ZLogic Proof

HekoTopbie BOIpOChl TEOPUU CJOXKHOCTU BBIYUCJIEHUI C TOYKHN 3pEeHUsd

3JIEMEHTAPHON Teopuu MOJeJiein

B npedcmasaernnom uccaedosarul paccmampusaemca 001G U3 U3BECTNHOLL NPOOAEM MEOPUL CAOHCHOCTIU
suLvUCAEHUT: KAK0BO coommowenue Kaaccos caoscnocmu NP u co— NP2 Jlaa omeema na smom 6onpoc 6o1a0
NEPEOCMBLAEHHO U COOMBEMEMBYOULUM 00PA3OM NEPEPOPMYAUPOBAHO U3BECMHOE HYHIAMEHMAABHOE NOHAMUE
- MOJEAbHASA NOAHOMA UCCAEIYemoT, meopuu, pasdensa mamemamuru ’Teopusa momesneit” . Ileavio nepepopmy-
AUPOBKU 9M020 PYHOAMENRMAADHOZ0 NOHATIUAL ABAALOCH, ONUCEMD COOMHOUWEHUE KAacCoE caovichocmu NP u
co — NP, ¢ meopemuxo - modeavroli mouwu spenua. Hssecmuwtdi gaxm: uepaprusa ceolicme 6 a0b0l mode-
AU MOJEABHO NOAHOT MeoPUY, 00PBIBAENA HA NEPBOM YPOBHE. DM KAI0UE8aA UdeA DbLAG NOMONCERE 8 0CHOBY
04 MAOOOMEOPHO20 UCCACO06AHUA COOMHOULEHUA Kaaccos caodicrocmu NP u co — N'P. Hazsecmuwiti gaxm:
cywecmeyem maxot opaxys A npu komopom xaace caosicnocmu N'P(A) omaunaemes om xaacca caoscHocmu
co — N'P(A). Paspabomas coomsememsyousum o0pa3om OpaKysbHbe 8bUUCAeHUSA U HOPMAIUZ06A8 UT, 6 KAGC-
ce NPUMUMUEHO PEKYPCUBHBLT AA20PUMMO8, G 3AMEM, UCTLOAL3YA MEOPEMUKO - MOJEAbHOE COOMHOUEHUE MEHC-
Y YKaA3aAHHBMU KAGCCAMU, YOAAOCH CEA3AMD COOMHOUEHUE KAACCO8 caodcnocmu euvucaenut NP u co — NP
¢ coomuowenuem waaccoe caovichocmu NP(A) u co — NP(A), wmo samem nos3eoauso ycmanosums, “4mo
xaace caoicnocmu NP ne aeaaemes 6yaeeoti anrzebpoti. ITpu dopasudayuy opaxysbHbx 6vnucieHudl 6 Kaacce
NPUMUMUBHO PEKYPCUBHBLE AA20PUMMOE OblAU 00KA3aHYL PAD UHMEPECHBLT Mmeopem, 00Ha U3 KOMOPHLT ecmb
aAMaN02 MEOPEMDBL O HENODBUNCHOT TOUKE, KOMOPASA UCTIOABIOBAAACH 6 KAIOUEB0T, TNEOPEME NO3BOAUGULET YCTNA-
HO6UMD, WMo Kaacc caodichocmu NP ne aeaaemca 6yaesoti anzebpoti. [Ipoumsa npedcmasaennoe uccaedosanue,
MOIAHCHO NOHAMG NOYEMY IPPeKm Pesamueu3auuy nNPEnsmcmeyem noAYHEeHUI0 GbCOKUL HUNCHUL OUEHOK UAU
omoeneHu0 00HO20 KAACCA CAOHCHOCTIU OM OPY2020 KAGCCA CAONCHOCTU 8bluucsenut memodamu "JTuckpemmoti
mamemamuru”” 1. B caaboz modeass cpedcmea 00ka3amesncmea He no3eorsom 00Ka3ams, HANPUMED, YMeep-
oicdenue P # NP, a 6 cuavnnz modeasr cpedcmea dokasamenvcmea nodeepoicenvt peasmueusayuu. Ecau
umeemca doxasameavcmeo ymeepoicdenue P #= NP, mo daa 4106020 oparysa A mpl nosywum 00Ka3aMEADLCMED
ymeepoicdenue P(A) # NP(A), odnaro umeemca maxot opaxya B, wmo eeprno P(B) = N'P(B). Ecau orce
umeemca doxasamenbcmeo ymeepoicoenue P = NP, mo daa a06020 opaxysa A mbr noaywum 00Kka3amessecmeo
ymeepoicdernue P(A) = N'P(A), odnaro umeemes maxot opaxys C, wmo eepno P(C) # N'P(C). Onucannvie
MPYOHOCTNU YCNEWHO NPeodoseHbl 8 NPEICTNABAEHHOM UCCAEIOBAHUL.

IIpedcmasaennoe uccaedosanue ABAAECMCA OPULUHAALHBILM, G MHO2UE BANHCHBLE NOHAMUE, KOMOPHLE UCTLONL-
3YOMCA 68 IMOM UCCAIOBAHUY, 60 6CEL UIBECTIHOLL MHE UCCAEI0BAHUAL, HE BCTNPEYAAUCD.

BBenenune

OnHO# M3 caMbIX WHTEPECHBIX MPOOJIEM CJIOXKHOCTU BBIYUCIIEHUN, SIBISETCS MPOOIEeMa, COCTOSIIAST B TOM, YTO
CYIIECTBYET WJIU HE CYIIECTBYET MOJIMHOMUAJIbHBIN AJITOPUTM, BBITOJIHSS KOTOPbI HA MPOW3BOJIBHON (opmyse
NCYnCJJIeHnud BbICKaBbIBaHHfI, MOZKHO IIOJIYYHUTBb OTBET BLIIIOJTHUMA WJIW HE BBIIIOJHHMA PacCCMaTpuBaeMad CbOp-
MyJIa MCYUCJIEHUS BBICKA3bIBAHUI. DTa mpobiemMa, KOTOpPYo Kak mpasuio obosuadator SAT, mrTepecHa TeMm,
9TO OHA MPOCTO (popMynupyercs u GOPMUPYET YyBCTBO HA CKOPBLIA OTBET Ha 3Ty IpobseMy. A moJI0XKUTe LI
pelrenue 3ok mpobaeMbI aeT BO3MOKHOCTD IOCTPOEHHA BECbMa I3(PPEKTUBHBIX ATTOPUTMOB Jj1sT MHOIUX IIPaK-
THYECKHUX 3a/1a4. STOﬁ HpO6JIeMe TIOCBAIIEHBI JECATKU THICAY HAYYHBIX U BeCbMa WHTEPECHBIX I/ICCHGﬂOB&HI/Iﬁ,
MTO3BOJIUBIIHE 60sIee TTyOOKO BBISICHUTD CYITHOCTH (DYHIAMEHTAILHOIO MOHATHS AJITOPUTMA, HO HA IMOCTABJIEH-

HBII BOMpOC 0 cux mop Her orBera. OMHAKO, OTBET B OMPEIENIEHHOM CMBICJIE OBIT moayteH B [13], B koTropom

Mlox meTomamu JInCKpeTHOH MAaTEeMATHKH, 5T TOHUMAIO T [[OKA3ATENLCTBA, KOTOOPHE MOXKHO BEIPA3HTH B CTAHAAPTHON MOe/H
apudMeTHKH, HAIPHMED, J0Ka3aTeJbcTBO Consis Helb3s BBHIPA3UTh B CTAHAAPTHON Mogean apH@METHKH, XOTS 3TO NpPeJIOKeHHe
HCTUHO B 3TO¥ momenu, He Bce yTBeprkIeHHHA, KOTOPBIE NMOABEPrarOTCA PEAATHBU3AINNKN, MOXKHO JOKa3aTbh MeTomaMu JIuckpeTHOH
MaTeMaTUKHU. M 9TO IpOJeMOHCTPUPOBAHO B JAHHOM HCCIIEJOBAHHH.



ObLIa Ha OIpeNeeHHOM YPOBHE, MOHATA CyImHOCTh mpobiembl SAT. B ynmoMsiHyTOM HCCIEIOBAHWH, KOTOPOE
OBLIO OPUTMHAJIBHBIM W HEOXKWJIAHHBIM [IJIsT MeHsi, ObLI TMOCTPOEH OPaKysa A, TaKoif, 9TO KJIACC MOJTUHOMUAIIb-
HBIX OPAKYJIbHBIX AJTOPUTMOB, UCIOJB3YIONINX B KA9eCTBE Opakyia A, He CMOXKET PACIO3aTh TAKON S3bIK KaK
L(A) = {a: 3z(|la| = |z] Az € A)}, HO cMOKET 04E€BH/IHO, PACIO3HATH HEJIETEPMUHUPOBAHHDLI [IOJMHOMHUAIIb-
HBIl OPAKYJIBHBIN aJITOPUTM C TEM YK€ OPAKYJIOM. DTOT BBIIAIOIIHIICS Pe3yIbTaT c(hOPMUPOBAT Y MEHST TIOIXO/,
peanu3ys KOTOPBIit, MOXKHO OBLTO OBl MOJYYUTH OTBET HA, BBIMIEMIOCTABIECHHDBIH BOMPOC. UTO M1 3TOro OBLIO
HEOOXOINMO MOy IUTh?

IlepBoe. ®opMann30BaTh(CUHTAKCUYECKH OIUCATH) BHIYUC/AEHUS MPUMUTHBHO DPEKYDPCHBHBIX CJIOBAPHBIX
dbyHKIN 1 OPAKYJIHHBIX IPUMATHBHO PEKYPCUBHBIX CIOBAPHBIX (DYHKITHI.

Cwum. Part I u Part II.

Bropoe. CuHTakcu4eckn OMUCATH KJIACC MOJIAHOMHUAIBHO BBIYUCIUMBIX CJIOBAPHBIX (DYHKIWNA WU MOJTHHO-
MUAJIBHO BBIYMCJIMMbBIX CJIOBAPHBIX (DYHKIWII, IIPU BBIYUCIEHUH KOTOPBIX, MOYKET HCIIOJb30BATHCH OPAKYJ, T.€.
TOJIMHOMUAJIBHBII OPAKYJIbHBIN aJITOPUTM.

Cwum. Part III.

Tpetrbe. Caazarb HOPMAIU30BAHHOE BLIYUCIECHUE IPUMUTUBHO PEKYPCUBHBIX CJOBAPHBIX MYyHKIMiT ¢ Gop-
MaJIM30BAHHBIM BBIYUC/IEHUEM OPAKY/IbHBIX MPUMUTABHO PEKYPCUBHBIX (DYHKITHIA.

Cwum. Part IV u Part V.

YerBeproe. Bripa3urh cuHTaKTHYECKUE CBONCTBA UCCIEAYEMBIX si3bIKOB, Hampumep SAT, ucmons3ys s
9TOrO TMOHATHSA U METO/IbI, KOTOpbie pa3ButThl B "Teopun mozeseit".

Cwum. Part VL

Peann3oBap BCe UeThIpe CIydad, YIAJ0Ch OTBETHTH Ha Bompoc NP=7co — N'P.

Part I

Ucuncaenne PaBE€HCTB /Jid BblUuUCJI€eHUA 3aMKHYTbIX TEPpMOB

IIycre andasurel 4, . .., %L Takosl, uro: & = {S,1,Z,5,Length, =, Concat, D, }, % = {A, z},
Ly ={R,J}, Zy ={=|,,}, L ={],(,)}, L = {U}, £ = :sz.i@, Z(U) = LU .%. B andasure £ (U)
Oymer hOPMAIN30BAHO BBIYUCICHNE 3AMKHYTHIX TEPMOB JJIs KJIACCA OPaKYJIbHBIX MPUMHUTHBHO PEKYPCHBHBIX
caoBapHbIx byakmii[1-4][5 c. 204].

JlJ1s OIHOTHI IPUBEIEM HECKOJIBKO JTOCTATOYHO TPAIUIMOHHDBIX OIPE/IC/ICHHUIA.

Omnpenenenne byHKTOPA U €r0 MECTHOCTH:



1) Caosa Buga: Z, 8, Length, S|S,S||S,...,S]|,...,| S - oqnomecrubie dbynkropbl. OgHoMmecTHbIH HyHKTOD
——

m— pa3s
S1,...,| S 6ymem obozuagaTh KaK Sg.
——
k— pas
2) Cuoma Buma: I|,...,|,|,...,| - n - mecTubIii byHKTOp, KOTOPHIH Oyaem o6o3HAYATH TpaAMIMOHHO 17,

m— pa3 n— pa3

mpu 1 < m < n.

3) Cuoo U - ogromectHbiit hyukrop. B nanbueiimem dyukrop U OGyaeM Ha3biBaTh TAKXKE HEONPEIEIIEMbIM
GYHKIMOHATBHBIM CUMBOJIOM WJIM OPAKYJIbHBIM CUMBOJIOM.

4) Cnosa Buga: —, Concat, D - gByxmecTHbIe DYHKTODHI.

5) Eciu @ - k - mecrubiit dynkrop, ¥q,..., ¥y - n - mecrubie GpyHKTOPDI, TO €a0BO [JOUy, ... Ukl - n -
dyukTOp. dTOT HYHKTOP OyIEM HA3BIBATH (DYHKTOPOM CYITEPITIO3UIINN.

Breném cnemyroriee BaKHOE TIOHATHE:

a) A - apryMenTHOe CJI0BO, KOTOPOE HA3bIBAETCs [YCTHIM CJIOBOM;

6) ecaM « - apTyMEHTHOE, TO CJIOBO Si () - apryMeHTHOe CJIOBO, KOTOpoe OyzemM 0603HAYaTh KakK qdy.

AprymenTHoe C/I0BO «v Ha3bIBaeTCs k - apaBUTHBIM, €CJIH 3TO CJIOBO HE COAEPXKUT (PyHKTOPOB S;, upu [ > k.

MsmuozxectBo B apryMeHTHBIX CJIOB Ha3biBaeTcd k - ajdaBuTHBIM, €Ciid KaxKi0e CJIoBO o € B apasiercs k -

asndasurabiM. Ilycrs k > 1. Yucio Beex k - andaBUTHBIX CJI0B, JIHHA KOTOPLIX | > 0, pasuo k'. Uucso Bcex k

kl+1_1
k—1

- a;m(paBUTHBIX CJIOB, JITMHA KOTOPBIX HE OOJbIIE [, paBHO
AprymenTunie cioBa, He comepxkaine GYHKTOp Sg, nmpu k > 1, HA3LIBAIOTCS HATYPAJILHBIMUA YUCIAMHU.
6) Ecin « - aprymenTHoe cioBo, P, ..., D, - 2 -x MecTHBIE QYHKTOPHI, TOrga cioBo [Radq, -+, &) - 1 -
MECTHBII PYHKTOP.
7) Ecin @ - k > 1 - mecrusrii byHkTOp, U1, ..., U, - k+2 - MecTHBIe DYHKTODHI, TOTA CJI0BO [ROU,, ..., U, ]
- k+1 - mectabriit dyakTop. @yHKTOPSHI TyHKTOB 6 1 7 OyIeM HAa3BIBATH PEKYPCUBHBIMEU (hyHKTOpaMu, a OyHKTO-
pbt @, @1, ... ¥, HABBIBAIOTCS COCTABJIAIONUMHE (PYHKTOPAMHE, IUCIO M HA3BIBAETCS CTEIIEHBIO PA3BETBIEHHOCTH
PaCCMaTPUBAEMOr0 PEKYPCUBHOTO (DYHKTOPA.
OyHKTOPBI TYHKTOB 1-4 OyayT HA3BIBATHCSA MCXOTHBIMEA (DYHKTOPAMH.
Cnora Buga x|, ..., |z - mepementbie. OGO3HAUNM TH CJIOBA TPAININOHHO B BUIE ;.
——
l— pas
IlonsiTue Tepma.
1) Besikoe aprymMeHTHO€ CJI0BO U BCsIKas €PEMEHHAs - TEPM.
2) Ecau tq,...,t, - vepmbl, ¥ - k - Mecrublii Gyukrop, rorua ciaoso V(ty,. .., tx) - Tepm.
st j11060r0 mOAMHOXKECTBA A apryMEHTHBIX CJIOB, BBEJAEM CJIEIYIOIIUEe PaBEHCTBA(OMPEIesIONIUEe PABEH-

CTBa), B KAYECTBE aKCUOM OIIPe/iesigeMOoil (DOPMAIM3AlMK [1JIs BHIYUCIEHHs OPAKYJIbHBIX 3aMKHYThIX T€PMOB:



1) T=T, rae T - upousBosIbHBIA TEPM,

2) Z(xy) = A,
3) I (z1,...,%n) = Ty,
4) 6(A) = A,

5) 6(r1ak) = 21,

6) Length(A) = A,

7) Length(zia;) = Length(z1)ay,

8) x1—=—A = xq,

9) z1—zqai = 0(x1-=—12),

10) Concat(z1,A) = x4,

11) Concat(x1,x2a;) = Concat(z, x3)ag,

12) D(z1,A) = A,

13) D(z1,x2ax) = Concat(z1, D(x1, z3)),

14) [JOUy, ..., Ui](z) = &(V1(T), ..., Vi(T)),

15) [Ra®y,...,P,](A) = a,

16)[Ra®q, ..., P (zar) = Pz, [Ra®y, ..., Dy](2)), upu k < m,

17)[Ra®q, ..., 0p](zar) = [Ra®y, ..., Dy ](z), upu k > m,

18) [RO®Ty,..., U ,](Z, A) = (),

19) [R®Vy,..., U, ](T,yar) = Vi (T,y, [ROVy,...,V,,](T,y)), mpu k < m,

20) [ROVq,...,9,](T,yar) = [ROVy,...,V,](Z,y)), upu k > m.

IIycTh A - HEKOTOPOE MHOKECTBO APTYMEHTHBIX CJIOB. AKCHOMBI MHTEDIPETAIMN HEONPENeasaeMoro (hyHK-
IUOHAJILHOrO cuMBosia U

a) U(a) = A, ecain o € A,

b) U(a) = ay, eciu « ¢ A.

