replication 
success 
rate; 
statistical 
validity 

• Algorithmic 
accountabili
ty in 
experiment 
selection; 
bias checks 

• Peer 
review/ethi
cs boards; 
quality 
control of 
methods 
and 
artifacts 

Techno
logy 

• Digital twins 
and SimReady 
assets; 
standards/blu
eprints; 
version 
history 

• Requirements 
baselines, 
design 
repositories, 
and 
configuration 
records 

Digital-thread 
histories across 

lifecycle 
(design→manufactu

re→operate) 

• Engineering 
design/imple
mentation; 
prototyping 
and 
integration 

• Physical-AI 
simulation; 
generative 
design and 
optimization 

• Toolchain 
automation 
(CI/CD, build 
systems, test 
harness 
creation) 

• Digital thread 
interoperability 
(Open formats; 
APIs; 
documentation; 
version control) 

• CAD/PLM/MES
/IoT 
integration 
channels; 
release and 
distribution 
pipelines 

• Interface specs 
enabling cross-
tool 
coordination 

• Interoperable 
utility as an 
exchange unit: 
reusable assets 
and licenses 

• Software/hardwa
re products; SaaS 
subscriptions; 
support contracts 

• Transferable 
rights (licensing, 
warranties, 
service-level 
commitments) 

• Algorithmic 
accountabili
ty 
(authenticit
y, control, 
transparenc
y); twin 
fidelity 

• QA/testing/
security 
reviews; 
feasibility 
and impact 
assessment 

• Standards 
compliance 
and 
certification 
gates 

Indust
ry 

• MES/ERP logs; 
IIoT telemetry 
archives; 

• Manufacturin
g/service 
delivery; 

• Production 
schedules, EDI, 
supplier/custo

• Servitization 
(product-as-a-
service): 

• Circularity 
gap / 
resource 



maintenance 
and quality 
records 

• Asset and 
inventory 
registers; 
SOPs/work 
instructions 

• Operational 
digital twins 
with historical 
‘time-travel’ 
traceability 

process 
automation 
and logistics 
execution 

• Human-
centric 
collaboration 
(cobots) and 
adaptive 
production 

• Resilience 
engineering: 
reconfiguratio
n and rapid 
changeover 

mer 
coordination; 
IoT messaging 

• Human–
machine 
interfaces 
(AR/VR 
guidance; 
remote expert 
support) 

• Shop-floor 
communication 
rails linking 
digital thread to 
physical work 

performance 
outcomes sold 
over time 

• Manufactured 
goods and 
capacity 
allocations; 
industrial 
services 

• Exports/imports 
of components 
and services 
under 
procurement 
contracts 

efficiency; 
OEE + 
sustainabili
ty KPIs 

• Safety/com
pliance 
audits; 
scalability 
and 
market-fit 
evaluation 

• Early-
warning 
signals 
from 
operational 
analytics 

Trade • Trade ledgers, 
customs 
records, 
contracts; 
price and 
transaction 
histories 

• Distributed 
ledgers for 
provenance/c
hain-of-
custody; 
traceability 
records 

• Digital 
product 
passport 
archives and 
compliance 
evidence 

• Circular value 
chains: 
reverse 
logistics, 
repair/reman
ufacture/recy
cle 

• Distribution 
and matching 
algorithms; 
brokerage and 
market-
making 

• Optimization 
of carbon and 
cost across 
routes and 
tiers 

• Trade 
platforms, 
invoices, 
shipping 
notices; 
settlement 
messaging rails 

• Digital product 
passports 
(machine-
readable 
disclosures) 
across borders 

• Interoperability 
protocols for 
compliance and 
documentation 
exchange 

• Commodities/pro
ducts/services; 
imports/exports; 
financial 
instruments 

• Ownership/rights 
transfer, 
clearing/settleme
nt, and 
continuous 
exchange 
relationships 

• Net sustainable 
value over time 
(value added + 
recovered – costs) 
as a trade-centric 
NE(t) view 

• ESG/trade 
compliance; 
carbon 
intensity 
and 
traceability 
scores 

• Risk 
assessment, 
credit 
scoring, 
arbitration 
and dispute 
resolution 

• Market 
signals and 
regulation 
shaping 
which 
exchanges 
occur 

Table G.1 — Extended UCC role table for the 2025 economy (merged from the baseline UCC 

table + the ‘2025 Matrix’ text). 

8.6 G.3 NE(t) breakdown: exchange objects, exchange mechanisms, and 

exchange metrics 

UCC treats NE(t) as a first-class tag when exchange/transaction is central. In the 2025 

framing, it is useful to separate (i) what is exchanged, (ii) how the exchange is executed, and 

(iii) how exchange performance is evaluated over time (including circular recovery). 

NE(t) subtype Definition (functional) Examples (cross-domain) 
Exchange objects The unit being transferred: a product, 

service, right, entitlement, or 
reproducible artifact whose 
ownership/access changes hands. 

• Goods/commodities; 
exports/imports; datasets, 
models, software; IP/licenses; lab 
services; capacity/performance 
outcomes (PaaS). 

Exchange mechanisms The rails and rules that execute 
transfer: matching, contracting, 
pricing, clearing, settlement, custody, 
and traceability. 

• Marketplaces; payment rails; 
clearinghouses; contracts; 
DPP/traceability ledgers; access-
control/entitlement systems. 

Exchange representations The standardized representation 
enabling interoperable exchange 
across the network (often machine-
readable). 

• Invoices/EDI; API plans; 
executable research packages; 
digital twins with open formats; 
digital product passports. 

Exchange performance Operational performance of exchange: 
speed, cost, reliability, and friction 

• Latency+cost of retrieval in data 
markets; settlement time; 



(including dispute resolution). dispute/arbitration throughput; 
service uptime/SLAs. 

Exchange sustainability Net exchange value over time 
including recovered value (circularity) 
and externalities. 

