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Fermat Primes.

César Aguilera.

February 24, 2026

Abstract

Properties related to Fermat Primes, their connectedness with Mersenne
Numbers and the reason why there are not infinite many Mersenne Primes
and Perfect Numbers.

Introduction.

The Fermat Primes, discovered by the french Mathematician Pierre de Fermat,
are prime numbers of the form 22” 4+ 1 for n > 0, there are only five known
numbers of this type (3,5,17,257,65537).

Theorem. (1)

. . | n 1 . . .

Given the matrix A = ntl 2n+ 1‘ with Determinant |A|, then:
n 1 n 1 Al +1 1
A= = 1
n—+1 2n+1’ n+1 F = |A‘+2 F(k+1) ( )

This is:

11 2 1 8 1 128 1
‘2 3‘1¢’3 5’7¢‘9 17 127¢’129 057 = 32767 =

32768 1
32769 65537

The matrix A is a Fibonacci Box,[1] and they have the next properties:

y=x+w

A=Y ' ()
= = a=(z2)lw
vz b= (2)(z)(y)

(abrc] c=(2)(z) + (y)(w)

so we take z = 22" 7" + 1 = F;, and w = 1 and then we can find the other
terms x and y.



2(2(1L71)_1) 1

From matrix A we have 521 1) 41 520" N

1’ where |A] =23"-1) —1

thus, we can find the Primitive Pythagorean Triple [a,b,c]:
a=()w) =2""+1n1)=22""+1=F,

b= (2)(@)(y) = ()" ")V 4 1) =227 422
c=(2)(z) + (y)(w)

= (2277 1)@y 4 (207D (1) =220 422" 4

So, if:

Fermat primes Fj, = 22" 4+ 1 = {3, 5,17, 257, 65537}

and ’

|A] =23"~1 —1=1{0,1,7,127,32767} then, from (1): 2|A| 43 = Flog1)

Also if
|Ale = n = [Al 1) = ((Flon)) (Al + 1)) = (JAL +2)(1)
= 2(|A‘k)2 + 4|A|k +1or N(kt1) = 2(nk)2 +4n; + 1. (2)

In other words, if the polynomial 2n? + 4n + 1 takes the values of n = |Ay|, we
obtain |A11].

Primitive Pythagorean Triples related to Areas,
n

ntl 241 as a determinant.

Graphic representation of A =

) Areas of segments.

hn

A:F:Q?Q'y1:7’L+1

_p_ziy _ n(ntl) _ ni4n
B=FE==""%=—5—-="

— ) — T2y2 _ Y2 _ 2n4l
C=D==%2=%=75

Figure 1: Determinant.
2]

As the matrix is a Fibonacci box, we calculate the Primitive Pythagorean Triple.



a={2Cv2D}=2-221 = 2n4+1=F,=C+D.
b={4BV4E} =474 —2p2 4 2y

¢c={4BVAE} +1=4-240 4 1 =292 4 20 4 1
So, the Pyth Triple related to A is: [2n 4 1,2n2 + 2n, 2n? + 2n + 1]
o, the Pythagorean lriple related to Areas 1s: |2n + n° +2n,2n° + 2n +

C
Fermat

a
now, we can perform Pythagorean Triples whose shortest leg is the n-th
number, we can see them in the next table with only Fermat Primes.

Table 1
a=F,=2n+1]0=2n>+2n] 2n°+2n+1
3 4 5
5 12 13
17 144 145
257 33024 33025
65537 2147549184 2147549185
note that:

VEnZ+2n)+2n2 +2n+1) = /(2n2 +2n+1)2 — (2n2 +2n)2 =2n + 1
this is the short leg Fj

To obtain these Pythagorean Triples, we need to transform from:
2277V 11 to the short leg 2n + 1 = a

22" 4+ 92" =1 5 the long leg 2n2 + 2n = b.

22" 4+ 92" -1 4 1 to the hypotenuse 2n2 4+ 2n 4+ 1 = c.

As these Pythagorean Triples are related to areas, we can represent them this
way

Fy, Fy,
a:2n+1:Fk,b:sqrtl/ (xB—x)dx],c:sqrtl/ (2% —x)dr +1
1 1

3]

Properties related to the Dot product |a - b).
Given two vectors a and b, such that:

)

a= (22" 2" =Dy = (nn+1) and b = (1,227 7 +1) = (1,2n+1) then

- n 1 . ..
this is, the dot product of [n n 1] . {271 n J minus |A|, and all that divided by 2
a b

is a_aFermat Number, so we have:
|G- b] =2n2+4n +1,|A| = 2n? — 1

@ bl — A



|G@-b] — |A] = 4n +2 = 1842 — 2 4 1.

The dot product |- b] is also (2) and have the same value of a Determinant so,

|a@-b|—|A] |A\k—\A\k71
2

= F}, turns to = F}, this is:
2n244n+1— (2(n 1)24+4(n— 1)+1) 4n+2 —m+1=F,

Note that 2n —|— 1 which reprebentb the Fermat Numbers becomes the short leg

of the pythagorean triangle (a, b, ¢).

another property is: a+b=2n+1+2n? +2n = 2n’4+4n+1thusa+b=|a-
——— Y

a b
Also note that:
2n? +2n+1)(4n? +4n+2) — 2n?2 +4n+1)? = (2n% — 1)
this is:
(|allbl)? — |a - B> = |AP?
from (1) we have:

Va2 - [a- 52 + 1 1

A1 =

V0@l —1a-52+2 2y/(allbl)? - ja-5p + 3

k k - -
Since {HFk} +2=F; =3 {HQ\/(a';kuD? — |ag - bg|? +3} +2=1F,
1 1

example:

3((24/(v/5v/10)2 — 72 + 3) x 2\/\F\F — 172 4 3)

X (2!@/@@) — 1612 4 3) x 2\/ V/330251/66050)2 — 332812 + 3)) + 2

= 4294967297
FEuler-Legendré-Gauss Theorems.
if every Mersenne number M, = 2" — 1 we can write:

. Mp, —1\ 2 Mp, —1 2
aa-6) +<2 Fa)
o 2
|bk|—\f\/ (2M§1+1)
k

(di)? :(2 = ) +(2 o

2
-1

so, from the Fuler-Legendré-Gauss Quadratic Reciprocity Theorem:

if (dy)? is prime then (dy)? =1 (mod 4)
since (dy)? = |Ak_1]? + |Ap_1 + 1

and (|- Byl — |al?)” =l - G| — [
from Legendrés Sum of Three Squares Theorem:

= = 2 N 2
| br|—(dy)? = (lé_l'k—l b—1] — |5k—1\2) +(|5k—1 b—1| — \O_ik—llz) —i—(\

or

|Gk be| — (d)? = (Fre1 — 1)% + (Fy1 — 1) + (Fpoq — 1)

ap—1

- 2
D] = 1@y )



n 1 _
nitl Fk‘ Z‘A|kj(dk)2=|A‘k—Fk+3 and Fk23 Z‘A|k_1

= 2|Alk—1 + 3 = Fj, since (di)? =1 (mod 4)

2_
the recurrent division of (d’“%fl = |Alx-1

Given ’

Example:
32768 1
A= 132760 65537 &, = |A] = 2147483647

Mersenne prime and n-1

(dii*l — 2147415113—1 — 536854528 . 1314068 _ 32767

128 1

A=159 g57, | = 141 =32767

(d)—1 _ 32513—1 _ 508 _

(@)1 _ a1l gyog ... 508 127

Perfect number Mersenne prime and n-1

8 1

A= 9 17p, = |A| =127

(-1 _ 113-1 _ 28 _

@)1 us-1 28 R 7

Perfect number Mersenne prime and n-1

2 1

A= 3 5Fk‘:»|A|7

(@)-1 _5-1 _ 4 _ _ b1 _

=T =3=1=A= 2 3 = |Al =1

while we divide, notice the presence of Perfect Numbers and almost
Perfect Numbers as well Mersenne Primes and almost Mersenne Primes.
In the matrix of the first non prime Fermat Number we have:

2147483648 1
A= 2147483649 4294967297, = |A| = 9223372036854775807

(&)1 _ 9223572039550808512 _ 9305843008139952128 then

Perfect Number
2305843009213693951 — 2305843008139952128 = 1073741823 and then

Mersenne prime Perfect Number n-1

1073741824 1
A= ’1073741825 2147483649 7 41 = 2305343009213593951
ersenne prime

The 2147483647 corresponds to 2305843008139952128
—_—

Mersenne prime Perfect Number
Also:
128 1
A=|5 257&‘ = |A| = 32767
-l _ssisd 8198 = 8191 - 8128 = 63
~— ~—~— ~—~— —~—
Perfect number Mersenne prime  Perfect number n-1
64 1
A= 65 129‘2>|A|_ Nl

Mersenne prime



There exists a recurrent triad of functions correlated between them such that
their differences generate the Fermat Numbers, this functions are:

y = 2% — 1 (Mersenne Numbers and (Fermat Numbers minus 2), see page 16
(Fermat Numbers with two prime factors)).

y = 42" -
vectors,).

1)(21:71)) 4 1= 2:L’+1(2x o

y = (2*71)(2% — 1) (contains the Perfect Numbers).

1) + 1 = d? (squared distance between

y=2"-1 y=2"""2" - +1=da*| y=02"HE2" -1

1 ) 1

3Fk72 25 6 Perfect number
7 113 28 Perfect number

155, — 481 120

31 Mersenne prime 1985 496 Perfect number
9223372036854775807 9223372032559808513 9223372034707292160
(xz = 63) (z =31) (z =32)

In the case of the example above (Mersenne Prime and Perfect Number that

looks the same), we have:

2305843009213693951

Mersenne prime

2305843007066210305
d2

2305843008139952128

Perfect number

> 2147483646

> 1073741823
—_——

> 1073741823
—_—

n—1

n—1

For the matrix of the first non prime Fermat number, we have:

4 _ [2147483648

T 12147483649 4294967297

|A] = 9223372036854775807
d? = 9223372032559808513
(2271)(2% — 1) = 9223372034707292160

‘ = |A| = 9223372036854775807



9223372036854 775807

4294967294 5, _3

9223372032559808513
21474836471,
> 655345, _s
9223372034707292160 2147418113
> 32767
) 254p, s
2147450880 32513
—
(8128-4)+1
) 127,
> 14F, 3
32640 113
~~
(28-4)+1
> M,
120 5
6
7—5=2p, _3. Remember that 2|A|; + 3 = Fip41 = |Alx = %



Primitive Pythagorean Triples related to Lenghts.
Given the matrix

n 1
n+1 2n+1

‘ the distance d = /(1 —n)2+ (2n+1) — (n+1))2 =202 —2n + 1

(2n —1)% 4 (2n% —2n)? = (2n* —2n +1)?
a b c

Al -d?>+3=F,=2n?2-1) - 2n°+2n+1)+3=2n+1

A+ d>+ Fy=Fep1=2n* = 1)+ (2n* —2n+ 1)+ (2n+ 1) =4n® +1

For areas: b+ d? = Fy11 = (2n? +2n) + (2n%2 —2n+ 1) = 4n? + 1

This is:

|A|+d2+Fk ZF]C+1 = |A|+d2+|A| —d2+3:Fk+1

Comparing polynomials of areas and lenghts we see that ny related to areas is

equal to ng41 related to lenghts.