Pasencrsa a) w b) HA3BIBAIOTCS AKCHOMAME WHTEPIIPETAIA, KOTOPBIE COOTBETCTBYIOT MHOXKECTBY A, MHO-

ZKEeCTBO apTYMEHTHBIX CJIOB A masbiBaercs UHTEPIPETAIINOHHBIM MHO>KECTBOM.

HpaBI/ma BBIBO/JA Ncuuciaenue PaBEHCTB AOJid 3aMKHYTbBIX T€pPMOB

Sb : = — Cut; : , Cuty :
[T2]r, = [Q2lq, ! T1="T; 2 Ty =T;

B npasusie Sb mepemennasi x - COOCTBEHHAs TIEPEMEHHAS ITOTO TTPABUIIA.



3amedanue. /11 BEIYUCTEHNAS 3HAUECHNH 3aMKHYTBIX TEPMOB, JOCTATOYHO HAPSIY C MPABUIOM Sb HCIOIb-
30BaTh TOJHKO mpasuyio Cuts.

st mokasare bCTBa PaBEHCTB 3aMKHYTBHIX TepMOB mobaBasercs npasuiao Cuts. MoxxuaO oboiiTrch 6e3 mpa-
T1=Q1,T2=Q2
x x .
[T2]Q1 = [Q2]T1

Busia Cutq, 3amenuB npasusio Sb Ha TpaBmiIo

Oupegnenenune BoiBoga. [locienoBarensaocrs pasercts T = Qyq, ..., T, = Q,, aBjsgeTcsa BbIBOZOM (I0KA3aTEIbCTBOM
pasencrBa T, = Q,,), ecau Jys Kaxzaoro ¢ = 1,2, ..., n, pasencrso T; = Q; sBisercs j1ubo akCMOMO, subo
akcromoii nareprperannn U(a) = A, U(a) = a;, KOTOpBIE COOTBETCTBYIOT MHOXKECTBY A, a100 MOIyUYeHO u3
MPEIBIIYIIAX PABEHCTB MO OJHOMY U3 MPABUJ BBIBOJA.

Ecuu Boisoy P rakos, 4ro on cogepxxur unrepuperanuonubie akcuombl U(a) = A uiu U(B) = a1, 1oraa
OyZeM rOBOPUTH, 9TO CJIOBA (v, [ OBLIN KUCIOJIH30BAHBI B 9TOM BBIBOJE, IPUIEM CJIOBO (v UCIOIH30BAHO TTOJIOXKU-
TEJIbHO, CJIOBO 3 UCHOJb30BaHO orpurarenbno. C BeiBogoM P, mpu uHTEpIpeTAnOHHOM MHOXKECTBE A, CBKeM
nmapy MHOKeCTB: (AT)p - MHOKECTBO BCEX MOOKATENTHLHO OMPOIIEHHBIX CIOB B BBIBOAE P, (A™)p - MHOKECTBO
BCEX OTPHUIIATETHHO OMPOIIEHHBIX CJIOB B BhIBOIE P.

IlocnemoBarennbHOCTD PABEHCTB t1 = (1, .. . ,tn = ¢, - KBA3UBBIBO/I, €CJIU KAXKJI0€ PABEHCTBO B ITOM IOCJIEI0-
BaATEJIbHOCTH €CTh JTHOO BHIBOAUMOE PABEHCTBO, JIUOO TOJIYIEHO U3 TPEIBIAYIINX PABEHCTB 0 OJHOMY W3 TPABUII
BBIBOJIA.

3ameuanmne. e 1pUBeEHHOIO UCIUCIECHUS PABEHCTB JIJIs BBIYUCIEHNS 3aMKHY ThIX OPAKYJIbHBIX TEPMOB
ObliIa 3aMMCTBOBaHa B paborax [1-6] n3 KOTOPHIX OCHOBOMOJIAramoIeil spisercs|3].

Hnuna nokasarenbcrsa P - 4mcyio paBeHCTB B J0Ka3areabcrBe P. 9To uncio obo3Hadaercs Kak Ip.

Monuas miwvnaa moxkasareabcrBa P - AauHA C/I0BA, TIOJYYEHHOTO COEIMHEHWEM BCEX PABEHCTB, BXOISIINX B
J0Ka3aTeIbCTBO P, pa3meéHHbIX CHMBOJIOM 3aMATasi. JTO UHCI0 obo3HauaeTcsa Flp.

Ob6o3nauum nosyvyeHnoe ucuuciaenue 3amkuyTbix TepmoB kak CalcEq, CalcEqy B andasure ¥, £ (U)
COOTBETCTBEHHO.

Ob6o3navenne - ¢ = r - paBexcrso t = r BeiBogUMO B ucuuciaenun CalcEqy;, npu mro6oit naTepnperanum
dyukropa U.

O6o3nauenne A -t = r - paBeHcTBO ¢ = r BeIBoAUMO B ncuuciaennu CalcEqy;, ¢ akcnomaMu HHTepIpeTanun
COOTBETCTBYIOIIUMU MHOXKECTBY A.

OyuxTop P, Tepm ¢ HA3BIBAOTCA 1 > 0 amaBUTHBIM, €CJIN MPEICTABIEHHBIE CIOBA HE COIEPKAT (DYHKTOPOB
S;, mpu | > n. Bce ucxonube GyHKTOPHI ABAAIOTCS 1 aIABUTHBIME JIJI KAXKIOTO 1.

s kazxxaoro n > 1 u 11060ro apryMeHTHOrO CI0OBa (v MOXKHO MTOCTPOUTH N - MECTHBIN (PyHKTOP, 0O0O3HATA-



emblit kak Const),, uyro Bepuo F Const), (z1,...,z,) = a.

Teopema 1.1. MOXHO COCTaBUTH TAKOM aJTOPUTM, CJEAYsd KOTOPOMY I KayKJIOTO TepMa t MOYKHO TIO-
crpouth Takoit pyakrop Py, uro F &, (Y) = ¢, rae ¥ - CUUCOK NEPEMEHHBIX, COIEPKAIMil epeMeHHbIe TepMa t.
Jokazarenbcrso u nosnyo GbopMyIupoBKy 3T0i TeopeMbl ¢M.B [2, crp. 62],[4, crp. 446].

Teopema 1.2. st 1106010 3aMKHYTOTO 7 aJiPaBUTHOTO TEpMA, t, [JIst 33 JaHHON mHTepnperanun A ¢yHK-
topa U, cymiecTByer eIMHCTBEHHOE TAKOE apryMEHTHOE CJI0OBO (v TOTO Ke asndasura, 9ro A - t = a. /lokasa-
TEJILCTBO TTPOBOJAUTCS WHIYKIUEH 1O MOCTPOEHUI0 (PYHKTOPA, 3aT€M WHIYKIIHEH 10 TTOCTPOSHUIO TepMa, t.

HoxkazarenscrBo P paBencTBa Buma t = «, rae t - 3aMKHYTBIH TE€PM, (v - HEKOTOPOE apryMEHTHOE CJIOBO,
OyZeM Ha3bIBATH BHIYUCIEHUEM TepMa t.

Bameuanmue. L5 mo6oro Tepma t(T), A5t 000 MOCIE0BATEIHHOCTH APTYMEHTHBIX CJIOB O, CYIIIECTBYET
TaKOe HATYPAJIBHOE YUCTO k, 9TO JJisi JTIOOOTO MHTEPIPETAIMOHHOIO0 MHOXKECTBA aPryMEHTHBIX CJIOB A, MOXKHO
LOCTPOUTDH TAKOe BbluKCjeHue TepMa t(T) Ha @, B KOTOPOM Oyuer UCHO0Jb30BAHO HE GoJiblie Kk apryMeHTHbIX
CJIOB.

Teopema 1.3. Ilycrs man n - mecrabiiit ynkrop [JOUq, ..., Uk], a1,...,q, - HEKOTOpPasl MIOCJIEI0BATEIb-
HOCTb aprymeHTHbIX ¢10B. IIycrs Py, & - Boruucienue dyunkropa ¥; Ha 1HOC/IEIOBATEIHOCTH apry MEHTHBIX CJIOB
Q1,...,0n, C PE3YAbTATOM BbluuciaeHus (;, B mHTepuperannoHHoM MHOXkecTBe A, 1 < ¢ < k. Ilycrs Py3
- Beramcierre GpyHkTopa ¢ Ha MOCIEIOBATEITHOCTH APTYMEHTHBIX CJOB (1, ..., [k, C PE3YJIbTATOM BBIYUCTE-
HUS 7, B WHTEPNPETAIMOHHOM MHOXKECTBe A, TOTJa MOXKHO TMOCTPOWTHL Bhraucienue Prey, . . w,] dbyHKTOpPA

[JOW,,..., U] HA NOC/IEIOBATETHOCTU APIYMEHTHBIX CJIOB (U1, . . . , Oty JJIS KOTOPOrO BEPHO:

k k
(A+)P[Jq>\pl,...,\pk]75 = U (A+)P\pi o U(A+)P¢,E7 (Ai)P[J@pl,...,\pk],a = U (Ai)P\pi o U(Ai)P(p)B'

i=1 i=1
HokaszarenbcrBo. COCTaBUM CIEAYIONIYIO TOCTIEI0BATEILHOCTE paBeHcTs: Py, &, ..., Py, 7,
[JOUy,..., Uk](z1,...,2s) = P(U1(T),...,Vp(T)),...,
[JOU, ..., Url(ar,...,an) = ®(T1(@),..., V@), P(x1,...,20n) = P(z1,...,Z0n),...,
(U (a),..., (@) = ®(f1,...,0n), Pa, 2(¥1(a),..., (@) = 7, [JOPy,..., U](0q,...,an) = 7y - BBIUHC-
aenue pyukropa [JPUq, ..., Ur] HA NOCIEIOBATEIBHOCTH (1, . . ., (y,, B HHTEPIPETAIIMOHHOM MHOXKeCTBe A, ¢
YKA3aHHBIM MHOYKECTBOM TOJIOXKUTEIHHO U OTPUIATEIHHO OTMPOIIEHHBIX CJIOB.
Teopema 1.4. Ilycrs gan n + 1(n > 1) - mectubiit byukrop [ROUy, ..., U], a1, ..., ay, Ba; - HEKOTOpas
IOCJIE/IOBATEJILHOCTD APryMEHTHBIX CJIOB.
IMycts Pg - Boruncienue dhyukropa P Ha MOCIEI0BATENTHOCTH APTYMEHTHBIX CJIOB (1, . . ., (b, B UHTEPIIPE-

TAIlMOHHOM MHOXKecTBe A.

[ycrs Prow, ... w,],01,...,an,8 - BbIYUCIEHHE PYHKTODA [ROU, ..., U] HA OCIEIOBATETHOCTH APTY MEHTHBIX



CJIOB (U1, . .., Qp, 3, C PE3YJIbTATOM BLIYUCJIEHHS 7Y, B MHTEPIPETAIMOHHOM MHOXKecTBe A.

IIycts Py, - Beraucienne ¢dpynkTopa ¥, Ha IOCIEIOBATETHOCTH APTYMEHTHBIX CJIOB (i, ..., 0w, 3,7, C De-
3yJIbTATOM BBIYHUCJIEHUS 7], B HHTEPIPETAIMOHHOM MHOYKECTBE A, TOr1a MOXKHO TOCTPOUTH BBIYUC/IEHUE
Pirow,,. w],a1,...an,pa; OyukTOpa [ROWy, ... V)] Ha HOCTENOBATETHOCTH APIYMEHTHDIX CIOB (11, . . . , (y, Bj,

B MHTEPIIPETAIMOHHOM MHOYKECTBe A, JJIsT KOTOPOTO BEPHO:

1. (A+)P[R<I>\I/1,...,\Pk].al,...,a",A = (A+)P¢;a17-~7ana
(A_)P[wal,...,qzk],al,...,an,/\ = (A_)P§>§als~~-7an

2' (A_‘—)P[RCI)\I/l,...,\I/k],al,...,an,t}a,i = (A+)P‘I/i,70417...,04n7ﬂ7’7 U(A—F)P[R@\pl,“.,\bk],al,.,.,an,g7

(Ai)P[anlzl,,.,,qzk],al ..... on.Ba; (Ai)Pwi S QUL see ey, By U(A7)P[anpl,,.,,\Pk],al,,.,,an,ﬁ

HokazareascrBo. [Tynkr (1) - ouengen. ITynkr (2). CocTaBuM CIIEAYIOIIYIO MOCJIEIOBATEIHLHOCTh DPa-
BEHCTB:
Prow,,... v ],a1,...0n.8
[ROUy, ..., UL](z1,.. &, 2a;) = ¥(21,. .., &0, 2, [ROVy, ..., ULl(z1,...,Zn,2)),...,
[R@qll, ey \I/k](Oq, PN ,an,ﬁai) = \I/i(Oél, ey Oy, 5, [R(p\lfl, ey \I/k}(Oél, NS 7] 5)),
Uiz, ey Tnyzyu) = V(21,00 Ty 2,0), ey
Ui(ag,...,an, B, [ROU, ..., Ui](a1,...,an,B)) = ¥i(aq,...,an, B,7),
Py, a,
Ui(ag,...,an, B, [ROU, ..., U)(a1,...,an,B)) =n,
[ROUy,...,Ui](a,...,an, Ba;) = n - Boraucienue dynrropa [ROWy, ..., U] Ha noc/ie10BaTe/IbHOCTU apry-
MEHTHBIX CJIOB (1, . . . , Qp, 30, B AHTEPIPETAIIMOHHOM MHOXKECTBE A, ¢ yKA3aHHBIM MHOXKECTBOM IOJIOKHTEIHLHO
W OTPHIATEIHLHO OMPONIEHHBIX CJIOB.

Teopema 1.5. Ilycrs gan dynkrop [RaVy, ..., Ukl, ai,..., a,, fa; - HEKOTOpPasi IOCIENOBATEIBHOCTD ap-
I'YMEHTHBIX CJIOB.

Iycts Piraw, ..., w,),3 - Berauciaenne dynkTopa [RaW¥y, ..., U] Ha apryMeHTHOM coBe 3, C pe3yabTaToMm
BBIYHC/IEHUS 7Y, B MHTEPIPETAIMOHHOM MHOXKECTBE A,

IIycts Py, 5,4 - Boraucaenne pynakropa ¥; Ha MOCIEIOBATETHOCTH apIyMEHTHEIX CI0B 3,7y, C Pe3yJIbTaToOM
BBIYHCJIEHUS 7), B MHTEPIPETAIIMOHHOM MHOXKECTBE A, TOrIa MOYKHO MOCTPOUTH BBIYUCICHAE
Piraw, ... w80, Gyukropa [RaVy,..., V] na aprymenrtaom ciose [a;, B MHTEPIPETAIMOHHOM MHOXKECTBE A\,
JIJIsT KOTOPOTO BEPHO:

1. (AY)

Plrawy,..., w10 ®7

=

(A_)P[Ra\lll,...,\llk],A =



2. (A+)P[Ra\l'1,..,,\llk].6ai = (AJr)P\pi,ﬁ,’Y U(A+)P[Ra‘lll

..... Tyl Ba; (A_)P\p,;”@,’y U(A_)P[Ra\lll,...,\llk],ﬁ

,,,,, 1,87

Hoxka3zareascrBo. [Tynkr (1) - ouesuzen. Iynkr (2). CocraBum caeayiomyo HOCIEI0BATEIBHOCTD Pa-

BEHCTB:

Prav,,.., 0.8

[RaWy, ..., Ul(za;) = Ui(z, [Ra¥y, ..., ULl(2))

[Ra¥y,...,Vi](Ba;) = U, (B, [Ra¥y, ..., UL](8)),

U (z,u) = ¥i(z,u),. ..,

(8, [Ra¥y, ..., Ukl(B)) = Vi(B,7),

Puy,:p.

Ui(B, [ROW, ..., U](B)) = n,

[Ra¥y,. .., Uk](Ba;) = n - Boraucaenne dynkropa [Ra¥y,. .., Uy] Ha 00CI€10BATEIBHOCTH APTYMEHTHBIX CJIOB
Ba;, B MHTEPIPETAIIMOHHOM MHOXKECTBE A, C yKa3aHHBIM MHOMKECTBOM MOJIOXKHUTE]HHO ¥ OTPUIATEHHO OMPO-
HICHHBIX CJIOB.

Yunreas, uro Length(A) = A, Length(aa;) = Si(a). |A| = A, |aa;| = |a| + 1 = S(|a), |z| - byrkuns
JUIMHBI CJIOBa &, TO BbIpaxkeHwe Buja Length(t), Oyaem obo3Hadars B BHIE |t|. O4eBHIHO, YTO apryMeHTHOE
CJIOBO (v SIBJISIETCS HATYPAJIbHBIM YHCJIOM, TOLJA M TOJBKO Toraa, korja b |a| = a, Length(«) - narypanbuoe
YHUCIIO.

Tepm, comepxkaiuii TobK0 GynkTopsl Buga: Concat, D, a TakKe HAaTypaJbHbIE YUCJIA, HA3BIBAETCH CJIO-
BapHbiM MHOrouseHom. CiioBaphble MHOrowieHbl OyayT o60o3nadarbes kak P(T).

W3 croiicrs: |Concat(z,y)| = |[Concat(|z|, y)| = |Concat(z, |y|)| = Concat(|z|, |y|) = |z| + |y|,
D(z,y)| = Dal.y) = P, lyhl = D(al,lyl) = ol - |y}, moaymme [P(ar,....z0) = Plll,..., [za]),
VafBvy[Concat(|al,|3]) = vV D(|al, 8) = ¥], Torma v - HATYpaIBHOE IHCIIO.

st mroboro ciosapuoro Muorodiena P(T), MOXKHO IIOCTPOUTH MHOTOYJIEH C HATYPAIbHBIME KO3 duImen-
ramu P*(T), uro Bepuo pasencrso P*(|Z|) = |P(T)].