• Value-added + value-recovered − 
costs integral; circularity rate; 
carbon intensity per unit traded; 
CBAM-related measures. 

Exchange governance Constraints that shape which 
exchanges can happen and on what 
terms (often overlaps with Nne but 
listed here when exchange-specific). 

• Trade compliance; ESG gates; 
licensing conditions; acceptable-
use policies; export controls. 

Table G.2 — NE(t) subtype guide for consistent coding (helps resolve multi-functionality by 

separating ‘what’, ‘how’, and ‘how well’ exchange occurs). 

8.7 G.4 Proof sketches for 2025 subcategories in Tables G.1–G.2 

 Each justification follows UCC’s intervention logic: an element’s role is determined by the 

specific system capability that fails when the element is removed, under a fixed boundary 

and objective at time t. 

8.7.1 G.4.1 Proof template: operational equivalence under intervention 

• Fix the ecosystem boundary B, objectives O, and the time slice t (roles are time-

indexed). 

• Choose a candidate element e and apply an intervention remove(e) (or disable(e)) while 

holding other elements constant. 

• Observe the first-order failure mode: (i) capability/output disappears → 𝑁𝑛𝑣(𝑡); (ii) 

state/provenance/inventory disappears → 𝑁𝑛𝑎(𝑡);(iii) 

coupling/coordination/connectivity fails → 𝑁𝑛𝑐(𝑡);(iv) selection/control/governance 

fails → 𝑁𝑛𝑒(𝑡). 

• For Exchange, require a rights/entitlement transfer criterion: if remove(e) causes 

transactions to become non-completing (no settlement/clearing/transfer of ownership 

or access rights), even if messages still flow, then e contributes to NE(t). 

• Multi-role elements are handled by (a) decomposition into role-pure sub-elements, or 

(b) a weighted signature when decomposition is not practical. 

The tables below apply this template to representative 2025 subcategories. They are proof 

sketches (not empirical proofs): their purpose is to make each assignment explicit, 

falsifiable, and consistent with UCC’s role definitions. 

8.7.2 G.4.2 Selected proof obligations: Data and Information 
Subcategory  Assigned role Removal test: what fails? Disambiguation (why this 

role) 
Vector embeddings / 
vector stores (latent-
space archives) 

𝑁𝑛𝑎(𝑡)𝐴𝑟𝑐ℎ𝑖𝑣𝑒𝑑 Semantic memory 
disappears: retrieval cannot 
reference prior state or 
meaning-bearing chunks. 

Stores state across time; 
does not itself transform 
outputs (Nnv) or move data 
across components (Nnc). 

Quantization / 
compression of 
embeddings 

𝑁𝑛𝑎(𝑡)𝐴𝑟𝑐ℎ𝑖𝑣𝑒𝑑(𝑎𝑟𝑐ℎ𝑖𝑣𝑎𝑙𝑝𝑟𝑜𝑡𝑜𝑐𝑜𝑙) At scale, archive becomes 
cost/latency infeasible; 
memory footprint explodes 
and retrieval degrades. 

A storage-state technique; 
affects persistence 
efficiency rather than 
exchange or selection. 

RAG pipeline 
(retrieve + ground + 
generate) 

𝑁𝑛𝑣(𝑡)𝑉𝑎𝑙𝑢𝑒 − 𝐴𝑑𝑑𝑖𝑛𝑔 Task-level synthesis fails or 
degrades to 
hallucination/un-grounded 
generation; capability 
output collapses. 

Produces new 
capability/output from 
inputs; evaluation may 
score it but does not create 
it. 



Hybrid search (dense 
+ sparse + metadata 
filters) 

𝑁𝑛𝑣(𝑡)𝑉𝑎𝑙𝑢𝑒 − 𝐴𝑑𝑑𝑖𝑛𝑔 Grounding precision 
collapses: either recall 
drops (misses facts) or 
precision drops (noise), 
reducing usable outputs. 

Improves transformation of 
stored/streamed data into 
actionable answers; not 
merely moving data. 

Tokenization + 
context-window 
streaming 

𝑁𝑛𝑐(𝑡)𝐶𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛 The model cannot 
receive/consume inputs; 
coupling between 
user/system and model 
breaks. 

Interface/transmission 
mechanism; without it, 
archives/algorithms may 
still exist but cannot 
interact. 

ANN retrieval 
interface (query 
embedding + 
similarity) 

𝑁𝑛𝑐(𝑡)𝐶𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛 Requests cannot be coupled 
to stored state (no semantic 
addressing); coordination 
between query and archive 
fails. 

Acts as the coupling layer 
linking a request to a 
memory substrate. 

Data products / data 
feeds / dataset 
exports–imports 

𝑁𝐸(𝑡)𝐸𝑥𝑐ℎ𝑎𝑛𝑔𝑒(𝑜𝑏𝑗𝑒𝑐𝑡𝑠) Transactions fail: data 
cannot be transferred as an 
entitlement across actors 
(no 
deliverable/transferable 
unit). 

What is exchanged is not 
just bits (Nnc) but rights to 
use/access/possess a 
dataset. 

Data access rights 
(licenses, 
entitlements) 

𝑁𝐸(𝑡)𝐸𝑥𝑐ℎ𝑎𝑛𝑔𝑒(𝑟𝑖𝑔ℎ𝑡𝑠) Transfers become non-
completing: access cannot 
be 
granted/revoked/assigned; 
markets for data collapse. 

Rights reassignment is 
exchange; messages can 
flow without entitlements 
but commerce cannot clear. 

QPS @ 99% recall; 
latency–cost–recall 
trade-offs 

𝑁𝑛𝑒(𝑡)𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑖𝑜𝑛 Quality/control collapses: 
systems cannot compare 
alternatives or enforce 
SLAs; optimization becomes 
unguided. 

These are selection metrics: 
they judge which 
configurations/transactions 
are acceptable. 