S P —2n+4+1=d?

N 202+ 2n+1=al?

from: |Aly = d? + Fy, — 3 and knowing that ny related to areas is equal to
ny 1 related to lenghts, we change values of the lenghts, so we have

(2n2 + 2n + 1)(4n2 + 4n + 2) = (|a]x|b]x)?

(2n? —2n+1)(4n? +4n +2) = |Algr1 +3

(2n? —2n + 1)(4n? — 4n + 2) = 2(dx,)?

Line equations between the two points (n,n+ 1) and (1,2n + 1).

1 1
A= 9 3’ — Al =1
2 1 .
A=13 5">|A:77923—21
8 1 127 8z
128 1 32767 128
A=1199 257’ — |A] = 32767,y = 55" — o7
_ 32768 1 _ _ 2147483647 _ 32768
A= or 65537’ > |A| = 2147483647, = 2147483047 _ 377680
S0, the line equation is:
U = Ale ez A (A + D2
|[Alk—1 [Alk=1  |Alx—1 |Alr—1

since all matrices are connected, we can generalize some properties related to
(n) for example:
12412 =2



22422=38

82 +82 =128
1282 + 1282 = 32768
(nk)? + (n&)? = N (3)

notice that (n) is the number of primitive roots of Fy,.

also note that:

1=20

2=2!

8 =23

128 = 27

32768 = 215

0,1,3,7,15 are the Mersenne Numbers and |A| is a Mersenne Number, this is,
the values of |A| are Mersenne Numbers of the form 2n? — 1.

So we can state the next theorem (2) for Mersenne Numbers:

If a Mersenne number (Mn;) have the form 2n? — 1 this is, the equation
(2n? — 1 = Mn;) have integer solutions for (n), the next Mersenne Number
Mns doesn’t have the form 2n? — 1 and (2- Mny +1 = Mny) then the value of
(n) for (2n% —1 = Mnsy) is equal to n;v/2.

Mk = 2n2 — 1;2Mk +1= Mk+1

My, =2(n1)? —1ny € Z = {Myy1 = 2(n2)? — 1|ng = n1v/2}

So, for every Fermat Number F} corresponds a Mersenne Number Mny of the
form 2n? — 1,

We can see the next table:

My, =2n> -1 Mo #2n% -1
lon=1=20 3—n=1/2
T—wn=2=21 15— n =2v2
3l n=4=22 63— n =4v2
M, =2(2)%2 —1 | Mo =2(28v2)2 — 1

Table 2



Angle between vectors.

Example for F, =5

@b =17
2] 1] . lall=v13
3] 15 [b]] = v/26

~ — 17
4 z cosf = 55v2
T 1 T 1
A — k N k+1
Yk 2k Ye+1  2k+1 =
lak,br,ck] [ak41,b841,Ch41]

()w)+(y)( )

= (2)(w)
((2 (x)(y) —bp—(Fr—1) =41

To obtain ng41 given ng we have: (2 xg - yx) — 2k = Tp41 this is
Fp—1= Nk41 — 2(ﬂk)2 = Nk+1
To get the matrices and PPT recursively, we have:
n=1— 2(nk)2 =2= N1
Ng+1 +1=3
2ngp1 +1=5=ar

2-n-(n+1)—

1 1
el
——

[3,4,5]

From the theorem (2) above we can factorize the determinant |A| and obtain it

recursively:
|Alk+1 =

[(21A]x +1) -

bk_H:2'nk,+1-(nk+1+1):2-2-3:12

Chi1 =bp1 +1=124+1+13

|AlV2][(2|Alx + 1) + A V2]

as for Mersenne Numbers 2Mny = Mny11 we have
|Alr, = (Mny — Mng_1V2)(Mny, + Mny_1v/2)
This takes us to:

{ (Fr—1 — 1)vVn+ 1= |
(Fk,1 — 1)\/Fk +1= ||bH

} Table 3

2 1
— Ak+1 = |:3 5:|

[5,12,13]

Fic Jal (Fiey — 1)/ B I (Fey — DVF 1
) 3.605551275464 3.46410161513775 5.0990195135928 7.3484692283496
17 12.041594578792 12 17.029386365926 21.213203435597
257 181.72781845386 181.72506706560 257.00194551793 273.06043287155
65537 46341.657113229 46341.657113229 65537.000007629 65793.003898591
4294967297 | 65536+/2147483649 | 65536+/2147483649 | 655364/4294967298 | 65536+/4294967298

(From Figure 1) Note that triangle (C) have legs (2n + 1 = Fj, and 1) so
hypothenuse ||b|| ~ F.

10




Cos 6.
Since ||b]| = ||lal|v2, |a-b] =2n%+4n+1, |a|? =202 +2n + 1,
|b]|? = 4n? + 4n + 2 we have:

la-b  Ja-b  la-b] 20 +4n+1
lalllioll Nallllallv2  llal*v2 (202 + 20+ 1)v2

or

a-bl _la-b 5 _ (207 +dn+1)v2
lallllol — o2 =7 4n2 +4n+-2

then , vz
FURET @2n°+4n+1)vV2 _ 1 2n44n+1 . 1 ~ T ~ AEO
cosf lim Sernee X G ¥ T I E R

note: (the roots of the parabola (2n? — 1) are: f% and %)

|a - = ||all|[b]| cos & = cos Oall[o] — s llall[lb]] = 2n.
A PPT conformed by norm values is:

a=+/2[al? = 1= V]bl? 1= Fp, b= [la|* ~ 1, = |la]?