Cocrasnm 3 < n — mecrubiit dynkrop Buzga [JConcatlf[JConcatly ...[JConcatI?_,I7]...]. dasa atoro

dyukropa B ucuucaennu CalcEq BbIBOIMMO paBeHCTBO

[JConcatl}[JConcatl} ...[JConcatI?_,I7]...](x;...x,) = Concat(z1, Concat(zs,... Concat(z,_1,z,)...)).
ITycrs Concat™ = [JConcatI}[JConcatlIy ... [JConcatI”_,I"]...],npun > 3, rorga b Concat”(z1,...2,) =
Concat(z, Concat(zy, ... Concat(z,_1,z,)...)). IIpu n = 2, Concat? = Concat, npu n = 1, Concat' =

I} u BeBonuMb pasencrsa: - Concat?(z, z2) = Concat(z1, 22), - Concat’ () = I} (z1) = z;.



F Concat™! (z1,...%n, Tpy1) = Concat(x;, Concacat” (za,...2Tn11)).

Onpegenenne. Ilycth & - HEKOTOPOE MHOXKECTBO N - ajapaBuUTHBIX (GyHKTOPOB. I KayKIOro MHOMKE-
cTBa A apryMEHTHBIX CJIOB, OMPEJETUM TOHATHE CTAHJAPTHON CIOBAPHON MOIETH, KOTOPYI0 0D03HAYUM KaK
WOI‘dMnA’@.

Hocwurenem 310it Momeu ABISIOTCS Bee 1 - ajibaBUTHBIE ApTryMEHTHBIE CJI0Ba. [ kaxkmoro k > 1 - MmecTHOTrO
dbyukropa ® € 2 onpeznenum onepanuio, obo3HadaeMyo fe U onpepengemyio kak Vavf|[fe(a) = f < A+
o(a) = Al

Ecmu muOX)ecTBO 1 - andaBuTHbIX (QYHKTOPOB ¥ COBIAIAET C MHOXKECTBOM BCEX 71 - aJI(PABUTHBIX IIPU-
MHUTHUBHO PEKyPCHUBHBIX (DYHKTOPOB, CTaHIAPTHYIO MoOIesb OyneMm obosnHadarb kak WordM,, », WordM,,, B
andasnre Z(U), £ coorsercrrento nim emre npome WordMy,, WordM.

3ameuanune. OTMeTnM, 9TO MHOXKECTBO Beex oneparuii mogern WordM,, coBnagaer ¢ KiracCoM CJIOBaPHBIX
dbyukuuit Pr(X), rae ¥ - andasur, cocrosiuuii u3 n pasaudnbix cumsosios[l, p.220, Definition 3].

Paccmorpum cieayrornye onpeaessiionue paBeHCTBa:

EXp(I',A) = az,

Exp(z,ya;) = D(z, Exp(z,y)).

Ouesngpo, uro |Exp(z,y))| = Exp(|z|,v)) = Exp(|z|, |y|)). MoxkHO mocTponTh Takoii 2- X MecTHbIH GyHK-
TOP, JIJIst KOTOPOro Oy/yT BEPHBI 3TU OIPEIESIONIHe COOTHOIIEHUS.

JI719 KayKI0ro HATYPaJIbHOTO YnuCiaa k > 1 BRIMUINEM CJIeLyIOMne Onpeaesaionine PABEHCTBA!

expk(A) = aq,

expx(aa;) = D(aq,. .., a1, expk(a)).

k—pas

MMeeTcst TPUMUTHBHO PEKYPCUBHBIN CIIOBAPHBIH (DYHKTOP, YAOBIETBOPSIOMINN STUM OMPEIEISIONINM DaBEeH-
cream. OGo3Hasnm ero Kak expy. s dbynkropa exp,, sepno WordM = Vz[|expy (z)| = k/#1],

Vaplexpy (a) = ], rorna f - HaTypaJIbHOI 4UCIIO.

ITpn k > 1 expy (@) - anciao k - andaBUTHBIX CJIOB JJIHHA KOTOPHIX PAaBHA, JJIHHE CJIOBA «, % -
qucio k - andaBUTHBIX CJIOB IPEAIECTBYIOIIUX B JEKCUKOIPADUIECKOM yIOPAJOUUBAHUN CIOBY |qay |-

Bameuanmue. s kaxkaoro Harypaapaoro uncaa k sepao WordM | Vzi[|expy (z)| = Exp(k, z))

Teopema 1.6. VImeercsi alropuT™, BBITIOIHSS KOTOPBII, 0 MpON3BOabHON dopmyre A(x1, ..., T,) UCIUC-
JIEHUSI BBICKA3bIBAHWI, B KOTOPOM 3JIEMEHTAPHBIE BLICKA3BIBAHUS SIBJISIIOTS BHICKA3BIBAHUS BUIA I = ¢, TIE T, (

- Tepmbl andasuta £ (U), MOKHO MOYKHO TIOCTPOUTH N - MeCTHBIN (GyHKTOD D 4, TAKOi, YTO

Va[WordM,, = A®@) & A - &4 (@) = A] (WordM,, = VZ[A(T) = &4 (z) = A])[4].



Hna kaxgoro ucxoguoro ¢gyukropa: I, Sk, Z, §, Length, -, Concat, D Bepuo
X2 (21, zn)| = I8 (2], - |2a)),
ISk (z)] = S1(|x]),
H1Z(z)| = Z(Jx)),
E ()| = 6(]x)),
F |Length(z)| = Length(|z|),
oy =zo| = |a1]= |22l
F |Concat(x1,x2)| = Concat(|z1|, |x2]),

EID(21, 22)| = D(|z1], [22]).
Part 11
IIpocToe BbIuncieHne pyHKTOpa

C KaxIbIM 1 - MECTHBIM (GYHKTOPOM P ¥ MOCIEI0BATEILHOCTHIO APTYMEHTHBIX CJIOB (U, . . . , Qy, B JAJILHEH-
niem 0603HAYAEMYIO KaK (O, CBsI?KEM MpOCTOoe(KaHOHUYECKOe) Bbruucyaenue pyHkropa P Ha nocsesoBare/lbHOCTH
ApPryMEHTHBIX CJIOB (v, ..., Qy, O003HAYAEMOE KaK Pg.oy, o, . DTO IPOCTOE BBIYHCIICHUE IOCTPOUM HHJYK-
nueit mo mocrpoenuio ¢gyukropa ®, a BHyTpM STON WHAYKIUH, IJisi PEKYPCUBHOTO (DYHKTOPA MHIYKIMEH O
IOCTPOEHUIO aPTyMeHTHOro ¢10Ba. C KaKAbIM IPOCTBIM BBIYHCICHHEM yKazkeM MHOKECTBA (AT)p ¢.q, o, U
(A7)p.o:ay.....0p, ¥ AnuHy Bblauctenus lp ¢ (@) - 4uca0 paBeHTCTB B BHIBOAE Po.y -

Just ucxonueix dynkropos: Si, Z, I | §, Length, =, Concat, D:

s dyakTopa Sy:

1. Sk(l‘) = Sk(l'),

2. Si(a) = Si(w).

(AJr)PySk;a =0,

(A7)p.sia = 0.

Jnuna erauciennd lp g, (o) = 2.

st dyukropa Z:

1. Z(.’El) = A,

2. Z(a) = A.

Jnuua oraucnenus lp z(a) = 2.

(AT)pzia =0,

(Af)P,Z;a =0.

10



Hns pyrkropa U:

U(a) = A, ecim « € A, nnave,

U(a) = ay.

Hnuna eraucienus lp y(o) = 1.

(AN)pu.a ={a}l, (A7)p U =10, ecmm a € A,
(AN p U =0, (A7 )pua={a},ecma ¢ A

Hnsa dyrxropa IT:

1. I (21, ..y Tp) = T,

2. I (1, @2y oy X)) = Ty - - s,

n+ 1. I (aq,...,0pn) = Q.

Jmma peraucienns Ip i (o, ..., ) =0+ 1.

(A+)P7I%;al,~-.,an

0,
(A_)P;I::L§a17---;an = @

s pyakTopa d:

2. 6(x1a,») =T,
3. 6(aa;) = a.
JlnvHa BBIYUCIEHUS 33JaETCS OTPEeIeIsTIONUMEI PABEHCTBAMMT:

Ips;(A) =1,

st dyakropa Length:

1. Al = A,
1.|zyak| = |z1]aq,
2.|aag| = |alay,

[IIycts Prength:a - IpocToe Borducienue ¢pyukropa Length ma apryMenTHOM CI0BE (v, Jajiee BLITHCHIBAEM
3TO MPOCTOE BBIYUCTEHNE Prength;o, B KOHIIE 3TOTO BBIBOJA CTOUT PABEHCTBO || = <y, IpOmomzKaem|

PLength,aa
3. Sl(l’l) = Sl(:cl),

4. S1(laf) = Si(v),

11



5. |aak| = ya;.

JIinHA BBIYUCIEHUS 330aETCs OTPEIe/IAONIUMA PABEHCTBAMMU:

lP,Length(A) = 17

Ip Length(®ar) = Ip Length () + 5.

lP,Length(a) =1+5- ‘ala

(A+)P,Length - @5

(A7)p Length = 0.

s dyskTOpa ——!

1. 1’1;/\ =T,

2. a=A =q,

1. 1 ~—xoar = 6(x1—x2),

2. a—=—zoar = 0(a——1x2),

3. a—=fai = d(a—=p),

[IIycts P_._ ., g - mpocToe BBIunCIeHne (DYHKTOPA —— Ha aPTyMEHTHBIX CJIOBAX «, (3, Jajlee BLIITHCHIBAEM ITO
upocroe Borauciaenue P_. ., 3, B KOHIE 9TOI0 BBIBOIA CTOMT PABEHCTBO a=— 3 = 7, IPOJIOJKAEM)|

Pé;aﬁa

5. 0(a=p) = 4(v)-
[ Iycts Ps., - mpocToe Boramcienne GyHKTOpa § Ha arpyMEHTHOM CJIOBE <y, B KOHIIE 9TOIO BBIBOAA CTOUT

paBencTBo Buja 0(7y) = 1, LpoAOIIZKAEM)|

Pé,"/a
6. 6(a—=p) = n,
7. a;ﬁak =1,

‘ILHI/IHa BbIYHUCJICHUA 3aﬂaéTCH OonIpeae/IAI0IUMU PaBEHCTBaMM:
lp. (a,A) =2,

lp—- (o, Bay) = lp—-(a, B) + lp,(a==P3) + 7.

2+9-18], if laf > [B] > 0;

P (@) = lal+8-|8], if1<|a|<|Bl;

24818, if|af=A.
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(A7)p,— =10.

s dyrkTopa Concat:

1. Concat(x1,A) = x4,

2. Concat(a, A) = «,

1. Concat(xy, z2ar) = Concat(z1, x2)ak,

2. Concat(«, z2ai) = Concat(a, x2)ag,

3. Concat(«, Say) = Concat(a, 8)ax,

[ IIycts Pconcat;a,s - TpocTOe Bhruucitenue dynkropa Concat Ha arpyMeHTHLIX CJI0BaX « H 3, B KOHIE
5TOro BhiBoJa crout pasencrso Buga Concat(q, ) =+, uponoskaem|

Pconcat;a, 3

4. Sg(x1) = Sk(x1),

5. Si(Concat(a, 8)) = Sk(7),

6. Concat(«, Sa) = Sk(7).

JliuHA BBIMUCTICHUA 3a0a6TCA ONPeIe/TaIONAMA PABCHCTBAMH:

IPconens (6, A) = 2,

IPGoncat (@5 Bak) = IPconcar (@ B) + 6,

IPconcar (@ B) =2+ 6+ 3],

(A")p Concat = 0,

(A7)p,concat = 0.

g dbyukropa D:

1. D(z1,A) = A,

2. D(a,A) = A,

1. D(21, z2a;) = Concat(zy, D(z1, 23)),

2. D(«, z2a;) = Concat(a, D(«, x2)),

3. D(a, fai) = Concat(a, D(a, ),

[ Iycts Pp.o g - mpocroe Burumcsenue GpyHKTOpa D HA arpyMeHTHOM CJIOBE « U CJIOBE [, B KOHIIE 3TOLO
BBIBOJIa cTONT paBeHcTBO Buaa D(w, §) = v, npomoikaeM|

Pp.as,

4. Concat(zy,x2) = Concat(z1, z2),

5. Concat(a, z2) = Concat(a, z2),

6. Concat(o, D(«, 8)) = Concat(w,7),

13



[ IIycte Pooncat;a,y - mpocToe Boraucienne ¢pyunkropa Concat Ha arpyMeHTHOM CJIOBE ¢, 7, B KOHIIE 3TOLO
BBIBOJIa cTonT paBeHcTBO Bruga Concat(a,y) = 7, npomoskaeM|.

Pconcat,a,y

7. Concat(a,D(a, 8)) =1,

8. D(a, Bai) = .

JInvHa BBMUCTEHHS 331aETCS ONPENEIIONAMA PABEHCTBAMU:

lpy (a,A) =2,

lpp (v, Bag) = lpp (@ B) + IPgonea (@, D(e, 8)) + 38,

Ipp(e, B) =2410-[B]+ 3ol - |B](|8]=1),

(AY)pp =0,

(A )p 0.

D

Hnga dbyakropa [JOUq, ... Ul

ITycts Py,.z - mpocToit BeBOA, dyHKTOpa V) Ha MOCIEIOBATETHHOCTH apTyMEHTHBLIX CJIOB @, ..., Py, & -
mpocToit BeiBOI (pyHKTOpa V) Ha MOCIEI0BATETHHOCTH apTyMEHTHBIX CJIOB O

CocraBuM 1OCJIEOBATEILHOCTD PABEHCTB:

Py, &, .-, Pu,a,

[ B xonue kaxzuoro soiBoga Py, naxoqurca pasencrso suga U; (@) = -;, upomosizkaem|

s+ 1. (xq,...,25) = P(zq,...,28),

s+2. (Vy(@),xa,...,x) = P(y1, 22, -+, Tk), - - -,

s+k+1. &0 (@),..., V(@) = P(y1,.--,Vk)s

[IIycts Pg.5 - mpocroii BbIBOA (byHKTOpa $ Ha TOCIEI0BATENHLHOCTH apTyMEHTHBIX CJIOB 7, B KOHIIE 9TOIO
BbIBOJIA HAXOAUTCs paBeHCTBO P (71, ..., v%) = 1, HIPOJOIIZKAEM]|

P<I>;77

stk+r+2 T (a),..., ¥ (@) =n,

s+k+r+3. [JOUy, ..., U](z1,...,20n) = P(V1(z1,. -y @n), -, Yi(1,. .., 20)),

s+k+r+4. [JOUy, ..., U ](ar,...,2n) = P(V1 (a1, ..y Zn)y ooy Pilan, .. xn)), ..

stk+r+n+3. [JOU, ..., U](ar,...,an) =P(T(ar,. ., an), s rlag,...,an)),

st+k+r+n+4. [JOUy, ...,V )(ay,...,a,) =1 - NOTYIEHHAS TIOCTEIOBATENLHOCTD PABEHCTB - TIPOCTOE
Beruncsienne dbyukropa [JOWy, ..., Ux] HA TOCTIEI0BATENBHOCTH APTYMEHTHBIX CJIOB OV

JlmuHa BBIYUCTIEHUs 33/1a8TCs OMPEIETIAIONIMEI PABEHCTBAMHU:

Plas,. ) (@) =lp,, (@)+, ..., +lp,, (@) + lpy (U1(@),...,¥%(@) + n+k+4.
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(AT) =

P[J@\Ill ..... W30, O

ic-

(A+)P\pi;a1,---,an U(A+)P¢?717---17k’

K2

k
vy = iL:Jl(A_)P‘Pﬁalv"’a" UAT)Pyiyy,... .y (cM. TeOpemy 1.3.).