8.7.3 G.4.3 Selected proof obligations: Knowledge and Science 
Subcategory  Assigned role Removal test: what fails? Disambiguation (why this 

role) 
Knowledge graphs 
(explicit node–edge 
dependencies) 

𝑁𝑛𝑎(𝑡)𝐴𝑟𝑐ℎ𝑖𝑣𝑒𝑑 Relationship memory 
disappears; reasoning 
cannot use explicit 
provenance/structure. 

Stores structured state; 
traversal/logic over it is 
value-adding (Nnv) and is 
separated below. 

GraphRAG / multi-hop 
traversal reasoning 

𝑁𝑛𝑣(𝑡)𝑉𝑎𝑙𝑢𝑒 − 𝐴𝑑𝑑𝑖𝑛𝑔 Multi-step inference fails; 
indirect dependencies 
cannot be composed into 
answers/capabilities. 

Transforms archived 
relations into new 
conclusions; evaluation 
scores answers but does not 
generate them. 

Structured tacit artifacts 
(codified skills 
subgraphs) 

𝑁𝑛𝑐(𝑡)𝐶𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛 Tacit knowledge cannot be 
transmitted/queried; 
experts remain siloed; 
coordination across humans 
fails. 

They are interface units that 
move “how-to” across 
agents, even when the 
archive exists. 

Capability transfer 
(competence replication) 

𝑁𝐸(𝑡)𝐸𝑥𝑐ℎ𝑎𝑛𝑔𝑒 The transfer does not 
complete: another agent 
cannot take possession of a 
capability (learning curve 
does not improve). 

The exchanged unit is 
capability/competence, not 
merely messages or stored 
documents. 

RO-Crate / FAIR Digital 
Objects 

𝑁𝑛𝑎(𝑡)𝐴𝑟𝑐ℎ𝑖𝑣𝑒𝑑 Reproducible state 
vanishes: 
data+code+workflow 
cannot persist as a portable 
research object. 

A packaging of persistent 
research state; 
execution/communication 
happens via 
workflows/portals. 

Autonomous 
experimentation loop 
(SDL: design–make–test–
analyze) 

𝑁𝑛𝑣(𝑡)𝑉𝑎𝑙𝑢𝑒 − 𝐴𝑑𝑑𝑖𝑛𝑔 Discovery throughput 
collapses; the system loses 
its mechanism for 
generating new validated 
results. 

Active transformation of 
hypotheses into results; 
evaluation scores validity 
separately. 

Executable research 
workflows / containers 

𝑁𝑛𝑐(𝑡)𝐶𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛 Reproduction cannot be 
transmitted; other labs 
cannot run/verify the 

Defines the interface by 
which a result is 
communicated as an 



procedure; coupling fails. executable procedure. 
Reproducible insight as 
an exchange object 

𝑁𝐸(𝑡)𝐸𝑥𝑐ℎ𝑎𝑛𝑔𝑒 The network cannot take 
possession of the result: no 
transferable, reusable 
insight is delivered. 

Exchange occurs when 
insight is transferable and 
adopted; not just published 
(Nnc) but received as usable 
value. 

8.7.4 G.4.4 Selected proof obligations: Technology, Industry, and Trade 
Subcategory  Assigned role Removal test: what fails? Disambiguation (why this 

role) 
Digital twin / SimReady 
assets (OpenUSD) 

𝑁𝑛𝑎(𝑡)𝐴𝑟𝑐ℎ𝑖𝑣𝑒𝑑 Lifecycle state disappears: 
no persistent, simulation-
ready representation exists 
across phases. 

Persistent state model; 
simulation that generates 
designs is value-adding 
(Nnv). 

Physical AI simulation / 
generative design 

𝑁𝑛𝑣(𝑡)𝑉𝑎𝑙𝑢𝑒 − 𝐴𝑑𝑑𝑖𝑛𝑔 Optimization/design 
capability collapses; 
systems cannot generate 
improved configurations. 

Transforms constraints into 
candidate designs; 
evaluation selects among 
candidates. 

Digital thread 
(interoperable lifecycle 
coupling) 

𝑁𝑛𝑐(𝑡)𝐶𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛 Cross-tool coordination 
fails; changes cannot 
propagate between 
CAD/PLM/MES/IoT. 

Couples components across 
space and lifecycle; distinct 
from storing the assets. 

Interoperable utility 
(asset usable across 
platforms) 

𝑁𝐸(𝑡)𝐸𝑥𝑐ℎ𝑎𝑛𝑔𝑒 Technology transfer 
becomes non-completing: 
assets cannot be transferred 
between contexts without 
loss. 

The exchanged unit is 
usable utility/rights across 
platforms; not just a 
message or file transfer. 

Servitization / Product-as-
a-Service contracts 

𝑁𝐸(𝑡)𝐸𝑥𝑐ℎ𝑎𝑛𝑔𝑒 Exchange collapses from 
outcome-delivery to one-
time handoff; continuous 
performance transfer 
cannot occur. 

Unit exchanged is 
performance entitlement 
over time, not only goods or 
signals. 

Distributed ledger / chain-
of-custody record 

𝑁𝑛𝑎(𝑡)𝐴𝑟𝑐ℎ𝑖𝑣𝑒𝑑 Trustable provenance 
disappears; 
ownership/history cannot 
persist; disputes cannot be 
resolved reliably. 

Persistent record; 
settlement may be exchange 
(NE) but the ledger itself is 
archival state. 

Digital Product Passport 
(DPP) 

𝑁𝑛𝑐(𝑡)𝐶𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛 Compliance signals cannot 
be transmitted; 
customs/partners cannot 
interpret product attributes. 

Primarily an interface that 
communicates structured 
attributes across actors. 

Exports/imports/products 
as exchange objects 

𝑁𝐸(𝑡)𝐸𝑥𝑐ℎ𝑎𝑛𝑔𝑒(𝑜𝑏𝑗𝑒𝑐𝑡𝑠) Transfers across boundary 
fail: ownership/possession 
cannot move between 
parties; trade cannot clear. 