Primitive Roots, Fermat Primes and their relation with Mersenne
Primes and Perfect Numbers.

A Primitive Root modulo (p) is an integer (g) such that g, g%, ...,g°~!
constitute a reduced residue system modulo (p), such system is a cyclic group.[4]

From the PPT polynomials, we can relate the inradius of a given pythagorean
triangle and it’s primitive roots.

ab (2n+1)(2n°+2n)
a+b+c T (2n+1)+(2n2+2n)+(2n2+2n+1)

number of primitive roots=inradius= =n

circummdius:g =n’+n+ %

A geometric interpretation is:

n 1
n+1 Fk

'ZMTLk

Fomznii )
AN
B

n? +2n

11



n is the radius of the circle that
fits on the parabola 2n? — 1 at
a distance (0, Mny) from the
origin [5].

We can see the Primitive Roots of the Fermat Primes in the next table. Table 4

Fy n=a¢(Fy) | > ¢(Fk,) Factorization Sum of squares S o(Fr,) — ¢(Fr,)
3 1 2 1-2 12 4+ 12 20
5 2 5 1-5 12 + 22 20.3
17 8 68 417 22 + 82 22.3.5
257 128 16448 64 - 257 8% 4+ 1282 26.3.5.17
65537 32768 1073758208 16384 - 65537 1282 4 327682 211.3.5.17-257
4
(P(Fr-1,))? (Fr,) | (6(Fx-1,))* + (6(Fr,))? | (p(Fr-1,))*- kHI Fy,

from (1) page 1, and (3) page 4, we have:
132 —1)2 n_
Y o(F,) = (Al + 12 + ([Als + 1) = (B57)" + (Fk_z 1) =222 F

Since the Fermat Primes are connected in relation with their Primitive Roots
and the next Fermat Number (4294967297) is not prime and it’s number of
Primitive Roots is zero, there can’t exist more Fermat Primes beyond 65537.
Given the theorem (2) ”for every Fermat Number Fj, corresponds a Mersenne
Number Mn;, of the form 2n2 — 17, we have the next table:

Matriz Mn (Mn,) Factorization
{n "ot J (Determinant) | [(2n—1) — (n— 1)y/(2)][(2n — 1) + (n — 1)/(2)]
{2 J\r/ﬁﬂ 1+12\/§] 3 ((2v2-1) - v2(vV2 - 1))((2v2 - 1) + V2(V2 - 1))
3ip é ! (3-1v2)(3+ 1v/2)
5?2,, ; 31 (7 —3V2)(7T+372)
L;i 313} 511 (31 — 15v/2)(31 + 15v/2)
[2???,9 513 131071 (511 — 255v/2)(511 + 255v/2)
[6?55)331 1311073} §589934591 (131071 — 65535/2) (131071 + 655351/2)

Mny,(n?) is the Perfect Number related to the given Mersenne Prime (Mny).
Mny, — (n — 1) = Mny_, triangular number.

Mny, = (Mng_1 — (n — DV2)(Mng_1 + (n — 1)V/2)

Mnyy1 =n?(Mny +1) — 1.

12




n is two times the primitive roots of Fermat primes, so, from (1) page 1 and
PPT (F},2n? + 2n,2n? + 2n + 1), page 3, we have:

n+2> ¢(Fy,) =b) We relate PPT table (page 3)

i3 with Primitive Roots.

b—Fy=ng41 —1 (8
2 by — |Alg = Fiy1, example: PPT [17,144,145] = (2 - 144) — 31 = 257
We can represent the table this way:
given the values of the function y = 2% — 1

221 22-1 24—1 25-1 261 271 281 29-1 2101
3 7 15 31 63 127 255 511 1023
v v v v
20 —1=|A] = 22271 — 1 = |A|p.
Example: 2° —1 =31 — 22%)~-1 _ 1 =511

The Mersenne Primes and the Perfect Numbers depend on the existence of
the Fermat Primes and their primitive roots, every Fermat Prime generates a
different number of Mersenne Primes depending on the number of it’s Primitive
Roots so, there are not infinitely many Mersenne Primes and Perfect Numbers.

13



The matrices of the table above generate the Mersenne Primes with the
primitive roots (2,8,128,32768) of the Fermat Primes and their factors.

(256 1 271
1257 513] = 131071asp
1 n?
16 1] 21
175, 33} = ol
1 n®
- = 6
4 1} 251 3 2 213_1
= 31 m 64 1 | =8191y,
5rp 9 ! l65 129 :
1 n? 1 n?
r 231 3 27 2° 2191
2 1}_ 7 Mp":ﬂS ! ]_127M 2515120 1| = 524987,
13rp  Brp 9 17rp 513 1025
1 n? | 2n?
[ V2 1 o, [128 1 ] 201
1+V2 1+2v2] 7 |129 257p, = 32767
I 2n?
[ ots 931 _ 268-2.2147483648
32768 1 —21474836471\/1 :> 9223372036854775808 1
132769 65537, 9223372036854775809  18446744073709551617
170141183460469231731687303715884105727 prp=2127—1
§n?
r 230 61_y
1073741824 1 = 2305843009213693951 7,
11073741825 2147483649
| 128%n = 16384n = 214n
944 891
1759218604416 1 = 618970019642690137449562111 57,,
17592186044417  35184372088833

| 83n =512n = 2n

9007199254740993 18014398509481985

Note that when n is a perfect square, the Mersenne Prime finishes in 1,
otherwise in 7.
We can find other relations between Mersenne Primes.