Hast n > 2 - mecrHoro ¢dynkropa [ROUy, ..., ¥,,]:

CocraBuM MOCIEIOBATENBHOCTD PABEHCTB:

1. [ROUq, ..., U )(x1,. .y xn, A) = P(21, ..., 2p),

2. [ROU, ..., Uy](01, ... &y, A) = P(a1,. .., Tpn)s - oy

n+ 1. [ROTy, ..., Up)(a1,...,an,A) = P(aq,...,an),

[[Iycts Pg.z - mpocroit BeBOX (dyHKTOpa P HA MOC/IEIOBATEIFHOCTH APTyMEHTHBIX CJIOB (&, B KOHIIE 3TOCO
BbIBOJIA HAXOaUTCa paBeHCTBO Py, ..., ay,) = 7y, IPOHOIZKAEM)|

Po.a,

n+r+2. [RO¥y,...,U,](ar,...,an,A) =1,

[Tycts PlRraw,.... .0, Ja1,....ans: - TPOCTOI BBIBOM dyHKTOpa [ROWY, ..., ¥),| Ha TIOCTIEIOBATETHHOCTH APTY-
MEHTHBIX CJIOB (V1 . . ., (p41, B KOHIIE 3TOTO BHIBOJA HAXOANTCS paBeHCTBO [ROU1, ... U l(ag, ..., Qp, pg1) =
B, mpononKaeM|

Prov,,. . v.]01,..ani1

[[Iycts Py, a,....,ans 1,8 - TPOCTOI BBIBOM (byHKTOPA W}] HA MOC/IE0BATETHLHOCTH APTYMEHTHBIX CJIOB (11, . . . , (i1, 3,
B KOHIIE 9TOI'0 BBIBOJA HAXOAUTCHA paBeHCTBO [Wi(ay, ..., ap, Qpt1, 8) = 0, npomoxkaeM|

Pyiar,anii,bs

s+t+ 1. [ROUy, ..., Up](x1, .., Zn, Znt1ak) = VX1, ooy Ty Tog1, [ROU, .., U] (21, - oy iy Tig1) )

$+Ht+2. [ROUq, ..., U J(a1, ..., Tn, Tpyrak) = Yi(aa, ..., Ty, Tpit, [ROU, ..., U ](aa, ..o Tn, Tn1)), - - oy

n+s+t+2. [ROU, ..., U, )(a1, ..., an, app1ar) = Yr(ag, ... an, ang1, [ROU, ..., U (a0, . .oy, any 1),

n+s+t+3 Up(ry,...,0n00) = Vp(z1,. .., Tnao),

n+s+t+4 Upla,...,xn42) = Velag, ..., Tpi2), ..,

n+s+t+4 Up(ar, ..., g1, Tnp2) = Vie(ar, ..o Gng1, Tnt2),

2n+s+t+5. Up(ar,...,nt1, [ROUy, ..., U (a1, .. an,ant1)) = Ur(ag, ..., ant1, 0),

n+s+t+6. Up(ar,...,an11, [ROV, ..., U )(a1,...,an,ant1)) =6,

2n+s+t+ 7 [ROUy,..., U] (a1,...,Qn, apt1ar) = 6 - 3Ta MOCIETOBATEIBHOCTh PABEHCTB SIBJISETCS
npocTbiM BbiBoJOM (yHKTOpa [RO®V, ..., U,,] Ha 10CIEJ0BATEIILHOCTH APIYMEHTHBIX CJIOB (1, . . .y (i1 -

JInvHa BRIMUCICHAS 330a8TCA ONPeNCIIONAMA PABCHCTBAMM:

lP[wal ,,,,, @] (av A) =lp, (a) +n+2,
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Pray, (@, apprax) = P oy, w) (@, apy1) + lpy, (@, ant1, [ROYq, ..., U, ](@, apt1)) + 20+ 7
1. <A+>P[Rq>\p1,___,\pm],al,___,an,/\ = (A+)Pq>;a17...,am

(Ai)P[RdﬂPl,“‘,\Pm],al,,4.,an,A = (Ai)Pep;au---,an

2. (AP rau, wntarompe; = APy san a8y UAT)Plan, witior anss

(A_)P[R<I>\Ill,.,.,\Ilm],al,,.,,an,ﬁa,i = (A_)P\Ifi3a17~--,an,5»’Y U(A_)P[RCD\Pl,,.A,\Ilm,],al,.“,an,ﬁ (CM' TEOpeEMY 14)
Cayyait, korna dbyskrop pekypcuu umeer Buj [Ra®q, ..., ®,,], pasbupaercsa aHAIOrUIHO.

JIj1st HEro OTPEeNEesISTIONINe PABEHCTBA AJIUHBI TPOCTOTO BHIYUCIEHUS] TAKOBbI:

lP[Raqzl,...,\pm](A) =1,

lP[Ra\Ill,...,\I/.m] (O‘ak) = lP[Ra\Pl,,.,.\I/k] (a) + lP\I/k. (O" [Ra\Illv SR \Ijm}(a)) +7
1. <A+>P[Ra\y1,...,\pm],A = (Z)v (A_>P[Ra\lll,...,\llm],A =0

2. (Aﬂpmwl....wm],aai = (A*)pwi,ﬁw U(Aﬂ[P[Rwl,.,.,wm],B’ (cMm. Teopemy 1.5),

CBoiicTBa IPOCTOro BBIYUCIEHUA PYHKTOPOB:

1. IMocnennee paBEeHCTBO MPOCTOrO BBHIYHUC/IEHWS n— MeCTHOro dynkTopa ® Ha mociaemoBaTenbHOCTH ap-
YMEHTHBIX CJIOB O, siBJseTcs paBeHcrBo Buma P(@) = [, rme S - apryMeHTHOE CJIOBO, KOTOPOE HA3bIBAETCSH
Pe3yJIbTaToOM [POCTOr0 BbIMHCJIEeHUS N— MeCTHOro pynkropa ® ma mocsie0BaTeibHOCTH apPI'yMEHTHBIX CJIOB (.

2. [Ipocroe BbrunCIeHNE N— MECTHOrO (PyHKTOpa P HA MOC/IEIOBATEILHOCTH aPTyMEHTHBIX CJIOB (U COCTOUT
TOJILKO U3 TeX (PYHKTOPOB, KOTOPBIE SABAAIOTC moadyakTopamu ¢pyukropa ®. Ilpu 3TOM HCIIOMB3YI0TCA TOTHKO
npaBuia BeIBOgA Sb mwian Sub;.

3. Bce onpamBaembie CJI0Ba, IIpu NpocToM Boruuciaenun Gpyuakropa [JPWUy, ..., U, ] Ha 10c/1e10BaTeIbHOCTH
apryMEHTHBIX CJIOB (¥, COCTOSAT M3 OIPAIINBAEMbBIX CJIOB, KOTOPbIE BXOAAT B IPOCTOE BbluuciaeHue (HyHKTOPA
U, HaA MOCIEI0BATEIHHOCTH APTYMEHTHBIX CJIOB ( M T.JI. U3 OMPAIIUBAEMBIX CJIOB, KOTOPHIE BXOIAT B IPOCTOE
Borancyienne ¢pyukropa ¥, Ha MOCIEI0BATEIbHOCTHA aPTyMEHTHBIX CJIOB (Y, U3 OMPAIUBAEMBIX CJIOB, KOTODbHIE
BXOJAT B IpOCTOe Bbruucienue dpynkropa ® ma nocsenoBaresibHOCTH apryMEHTHBIX CJIOB Y1, ..., Ym, A€ Vi -
pe3yabrar Bbraucsaenus ¢pynkropa ¥, Ha TOCIEI0BATEIHHOCTH APTYMEHTHBIX CJIOB Q.

4. Bce onpaiuBaemble cJI0Ba, pU IPOCTOM Bbluucjaenun Gpyakropa [ROV, ..., U, | Ha n0ocie10BaTebHOCTH
ApryMEHTHBIX CJIOB &, S0k, COCTOAT W3 OMPAIIUBAEMBIX CJIOB, KOTOPhIE BXOAAT B MPOCTOE BBIYUCIEHUE (DYHKTO-
pa ¢ Ha moc/IeIOBATELHOCTH APTyMEHTHBIX CJIOB (Y, U3 ONpalIuBaeMbix cjIoB dbyHkropa [ROUy, ..., U,,] npu
[IPOCTOM BbIYMCJIEHUM HA [IOCJIEA0BATEIHOCTA APIyMEHTHBIX CJIOB &, ((Upeablayuuii mar), 13 OlpalluBaeMbIX
CJIOB, KOTOPbBIE BXOIAT B TPOCTOE BhruucjaeHune MyHkTopa ¥y Ha MOCIeI0BATEIFHOCTH aPIyMEHTHBIX CJIOB &, 3, Y

rue 7y - pesyabrar Bbraucsaenus Gyakropa [R®VU, ..., U, | Ha mocieq0BaTeebHOCTH CIIOB @, 3.

5. JIio6oit n - mecrubiii pynkrop ® MOKHO MHTEPHIPETUPOBATH KAK HEKOTODPBIH AJITOPUTM, BBILIOJHAA KO-
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TOPBIH, MOXKHO BBIYUCJIUTH 3HAYEHUE 3TOr0 (PyHKTOPA HA 33JAHHOM IOCIIEI0BATEIBHOCTH APIyMEHTHBIX CJIOB
Qq, - .., 0n. IIpocToe Beramcienne 51oro GbyHKTOPA Ha 33JaHHON MOCIeI0BATETIHLHOCTH aPTYMEHTHBIX CJIOB SIBJIS-
ercs peanusanueil TOro aaropuTMa.

s kaxgoro ucxoguoro ¢gyuakropa: I, Sk, Z, §, Length, -, Concat, D Bepuo

lp% (X1y..oyapn) = lp%(|x1|, oo lzal),

Ip,(z) = lp, (|z]),

lpg, (2) = lpg, (|2),

lps(z) = lps(|2)),

IPLengen () = IPpangen (17]);

lp_(z1,22) = lp__(|z1],[72]),

IPGoncat (15 72) = IPgoneas (171, [721),

lpp (21, 22) = lpp (21], [22]).

Sameuanmne. [Iycts @ - n - Mecrusil dbynkTop andasura £, cocrasrenusrit u3 dyukropos I, Z, d, Length,

-, Concat, D c nomorpio omeparopa cynepno3uiiuu J, Torga s 3Toro pyHKTOpa BEPHO

Fl®(z1,. .. x0)| = O(|z1],- .., |Z0])-

Part III

DyHKTOp OorpaHudeHHOl pekypcumu, PPr dbyHKTOpPSBI

ITycrs @ - mpon3BosbHbI 1 - MecTHBIH GyHKTOp. CocraBuM bykHKTOD [J (IDI?H7 ... I"1 - peenenne n + 1
bukTUBHOI EpeMenHOit, ToT DYHKTOP 0603HAUYUM KaK [J Py y1].

Pagencrso Bujga x——y = A 6yaem 0603Hauarb Kak & < Y. Y4uTbiBasg CBOWCTBO T-—y = A <> |z|=|y| = A,
dbopmyny Buma = < y, OyaeM 3amucHBATL Takxke B Buze |z| < |yl.

A, ecmm |z| < |yl;
Ty = , TJIe Z - TaKoe CI0BO, KOTOPOEe ABSETCS HAMalIoM CI0BAa T U JJINHA KOTOPOTO

z, UTHade

pania. [z] — [y.

st mo6oro ciosapuoro muorousena P(7), yuursisas, uro |P(7)| = P([g]), Bepuo:
2] < [P@)] = lal < P(7)).

O6osnauum asyxmectnbiii gynkrop J[-13J[=I213]] kax min. /Ina sroro dynkropa andasuta £, B uc-
aquciaennu CalcEq BbiBosumo pasencrso min(zy, z2) = x1-=(21--23).

Ceoiictea: F min(zq, 22) = min(z1, |22|), F |min(z1, 22)| = min(|z,|, |22|)
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z, ecmm |z| < |yl;
min(z,y) = , TJIe z - TaKOe CJI0BO, KOTOPOE SIBJISETCS HAYAJIOM CJIOBA X U JJTUHA KOTO-

z, WHade

poro pasua |y|.

VafWordM = |min(a, §)| < |B).

IIycte P - n - mecTHBII MHOrOWIEHHDBIH (DyHKTOD, P - N - MecTHBIH GyHKTOP, ¥ - N+ 1 - MecTHBIH GYHKTOP.
Cocrasum dyurTops:: [Jmind, P], [JminV[JP,, 1]] - dyHKTOPHI OrpaHnveHnsi, COOTBETCTBEHHO 63 BBEIEHNs

bukTUBHOI epeMeHHOH u ¢ BegeHueM (PUKTUBHOl epeMeHHoi. D1u (HyHKTOpbI 0003HaunM kak Bound (P, P),

Bound(V, P).
Iycts @ - n - mectubIi GyukTOp, V1, ..., V) - n+2 - MmecTHBIE QDyHKTOPHI, P, P71 - coorBeTcTBeHHO Ny N+ 1 -
mecTHbIe MHOrOWwIeHHbIe GhyHkTOpbl. CocraBum dyukrop [RBound(®, P), Bound(¥,,P,),..., Bound(¥;, Py)]

- PyHKTOpP OrpaHMYEHHON PEKyPCHU.

Just kaxkgoro dyHKTOpa orpanndenHoii pekypenu I' = [RBound(®, P), Bound(¥4,Py), ..., Bound(¥;, Py)]
BBIBOJMBI PABEHCTBA:

FT(z1,... 20, A) = min(®(zq, ..., 2,), P(x1,...,25)),

FT(x1,. .o Zn, Sk(Tne1)) = min(Wi(z1, ..o, Zn, T, D@1, - o Zpa1)), P11, -+ o 0, i),

JUIs JII0OOr0 MHOKECTBa apryMeHTHbIX cjioB A Bepro: Va, V3 # A A+ |I'(a, A)| < |P(a)],
A+ I(a,B)] < [Pi(a, B)]-

WHpyKTUBHO OIpeJenM MHOXKECTBO (DYHKTOPOB, obo3Hadaemoe kak PPr(U):

1) Cuoo Buga U - nosmHoMuasbHas IPOrpaMMa;

2) CuoBa Buna Z, §, Length, S;, I, =— Concat, D - oJMHOMHAATIBHBIE TIPOrPAMMBI;

3) Ecu @ - k - mecrubiit dyuakrop, Uy,..., U - n - MecTHble (DYHKTOPHI ¥ SBJISIOTCH MOJTMHOMHUAJIbHBI-
mu nporpamMmamu, T GyHKTOp [JPUy, ... Uk] - IOIMHOMEATBHAST IPOrPAMMA, T.€. IPUHAJIEXKUT MHOKECTBY
PPr(U);

4) Eciu @ - n - mecrubiii yukrop, ¥y, ..., ¥y - n+2 - Mecrrbie (DyHKTOPBI U SABJIAIOTCS OJMHOMUAbHBIMU

nporpammamu, P, P - coorBercTBeHHO 1, . + 1 - MECTHBIE MHOTOYJIEHHBIE (DYHKTOPHI, TO (PYHKTOP
[RBound(®,P), Bound(¥,,P,),..., Bound(¥, P;)]- noamHOMIIbHAS TTPOrpaMMa.

MHuozkecTBO (PYyHKTOPOB OLPEHe/IEHHBIX CONJIACHO IyHKTaM 2-4, Oy/eM TakzKe Ha3bIBATH IIOJIMHOMHUAJbHBIMEI
mporpaMMamu, HO B ajiaure Z. DTO MHOKECTBO (DYHKTOPOB OymeM obo3Hauarh kKak PPr.

3ameuanne. MHOXKeCTBO Beex omepannii cTanIapTHOH cnosapHOit Mogenn WordM, pp, coBIagaer ¢ Knac-

com dynkmuu F2(X)|1, p.220. Definition 7|, rne ¥ - andasut, coctosimmit u3 n > 2 pasjauIHbIX CUMBOJIOB.
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Ecnu u3 xourexcra 6yuer nouaTHO uiu Oyuer ne BaxxHo B KakoM asdasure £ unu £ (U), paccmarpubaercs
muoxkecTBo PPr nwian PPr(U), Torna 6yaem mpocto obo3nadars PPr.

Teopema 3.1. ITycrb ® - n - MecTHAs NOIMHOMHAIbHASA IPOrpaMma, 1.e. & € PPr, rorma cymiecrsyer(MOXKHO
LOCTPOUTD ), TaKOil csioBapHblil Muorowien P (T) roii xke MmecTHOCTH, 9TO 1 1106010 HAOOPA APy MEHTHBIX CJIOB
Q BEpHO:

a) VAWordM, = [®(a)| < |P(@)]-

b) VAWordM, = lp, (@) < |[P(@)];

¢) VAWordM,, = Flip,(a) < |P(a)|.

dokazaTesbcTBo. /[0Ka3aTebCTBO MPOBOANTCA MHAYKIHEH 1o mocTpoeruio ¢pynrropa PPr, ucnonb3ys
TTPU 3TOM CBOHCTBa MPOCTOTO BBIYMUCIEHUS, cTp. 10 - 15.

ITycrs ® € PPr(U) - n - mecTHblil (BYHKTOD, TOrIA CYIIECTBYET TaKON cjaoBapHbiii Muorowien P(T), uro
JIJTsl TPOU3BOJIBHOTO MHOZKECTBA APIYMEHTHBIX CJIOB A, JIIOOBIX apIyMEHTHBIX CJIOB (1, . . . , (ly, JJIAHA BCEX OIPa-
MIIABAEMBIX CJIOB B IPOCTOM Bhrumcienuu pynrropa ® Ha aq,...,Q, ¥ 9UCI0 OMPOIIEHHBIX CJIOB OrPAHWYEHDI
|P(ag,...,an)l|-

Bameuanmue. [Tycrb MT - opakynbaas mammnaa Teiopunra ¢ Bxogabiv andasurom A = {ay, ..., a;} (k > 2),
U OpPaKyJIbHBIM MHOXkKeCTBOM B, BpeMsi paboThl KOTOPOil OrpaHUYEHO HEKOTOPBIM MHOTO4YIeHOM P(x1,...,x,) €
HarypaiabibiMu kodddunuentamu. Ilycrs fyr (1, ..., 2,) - ciaoBapHas QyHKIMs, KOTOPasi, IIOPOXKIEHA PAC-
cmarpuBaemoit opakyapHoit MT. Torma mMoxkHO mocTponTh Takoit dynkrop & € PPr(U) Toii ke mMecTHOCTH
MHOKECTBOM BXOJHBIX CJIOB KOTODPOI'O, SIBJISETCS MHOXKECTBO apryMeHTHbIX ¢jioB {S1(A), ..., Sk(A)}, uro BepHO
Vai,...,qp, BBE®(ay...,a) = B <= fmr(al,...,ar) = B|1 p. 224. Theorem 6|35, Teopema 1 ctp 228]3.

Bameuanmue. Ilycts & € PPr(U) - n - MecTHBIH GYHKTOP, MHOKECTBOM BXOJHBIX CJIOB KOTOPOTO, SIBJISIETCS
MHOKECTBO aprymeHTHbIX cjioB {S1(A),...,Sip(A)}(k > 2). IIycrb B - unrenperanusi opakyJibHOrO CHUMBOJIA
U. Toraa MOXKHO MOCTPOUTH OpakyabHyto Mammiy Tetopuara MT - ¢ Bxogabiv andasurom A = {aq,...,ax}
U OpaKyJIbHBIM MHOXKECTBOM B, Bpemsi paGoThl KOTOPOI OrpaHMYEHO HEKOTOPOM MHOrowieHoM P(zq,...,xz,) ¢
HaTypaiabHbiMu KodbdumenTamu, 4o i ciaoBapuoil dyukuuu far (T, ..., Tp), KOTOPas MOPOXK/IEHA Pac-
cmarpuBaeMoii opakyabHoit MT Bepro Vaq,...,ar, 8 BF ®(ay...,ar) = 8 <= fmr(aa,...,ar) = B[[1 p.
224. Theorem 7][5, Teopema 1 ctp. 230].