Inside a firm, the same 
goods may be inventory 
(Nna); across actors, they 
are exchange objects (NE). 

Net Sustainable Value 
(exchange over time incl. 
recovery) 

𝑁𝑛𝑒(𝑡)𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑖𝑜𝑛(𝑚𝑒𝑡𝑟𝑖𝑐)
+ 𝑁𝐸𝑓𝑟𝑎𝑚𝑖𝑛𝑔 

Sustainability-aware 
selection fails: cannot judge 
circular performance or 
choose policies/partners 
accordingly. 

Treat as evaluation over 
exchange: separate “what is 
exchanged” (NE) from “how 
well it performs” (Nne). 

8.7.5 G.4.5 Exchange lemmas (why NE(t) is not just Communication) 

• Lemma 1 (Rights-transfer criterion): Communication moves representations; Exchange 

transfers entitlements (ownership, access, use-rights). A system can have perfect 

communication yet fail to exchange if settlement/entitlement reassignment is missing. 

• Lemma 1b (Atomic-swap and settlement criterion): Exchange is the minimal function 

that turns “messages” into “mutual commitments” with finality—matching, clearing, and 

settlement (or their analogs) that complete a rights-transfer. A network link can 

transmit an order; only an exchange mechanism (or exchange object governed by an 

exchange mechanism) can complete the swap (goods ↔ payment, service ↔ obligation, 

access-right ↔ consideration) and reduce counterparty risk. This justifies modeling 



NE(t) explicitly in transactional ecosystems even when parts of the mechanism 

decompose into Communication (messaging), Archived (ledger/custody), and 

Evaluation (risk, rules, compliance). 

• Lemma 2 (Boundary-dependent duality): The same physical item can be Nna(t) 

(inventory) inside a firm’s boundary and NE(t) (exchange object) when it crosses 

actors/boundaries. This is not a contradiction: it reflects different causal questions 

under different boundaries/objectives. 

• Lemma 3 (Composite but useful): Many exchange mechanisms are composites of Nnc + 

Nna + Nne (messaging + ledger state + validation). NE(t) is retained as a first-class tag 

when transactional function is central and when exchange performance is a primary 

driver of outcomes. 

• Lemma 4 (Circular exchange): In circular economies, exchange is not a one-shot 

transfer; it is time-extended where recovery/regeneration affects net exchange. 

Treating circular recovery explicitly improves diagnosis (e.g., exchange succeeds 

financially but fails materially). 

These proof sketches support the expanded 𝑁𝐸(𝑡) subtypes in Table 𝐺. 2 (objects, 

mechanisms, representations, performance, sustainability, governance) and the added 

subcategories in Table G.1, including exports/imports/products as exchange elements 

when they cross system boundaries. 

8.8 Inter-Rater Validation Design (Scaling Beyond a Pilot Study) 

Outlines a scalable validation design for UCC role assignment and clustering claims. 

 

K.1 Study design 

• Sampling: select ecosystems across ≥6 domains (e.g., ML platforms, supply chains, 

scientific publishing, finance, governance, open-source software). 

• Units: elements (nodes) and interactions (edges/events). 

• Raters: ≥3 per domain; provide rater training with 𝜏𝑟 examples and boundary-setting 

rules. 

 

K.2 Metrics 

• Inter-rater agreement for multi-label assignment: report (i) Krippendorff’s α adapted for 

multi-label coding, and (ii) pairwise Jaccard/F1 for role signatures. 

• Cluster agreement: compare induced clusters via Adjusted Rand Index (ARI) or 

Normalized Mutual Information (NMI), when a reference partition is available. 

 

K.3 Reporting recommendations 

• Publish the codebook (𝜏𝑟), boundary rules, and anonymized coding sheets. 

• Report domain-by-domain α, plus an aggregate α with confidence intervals (bootstrap). 

• Maintain a linked counterexample log as part of the reporting package. 



9. Implementation Guide (Pseudocode and Computational Notes) 

9.1 C.1 UCC pseudocode 

Input: element set E, interaction records R (window W), optional specifications S 

Output: roles ρ, signatures s, clusters K 

1. 𝐹𝑜𝑟𝑒𝑎𝑐ℎ𝑒 ∈ 𝐸: 𝑖𝑛𝑓𝑒𝑟𝑠(𝑒)𝑓𝑟𝑜𝑚𝑆𝑎𝑛𝑑/𝑜𝑟𝑅 

2. 𝑆𝑒𝑡𝜌(𝑒) = 𝑎𝑟𝑔𝑚𝑎𝑥(𝑠(𝑒)) 

3. 𝐵𝑢𝑖𝑙𝑑 𝑔𝑟𝑎𝑝ℎ 𝐺 𝑓𝑟𝑜𝑚 𝑅;  𝑐𝑜𝑚𝑝𝑢𝑡𝑒 𝑔𝑟𝑎𝑝ℎ 𝑓𝑒𝑎𝑡𝑢𝑟𝑒𝑠 

4. 𝐹𝑜𝑟𝑒𝑎𝑐ℎ𝑟𝑜𝑙𝑒𝑟: 𝑐𝑙𝑢𝑠𝑡𝑒𝑟𝑢𝑠𝑖𝑛𝑔(𝑠(𝑒), 𝑔𝑟𝑎𝑝ℎ𝑓𝑒𝑎𝑡𝑢𝑟𝑒𝑠, 𝑑𝑜𝑚𝑎𝑖𝑛𝑓𝑒𝑎𝑡𝑢𝑟𝑒𝑠) 

5. 𝐵𝑢𝑖𝑙𝑑 𝑟𝑜𝑙𝑒 − 𝑓𝑙𝑜𝑤 𝑚𝑎𝑡𝑟𝑖𝑥 𝐹 𝑓𝑟𝑜𝑚 𝐺 𝑎𝑛𝑑 𝜌 

6. 𝑅𝑒𝑡𝑢𝑟𝑛 (𝜌, 𝑠, 𝐾, 𝐹) 

9.2 C.2 Reference Extraction Pseudocode (Patterns → Forms → Models) 

This is a reference pipeline for implementation. It is deliberately modular so that different 

theories can “own” different steps (e.g., topology for motif discovery, control for stability, 

game theory for exchange incentives). 