953 107 _
[9007199254740992 1 1 = 162259276829213363391578010288127 7,

244 2'31
17592186044416 1= 2147483647Mp

Mp+1=213
4

8192
M, +1=2%" 430 961_1 Mp+1=2'7 244
(2147483648)(1073741824) —-1= 2305843009213693951Mp (131072) (17592186044416) — 1

Mp+1=2107 Mp41=261
162259276829213363391578010288128 | _ [ 2305843009213693952

Mp+1=261 215
2305843009213693952 32768

14



To connect this table with the primitive roots we check the primitive roots

tables of the Fermat Primes.

Note that {3™,5™, 6™, 7%, 10", 11", 12", 14"} mod(17) are cyclic, so the entire

system is cyclic, the summation of all the residues are {3, 10, 136, 32896, 2147516416}

and from (3) pages (4,5) they are connected this way:
FP+12=32+(2-12=2.5=10

102 +62 =102 + (8 —2)2 =23 .17 = 136

1362 + 1202 = 1362 4 (128 — 8)2 = 27 - 257 = 32896

328962 + 326402 = 328962 + (32768 — 128)% = 215 . 65537 = 2147516416
(2,8,128,32768) is the summation of the horizontal line with equal values
(excepting the first line) on every Primitive root and is M

since 2|A| + 3 = F(;41) we have:
10 _ 743 _ 136 _ 3143 _, 32896 _ 51143 _, 2147516416 _ 13107143

32 32 102 — 52 1362 ~— 172 328962 2572

(7,31,511,131071) are the values of the determinants of the matrices that start
the table.

Sigma(n)

Knowing that n = ¢(Fk,,) we have:

c(l)=1=0(1)+2=3
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Fj, = 5 Roots{2,3} > mod 5
Frp=3Root{2} | > mod3 | (2) (3)

@) 1 1 2

1 1 2 3 5 (Primitive roots.)

2 2 (Prim root.) 4 4 8

> =3 3 2 5 (Primitive roots.)
=10 =10
Fj, = 17 Primitive Roots {3,5,6,7,10,11,12,14}
3) (5) | (6) | (7) | (10) | (11) | (12) | (14) >, mod 17
1 1 1 1 1 1 1 1 8
3 5 6 7 10 11 12 14 | 68 (Primitive roots.)
9 8 2 15 15 2 8 9 68
10 6 12 3 14 5 11 7 68 (Primitive roots.)
13 13 4 4 4 4 13 13 68
5 4] 7 |11 6 10 3 12 | 68 (Primitive roots.)
15 2 8 9 9 8 2 15 68
11 10 | 14 | 12 5 3 7 6 | 68 (Primitive roots.)
16 16 | 16 | 16 16 16 16 16 128
14 12 | 11 | 10 7 6 5 3 | 68 (Primitive roots.)
8 9 15 | 2 2 15 9 8 68
7 11 5 | 14 3 12 6 10 | 68 (Primitive roots.)
4 4 13 | 13 13 13 4 4 68
12 31106 | 11| 7 | 14| 5 |68 (Primitive roots.)
2 151 9 8 8 9 15 2 68
6 7 3 5 12 14 10 11 | 68 (Primitive roots.)
S = Fy (£571) =136 for all roots.




o(2) = o(2)+2=5

o(8) = 5 =08 +2=17

7(128) = 255 = o(128) + 2 = 257
7(32768) = 65535 = o(32768) + 2 = 65537

k k
Since HFk} +2=F, =o(n)= {HFk} =o (8 =F -2
T 1
thus o ¢(Fkn)) = Fk -2
Given (n) = {1,2,8,128,32768} = (2n))? = 2nk11) = 0(2nk)* = o(k41)
Fermat Factors.
By now we will assume that all Fermat Factors have the next form:
n 1
1 Fk‘ where F, = f1 - fo- fs-+- fr then Vi {fr =1 (mod 24)
or fr, =17 (mod 24)},from sigma properties and for Fj, = fi - fo we have:

n= () (0 + (852) = (B52) )+ (52

This takes us to:

o(Fy)—Fy—fi—1=fa

Example: Fy, = 4294967297 = (641 - 6700417), o(F) = 4301668356

4301668356 — 4294967297 — 6700417 — 1 = 641

so, given any two factors f; and fo of the F) sequence, we have:

fi=(x1-24)+ 17 and fo = (22 - 24) + 1, then:

fi= (371 — fo+24xo + 17)24 4+ 17 and f5 = ($2 — f1+ 24z, + 1)24 +1
k

knowing that o(n) = [] (1 +pit+pi++ p?i) we have for a two factor Fj,
i=1

o(n) = (24z1 + 18)(24xe + 2) = 576z 122 + 48z + 43222 + 36

example:o (Fy) = (576-26-279184) + (48-26) + (432-279184) + 36 = 4301668356

notice that for a Fermat Number with three factors Fi, = f1 - f2 - f3, two of them

will be f; =17 (mod 24) and the other fo =1 (mod 24) or viceversa, but them

all can’t have the same residue. this applies for every Fj.

Fermat Numbers with two Prime Factors.