IIycts A - maremperarus opakyiabHOro cumBosa U. WHAYKTUBHO ompeaennM MHOXKECTBO (pyHKTOPOB, 000-

3Havgaemoe Kak PPr(A):

29Ta TeopeMa JIETKO MEPEHOCHTCS B CIydYae KOIJa PaCCMATPUBAEMA MAIMHa ThIOPHHTA, ABJIHETCH OPAKYJIBHON
3Bce ykazammbie ma crammmax 212-215 crosapubie dyukmun seasiorcs PPr ¢ysxmusvu, andasuta £, paccmMarpubaeMas
TeopeMa JIETKO IIEPEHOCHTCA Ha OPaKyJIbHYI0 MAallnHy TbropuHra
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1) Cnoso Buga U - PPr(A) nporpamwma;

2) Cuosa Buza Z, d, Length, S;, I, = Concat,D - PPr(A) nporpammsr;

3) Eciu @ - k - mecrubiit dynkrop, ¥y, ..., ¥y - n - mectable GyHKTOPDI U sBigiorcs PPr(A) nporpamvamu,
to dynkrop [JOPUy,..., U] - PPr(A) nporpamma,

4) Eciu @ - n - mectabiit hyarrop, Uy, ..., Uy - n+2 - mectabie GyHKTOpLI 1 gBisiorca PPr(A) nporpamva-
mu, P - n+1 - ciioBapubiii MEHOrowiIeH, roraa, eciu Bepao WordMy = VT, y{|[ROV 1, ..., VL] (Z,v)| < |P(Z,y)|},
rorga dyuakTop [ROVy, ..., U] - PPr(A) - mporpamma.

Sameuanmne. Eciiu @ € PPr(A), Torma MOXKHO MOCTPOUTH TAKO# CJIOBapHbIil MuOrouwied P(T), 4ro BepHO
WordM,, = Vz{|®(Z)| < |P(Z)|}.

Bameuanmue. s awo6oro dyukropa & € PPr(U), qus awoboro opakyiaa A, sepao ® € PPr(A).

Sameuanmne. Ilycrb A - umaTenperaius opakyabHoro cumsona U. g moGoro dynkropa ® € PPr(A),
MO2kHO nocrpouts Taxkoil Gynxrop ¥ € PPr(U), uro sepuo WordMy, = VZ[®(T) = ¥(T)].

JokasarenabcTBo. JloKa3aTebCTBO BEIETCA WHAYKIMEH Mo mocTpoenuio ¢gpyukropa ®, a BHyTpH 9TOH WH-
JIYKITHH, HHAYKIIAEH 0 TOCTPOEHUIO APTyMEHTHOTO CJI0BA.

Bameuanue. Ormerum, 4ro fua orHOmEeHus eXpy () = y moxkuO cocrasurh Gynxrop EXPy, npunamie-

xamuit PPr, Taxoit, ato WordM = Vzylexpy () = y ©F EXPy(z,y) = A].

Part IV

@yHKI_[I/IOHaJIbeIe CcJIOBa U UX CBOMCTBa

Cocrasum cienyrommuii cioBapusbiii repm Concat(|a|, Concat(az, Concat(«, Concat(S, Concat(as, asz))))).
ITycrsb 1 - obosuadenue aprymenraoro caosa S1(A), 2 - 0603HadeHUe apryMeHTHOro cjioBa Sa(A), Toraa ciosap-
uoiit Tepm Concat(|a|, Concat(as, Concat(a, Concat(3, Concat(az, as2))))) mas HarasigHOCTH Gy1eM 0603Ha-

gath B Buze 1,...,12a0622.
——

|a|- pas
IIycTs ¢ - Takoit dpyukTOp, M1 koroporo B ucuuciaernu CalcEq BbIBOIMMO paBeHCTBO

clz,y) =1,...,12zy22 = |z|22y22.

jol- pas
ITycTh mana Mpou3BOIbHAS OCIEA0BATENLHOCTD AP apryMEHTHBIX CJI0B ((1,71) - - -, (i, Y ) (He OBsa3aTENB-

HO PA3JIMYIHBIX TAP). Ty MOCTETOBATENLHOCTD OyIeM HA3BIBATH (DYHKIMOHAIBHOMN, €CJTU BBIOJTHAIOTCS YCIOBUSL:
1. Vi[’w =AVy = al],

2. VZ,j[Oé,L =05 — Y = ’}/]]
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Beeném nonsTHe, KoTopoe B gasbHelneM Oy1er UMeTh BaXKHOE 3HAYEHUE.

Onpenenenune. 1. A - QyHKIMOHAIBHOE CJIOBO.

2. Ecnu nocnenoBaresnbHocTb ap (a1,7v1) - - - (i, Yn) ABIgETCH DYHKIMOHAIBHOI, TO CJIOBO BUIA
Concat(c(aq, 1), Concat(c(az,y2), . .., Concat(c(ag, k), A)), .. .,) - dyHKunOHANBHOE CJIOBO,
mpu 1 < k < n.

Harngnno dyHKIMOHAIBHOE CIIOBO MOXKHO 3amucaTh B BUIE |a1|2a17122, . . ., |ag|2aky,22.

CrioBa TOCI€IOBATETHHOCTH (1, . . . , (), OyJEM HA3BIBATH OOJACTHIO OMPEJENIEHNST PACCMATPUBAEMOTO (DYHK-
[IMOHAJLHOIO CJIOBA, a CJIOBA, MTOCJIEIOBATEILHOCTH Y1, - - . , Yk COOTBETCBYIOIINMY 3HAYCHUSIMHU.

3ameuanmne. Jlio6oe GyHKIMOHATBHOE CIOBO f Gy/IeM WHTEPIPETUPOBATH KaK CJIOBO COIJIACHO €ro OImpeje-
JteHust ¥ KaK (PYHKINIO ¢ TeM ke nmereMm. O0IacTh ONpeIe/ieHnst 1 MHOYKECTBO 3HadYeHnit GpyHkiuu 6 - 001acTh
OIIPEIEJICHUsT U MHOXKECTBO 3HadYeHuii (byHKIMOHAILHOrO cioBa , npudém O(q) = A, Torma u TONBKO TOrIA,
Korga caoBo c(a, A) - noxcaoso ciosa € u 6(a) = aj, TOrJA U TOJBKO TOLJA, KOLJA CJIOBO C(a, aq) - HOACI0BO
cioBa 6.

Obsacrb onpenesenus GyHKIuoHaIbHOrO cyiosa f Gynem obo3nadars Kak dom(6).

IIycrb 0 - Hekoropoe yHKIMOHAILHOE CJIOBO. st 3TOro (PyHKIMOHAJIBHOIO CJI0BA HOCTPOUM MHOKECTBO
apryMeHTHBIX CJIOB, onpenensemoe kak Ag = {a : o € dom(0) u 0(a) = A}.

st moboro repma ¢(T), gist 1060 HOCJIEI0BATEIHLHOCTH aPIyMEHTHBIX CJOB O, JJlsd JIIOOOr0 MHOXKECTBA
apTYMEHTHBIX CJIOB A, MOXKHO TTOCTPOUThH TaKoe (bYKINOHAILHOE CJIOBO O A ¢, COTIIACOBAHHOE C MHOYKECTBOM A,

49TO I JII0OOro aprymenTHoOro ciosa 3 Bepuo A F t(@) = f & Ay

wne - t(@) = B. s sToro mocraTrodno

LOCTPOUTDH BbIYUCJEHUE 3aMKHYTOro Tepma ¢(@) Ha MHOxkecrBe A, cobparb BCe OUPOLIEHHbIE CJIOBA B 3TOM
BBIYUCJIEHUU W COCTABUTH TIO MOJIYYEHHBIM OMPOIIEHHBIM CJIOBaM, COOTBETCTBYIONMIEE (hbYyHKIMOHAIHLHOE CJIOBO.
Pasymeercs, Tak cocraBieHHOe (DYHKIMOHAJIBHOE CJIOBO 3aBUCHT OT HOCTPOEHHOIO BbIYUCJIEeHUs TepMa t(Q), HO
npu 3roM GyIeT BBUIOIEHO CBOHCTBO: A J1I000ro (yHKumonanibuoro ciosa 0 O Oz 4 4, Bepuo A F t(a) = f <
Ay F t(a@) = . D10 CBOICTBO BEpHO 115 JH000r0 GECKBAHTOPHOIO MpeIoKeHrs P (TIpeiokenue, COCTaBIeHHON
C TIOMOIIBIO JIOTHYECKUX CBA30K U3 PABEHCTB 3aMKHYTHIX TepMoB): WordM, = & < WordM,, = ©.

IIycts Fw - takoit dyukrop andasuta £, 118 KOTOPOTO BEPHO:

1. Va[k Fw(a) = AV F Fw(a) = a1];

2. F Fw(a) = A & « - GyHKUMOHAIBHOE CJI0BO;

3. ®yukrop Fw - PPr dysukTop.

Beeném 6unapuoe orHomenue x € dom(6):

z € dom(0) < WordM E Fw(0) A (|z|2222 nnu |z|22122 ecrb noacaoso cuosa 6).
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Ornemtenne x € dom(0) npunagnexur PPr andasura .2, rae Fw(z) = Fw(z) = A

Beeném ounapmoe ornormnenune 6 C 0q:

0 C 6y <= WordM E Fw(0) ANFw(6,) AVz € dom(0)[0(x) = 0, (z)].

Ornemenne 0 C 61 npunamyiexkur PPr andasura Z.

Beeném OunapHoe OTHOIIEHNE R3:

WordM [ 0 = 6, <= Fw(0) AFw(61) A dom(0) = dom(01) AVz € dom(0)0(z) = 61(z).
OrHorenne x = y npunagnexutr PPr andasura £ .

Sameuanmne. Eciu 6 = 6,, Torna Concat(0,60,) = Concat(6,,0)A Concat(d,0,) =0 N0 C 0, A C 6.

ITycrs G - ecTb Takoit ABYX MeCTHBIH GyHKTOD, andabuta £, KOTOPbIA yIOBIETBOPSET CIELY UM YCIOBUIM:

1. Ecim 0 - dyukimonansHoe cioro, a € dom(6) n 6(a) = v, Torna F G(6, ) = 7.

2. Ecnu 6 - dyukimonanbHoe ciioso, a ¢ dom(), Torna - G(0,a) = ay.

3. Eciu 0 - ve aBnsiercs QyHKIMOHAIBHBIM CJI0BOM, Torga Vo - G(0, o) = a;.

4. ®yukrop G - PPr dyukrop.

Oyukrop G obmamaer cBoOMCTBAMME:

1. Jns mio6bix Gynxuuonanbubix caos 6, 01, rakux, aro 6 C 01, sepuo Yo € dom(8) - [G(0, a) = G(01, a)].

2. Ornomenne Buga ¢ C U = [Fw(z) = AJ&Vz € dom(2)[(G(z,2) = A = U(z) = N&(G(z,2) = a1 =
U(z) = a1)] upunagexkur PPr r.e. cymecrsyer takoit oguomectubiii PPr dyukrop ¢ andasura £ (U), uro
JIJTsT JTI0O0TO WHTEPIPETAIIMOHHOTO MHOYKECTBA apryMEHTHBIX CJIOB A BEpHO
WordM, | Vz[z C U & p(z) = A

3. VAWordM,, = Va(G(|a2aU ()22, a) = U(a)).

DyHKIMOHATIBHOE CJIOBO § coryacyercst ¢ MHOXKecTBOM A (6 C A), ecim Vo € dom(0)[0(z) = A < = € A],
(WordM, =0 Cc U).

3ameuanne. g 1100b1X (PYyHKIMOHAJIBHBIX CJIOB 01,02, KOTOPbIE COIJIACOBAHbLI C MHOXKECTBOM A, cyle-
cTByeT GyHKIIMOHAIBHOE CJIOBO 6, corsacoBanuoe ¢ muOX)ecTBoM A u 1 C 0, 0, C 0, mampumep
01 U 02(Concat (61, 02)).

Omnpepnenenmne. Ilycts gan dyHrTOp P, MOCIEIOBATETFHOCTH APTYMEHTHBIX CJIOB O M HHTEPITPETAITHOHHOE
muOKecTBO A. Ilycts P - mpocrtoe Bhranciienne dpyukropa @, Ha mMOC/I€10BATENIHFHOCTH (v, B MHTEpIpeTanun A.
Torma, ucnonb3ys nmpocroe Boraucienue P, cocraBuMm (GpyHKIHOHATIBHOE CJIOBO:

1. Beimuiiem Bce cJI0Ba M3 MHOXKECTBA, (A"’)p@,a. IIycTs 310 OyayT cimoBa f1, ..., Bk, PACIOIOKUM WX, Ha-

npuMep, B JIEKCUKOTPA(PUIECKOM TOPSIIKE.
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2. Boimmmienm see cioba u3 Muoxectsa (A~ )p, . IIycrb aTo GynyT ciosa 71, . . ., ¥s, PACIOIOKUM HX, TAKZKE
B JIEKCUKOTPAMDUIECKOM TTOPSIIKE.

3. CocraBuM (DYHKIIMOHAIBHOE CJIOBO
Concat(c(f1,A), ..., Concat(c(f, A), Concat(c(y1,a1), ..., Concat(c(vys—1,a1),c(7s,a1))), ..., ). Tak cocras-
JeHHOoe (PYHKIIMOHATIBLHOE CJIOBO HA30BEM (DYHKI[MOHAIBLHBIM CJIOBOM COCTABJIEHHBIM COIVIACHO MTPOCTOTO BHIYHC-
nmenust P dyukropa ¢ ma nocnemosarenbuoctu @, B maTeprnperaiuun A. O6o3naunM Takoe GyHKIMOHATHLHOE
CJIOBO KaK GSimpler,<I>,E,A-

Ounpepgesienne. Tepvbl Buga |z|22U(2)22|2]22U(2)22, .. ., |v|2vU(v)22 6ynem HasbiBaTh GyHKIHOHAIBHBI-
mu repMamu asidasura £ (U). MHOKecTBO TaK NOCTPOEHHBIX (DYHKIMOHAJILHBIX T€PMOB Oy/ieM 0603HAYATH KAK
Ftermy, a KOHKpeTHBIH (BDYHKIMOHATIBHBIA TEPM 3TOTO MHOMKECTBA, KAK fterm (X, 2, ..., V).

Oupepesienne. Tepmst Buna |x]20G(y, 1)22|2|22G(y, 2)22, . . ., [v|2vG(y, v)22 Oyaem Ha3bBATH QYHKIHO-
HaJIbHbIMU TepMaMu ajidaBura -Z. MHOXKeCTBO TaK IOCTPOEHHBIX (PYHKIMOHAJIBHLIX TEPMOB Oy1eM 0003HaYaTh
kak Fterm, a KOHKpeTHBIN (GYHKIMOHAIBHBIN TEPM ITOrO MHOXKECTBA, KaK fropm (¥, L, 2, ..., V).

CsoiicTBa. 1. VA Bepuo WordMy = fiorm (fterm (2,2, .., V), 2,2, ..., V) = fterm (T, 2, ..., V) - KaK cJioBa.

2. WordM E [ (Ffiorm (T, 2000, V), 2, 2,0 V) = florm (2,2, ..., V) - KaK CJI0Ba.

3. dyist mo6oro GyHKIMOHATIBHOTO cjIoBa f BepHO Vi, 2, ..., v € dom(0)WordM |= f& .. (0,z,z,...,v) C 0.
Onpenenenne pyHKTOpA I TOCTPOeHUs (PYHKIMOHAIBHOTO CJIOBA

s kaxkaoro n - mecrHoro ¢dpyakrtopa P, ompenesnM CB3SHHYIO € 3TUM (DYHKTOPOM, (DYHKTOP TMOCTPOEHWS
byHKIMOHAIBHOTO CIIOBA.

Oupesesierre TpoBeEM UHAYKIHEH 10 nocTpoeruio ¢pyHkTopa P.

1. Hna ucxoansix GyHKTOPOB: Si, Z, §, Length, —, Concat, D, I}, U:
Os, =Z, Oz = Z, O5 = Z, Orength = [JZI}], ©_ = [JZI}], Oconcat = [JZL3], Op = [JZI}], O1p = [JZI}],
Oy = [JeiU].

Hast srux dyurropos B ucunciennn CalcEq BoiBogumbr paBencTa: Og, (z1) = A, Oz(z1) = A, 5 = A,
OLength(71) = A, ©_(21,72) = A, Oconcat(71,72) = A, Op(z1,72) = A, Orp (21,...,2) = A,
FOuy(z1) = c(x1,U(z1)) - B ncunnennn CalcEqy n Bepro Va VA A F G(Oy(a), ) = U(a).

2. Ilycte @ - k - mecrnbiii dyukrop(k > 2), ¥y,..., Uy - n - MecTHble (DYHKTOPBI, COCTaBUM (DYHKTOD
cynepnosunun [JOWUy, ... W], Jlna byskropa [JOW,, ..., U] nocrpoum GyHKTOP O ow, .. w,]-
IIycrs nna dbynkropa ® nocrpoen dbynkTOp O, A bynKTOpa Vi mocrpoer ¢yHKTOp Oy, , U T.J. I

dynkropa ¥ nmocrpoer ¢ynkrop Oy, , TOrIa
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Olew, .. v, = [JConcatkH[J@(p\Ill .. U], Oy, ...Oy, ] upu k > 2. Ilonydennsiii GyHKTOp ABISETCA 1 -
MECTHBIM U JIJIsi HETO BEPHBI CJIEYIOIINE TOKA3yeMble DABEHCTBA
- [JConcat"™ ! [JOa W, ... U,], Oy, ... O, ](z1,...,2,) =
Concacat" ™ ([JOs U, ... U] (z1,...,2,), O, (T1,..., %) ... O, (T1,...,T,))
F Concat" ! ([JOs W, ... UL](z1,...,20), 00, (1, ..., Zn) ... Ou, (T1,...,2,)) =
Concat" ™ Qg (V) (z1...,2,) ... Up(x1,...,2,)), O, (z1,...,20) ... O, (21,...,2,)).
_____ (@1, an) = [JConcatkH[J@q)\I/l U], Oy, Oy, (21, ) =

Urax, nmeem = O jpw,

Concathrl(@(I,(\Ill(xl, ces ) Ug(T, . 20)), O (T1, -y Tn) - O, (T4, ),

= @[J@\I/l,_“’\l/k](xl, R Concatk+1(@¢(\111(x1, ces @) YT, ), O, (X1, .-, Th) - O (201,

F Osw,,..v,](T) = Concat([JOs ¥y, ..., V;](T), (Concat(Oy, (Z),...,Concat(Oy,_, (Z), Oy, (T))),...,).