9.3 Algorithm ↔ function deliverable 

A practical deliverable of this pipeline is a dual representation: 

• “Algorithm → function”: interpret an algorithm as a mapping with defined inputs/outputs 

and invariants (a morphism). 

• “Function → algorithm”: compile a function specification (types/contracts + constraints + 

objective) into an executable algorithm (possibly approximate), using optimization and 

verification layers. 

 

In composition-heavy ecosystems, treat a system as: 

• a network of functions (spec-level view), and 

• a network of algorithms (implementation-level view), 

linked by refinement maps (verification/assurance conditions). 

10. Limitations, Counterexamples, and Assessment 

10.1 F.1 Strengths of the UCC framework 

• Functional basis over substance: By focusing on what elements do, UCC enables cross-

domain comparison—a database, a warehouse, a digital asset, an exported product, or a 

legal contract can be analyzed through the same functional lens 

(Value/Archive/Communication/Evaluation, plus Exchange where transfer of 

ownership/rights is central). 

• Theoretical alignment with established frameworks: UCC’s core roles align with 

recurring primitives across multiple disciplines; the optional Exchange role mirrors 

transaction layers in economics and commerce. 



• Systems dynamics: stocks (Archive), flows (Communication), transformations 

(Value), feedback (Evaluation). 

• Cybernetics and control theory: sense-decide-act loops map neatly to 

Communication and Evaluation. 

• Value-chain analysis: production (Value), inventory (Archive), logistics/information 

(Communication), transaction/markets (Exchange), regulation/quality gates 

(Evaluation). 

• Operational testability: Each role is defined with a clear removal test ('If removed, 

what fails?'), making UCC practical for modeling, diagnosis, and system design reviews. 

• Cross-domain evidence: The paper provides mappings across computing, economics, 

science, governance, and trade. In particular, transactional ecosystems become clearer 

when both exchange mechanisms (pricing, contracts, settlement) and exchange objects 

(products, goods, exports/imports, commodities, transferable rights) can be tagged as 

NE. 

• Support for dynamic and multi-role modeling: Roles are defined at time t and can be 

time-varying; UCC also supports weighted role signatures (e.g., a database as 60% 

Archive, 20% Communication, 20% Evaluation). 

• Clustering and ecosystem analytics: Functional signatures and role-flow matrices 

provide a shared metric space for clustering by functional similarity and for detecting 

systemic imbalances. 

10.2 F.2 Limitations and challenges to universal claims 

• Circularity risk: The exhaustiveness argument can appear tautological if causal 

influence is defined only through transformation, persistence, coupling, and selection. 

This motivates framing UCC as a conditional modeling lens supported by convergent 

evidence rather than as a metaphysical theorem. 

• Boundary dependency: Role assignments depend on how the ecosystem boundary, 

objectives, and time window are defined. Changing the boundary can legitimately 

reclassify elements: a contract may be Archive (as a record), Evaluation (as a 

constraint), or Exchange (as an instrument of trade). Likewise, a product may be Value-

Adding output inside a production boundary, but an Exchange object (𝑁𝐸) inside a 

market or trade boundary (e.g., exports/imports). 

• Multi-functionality and decomposition ambiguity: Many elements (e.g., contracts, 

databases, API gateways) simultaneously serve multiple roles. Multi-label/weighted 

signatures help, but selecting a dominant role or a decomposition can introduce 

subjectivity. 

• Emergent phenomena: Constructs like trust, culture, liquidity, and network effects 

may be better treated as graph-level properties or system-level state variables rather 

than single elements, which weakens a literal 'classify everything' reading. 

• Empirical validation is preliminary: Illustrative case studies are promising, but 

broader inter-rater reliability and predictive validity studies are needed to establish 

robustness across domains. 



10.3 F.3 Claim evaluation matrix 
Claim Support level Notes 
Classify every meaningful 
element in a modeled 
ecosystem 

Conditionally supported Holds when boundary, causal relevance, and 
goals/constraints are specified and elements are 
decomposable at the chosen granularity. 

Classify 'everything' across 
all domains 

Partially supported Works strongly for engineered/organized systems; less 
clear for purely social, abstract, or non-goal-directed 
systems without careful modeling choices. 

Cluster elements across 
domains in a shared metric 
space 

Strongly supported Functional signatures provide a domain-agnostic similarity 
representation suitable for clustering and comparative 
analysis. 

No additional causal 
primitive beyond the core 
roles is required (Exchange 
can be modeled as a 
composite) 

Plausible Many exchange mechanisms decompose into 
Communication + Archive + Evaluation. NE is offered as an 
explicit overlay for clarity and measurement in 
transactional ecosystems. 

Adding an explicit Exchange 
label (NE) improves 
modeling resolution in 
transactional ecosystems 

Supported (pragmatic) Useful when pricing/contracting/clearing/settlement are 
first-class. Can be collapsed back into core roles for minimal 
analyses. 

10.3.1 F.3.1 Suggested tests 

5. Run large-scale inter-rater coding studies across multiple domains (e.g., software, 

supply chain, healthcare, legal). Report agreement, disagreement patterns, and 

adjudication rules. 

6. Test sensitivity to boundary choices: re-code a stratified sample under alternative 

boundary definitions and quantify how often role assignments change. 

7. Evaluate predictive validity: test whether role imbalances or disrupted role-flows 

correlate with observable failures (incidents, bottlenecks, compliance breaches, quality 

regressions). 