Given a Fermat Factor f =1 (mod 4) we have f = 22 + ¢?, for a

Fermat Number with two factors f; - f3 then:

—~

A["“ xZ];s|d-5Fk_11

Y1 Y2

if f2 =224y

A[ml xQ];s|d-5Fk2
Y1 Y2

o 2
since Fy = (Fy_y — 1)2 +1 = F}, = (|a. b|k,1) +1
This rules are:

F, = 22 + y? such that z + y = Fj,_

(Fp)® = (2/)2 + ()% such that 2/ = 2y Ay/ = ¢y*> — 1

Example:

F), = 4294967297 = 641 - 6700417
641 = 42 + 252 and 6412 = 2002 + 6092

16



6700417 = 4092 + 25562 and 67004172 = 20908082 + 63658552
so, we have:
4 409

A= 5 2556} = |- b| = 65536

and

2090808 200 —
A= 6365855 609} = |- b = 4294967295

for f2 = a2 + 12, since |@- bl cos(0) = f1 - f2cos(f) = cos(f) = F’;—;Q
since we have the recurrence:

n 1 |Ak| 1
A - A =
¥ [n+1 Fk] = Sk [|Ak|+1 Fit1
cos(f) = £=2 — L
( ) B 1+|Ak—11\+%

Fermat Numbers with more than two Prime Factors.

f1
(f1)? = (21)* + (1)?, (f2)* = (22)* + (y2)%, (fr)? = (21)* + (y&)*

we have
_ T X2 S 7 _ 2 2 _ 2 2
= [y1 yz] = |d-bly =z 22+ y1-y2 = (f12)* = (f12)° = (z12)° + (y12)
then
A = T2 T g By = Lol - Grfefnlalle g
Y12 Yk |@-blk |@-bly

Wallis Pairs.

The Wallis Pairs (W,, W,) are numbers of the form o(z?) = o(y?),

here are some of them representing the y’ side of a primitive pythagorean
triangle where the hypotenuse is a pythagorean prime.

[12,35,37] = 37 =12 +62%;(1+6) -5 =35

[28,45,53] = 53 =22+ 7% (2+7)-5=45

[48,55,73] = 73 =32+ 8% (3+8)-5="55

[72,65,97] = 97 =42+ 9%;(44+9) -5 = 65

[132,85,157] = 157 =62 + 11%; (6 + 11) - 5 =85

[168,95,193] = 193 = 7% + 12%; (7 + 12) - 5 =95

Since every F), =2 (mod 5) and for every Fermat Number with two prime fac-

z Y1

tors: f2=x2+y2:>‘:; y‘:>|Ez’-5|sz—chean—QisWypartofa
2 Y2

Wallis Pair.

17



For the Fermat Primes we have:
[4,3,5] 5=1%42° (1+2)-1=3
r+y=3
8,15, 17] 17 =12+ 42 (1+4)-3=15
r+y=>5
[32,255,257] 257 = 1% + 162 (1+16)-15 = 255
N—_——

r+y=17
[512,65535,65537] 65537 = 12 + 2562 (1 + 256) - 255 = 65535
N—_——

r+y=257
So the recurrence of the y’ part of the Wallis Pairs is next:

Fo—2 _ |@b| _ 4294967295 _
kT = aT = == = 858993459 ...1

3-17-257-65537
858993459 __ 65535 __
535 = 13107 ...1

65537

—
3-17-257
13107 _ 255 __
B10T _ 255 — 51 ...1
3-17
51:15:3 1

17— 5
What ...1 means? The W, part of the Wallis Pair is a vector product and is
related to the cosine of an angle, the missing ... 1 appears as the last digit of a

Mersenne Number in the table of page 12 as (Determinant).

For the W, part of the Wallis Pair:
y = 65535, 2 = 52428 ...7 = 65535 — 52428 = 13107
y =255,z = 22328 — 904 .. .7 = 255 — 204 = 51

57
y:15,x:%f:12...7:>15—12=3

4 n n

gHFk7HFk

—_—— ——
Wy Wy

Again, ...7 is missing, but this time it is related to the Mersenne Numbers
whose last digit is 7, this is 127,2047,524287.
The Wallis Pairs are generated by a first pair, the (W, = 4,W, = 5), in the
same way, we can generate Pythagorean Triples (not primitive) with the triple
[3,4, 5], so we have:
[39321, 52428, 65535]
b

[153, 204, 255]
NS~

a W, Wy
[9,12,15]
(3,4, 5]

where ¢ —b=b— q; azkl =F,_1

since to form a Fibonacci Box we have: 3%, C;b

then all these Pythagorean

18



Triples are generated by the same matrix, A = this is the first

2 3
Fibonacci Box with members (1,1, 2, 3), this Fibonacci Box generates the triple
(3,4,5) and happens that |A| =1 and |a-b| = 7.

Cotes Theorem.

Given a unit circle with a regular polygon inscribed inside and a point located
at the 'x axis’ then, the product of the distances from the point to the polygon
vertices is equal to 7V — 2 when the point is inside the circle or 2 — " when
the point is outside the circle, being » = 1 and N = number of polygon vertices.

k
ifx":Fk—1:>m"—1:Fk—2:{HFk}
1

The point ’x” is located at (2, 0), the distance from point ’x’ to the point located
at £ =180° = 3.
To find the factors of Fj, we factorize Fj41. So, we have:

?/on/S:L%( N =4)

(5-2v2) - (5+2v2) =17 (N =38)

For(N—lG

(5 ) ( ) (5+2\/27 ) (5+2\/2+ )—257
For (N = 32)

4—11.25°:>d—(5—2\/2+ 2+ﬂ>
4:22.5°:>d:<5—2\/2+ 2) -

4—33.75°:>d—(5—2 2+ >
£=45°=d=(b—-2V2)

4:56.25°:>d:(5—2 92— )
4:67.5°:>d:(5—2 2—\/5)

(257)
4:78.750:d=(5—2 92— )

£=90°=d=(V5)

/=101.25° = d = <5+2\/2— 2+\/§>
/=112.5° = d = (5+2\/27\/§)