Iycts @ - k - mectrpiit dynkrop(k = 1), Torma O(ypy,] = [JConcat[JOsV,]|Oy, |, Torma

Oujew,)(21,...,2,) = [JConcat[JOs¥1]Oy,|(21,...,2,) = Concat(Og(¥1(x1,...,7,)), Ou(21,...,2x))

3. Onst dyukropa Buma [Ra¥y,...,¥;] u dyskropa Buga [ROUq, ..., Us]. IIycrs muas dbynkropa @ mo-
crpoed GyHKTOp Og, A dynkropa ¥y nocrpoer GyHKTOp O, , U T.4. 1151 pynkropa ¥y nocrpoer HyHKTOD

Oy, rorja Jia Gynkropa Orew, ... w,] B ucuuienuu CalcEqy umeer mecro (oupejesnsromiee pasencrso)(cu.

teopemy 1.1)% :
F OlRaw,,...,w,)(A) = A.
F Olraw,,..., v, (T10;) = Concat(Oy, (x1, [ROVy, ..., Vi](21)), Oraw,,...,w,](71)), mpu i < k.

..........

F Olraw,,..., v, (T10:) = Olraw,.... v, (1), TP i > k

F Orow, ... v,] (T, A) = Os(T).

F Orow, ... v, (T, Tny1a;) = Concat(Oy, (T, ni1, [ROVy, ..., Vi )(Z, T0ny1)), Olrow,,..., v, (T, Tni1)), TPH
i < k.

F Olrow,,..., v, (T, Tny10:) = Orow, ... w,] (T, Tny1), upu i > k.

Teopema 4.1. Ilycrs @ - dyukrop andasmra £, Torga B ucaucienuu CalEq sepuo - O4(T) = A.

JlokazareabeTBO MPOBOAUTCA UHIYKIMEH 110 mocTpoento pyHKTOopa @, a BHyTPU 9TON WHYKIIUU, UHIYKIHeH
O TIOCTPOEHHIO APTYMEHTHOTO CIOBA.

Teopema 4.2. [lycts ¢ - mpousBoabHbI HyHKTOP, KOTOPBIH npunaiexkut PPr, rorna dyakrop O mpu-
nanjiexxur PPr.

Jloka3aTeanLCTBO MPOBOAUTCS WHAYKIWeH mo moctpoernio PPr dbynkropa ®, a BHyTpH 3TOM WHIYKIWH,

WHAYKIUEH 110 IOCTPOEHUI0 apryMeHTHOI'O CJIOBA.

dem. IIpunoxenue
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Teopema 4.3. Ilyctb ® - npousBOMbHBIN N— MeCTHBIH GyHKTOP. g 1100010 HHTEPIPETAITMOHHOTO MHO-
KecTBa, A, J1000# MOCIe10BaTEILHOCTH aPTYMEHTHBIX CJIOB (U, [, BEPHO:

Ecmm A - ©4(@) = B, Torma cioBo f - QyHKINOHATLHOE CIIOBO B OSimpleFw,d,a,a < 8 C A.

dokazaTesbcTBo. /[0Ka3aTeIbCTBO MPOBEAEM UHAYKIIHEH 10 IOCTPOCHUIO (PYHKTOPA.

Basza uaaykmun. s ucxonusx ¢yukropos Sy, Z,d, Length, —, Concat, D, I} noka3aresbcrso momy-
vaercs Henocpeacrsento. s dynkropa U, nonyuum: A - Oy (a) = S, rorma u TOIBKO TOrIa, KOraa

(8 = |a2a22&a € A ) V (B = |a|2ca122&a ¢ A), Torna 8 = OsimpleFw,U,a,a B 3 C A.

Nuaagykuaunonroe npesamosioxkenune 1. Ilycrs Teopema Bepua s dyukrtopa P, dyukropoB ¥y, ..., Uy.
Hokaxem, uro Teopema BepHa s dbyukropa [JOWq, ..., Uyl

ITo uHAYKIMOHHOMY TIpemnonoxenno nveem: ecim A B Oy, (@) = 71,...,A F Oy, (@) = 7, Torma v; -
dbyrKINOHATBLHBIE €T0BA U OSimpleFw, Uy ,a,8 & Y1 C A, ..., 0SimpleFw, v, a4 C 7k C A.

®yHKUMOHATIBHOE CI0BO 0SimpleFw,w; &4, COCTABIEHO cornacHo muoxkecrsam (AT)p, 7, (A7)p, . Torma

k

1=

1esimp]er7\I/i,a7A C Concat(Oy, (@),...,Concat(Oy,_,(a),0y, (a@)),...,).

Nmeem A + U;(@) = B;. Eciiu A F ©g(51,...,8k) = 1, TOrAa 10 MHIYKIMOHHOMY HPEZIOJOXKEHUTO, 1) -
dbyrnkunonaibHoe €10BO U OsimpleFw,®,81,....85,6 < 1 C A. OyHKIHOHAIBHOE CIIOBO GSimpleF w.® 5,4 COCTABJIEHO
cormacno mMuoxkectsam (A%)p 7, (A7)p 7, Torma
OsimpleFw,®.51 ... 3z, C Concat(©s(f1, ..., L), Concat(Oy, (@),...,Concat(Oy, ,(a),Ov,(@)),...,). PyHk-

ITMOHAJIBHOE CJIOBO GSimpler,[Jcb\Ill,...,\Pk],E,A COCTABJIEHO COIJTAaCHO MHOXKECTBAM

k k
(AJr)p[JW1 ..... vy = U (AM)py & U(A*)P%B, A)Pyaw,. wya = UAT)py, aUA7)p, 3, Torma, cormacuo

i=1 1=1

OLIPENEAIOUIEMY DABEHCTBY JIJ1d ®[J<I>\I/1,...,\I/k]7 HOJIyIUM GSimpler,[JdNI/l,...,\I/k],E,A - 9[J<1>x1:1,.,.,\1/k](5) CA.

NuaagyknuornHoe npesmosioxkenune 2. [lycrs Teopema Bepua s dyakTopa P, dyukropoB ¥y, ..., Uy.
Hoxkaxem, uro Teopema BepHa s dbyukropa [ROUy, ... Uyl

CornacHo onpejiengmy papeHcTBaM Jjid GyHKTopa O(row, ... w,], EMEEM:

F Oraw,,.. 0, (T, A) = 06 (7).

F Olrow, ..., w,](T, za;) = Concat(Oy, (T, z, [ROVy, ..., V;|(T, 2)), Ogaw, ... v, (T, 2)).

Baza unaykmun.

ITo wHAYKIMOHHOMY TIPEIIOIOKEHUIO NMEEM:

AF Og(a) = (- byrkuuonampHOe CI0BO U UgimpleFw,d,a,4 C f C A. PYHKINOHATBLHOE CII0BO fSimpleFw,d,a,A
noctpoeno no muokectsam: (AT)p, , (A7 )p, 5. YHKIHOHAILHOE CIIOBO 0SimpleFw,[ROW1 ..., 7] .& A,A TTOCTPO-

eHo raxxke o muoxkecrsam: (AT)p, _, (A7)p, 7, yIUTBIBAS OLPEJETSIONEE PABEHCTBO

Oraw, ..., w,](@, A) = Og (@), no1yuuM OgimpleFw,[ROU, ..., 0, ],@,0,4 © B 1 B C A,
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VHayKnnoHHBIN nmepexon. Bo3bMEM 1OC/Ie10BATEIbLHOCTD APy MEHTHBIX CJIOB Oi, . . . , iy 305,

ITo MHIYKINOHHOMY TIEPEXOIy NMEeM:

Ecma A = O(row, ... v,](@, ) = v, Toraa v - GyHKIHOHATBEHOE CIOBO U OSimpleFw,[ROW,..., ¥, ].@,8.A & 7 C A.

IIycrs A+ [ROT4,...,¥](@, B) =n.

Ecin At Oy, (@, 5,n) = &, Toraa & - GyHKINOHAIBHOE CIOBO U 0SimpleFw,u,;,a,8,n7,4 C & C A.

Corzacro ompesienenns (GyHKIHOHATLHOTO CIOBA USimpleFw,[RO V..., ¥,],@,8,4 OHO MOCTPOCHO MO MHOMKE-
cream: (AF)p, (A7) Toraa

ROWq,...,0],&,87 Plrew,,. . w58

0SimpleFw,[ROV,,... .0, ],3,8,4 © Concat(Oy, (a, 5, [ROVy, ..., Vi](@, B)), Orow,,...,v,] (@, B))-

q)yHKIJ;I/IOHa.HbHOG CJIOBO QSimpler,[RCD\Ill,...,\Pk],&,ﬂai,A CTPOUTCA IO MHOXKECTBaM:

OSimpleFw,[ROV, ..., U,],@ Ba;,A = OSimpleFw,7;,a,8,n,A U ISimpleFw,[ROW,...0,]@,8,45 TOLIA
OSimpleFw,[ROV ..., 4],a,8a;,A & Concat(Oy, (@, B, [ROVy, ..., Vi](@, B)), Orew, ... v, (@, ). YunTeiBas onpe-
Jensomee paBeHcTBO O(rew, .. w,] (@, Ba;) = Concat(Oy,(a, s, [ROVy, ..., Vi](@,B)), Orew, ... v, (T, 5)),
HOJIYYUM OSimpleFw, (RO, ..., U] &, Bas,0 & O[Raw, ..., v,] (@, Ba;) C A. Ocranbuble akcuombl pekypeun(15,16,17,20)
PaCCMATPUBAIOTCS AHAJIOTUIHO.

Teopema 4.4 Ilycrs @ - npoussosbHbliit n— Mecrubiii Gyukrop andasura £ (U). I moboro unrepnpe-
TAIMOHHOTO MHOXKeCTBa A, J1000ii MOC/IeI0BATEIFHOCTH aPTyMEHTHBIX CJIOB (Y, BEPHO:

WordM, | O4(a) = B¢, (5)5.

Jloka3areabeTBO MPOBOAMTCI WHIAYKIUEH M0 mocTpoeHuto GpyHKTopa P, HOCHUT YUCTO CHHTAKCUYECKUI Xa-
pakTep. Ha comep:xarebHOM ypOBHE 3TO OTHOIIEHNE sABJIgeTcs odeBuaHbIM. Hedbopmaabao, O - HEMOIBUKHAS
TOYKa oneparopa O.

Sameuanmne. [Iycrb @ - upoussosbubiit n— mecrubiii Gynkrop audasura £ (U). dusa moboro unrepupe-

TanuoHHOro MHOXKecTBa A BepHo WordM, = VZ[0simpleFw,o,7,4 =~ Oa(T)].
Part V
IIpeo6pa3oBanue BhipakeHuii asasura ¥ (U), B Bbipakenus: andasura &

WNuanykiueit mo mocTpoeHunio pyHKTOPaA, MOCTPouM Ipeobpa3oBanue, 0003HaAMAEMOe KaK *, (PyHKTOpA aadaBuTa
Z(U) B dyunkrop andasura Z.

st mcXomHbIX (PYHKTOPOB:

5cum. TIpumoxkenue
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L (Sp)* = [JSi13],

2. (2) = [JZ],

3. (8)* = [JoL3],

4. (U)* = G,

5. (Length)* = [JLengthI3I3],

6. (=) = [J-EBI3],

7. (Concat)* = [JConcatI3I3],

8. (D)* = [JDI3I3],

9. (Ip)" = UL, ... T,

L (O, W) = [J() T (T1)" o (Th)7],

2. ([Ra®y,...,®,])* = [RConst (®1)*, ..., ()],

3. ([ROTUy, ..., U,])* = [R(D)*(T)*, ..., (V)]

Bameuanue. Ecin dyukrop ¢ - dbynkrop andasura £, Torga nepsslii apryment ¢dynkropa (®)* - buk-
rTuBHag nepemennas: - ®(T) = (P)*(y,T).

Teopema 5.1. IIna mo6oro n - mecruoro dynkropa ¢ andasura £ (U) VA , Va V0 O OsimpleFw, a4
BepHO A F [®(@) = (D)*(6,@)] (WordM, E [@(a) = (D)*(6,a))]).

JokazareabcTBo. J0Ka3aTeIbCTBO TPOBOAUTCS WHIYKIMEH O MOCTPOEHUIO (DyHKTOPA, BHYTPHU ITONH WH-
JYKIUH JJIs1 PEKYPCUBHOTO (PYHKTOPA, JOKA3ATEIHCTBO MPOBOIUTCS WHIYKIUEH 110 MOCTPOCHUIO apTyMEHTHOTO
CJIOBA.

Basza mnaykmnuu. Vcxoambe pyHKTOPBI

s ncxonubix dynkropos: S, Z,d, Length, —, Concat, D, I} M0oxxHO y0eauThCs HEIOCPEICTBEHHO, BbI-
nucaB yKasauublii GyHKTOp ¢ u dyHKTOp ())*.

Hokaxkem reopemy s dyukropa U. Cornacuo oupenenenust (U)* = G, neobxonumo nokasars VA Vo
V0 O OsimpleFw,U,a,a A F [U(a) = G(0, )]

IMycrs a € A, Torna U(a) = A - akcuoma u siBisiercs npocrbiM BbluucieHuneMm (ynkroa U Ha ciose
a. B kauecrBe (QYHKIMOHATILHOIO CI0BA BO3BMEM CIOBO OSimpleFw,U,a.a = C(a,A) = |a|2a22, Torma co-
riaacHo ompezenenust GyukTopa G, monyduMm V0 O OsimpleFw,Ua.a - G(6,a) = A. Ilycts Py, - (mampu-
mep)upocToil BoiBog, (pyHKropa G Ha [MOC/IEAOBATEILHOCTU CJIOB 6, (v, TOrJa IOCIEJ0BATEIbHOCTD DABEHCTB
U(o) = A, Py o, U(a) = G(6,a) - Beiox pasencrsa U(a) = G(6, ), npu unrepuperanui HyHKIIHOHAILHOIO
cumBosna U muOkKEcTBOM A.

Anasoruuno: uycrs a ¢ A, torga U(a) = a; - akcuoMa U gBisiercsd LPOCTbIM BblYUCJIeHUEM (DYHK-
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topa U ma cioBe . B kauecrse (yHKIHOHAIBHOIO CI0Ba BO3BMEM CIOBO OSimpleFw,U,aa = Cla,a1) =
|ae|2caq 22(|e|2122), Torma cormacuo omnpenenenus dbyurropa G, monyaum V0 O OsimpleFw,U,a.a, - G(6,a) =
a1 (- G(6,a) = 1). Ilycts Py , - npocroit BeiBox dyrkTopa G Ha MOCIEA0BATETLHOCTH APTyMEHTHBIX CJIOB 6, o,
rorja nocieposarenbHocts paseHers U(a) = a1, Py o, U(a) = G(0,a) - BoBox pasencrsa U(a) = G(6, o),
IpW WHTEpHpeTanun GyHKIMOHAIBHOTO cuMBosa U MHOKECTBOM A.

a). Uuaykumonnoe npeamnosioxkenune. [Iycrs reopema Bepra s dyukropos: @, Uy, ..., Uy, g0KaxkeMm
reopemy mist byrkTopa [JOUy, ..., U], O6osnaunm f = [JOUy,..., Uyl

Nmeem (a): 118 MHOKECTBA apryMEHTHBIX CJIOB A, MOC/IEI0BATEIHLHOCTH APTyMEHTHBIX CJIOB (v, . . ., (p,
ans dyakropa Vi, BepHO VO O OsimpleFw, v, 7.4, A F ¥i(a) = (¥1)*(0,@) ,..., aaa dyuxropa ¥y, BepHO
VO O OsimpleFw, v, a4, A F ¥p(@) = (Vg)*(6, @);

J7IsT MHOXKECTBA apTyMEHTHBIX CJTOB A, MOCIeI0BATETHLHOCTH apTYMEHTHBIX CJIOB (31, ..., Bk, JIsd PYHKTOPa

®, Bepuo V0 2 g 1orw .0 5.0 AT P(B) = (®)*(0,B).