8. Maintain a public counterexample log and document reductions to V/A/C/E or explicit 

failure modes that motivate role-set extension. 

9. Benchmark against alternative taxonomies (systems engineering lifecycles, ontology 

upper models, and sector standards) to show when UCC adds explanatory or diagnostic 

value. 

10.4 F.4 Recommendations for strengthening the claim 

• Formal axiomatization: Express UCC in systems-theoretic or category-theoretic terms 

(objects, morphisms, compositionality, and invariants) to clarify assumptions and 

compare against alternative minimal decompositions. 

• Large-scale empirical validation: Conduct multi-domain studies with inter-rater 

reliability (multi-label aware) and test whether UCC-based metrics predict real 

outcomes (e.g., role imbalance or missing Evaluation predicts failures). 

• Falsification protocol: Establish a standing process for proposing, triaging, and 

adjudicating counterexamples. Publish reductions, modeling adjustments, or role-set 

extension proposals with clear criteria. 

• Integration with domain ontologies and standards: Position UCC as an overlay that 

maps onto existing ontologies (e.g., BFO/DOLCE) and lifecycle standards (e.g., ISO/IEEE 

systems engineering, TOGAF) to preserve domain nuance while enabling cross-domain 

comparison. 



• Adoption artifacts: Release a public codebook, worked examples, and reference 

datasets (with labels + rationale) to accelerate community replication and incremental 

improvement. 

10.5 F.5 Implementation guide: large-scale inter-rater coding studies 

This section operationalizes the assessment into a repeatable validation workflow. It is 

designed for multi-domain studies where multiple coders classify elements using UCC roles 

(Value/Archive/Communication/Evaluation), including multi-label signatures and 

boundary-sensitive notes. 

10.5.1 F.5.1 Study design (recommended protocol) 

• Define the coding unit: specify what counts as an “element” (artifact, actor, service, rule, 

interface, etc.) and the granularity allowed (atomic vs composite). 

• Lock the modeling context: write down the ecosystem boundary, objectives, and time t 

used for classification. Record any boundary variants used for sensitivity checks. 

• Use a shared codebook: include role definitions, operational tests (“if removed, what 

fails?”), multi-role rules, and decomposition guidelines (when to split an element vs 

assign a weighted signature). 

• Calibration round: have all coders label the same small pilot set, compare 

disagreements, refine codebook wording, then freeze the codebook for the main study. 

• Main labeling: randomly assign items, but ensure an overlap set (e.g., 20–30%) that is 

double-coded (or triple-coded) to measure agreement. 

• Adjudication: resolve disagreements using a documented rule (majority vote, expert 

arbiter, or consensus meeting). Preserve both raw labels and adjudicated labels for 

reporting. 

10.5.2 F.5.2 Agreement and quality metrics (multi-label friendly) 

• Single-label (dominant-role) studies: compute Cohen’s kappa (2 raters) or Fleiss’ kappa 

(many raters) on the dominant role per item. 

• Multi-label signatures: treat each role as a binary decision (is V present? is A present? 

etc.) and compute per-role agreement; also report macro-averaged agreement across 

the four binaries. 

• Weighted signatures: report agreement on discretized bins (e.g., 0 / low / medium / 

high) or use distance-based similarity (e.g., cosine similarity on the 4D signature 

vectors). 

• Supplement chance-corrected agreement with simple diagnostics: confusion matrices, 

per-role prevalence, and the most frequent disagreement patterns (e.g., Archive vs 

Communication for databases). 

• Reliability thresholds: pre-register target ranges (e.g., κ or α targets) and define what 

triggers codebook revision versus proceeding with adjudication. 



10.5.3 F.5.3 Software options for large-scale coding and analysis 

• Annotation/coding UI: Label Studio (general-purpose), doccano (text-first), Taguette 

(qualitative tagging), QualCoder (desktop CAQDAS). Commercial CAQDAS options 

include ATLAS.ti, MAXQDA, NVivo, and Dedoose. 

• Data storage and versioning: store items, codebooks, and exports in Git (for 

codebooks + scripts) plus a structured dataset (CSV/JSON). For teams, use a central 

repo and semantic versioning for the codebook. 

• Reliability computation: R (irr/irrCAC/krippendorffsalpha) or Python (krippendorff, 

scikit-learn kappa). Automate report generation to avoid manual spreadsheet errors. 

• Study governance: use OSF (or an equivalent registry) for preregistering protocol, 

thresholds, and analysis plan; publish the codebook and anonymized labels when 

possible. 

10.5.4 F.5.4 Two recommended stacks (pick by maturity) 

Minimum viable (fast to start): 

• Coding: a shared spreadsheet with controlled vocab (𝑉/𝐴/𝐶/𝐸 checkboxes + optional 

NE checkbox + notes). 

• Sampling + overlap: a scripted sampler that assigns overlap items to all coders. 

• IRR: an R/Python script that reads CSV exports and produces κ/α + diagnostics. 

• Adjudication: a single adjudicator sheet storing final labels and reasons. 

Publication-grade (scalable and auditable): 

• Coding: Label Studio or CAQDAS with user accounts, audit trails, and exportable 

annotations. 

• Data: a versioned codebook + immutable raw label exports; all transformations scripted. 

• IRR + reporting: automated pipeline that outputs agreement metrics, disagreement 

taxonomy, and sensitivity-to-boundary analyses. 

• Transparency: preregistered protocol, public counterexample log, and release of de-

identified label data and scripts. 

Reporting suggestion: include both (i) agreement on dominant roles and (ii) agreement on 

the four binary role-presence flags, plus a short catalog of the hardest edge cases. This 

makes the study informative even when universality is treated as a heuristic claim. 