/=123.75° = d = <5+2\/2— 2—v2
£=135°=d = (5+2V2)

(257)

(17)
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/ =146.25° = d = (5+2\/2+ 2—\/§>

/= 1575° = d = (5 rov2r \/5) o

/ =168.75° = d = (5+2\/2+ 2+\/§>

Z=180°=d=3

(5 2y/2s VET V) (- 2y/2 s vVEva) (5- 22 Va2 <5_2
<5+2m)-(5+2\/ﬁ) (5+2 +V2-V2)-

= 65537
Given this pattern, the next Fermat Number should have this form:

<5+2\/2+\/”\/T7\/§>‘<5+2\/2—m>'<5+2\/2+ 2
.<5—2\/2— 2 — \/W) = 4294967297

N N 1
2

Since Fermat Fj, = 3 H {5 — 4 cos (2””)}—1—2 Mersenne My, = H {5 4cos(
and we know that 2|A|k +3= F;€,‘7|A|gC = My

")}

then: 3 H {5—4cos(52)} +2=2 H {5—4cos(252)} +3

this equatlon is just a switch of the cosme values.

Examples:

3[(5 — 4 cos ( < )) (5 4 cos ({)) (5 — 4 cos (%’r)) +2 =257

(5 4 cos ( 6)) (5 4 cos ( )) (5 — 4 cos ( 1”)) (5 4 cos (14”)) = 257
2[(5 —4cos (%)) (5—4005( 7)) (5—4cos( 7)) + 3 =257

in this last example we obtaln a Fermat prime with a not-constructible

heptagon.

Multiplying different values of (n).

Given consecutive Mersenne Primes and their respective matrices:

ni 1 N9 1 N 1
ni+1 2ny+17ng+1 2no+ 1" " Ing+1 2np+1
|A1|:2p1_1:7 |A2|:2p2_1:31 ‘Ak‘:2pk—1zﬂfpk

Then: s
(32) () - (mexs) =2
1

.. _ 2"~ _ n—1_
ThlSlSLkQSZMka>72 2+13:22 |

Example:
Given the next matrices and their determinants.

2 44 18 1) 164 1 4\ . (8).(64) _ IPSEE R
‘3 5|5 9”9 17/l6s 120] = () (3) - (§) =2-2-8=2"3" =22 =32

|A|=7 |A|=31 |A|=127 |A|=8191
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213_1
The number 13 is 'p’ of 2P — 1 = 8191

Note that from Pepin’s Test: 375 = ~1 mod (Fy)
n 1 Fr—1 _ ., n—
from ntl F = ~—= =mn, Pepin’s Test turns to 3" = —1 mod (Fy)

this turns to F, =3 mod (n — 1) where i":l?’ =2

then Fj, =3 mod (|Alk—1) = Fg1) = 2/A[ +3

A remark on the non infinity of Mersenne Primes and Perfect
Numbers. = .
We know that a + b = |a@ - b| = cos(8)||d]|||b]].

1
We can see that cos9Ha||||beﬁ||aH||b|| =2n = Fy—1 for every ‘n :L_ 1 ;k' = Mny
Given the matrix and it’s respective pythagorean triple
n 1
[n—I—l F/j —b—a= Mpy
(a,b,c)
a=2n+1

As every Perfect Number have the form Spy-Mpy = Pfy, S c= 2n+ 1)n+ (n+1) =2n? + 2n +1
b=c—1=2n%2+2n
Spr-Mpy, = n?-(b—a) = n%-(2n2+2n—2n—1) = n?.(2n?—1) = 2n*—n? = Pf;

(Spr = Superperfect Number, Mp, = Mersenne Prime, P fi, = Perfect Number)

Perfect number ot —n?

1 1
Superperfect Number = =n? Vn # {— and —
V2 V2

Mersenne prime 2n2 — 1

Since the roots of 2n*—1 are { } , when n? = Sp, is confined to these limits.

1 p 1

— and —

V2 V2
Now we can represent the whole system of Mersenne Primes and
Perfect Numbers this way:
Mersenne Prime = 2n? — 1 =Parallelogram.
Perfect Number = 2n* — n? =Parallelepiped volume.
SuperPerfect Number = n? =Height.

So, given 'n’ we have:
1 2n+1 n
n 1 9

n+1 2n+1 nt 1 1 n

Parallelogram
Parallelepiped volume

Example:
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o 1 1 5 2
A= =Al=7T=A=1|2 3 4| = |A|=28
3 5
- 3 1 2
41 1 9 4
A= };>|A|31;sA' 4 5 16| = |A/| = 496
5 9
- 5 1 4
R 1 1 17 8
A= = |A|=12T= A" =8 9 64| = |A'|=8128
9 17
- 9 1 8
and so on.

Differences of arc lenghts of circles divided by consecutive
Fermat Primes.