D yHKIIIOHATBHOE CI0BO 0SimpleFw,f,&,A, COTTIACHO €r0 OIpe/eseHrs, COCTABICHO IO MHOXKECTBAM:

k
,,,,, v lE U (A+)Pwi,a U(A+)Pq>wa (Ai)P[anpl

= e Ayt AR R
1=

we = U8 Ie, U8 e, o), voraa
OSimpleFw 3,4 2 USimpleFw, v, 3,4 1 USimpleFw,j@,4 2 Ogimplerw. 5.4- 1LYCTR 05 2 OSimpleFw,f,a,4-
Crenyrormast OCIeI0BATEIbLHOCTh DABEHCTB:

L (W)*(05,@) = v1,s- .-, (¥r)* (05, @) = i - BeIUUCTIHEM,

2.(®)* (05,71, - ,VK) = 1 - BRIUACTIAEM,

3. [J( @) T (), ()5 (05, @) = (9)*(65, (1) (65, @), . .., (¥)}(65,@)) - mouTH axcHoMa,

4. (D)*(y,z1,...,2x) = (®)*(y,21,...,2k) - aKCHOMA,

5. (@) (0, (1) (05, @). ..., (V) (05.0)) = (@) (B 71, ) - 13 14,

6. (®)" (85, (01)" (85, ), .., (V)5 (05,0)) = 1 - w3 2,5,

7 (@) T W) ()07, @) = 1 - w3 3.6,

[PasencrBa 1-7 gokasbiBatorsi B ncunciennn CalcEq]

8. [J®Uy,...,Uil(@) = &(¥y(a),..., V(@) - nouru akcuoma,

9. Uy (a) = ()" (b,@),...,¥p(@) = (Vi)*(05, @) - MHAYKIMOHOE MTPETIONOKEHHE,

10. ®(xq,...,25) = ®(x1,...,x) - AKCHOMA,

1L.9(V(@),..., ¥i(a)) = 2((V1)* (05, @), ..., (Vi)* (05, @)) - u3 9,10,

12. ©((¥q)* (65, @), ..., (Tg)* (b5, @) = ©(71,...,7%) - m3 1,10,

13. @(v1,. .., v%) = (®)*(05,71, - - -, V&) - MHAYKIHOHHOE IIPeAIOIOKeH e, (1o1araeM B (a) f; = ;)

14. ®(y1,...,7%) =1 - u3 2,13,
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15. ©((¥1)* (0, @), ..., ¥Yp)* (05, @) = n - u3 12,14,

16. ®(Vy(@),..., ¥ (@) =n - u3 11,15,

17. [JOUy, ..., Up)(@) =1 - u3 8,16,

18. [J®Vy, ..., Up)(@) = [J()* I} T (Tq), ..., ()5](6), @)- us 7,17

19. [JOU,,..., V(@) = ([JPV1,...,¥])* (6}, @) - u3 18 - KBA3UBHIOM NPH UTEPIPETAIMOHHOM MHOMKECTBE
A, t.e. B ucuucnenun CalcEq,.

b). IapykumonHoe npeamosoxxenme. [lycts Teopema BepHa st pynkropor: &, Uy, ..., Uy moraxkem
reopeMy st byHKTOpA f = [ROU, ..., ULl.

ITo MHAYKIMOHHOMY IIPEIIIONIOKEHUIO NMEEM:

JIJIST MHOYKECTBA apPTYMEHTHBIX CJIOB A, MOC/IEI0BATENLHOCTH APIYMEHTHBIX CJIOB (V1 . . . , Qly, I8 (DYHKTOPA
®, Bepo V0 O OsimpleFw,d.a,4, I A - &(a) = (2)*(0,@);

JIJIsI MHOXKECTBA apryMEHTHBIX CJIOB A, ITOC/I€10BATEIbHOCTH aPTyMEHTHBIX CJI0B (1, - . . , p, 3,7, 1 PYHK-
topa ¥q, BepHO V0 O OsimpleFw,v: 7, 8,v.0, A F Ui(@) = (¥1)*(0,@,8,7) ,..., ana dyuxropa Uy, BepHO
V0 O OsimpleFw,;,@,8,7,4, A F Wr(@) = (Vi)*(0,@, B,7).

Janee pokaszarenbeTBo OyeT NPOBOAUTCs MHLYKIMEH 110 MOCTPOCHUEID APIy MEHTHOTO CJIOBA.

Baza unaykuuu. J[okazkem, 9To Jjis MHOKECTBA, APTy MEHTHBIX CJIOB A, IOC/I€I0BATEIbHOCTH apIy MEHTHBIX
CIIOB (1, . .., Qtp, BEPHO V05 D OsimpleFw,ja,n A [ROVy, ..., Wi](@,A) = ([ROV,,...,V.])* (65, A).

Cormnacuo onpeenennst mpeobpasosannst”"nmeem: ([ROU, ..., Ur])* = [R(P)*(Pq)*, ..., (Vk)*], cremora-
TeJIbHO, HeoOx0uMO 10Ka3aTh Vo5 O fOsimpleFw,fa,a A F [ROV, ..., Wil(@,A) = [R(P)* (V)™ ..., (Vi)*](65, A).

Culeytomas moc/ie10BaTeIbHOCTb PABEHCTB:

1. [R(®)*(T)*, ..., (Pe))(y,Z,A) = (®)*(y,T) - akcHOMa,

2. [R()"(W1)",...., (L)) (65, A) = (@)"(6y. ) - 5 1

[Pasencrsa 1,2 nokasbiBators B ucuucienuu CalcEq]

[Vaurssas, 910 0} O OsimpleFw,j,a,A 2 ISimpleFw,d,a,4, TOLY M |

3. [ROVq, ..., ¥;](@,A) = ®(@) - mouTn akcuoMa,

4. ®(@) = (P)*(by, @) - MHAYKIMOHHOE TTPEITIOTIOKEHNE,

5. [ROVy, ..., Ui](a,A) = (P)* (05, @) - u3 3,4,

6. [ROV,,...,¥](a, A) = [R(®)*(¥1)*, ..., (¥r)*](6),, @, A) -u3 2,5

7. [ROU,, ..., Vi](@, A) = ([ROVy, ..., VL))" (05, @, A) u3 6 - KBA3UBEIBOJ, DI HHTEPIIPETAIMOHHOM MHOKe-
ctBe A.

NMuanykmmonubrilt nepexon. 1lo uaayKunOHHOMY [IPE/IIIOIOXKEHUIO UMEEM: Jjisi MHOYKECTBA apPryMEHTHBIX
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cioB A, nys a000# TOCIEI0BATETLHOCTH APIYMEHTHBIX CJIOB (1, . . . , Oy, 3, BEPHO
Vb5 O OsimpleFw,ja,8 A [ROV, ..., V](@, B) = [R(®)* (Y1), ..., (V)*](6;,, @, B);

6) Ly MHOXKeCTBA apryMEHTHBIX CJIOB A, IOCIEI0BATEIbHOCTH APTyMEHTHBIX CJIOB (U1, . . . , Oy, (3,7, BEPHO:
V8 O OsimpleFw, v, 7,8,v.6, A U (a, 5,7) = (¥:)* (0, B, 7).

Tpebyercst nokazarb, 9TO Ayt GyHKTOpA f, /JisT MHOXKECTBA apryMEHTHBIX CJIOB A, MOCIeI0BATEIHHOCTH
APryMEHTHBIX CJIOB (1, . .., Oy, Ba;, BEPHO
Vb5 O OsimpleFw,j,a,8q; A F [ROYq, ..., ¥il(@, Ba;) = [R(P)*(¥1)", ..., (¥r)*](6s,, @, Ba;).

CocraBum (DyHKITMOHAIHLHOE CJI0BO COTVIACHO MHOYKECTBAM:

- mpocroe Beraucienuue pynkropa [ROW, ..., U] Ha M0C/I€10BaATEILHOCTH APIYMEHTHBIX CIOB O, - - . 5 (p, B4,
Py, - npocroe Boranciaenne dbyakTopa ¥; HA OCIETOBATETLHOCTH APTYMEHTHBIX CIIOB (1, - - . , Oy, (3, 7, TOIYIAM
0SimpleFw,f,&,8a;» TOTA USimpleFw f,&,80; = USimpleFw,¥;,&,8,v,As OSimpleFw,ja,8a; = 0SimpleFw,f,&,3- BO3bMEM
05 2 OSimpleFw,ja,8a;

Crieyrolas HOC/IeI0BATEIbHOCTD PABEHCTB:

L [R(®)*(Wy)*, ..., (¥r)*](05,@, B) = v - BBIUHCISEM,

2. (¥;)*(0y, @, B,7v) = n; - BBIUHCIAEM,

3. [R(®)(W1)*, ..., (YR)* (b5, @, Ba;) = (W) (05, @, B, [R(P)*(¥1)*, ..., (¥r)*](6;, @, B)) - mouTn axcmoma,

4. (V)*(y,T, z,u) = (V,)*(y, T, z,u) - akcuoma,

Ut

(W) (6., B, [R(B)* (1), ()]0, B)) = (V)" (6., 6,7)) - w3 1.4,
6. (T,)* (05, @, B, [R(®)*(T1)*, ..., (Up)*](65, @, B)) = n; - u3 2,5,

7. [R(®)*(U1)*,. .., (Ux)*] (65, @, Bas) = 1 - us 3,6,

[Pasencrsa 1-7 nokassisaiors s ucuuciaenuu CalcEq |

8. [ROU, ..., U, ](@, Bai) = Us(@, B, [R®V, ..., U,)(@,f)) - mourn akcnoma,

9. [ROU, ..., Wil(@, B) = [R(®)*(¥1)*, ..., (Wx)*](6;,, @, B) - MHILyKIMOHHOE IIDeIOIOKEHIE,
10.9,(Z, u,v) = U;(T,u,v) - akcroma,

11. U;(a, B, [ROVy, ..., U,)(@, B)) = i(@, B, [R(®)*(1)*, ..., (U4)*](6;,@, B)) - u3 9,10,

12. Ui(@, B, [R(®)*(U1)*, ..., (U4)*](6;, @, B)) = Wi(@, B,7) - us 1,10,

13. (@, B,7) = (V;)* (65, @, B,7) - MHAYKIMOHOE TPE/TIONOKeHHUe,

4. V(q, B, [ROVy, ..., ¥ ](@, B) = V.(a, B,7) - u3 11,12,

15. \111(57 B, [Rq)\lfl, R \I/k](a, 5)) = (\Ili)*(9f7a, B, ’y) - u3 13,14,
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16. ¥, (@, B, [R®Y, ..., ¥k](a,B)) = n; - u3 2,15,

17. [R®U,, ..., Uy(@, Ba;) = n; - u3 8,16,

18. [ROV,, ..., Vi](@, fa;) = [R(®)*(¥1)*, ..., (Yk)*](6;,, @, Ba;) - u3 7,17

19. [R®Y,...,¥](a, Ba;) = ([R®Y,...,¥])* (6, @, fa;) - u3 18 - KBA3UBLIBOA 1IPU UTEPLPETAUOHHOM
mHOKecTBe A, T.e. B ucuncienun CalcEq,.

Ocranbable akcuoMbl pekypcun(15,16,17,20) paccMarpuBalTCs AHAJIOTUYHO.

Caencrue 5.2. 1. Ins mo6oro n - Mmectroro dbyukTopa ® andarnra £ (U) VA , V& BepHO
AF [®(a) = 2*(Os(a),a)] (WordM, = [®(a@) = D*(O¢ (@), @)]).

2. Jyia mo6oro n - mectaoro ¢yukropa ¢ andasura £ (U) VA, Va vV O Og (@), Bepro A - [@(@) = O*(0,@)]
(WordM, E [@(a) = *(0,@)]),

3. Hua mo6oro n - mecrroro ¢yukropa ¢ andasura £ (U) VA, Va, 5 V8 O O (@), BepHo
AF o(a) =8 ok (0, @) = ] (WordM, | ¢(a) = < WordM E &*(6,a) = 3).

4. Ins moboro n - mecrHoro ¢dbyukTopa ¢ andasnra £ (U) Va BepHo
WordM, = (0¢)*(0g (@), @) = O3(a) - kKak paBeHCTBO CJIOB(HAMMEHbIIIAs HEMOJABUKHAS TOYKA:
V0 2 O (a@)[(0s)*(0,@) C 0] {V8 2 Og(a)[Os (@) = (0s)*(0,@)]}, upuuéwm, ecu Og(a) # A, Torma
dom(04(@)) = dom((Og)*(0,@)) mna moboro a060ro GyHKIHMOHAILHOTO CI0Ba . CM. Teopemy 4.4.

Sameuanmne. IIycro ® - npoussosabubliii n - mecrubiit Gyukrop andasura £ (U). IIpocroe Bbruucienue
dbyukTopa ® Ha MOCIEIOBATEIHLHOCTH APTYMEHTHBIX CJIOB (F MOYKHO PA3JIOXKUTH HA JIBA BLIUUC/IEHUS: MTPOCTOE
Boraucsenue dyukropa Og andasura £ (U) Ha 10C/I€10BATENIBHOCTH aPIyMEHTHBIX CJIOB O ¥ 3aT€M MPOCTOE
Boraucsienue dyukropa (P)* andasura £ Ha n0cIe40BATEIBHOCTH aPryMeHThIX 0B Og (@), @. [Ipuuém 06-
JIaCTh onpe/esienusi (byHKIMOHAIBLHOTO ¢10Ba O (@) COCTONT U3 TEX U TOJNBKO TeX apryMEHTHBIX CJIOB, KOTOPbIE
OBLTE MCIIONB30BAHBI B IPOCTOM BblYuCaeHnE (GyHKTOpa ® HA MOCIEI0BATENTHHOCTH APTYMEHTHBIX CJIOB O W
upu j1060M pacimpenun QyHKIMOHAIBHOIO €10Ba Og (@) C 0, neobsa3aresbHO COIJIACOBAHHOIO € OPAKYJIbHBIM

*

MHOKECTBOM A, pe3y/brar npocToro Bbrauciaenus dgyukropa (P)* na nocienosarensuocru Og (@), @ cOBIAIET
C Pe3yJIbTaToOM IIPOCTOrO BbIYUCJIEeHUs 3TOro xe ¢dyunkropa (P)* na nocnegosaresvrocru 6§, a(ananor "Ipun-
muna ucnosb3osanua" ("Use Principle") opaky/nbHBIX BblYMC/IEHU, HATPUMED HA MaNMHAX ThIOpWHTra) U
Kak pasee ormedanioch (Og)* (0, @) C 0 - "Use Principle"coirpaer B gajbheiineM BasKHYIO POJIb DU HEpe-
Hecenuu (pacupocrpanenun) 31oro yHIAMEHTAIbHOIO [OHSATUS, CBA3aHHOE C BbIYMCJICHUAME B CTaHIAPTHON
MOJIEJIN, Ha, HECTAHIAPTHHIE MOJIEIH.

Ecmu B mpocrom Bhramcienun dbynkropa ® HA mOCIEI0BATENHHOCTH APIyMEHTHBIX CJIOB (O KaXKIyI0 WH-

repuperamonnyto akcuomy Buga U(a) = A, 3amenuts Ha pasenctso Buma G(|a|2a22,a) = A(3amenurs na
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pasercrBo Buga G(0,a) = A, tne |o|2022 C 0), akcuomy Buma U(a) = aj, 3aMEHHTb HA PABEHCTBO BUIA
G(|a|20a122, o) = a1 (3amennTh Ha paBercTBo Buma G(6, ) = ai, vae |a|2aa122 C ), To nonydyeHHas MOCIIe-
JIOBATEIBHOCTh PABEHCTB OyJeT KBA3WBBIBOJOM, KOTOPBIH HE OyIET COMEpPKATh MHTEPIPETAIMOHHBIX AKCHOM,
npuuéM 3TOT KBA3MBBIBOJ MOXKHO JIEKO IIPE0OPa30Barh B BbIBOJ andasura £, 3AMEHUB YKA3aHHbIE DABEHCTBA
HA WX, HAITPUMED, TPOCTHIE BHIBOIHI.

Teopema 5.3. [l nupoussosibHoro n - mecruoro ¢dpyukropa ® andasura £ (U), nis n1pou3BOJIbHBIX apry-
MEHTHBIX CJIOB @, 3,7, eciim WordM, | (O )*(8, @) = 7, Torma v - GyHKIMOHATIBHOE CIIOBO.

Jloka3areIbCTBO MPOBOAUTCS WHAYKIINEH O TOCTpoeHnio hyHKTOpa P.

Teopema 5.4. ljs upoussosbHOro n - Mmecruoro ¢pyukropa ¢ andasura £ (U), nis npou3BoJbLHOIO MHO-
JKECTBa apryMeHTHBIX cJIoB A, BepHo WordM, = Vavi[Oq (@) = 8 = (O¢)*(8,a) = BA B C A].

Hoxka3zaresbcrBo. ljisi IPOU3BOJIBHBIX apryMeHTHBIX CiIoB @, 3 umeem WordM, E Og(a) =  <—
(03)*(Oe, (@), @) = B, yuurbiBaa Teopemy 4.4, nosyuum WordMy = (0¢)* (8, @) = B A S C A.

Teopema 5.5. ITycrs 1uisi n - MectHOro dyukropa @ andasnra £ (U), 1 apryMeHTHBIX CJIOB (v, . . . , (y,
JI7IsT MHOXKECTBA apryMEHTHBIX CJIOB A, /11s1 PYHKITMOHAIBHOTO CJI0Ba (3 BEPHO
WordM, E (©g)*(B,a1,...,a,) C BA B CA, rorna WordM, E Og(ay,...,a,) C 8.

JokazareabcTBo. /loka3aTenbCTBO TPOBEIEM WHAYKIMEH MO TTOCTPOeHH0 (hyHKTOpa P.

Baza unaykrun. @ - ucxonueiit dynxrop, zanpumep U, Torma Oy = [Jeli U], rorma (Op)* = [J* B3 [JIIE] G,
rorma WordM, = (Ou)*(8,a) = ¢*(8, o, G(8, a)) = |a|2aG (8, @)22.(F c*(z,y, z) = c(y, 2), cM Sameuanune
crp.27). Ilycts WordM, | (Ou)*(8,a) C B u S C A, torma |o|2aG (8, )22 C 5.

Pazbepém cygan:

a) G(B,a) = A, rorna f(a) = A, Torma a € A, rorma U(a) = A, Torna Oy (a) = |a|2a22, yunTeiBasi, 9T0
(Ou)*(B, @) = |a|2aG (B, @)22 = |a]2022 C §, Torga Oy(a) C S,

b) G(B,a) = 1, torga B(a) = 1, rorma a ¢ A, rorna U(a) = 1, rorna Oy (a) = |a|2a122, yunTbiBas, 9ro
(Ou)*(B, @) = |a|2aG (B, a)22 = |a|2a122 C B, Torga Oy(a) C .

JIist OCTAIbHBIX MCXOMHBIX (DYHKTOPOB JTOKA3ATEIHCTBO JOCTATOYHO HAT/ISIHOE.