10.6 External Support and Comparative Assessment 

10.7 H.1 External theoretical support for the five roles (work, memory, 

coupling, transaction, selection) 

An independent “pentadic” derivation supplied in the companion document motivates the 

same five functional roles as responses to five persistent constraints faced by purposive 

socio-technical systems: (i) work against entropy (Value-Adding), (ii) continuity through 

time (Archived), (iii) coupling across space/components (Communication), (iv) 



transactional closure of rights-transfer across actors/boundaries (Exchange), and (v) 

selection/control of admissible trajectories (Evaluation). This strengthens the proof 

narrative by providing an alternative route to the same role set: rather than enumerating 

domains, it argues from constraint-necessity—if the system persists and pursues 

goals/constraints, it must implement these functions somewhere in its architecture 

(possibly distributed across multiple elements). 

Key clarification carried over into UCC: Exchange is not merely “information transfer.” 

Communication moves representations; Exchange completes mutually binding transfers 

(goods/rights/obligations) with settlement finality and reduced counterparty risk. This 

distinction is especially visible in markets, supply chains, and circular-economy loops where 

ownership and responsibility change hands over time. 

Table H.1 — Theoretical convergence across disciplines (adapted and rephrased) 

Framework Value-Adding 
(Nnv) 

Archived (Nna) Communicati
on (Nnc) 

Exchange (NE) Evaluation 
(Nne) 

Thermodyn
amics 
(analogy) 

Work/kinetic 
conversion 

Stored 
potential/state 

Coupling/trans
fer channels 

Exchange 
interaction/exclusion 

Selection/erasure 
constraints 

Information 
theory 
(Shannon) 

Source/transmitter 
action 

Storage/destinatio
n state 

Channel — (often implicit) Correction/feedb
ack 

Transaction
-cost 
economics 

Production/transfo
rmation costs 

Asset 
specificity/records 

Search/inform
ation costs 

Transaction costs 
(matching/contract/se
ttlement) 

Monitoring/enfor
cement 

Finance & 
clearing 

Trade execution Custody/depositor
y/ledger 

Messaging/tra
nsport 

Clearing & settlement 
(CCP/rails) 

Audit/risk 
management 

Biology 
(analogy) 

Metabolism Genetic/energy 
stores 

Neural/hormo
nal signaling 

Symbiosis/reciprocity 
exchange 

Immune 
regulation/selecti
on 

Social 
systems 
(analogy) 

Labor/production Tradition/institutio
ns 

Discourse/me
dia 

Reciprocity/markets Norms/law/gove
rnance 

10.8 H.2 Comparative mappings: cybernetics, autonomic computing, and 

organizational control 

Comparisons to control frameworks explain why the “core four” (𝑉/𝐴/𝐶/𝐸)repeatedly 

reappear, while also clarifying why Exchange is central in multi-actor ecosystems but 

absent in many single-agent control loops. In MAPE-K, the loop typically assumes a single 

controller acting on an environment; exchange (rights transfer, contracting, settlement) is 

not a primitive. In economies and supply chains, however, the system’s primary coupling is 

mediated by transactional closure—hence 𝑁𝐸(𝑡). 

Table H.2 — Quick mapping to established functional frameworks (rephrased) 

Framework Value-Adding 
(Nnv) 

Archived (Nna) Communication 
(Nnc) 

Exchange (NE) Evaluation 
(Nne) 

MAPE-K 
(autonomic 
computing) 

Execute Knowledge base Monitor 
(signals/events) 

— (usually 
implicit) 

Analyze + Plan 

OODA / Sense–
Plan–Act family 

Act State/history 
(implicit) 

Observe/Orient 
(signals) 

— (implicit) Decide/Policy 

Viable System 
Model (Beer) 

Operations 
(System 1) 

Records/memory 
(distributed) 

Coordination 
channels 

— (can be 
modeled as inter-

Control + 
Intelligence + 



unit exchange) Policy (Systems 
3–5) 

10.9 H.3 Validation and falsification roadmap (publication-facing) 

The strongest route to credibility is to treat UCC as a falsifiable modeling hypothesis and 

measure whether independent raters can apply it consistently and whether UCC-derived 

indicators predict outcomes (e.g., governance gaps, fragility, failure modes). A pragmatic 

protocol is: 

• Codebook discipline: define identity criteria and boundary rules for each role; separate 

(i) exchange objects, (ii) exchange mechanisms, and (iii) exchange performance metrics 

as in Table G.2. 

• Inter-rater reliability: target high agreement (e.g., Krippendorff’s α ≈ 0.80 or higher) 

across multiple domains; for multi-label assignment, measure set similarity (e.g., MASI-

like distance) in addition to α. 

• Content validity: expert panel review + Delphi refinement of ambiguous cases (multi-

functional artifacts like databases, contracts, models). 

• Cross-domain transfer: evaluate whether a codebook trained in one domain (e.g., 

software ecosystems) transfers to others (e.g., trade/supply chains, science labs). 

• Predictive validity: test whether role imbalances (e.g., weak Evaluation or weak 

Exchange finality) correlate with observed failures (incidents, disputes, compliance 

breakdowns, systemic risk). 

10.10 H.4 Stress tests: multi-functionality, relational phenomena, and abstract 

domains 

Critical assessments emphasize that “universal” role sets are challenged by (i) multi-

functional components, (ii) relational/emergent properties, and (iii) abstract structures. 

UCC addresses these by (a) allowing multi-role signatures and decomposition, (b) treating 

some phenomena as graph-level properties or metrics rather than node-types, and (c) 

enforcing time-indexed classification (roles at time t). 

Table H.3 — Common challenge cases and UCC handling (rephrased) 

Challenges How UCC models it Residual ambiguity / mitigation 
Mathematics (proofs, axioms, 
abstract structures) 

Treat artifacts (proof texts, libraries, 
theorem provers) as nodes with multi-
role signatures; treat “axioms” as 
generative constraints in Evaluation or 
as Archived commitments depending 
on modeling boundary. 

Without a use-context, purely abstract 
objects may be outside-scope; mitigate 
by declaring the purposive boundary 
(what system is the math serving?). 