() ()~ () () =5 -5 = %

(5%) (%) - (5 (F) = 5 - F7 = &F

then we find some connections as we decompose the denominator:

85 - 22 + 92 - 62 + 72 (BrahmaguptaFibonacci identity.)
5.17 (-3 ((2:3)43)

(12 ' 6) + 13Ck

——
124+6=18 13—-5=8

(57) (k) — (359) (3%0) = 5 — & = T3%6
4369 = 122 + 652 = 202 + 632
17 - 257 (17 - 5)? ((12-5) +5)? (12 + 2+ 6)2 (7-9)2
(240 -18) + 49¢, { (2-6)2 } { (85 — 20)?2 } { —~ }
2101152258 49 17ma2 ((7-9) 4+ 2)2 (85 — 65)2

(180) (55) — (5289.) (155) = 555 — golyr = 700280x
257 180 65537 180/ — 25 65537 — 16843009
16843009 = 240 + 40972 = 2722 + 40952
257 - 65537 (257—17)2  ((240-17)+17)2 (240 + 12 + 20)2 (63-65)2
(65280 - 258) +  769¢, 5
R —
65280+258=65538  769_257—512 (4369 — 4097)2
( 180 ) (L) _ ( 180 ) (L) _ s __ _4294901760x
65537 180 4294967297 180/ — 65537 4294967297 T 281479271743489
281479271743489 = 652802 + 167772172 = 657922 +
65537 - 4294967297 (65537 — 257)2)  ((65280-257)+257)2 (65280 _ + 240 + 272)2
{(4294901760 - 65538) + 1966090k } (65792 — 512)2 65537—257 —r,—/
196609—65537=131072 16843009 — 16777217
167772152
(4095-4097)2
so, we have
- T _ _7 — PrT — .
Arc lenght= B Fen T o T = Fy - Fiq
qr = Fi - Fieq1 = A? , + B? ,
{(Pk-(Fk+1))+Ck} (Fy — F—1) ((pk=1 - Fx—1) + Fr—1)
/ 2 /
Ap_1- Ak—l) qk—1 — Ak

(Bg—1-Bj,_, +2)?
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_ (A/)2 + (B/)2
(Ak + Ap_1+ Br_1 )2 {(Bk—l . B;C_I)Q}
—_———

[Al+1=Ck—1—¢(Cr—1)

(px—1 — Bi)?
qr = Ck mod ((Fk + ].) . (Fk - kal))
the same connections apply for non-consecutive Fermat numbers.
We can find two identities:
First identity:
Fy - Frp = (Ar)? + (Be)? = (Fy — Fro1)? + [Fooa (Fy — Fr1) + 1)
Second identity:
Fiw Frpr = (Ap)? + (BY)? = (A + A1 + B}, —1)° + (By — 2)2.
Where

2

Fy - Fro1 = (Ap)? + (Bi)?
Fy, - Fyp1 = (43)% + (B)?
Ay =Fy — Fp

B, = Fk-—l(Ak + 1)
A=Ak + Ak + By,

Bj, = By —2
The correction number Cy
We define a correction number Cy, = |A|+ 1+ Fj_q for |[A| = B —1 1
F 2F, — 1

C. takes the values {13,49, 769, 196609. ..}
(2-6)+1=13
(2-18) + 13 = 49
(2 -258) 4 240 + 13 = 769
(2 - 65538) + 65280 + 240 4 13 = 196609
SO
Cr=2 Fe+ 1)+ (Fx— Fr—2) + (Fx—2 — Fr—3) + (Fr—3 — Fr—4) + 1
this is:
k-2
Cro=2 Fe+1)+ > (Fr— Fy_i) +1
i=1
Ck and the Euler’s Totient Function.
Properties (1) and (2)
(1) p(Cr = 1)(Cr, = 1) +1 = Cip1
since ¢(Ck — 1) =F,—1= (Fk — 1) (Ck — 1) +1=Cgks1
(2) 22 é(d) = S(n) = S(n)-2=Cip1 —1
d|n

Examples:

¢(12) =4 thisis {1,5,7,11} = 1+5+7+11=24s02-24+1=149

¢(48) = 16 this is {1,5,7,11,13,17,19,23, 25,29, 31,35,37,41,43,47} =
14+56+7+11+13+174+19+23+25+29431+35+37+414+43+47 =384

24-1 24-3 24.5 24.7
s0 2-354+1="769
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@(768) = 256 this is {1,5,7,11,13,17,19,23,25,29, 31, 35,37,41,43,47 ...

743,745,749,751, 755, 757,761,763, 767} =

49 4+ 53 + 55 + 59+ - - -+ 757 + 761 + 763 + 767 = 98304 so 2-98304+1 = 196609
249 24.127

factor (641) = {631,635,637,641} = 24 - 106 and {637,641, 643,647} = 24 - 107

Remember that we have assumed that for every Fermat factor fi then:

fr =1 mod (24) or fr =17 mod (24)

Groups related to Fermat Numbers
F,=17={7,11,13,17} =24 -2
t1 to ts ta

Fj, = 257 = {247,251,253,257} = 24 - 42
1 2 3 4
Fj, = 65537 = {65527, 65531, 65533, 65537} = 24 - 10022
1 2 3 4

for every t; — t// = F — F,;.i.e(251-112257—17;65533—13:65537-17,etc)
Properties (3) and (4)

(3) ¢(Cr1 —1) = (C, = 1) + ¢(Cy. — 1)

(4) ¢(Cr —1)? = ¢(Cry1 — 1) = (F, — 1) = ¢(Chq1 — 1)

24



References

[1] H. Lee Price.
The Pythagorean Tree: A New Species.

https://arxiv.org/pdf/0809.4324.pdf.

[2] University of San Antonio.
The Geometric Interpretation of the Determinant.
https://mathresearch.utsa.edu/wiki/index.php ?title=The_Geometric_Interpretation_of-the_Determinant

[3] On Primitive Pythagorean Triples
https://hal.science/hal-03247261 /document,page 8.

[4] George E. Andrews.
Number Theory.
Chapter 7.Primitive Roots,p 97
Dover Publications, Inc. New York.1994.

[6] Notes on Perfect Numbers
Geometric Representation of Perfect Numbers.p 15-16.
https://hal.science/hal-01911641v7

[6] University of Florida.Proof of the Cotes Theorem.
https://mae.ufl.edu/ uhk/COTES%20THEOREM.pdf

25