Software/AI components 
(databases, models, APIs) 

Default to multi-label signatures 
(V/A/C/NE/E weights) and 
decompose when needed (storage 
layer vs. query layer vs. policy layer). 

Primary-role assignment can be 
subjective; mitigate with NE(t) 
subtype separation (object vs. 
mechanism) and explicit dominance 
rules. 

Relational properties 
(entanglement, trust, network 
effects) 

Model as relations/edges or graph-
level metrics (e.g., liquidity, 
polarization, systemic risk) evaluated 
by Nne rather than forcing them into 
node categories. 

Edge↔node modeling choice is 
boundary-sensitive; mitigate by 
recording modeling choice and testing 
robustness across representations. 

Processual/temporal phenomena Model processes as time-indexed Requires consistent time windows; 



(training loops, CI/CD, pipelines) elements or as role-flows; preserve 
dynamics in role-flow matrices rather 
than static labels. 

mitigate by defining t and using 
sliding-window signatures. 

10.11 H.5 Strategic positioning: “universal” as modeling scope, not metaphysics 

Historically, broad adoption of classification frameworks tends to follow modest, clearly 

scoped claims, formal clarity, and community governance. Accordingly, this paper frames 

UCC as a functional overlay for purposive, modeled ecosystems. It is not intended to replace 

domain ontologies (which capture structural and normative nuance), but to provide a cross-

domain coordination scaffold for value flow, coupling, transactional closure, and control. A 

practical governance artifact is a public counterexample log: candidate edge cases are 

recorded, analyzed, and either reduced to the five roles (possibly via decomposition) or 

used to justify a carefully specified extension. 

Taken together, the companion pentadic derivation (constraint-based) and the comparative 

critique (validation-focused) strengthen the UCC argument by: (i) providing an independent 

motivation for adding Exchange as distinct from Communication, and (ii) specifying how to 

test, falsify, and refine the role set under real multi-domain scrutiny. 

10.12 Counterexample Log and Validation Protocol 

UCC is strongest when treated as a living, falsifiable hypothesis. The purpose of a 

counterexample log is to institutionalize falsification and prevent “framework drift.” 

 

J.1 What counts as a counterexample candidate? 

A candidate is any ecosystem observation (or system artifact) that appears to require a 

sixth primitive role beyond {𝑉, 𝐴, 𝐶, 𝐸, 𝑁𝐸}, or shows that one role is redundant under the 

stated operational tests. 

 

J.2 Log template (recommended fields) 

• Candidate ID and date 

• Domain and boundary definition (what is inside/outside the ecosystem) 

• Element(s) involved and observed interactions I(t) 

• Why the candidate appears to violate UCC (which axiom fails) 

• Proposed new role (if any) and its operational test 𝜏𝑛𝑒𝑤 

• Attempted re-encoding in {𝑉, 𝐴, 𝐶, 𝐸, 𝑁𝐸} (with justification) 

• Resolution status: open / re-encoded / true counterexample / boundary error / protocol 

limitation 

• Revision outcome: modify 𝜏𝑟, modify Π, refine NE overlay, or update the role-set. 

 

J.3 Validation protocol (minimal) 

1) Define boundaries and observation protocol Π. 

2) Apply 𝜏𝑉 , 𝜏𝐴, 𝜏𝐶 , 𝜏𝐸 , 𝜏𝑁𝐸to each element. 

3) Record disagreements and ambiguity notes. 

4) Attempt role-signature re-encoding and document the reasoning. 

5) If unresolved, escalate to “true counterexample candidate” and propose τ_new. 



11. Conclusion and Future Work 
We presented a unified manuscript that links a universal functional taxonomy (UCC), a 

theory toolbox shaped by historical and engineering constraints, and a dynamic interaction 

framework for multi-layer networked ecosystems. The core claims are intentionally 

conditional: UCC’s universality is treated as a falsifiable modeling hypothesis; the theory 

survey is a compatibility map rather than a single closed formalism; and the interaction 

model is designed to be instantiated with different mathematical lenses depending on 

domain requirements. 

 

Immediate future work is empirical and operational: scale inter-rater studies across 

domains, maintain an explicit counterexample log, and benchmark extraction and 

simulation pipelines on real ecosystems (e.g., software supply chains, ML platforms, or 

trade networks). A deeper theoretical direction is the development of a thin structural 

interaction calculus that unifies primitives across roles, graphs, dynamics, games, and 

compositional semantics—possibly requiring extensions or new theory to fully match the 

proposed Pattern–Form–Model approach. 

 

A forward-looking objective is algorithm–function duality at ecosystem scale: representing 

any algorithm as a composable function and representing collections of functions (systems) 

as algorithmic structures, enabling measurable comparison of sub-systems, systems, and 

ecosystems as they evolve over time. 

Integrated Theoretical Synthesis: The framework now incorporates a unified 

architecture connecting the UCC coordinate system (functional roles as invariant 

classification dimensions) with an extraction engine comprising three complementary 

mathematical methods: (1) Universal Group Theory and algebraic closures for defining 

static structure, (2) the Structural Interaction Calculus with Effectiveness metrics for 

measuring system performance, and (3) Tensor Dynamic Mode Decomposition for 

extracting continuous spectral regimes from role-layered interaction tensors. The 

Pattern→Form→Model extraction ladder is formalized through algebraic closure (Patterns 

as submonoid/subgroup), homomorphic coarse-graining (Forms preserving composition), 

and functorial/spectral evolution (Models as time-indexed trajectories). The Universal 

Validation Scorecard (Ξ∩, ΞΣ, ΞΔ) provides diagnostic capability linking spectral instability 

detected by TDMD to causal explanations via Multiset Rewrite Analysis. This synthesis 

transforms UCC from a descriptive taxonomy into a predictive, computationally scalable 

framework capable of classifying complex ecosystems, forecasting their trajectories, and 

diagnosing their pathologies with mathematical precision. 
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