Nuayknmonnoe npepgnosoxenue 1). Ilycts Teopema BepHa ajs k - mectnoro dpynkropa ®, nisa n -
mecTHbIX (ByHKTOPOB Uy, ..., Uy, Tokaxkem teopemy s dbyakropa [JOWy, ... Uy]. Umeem
F Opow,,. v,)(Z) = Concat([JOs¥y,...,¥,](Z),(Concat(Oy, (T),...,Concat(Oy,_,(T), Oy, (T))),...,),
rorza - (Oaw,,...,w,))" (¥, 7) = Concat([J(Os) T7 ™ (¥1)", ..., (¥4)*](y, 7). (Concat((Ow, )* (. 7),

..., Concat((Ou, ,)* (7). (Ou,)* (1, 7)), ... ), Torma

6 st yrounenus, cm. Ipusroxenue
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WOI‘dMA }: (@[J‘inlll ..... \I/k])*(ﬁaa) = Concat([‘](@'@)*]:;”rl(\l]l)*v ey (\Ijk)*](ﬂva)v (Concat((@‘lil)*(ﬂva)a
..., Concat((Og,_,)*(8,a), (0w,)*(5,@))),...,).
w,])"(8,@) € B C A, rorma [J(Qs) I7 T (T1)", ..., (¥)*](8,@) = (©a)" (8, (¥1)* (B, @), - ..

Iycrs (@[J<I>\I/1 ,,,,,
ITo mrayKIMOHHOMY TIpeanoaokennto noayanM Qg ((U1)*(8,@),. .., (¥g)*(8,a)) C B, a Takxke

@\111 (a) g 57 .. '7®‘Ilk (a) g Ba TOr 13 \Ill(a) = (\Ijl)*(ﬂaa)a ey \Ijk(a) = (\I/k)*(ﬂva)a TOr I3

Os((T))*(B,@),...,(¥p)*(8,@)) = Os(T1(a),... ¥r(a)), Torna Og (V1 (a),... Ur(a)) C 3, Torma

Concat([JOs ¥4, ...,U;](Z), (Concat(Oy, (Z),...,Concat(Oy,_, (T), Oy, (7))),...,) C B, Torga

NuayknmonHoe npe/nosioxkenue 2). Ilycts Teopema BepHa 11t n - MectHOro (byukropa @, njisa n + 2 -
mecTHbIX ByHKTOPOB Uy, ..., V). lokaxkem reopemy s n + 1 - mecrHoro dyukropa [ROUy, ..., Ugl.

Nmeem: F Oraw, .. v, (T, A) = Os(T).
F Oraw,,...,w,) (T, Tny10;) = Concat(Oy, (T, rni1, [ROVy, ..., Vi][(T,2n11)), Oraw,,...,0,] (T Tni1)), TO-
,,,,, v,.)* (4,7, A) = (02)"(y,T), = (Orraw,,...v,])" (Y, T, Tni10;) =
Concat((Ov,)* (Y, T, Tny1, ([ROV1, ..., Vi) (¥, T, Tny1)), (Oraw, ... .w,)* (¥, 7, Tni1))”, Torma
c) WordM, = (Oraw,
d) WordM,, = (Oraw,,...w,])" (B,@,7a;) =
= Concat((0Oy,)" (8, @,v, ([R®Yy,..., V])* (B, @, 7)), (Orew, .. v,.) (B, @ 7))

Cayuait (¢). IIycrs (04)*(8,a@) C S C A. I1o HHIIYKIUOHHOMY TIPEIIOJIOXKEHHIO OJIY IUM
WordM,, = Og(a) C 3, Torna Ogew, ,...,w,) (T, A) C .

Caywaii (d). Ilycts (Oraw,

.....

COHC&t((@qji)*(B,a, s ([R(D\Ijlv ERR) \Ijk])*(ﬂva7 ’Y))a (G[R‘iﬂlll ..... \Ilk})*(ﬂ7a7 7)) - 55 TorJa

Nmeem (Oy,)*(8,a,, ([ROTy,..., U ])*(5,a,v)) C B, rorna (Og,)*(8,a,~, [RP¥y,...,Vi]|(a,v)) C B,

TOr/IA 110 WHYKIMOHHOMY HPEeINOJIOKeHu0, noiayduM Oy, (@, v, [R®Yy, ..., Uil(@,v)) C B, rorna

7eu. [pmmoxenne
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Concat(Ow, (@, 7, [ROV1, ..., ¥i](@,7)), Oraw,,...v,)(@,7)) C B, rorna Oraw, .. w,] (@, va;) € B u B CA.

Ocranbubie akcuoMbl pekypeun(15,16,17,20) paccMaTpuBaloTCa aHAJIOTUYHO, TOTIA
vzVy{Fw(y) = [[(©s)*(y,T) Cy Ay C U] = 04(T) C y]} € Th(U)(cM. crp.39).

CaencrBue 5.6. /1 mpon3BogbHOIO 1 - MECTHOrO pyHKTOpa P, 17151 TPOU3BOIBHOMN IIOC/IE0BATEILHOCTH
APTyMEHTHBIX CJIOB (1, . - . , iy, JIJI TPOU3BOJIBHOTO MHOKECTBA aPTyMEHTHBIX CJIOB A, CYIIIECTBYET €INHCTBEHHOE
PYHKITHOHAIBHOE CJTOBO 3, TAKOE, ITO BEPHO
WordM, E Og(ay,...,a,) = <= WordM, E (04)*(8,a1,...,a,) = A S C U, Torma
vz3Aly[(©s)*(y,7) =y Ay C U] € Th(U), Vz3ly{[0s(T) = y = [(Os)*(y.T) =y Ay C U]} € Th(U).

Caencrsue 5.7. Ilycrs mis n - mectHOrO (byHKTOpa P, 17151 IOC/IEI0BATETLHOCTH APTyMEHTHBIX CJIOB (U, 115
dbyurmonansHoro cnosa 8 BepHo WordM [ (O4)*(8, @) = S, Torga MOKHO MOCTPOUTH TaKOE WHTEPITPETAIIN-

OHHOE MHOXKeCTBO B opakymsrOro cumbomna U, aro sepao WordMp = [(04)*(3,@) = BAS C UABOg(a) = 3].
Orpanuuennubie bopmysbl. Y HuBepcadbHoe (DyHKIIMOHAIBHOE CJIOBO

Omnpenennm moHsiTHe orparmdeHHol (Gopmynbt W 1 cOMPOBOKIAIONIEE TO MOHSTHE, MHOXKECTBA, 0003HAYA~
emble Kak Bwpy, Vwpy.

1) Besikag 6ecksanrophast opmysia A ssisiercs orpanudentoi gpopmyioit, Bwpa = 0, Vwpa = 0;

2) Ilycte A - orpanmuennas dopmyna u z ¢ Bwpa|JVwpa , P(z1,...,2,) - CIOBApHBI MHOTOYJIEH,
[epeMeHHbIe KOTOPOro, He npunaiiexkar MmuoxectBsy Bwpa |JVwpa, Torna dopmyia
B = Fz[|z] < |P(z1,...,2,)| ANA] mmm B = Vz[|z| < |P(21,...,2,)| D A] - orpannuennas dopmyna,

Bwpg = {z}|JBwpa, Vwps = {z1,...,2,} JVwpa

Takyio dopmymny Oyaem obo3HaYaTh B BUIE EI‘ZP(“"”’E"”.A um Vlzp(zl""’x”)lﬂ.

Orpanuuennas dopmyna A waswiBaerca (V) orpanudentoii (hopMyoil ¢ napaMerpamMu Wiu 0€3 HUX, eCIu
OHA, IMEET BUJ, 351@)', . E‘zl:k(f)lﬁ(zl, 2By T YLy ey Uk) (Vlzljl(f)l, .. .VL}:"@)‘B(Q, 2B, T YLy -5 Yk)), TOE
B(z1,.-- 2k, T3 Y1, - - -, Yi) - OeckBanTOpHas PopMyJia.

Bameuanmue. VO Va VP(T) : 1. Word, = Ellup(a”(b(a, u)=A& EILP(EN((I))*(@@(E, u), @, u) = A,

2. Word,, = V¥ @@ (@, u) = A = V(@) (04(a, u),@,u) = A,

Vg :

3. Word,, = V¥ @0g(@,u) € g = 3F@o@,u) = A o 3 C 0= IF @ (@) (0,a,u) = A},

4. Word,, = V¥ @@, u) C 8= (vVFPlo@, u) = A < W3 C 0=V DN(@)0,a,u) = A}
Paccmorpum caenytontyio ciaoBapHyto dbyrkunio: Order(a) - Takoe €080 3, 4TO YHUCIIO CJIOB MPEIIIECTBYO-

HIMX CJIOBY 8 B JIeKCUKOrpadUUIECKOM YIOpsiouuBanuu, pasuo |«|. B [6 c. 217] nokazano, 410 3Ta cjioBapHas
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GyHKIMS ABISETCSA CJOBAPHONW MPUMUTHBHO PEKYyPCHUBHON (yHKIHel, Torma s caoBapuoit dyukmuu Order
CyIecTByeT Takoit omHomecTHbIN pyukTop Order andasuta £, 9TO BEpHO:
Va, f[Order(a) = 8 < + Order(a) = f].
Beinumrem ompesensiomue paBeHcTBa A pyukropa Order:
1). Order(A) = A;
2). Order(S;(«)) = R(Order(a)), rae
a). R(A) = aq;
b). R(Si(a)) = Siz1(a), rme 1 < i < p;
&). R(S,()) = S1(R(a)).
3ameuanmne. [[y1s Ka)KI0r0 MHOXKECTBA, p - a(paBUTHBIX CJIOB, OymeT CBOM p - andaBUTHBIN (DYHKTOD
Order,,. I3 KoHTeKCTa OyAeT MOHATHO KaKoif p - andapuTHeIl GyHTOp NMeerca puLy. @ynkrop Order obna-
JIaeT CBOMCTBOM:
1. WordM = Vaf[|a| = |5] D Order(«) = Order(8)];
2. mpu k > 2 A p > 2 Bepao WordM [= |Order, (k)| < k;
prtt -1
3. Hust kaxkuoro p > 2 sepuo WordM = OrderP(T
n+1—pas

4. Ins kaxkzgoro p > 2 sepuo WordM | Vz[|z| > 2 = Orderp(p“”') =p-1),...,(p=1)p);

|z|—1—pa3

5. CoryacHo OTMpeeNIONNM PABEHCTBAM, KOTOpPhIe TIpUBeIeHbl B [6 ¢. 217], ciemyer, uto sror dbyHKTOD

npunagiexunt PPr; r.e. Order € PPr.

P@)+1 _ 1
N3 (3) moayuum WordM |= Order,(—— )= 1,...,1
p—1 ——
[P (@)|+1-pas

Ecnu nyist aprymeHTHBIX 0B @, 3 Bepao WordM | Order(«) = 5, To apryMenTHOe CJI10BO |a - HATYpaJib-
HOe 9HCJI0, Oy/JieM Ha3bIBATh IEJIEJIEBBIM HOMEPOM apryMeHTHOro cjioBa 3 u obozHadars " 71 = |al.
OueBuHO, 9TO I JIIOOOrO APryMEHTHOIO CJIOBA [3 CYIIECTBYT TaKOE HATYPAJIbHOE YUCJIO (v, 9TO BEPHO

87 = a(WordM [ Order(a) = f3), Torma WordM = "(p —1),...,(p — 1) p = p/*|, npu |z| > 2.

|z|—1—pa3
C kaxapiM n > 1 - MecrabiM GynkTopom P cBszkeM Taxoil GyHKTOp, 0603Ha4aEMbIil KaK Og v, yA0BJIETBO-

PAIONIMI CJIELYIOIIAM ONPEIETIAIONMM PABEHCTBAM:
Oov(T,A) = Og (T, A);
O¢ v(T,Sk(z,)) = Concat(Op v(T, ), O (T, Order(S(x,)))).
Bepno: 1. Ecim @ € PPr = Ogy € PPr;

2. WordM,, |=Va, 3,7[|a| = |8] = Qs (T, a) = Oa (T, B)];
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pleltl —1

3. WordM,, |= Va2V, [04(Z,y) C Opy(T, T

Onpegnenum yHuBepcaibHoe GyHKIHOHATBHOE CJIOBO, 0003HaYaeMoe Kak Oy.

Onpegensionine paBeHCTRA:

Ou(A) = A,

Ou(aa;) = Concat(Oy(w), c(Order(a), U(Order(w)))). Cornacuo onpenenenus, Gyskrop Oy npuxaie-
xut PPr andaenra £ (U), yunteisas Concat(u,c(v,w)) = u|v|2vw22, moaydnm Gosiee HAMISTHYIO 3alUCh
Buna Opy(aa;) = Oy(a)|Order(a)|Order(a)U(Order(«a))22.

Nmeem:

(Ou)*(y,A) = A,

(Oy)*(y, aa;) = Concat((Oy)*(y, o), c(Order(«, G(y, Order(w)))),

Va0 2O Opy(a)WordM, = [Oy(a) = f < (Op)* (0, «) = f], B wacTHOCTH
WordM, | VzVy[Ou(z) = y < (Oy)*(Ou(x),x) = y).

3amevanue. /[ KaxKI0ro p > 2, OOpesensercs CBOE p - aadaBUTHOE YHUBEPCATbHOE (PYHKIIHOHATHLHOE
cs1080 Oy.

VYrBepxkaenne 5.7. Ilycts 5 - Takoe GpyHKIIMOHAIBHOE CIIOBO, UTO JjIsi HEKOTOPOTO CJIOBA (¢ BEPHO
WordM, | (Oy)*(8,a) C 8 C A, rorna WordM, = Opy(a) C 5. lmeem
vavy(Fw(y) = ([(O0)*(5,7) C y Ay C U] = Ou(@) C ]} € Th(U).

Bepmo:

1. WordM,, = Vo, f[|a] = |8] <= Ouy(a) = Ou(B)];

2. WordM,, |= Vo, B|a| < |B| <= ©Ou(a) C By (S)].

lyl+1 _
3. WordM, = Va{|z| < |y| = [GU(pil)](x) = A < z € A}, tne A - mHOXeCTBO p > 2 -
a1baBUTHBIX apryMEHTHBIX CJIOB;
4. WordM, E Va[Ou(a) = O¢,(«)], npu ucnonb3oBanun npasuna [yacreiina, MOXKHO J0Ka3aTh, 9TO

F Oy(z) = O, (z).
Iycrs 3aman n +m - mecrubiii(n > 1,m > 1) p - andasurubiii Gyuakrop ® € PPr, unrepuperaliuonHoe p -
andaBUTHOE MHOXKECTBO apryMeHTHBIX ¢JT0B A. J[y1st 3TOr0 hpyHKTOpPA CYIECTBYET TaKOH CIOBAPHBIN MHOTOYICH

P(z1,.. s T} Y1y - Ym), ITO 475 Yy, ..., 0n; B1, - - -, Bm, B TPOCTOM BEMMmCTennn dymkTopa ® ma @, [, Bee
pIP(aﬁ)IH ~1
p—1

Hamnee, nycrs 11| < [P1(@)l, ..., |vm| < |Pm(@)|, Torga B upocrom sbruucnenuu dbyukropa ¢ na @,7, Bce

OTIPOIITEHHBIE CJI0Ba UMEIOT [JIHHY, He Tipesocxoasamyio |P (@, 3)|, rorna O4(a@, ) C Oy

OIpOIIEHHBIE CI0BA UMEIOT JJIHHY, He npeBocxorsamyio |P(a, P1(@),. .., P, (@))|, Torma nomyuum
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PPEPI@). P @)1 _

®<I>(a7 7) C @U(

p—1
Hanee, paccmorpum GOpMyIy BHIA Ellzpl(a)l [®(@, z) = A}, Torna mis 1106000 CI0Ba 7y, TAKOTO, Y4TO
plP@P1(@)+1 _q

|7] < [P1(@)], Bepro O4 (@, ) € Ou( ), TorIA

p—1

PPEPI@)I+1 _ 1

WordM, = {HLpl(E)lfb(a, 2)=A & Hlpl(a)‘(q))*(&g( ,a,z) = A}. Anamornano paccyx-

p—1

Jad, IOy IuM

p‘P(E)PI(E)7P2(E))I+1 — ]_
U

WordM;, | (3523 P03, 21, 2) = A & 35PN (@)(0y( ), 8,21, 20) =

p—1
A}
YrBepxkaenue 5.8 Ilycrs n + m - mecrubiii(n > 1,m > 1). p - andasurnbiii Gyuakrop ¢ € PPr, unrep-

LPETALMOHHOE P - ajipaBUTHOE MHOXKECTBO apryMeHTHbIX CJ0B A u cioBapubie muorowienbl P1(T), ..., P, (T),

TOr/Ia MOXKHO TTOCTPOUTH TaKoii ciaoBapHbIii MHOTOWIeH P(T), 4To
plP@IH1 _q

)7xazla"'azm):

WordM,, | {35 @ 3Pr@lgz 2, 2,) = Ae IP@ 1 SP@l @)@y -
A}.

Amnayornyso.

VYrBepxkaenue 5.9 Ilycrs n+ m - mecrubiii(n > 1,m > 1), p - andasurnbiii Gyakrop & € PPr, unrep-
MIPETAIOHHOE P - aihaBUTHOE MHOXKECTBO apryMEHTHBIX OB A u cioBapHbie MHOTOUIeHb Py (T), ..., Py, (T),
TOTJIA MOYKHO TIOCTPOUTH TAKOH CIOBapHBIH MHOTOWIEH P(T), 910

_ _ _ _ P@)|+1 _ |
WordM, = (VP @ yPr@lgz o )= A e VP @ P @l gy g, P

Zm

p—1
A}

Part VI
CJ102KkHOCTHBIE KJIacChl U 3JIeMeHTapHas Teopus MojeJei

MuoxkectBo B n -0K apryMeHTHBIX CJIOB, NpPU 33JaHHON WHTEPHPETAMA OPAKYJIbHOr0 cuMBosia U MHO-
JKECTBOM apTyMEHTHBIX CJIOB A, HA3BIBAETCS IIOJUHOMUAJBHBIM, €CJIUM CYHIECTBYeT(MOKHO MOCTPOUTD) TaKyio
G6eckBanTOpHYIO popmysay B, Koropas mocrpoena u3 (pyHKTOPOB, npuHaaiexKanmx PPr, yro BepHo
Va[WordM, | B(a) < @ € B].

Kiacc Bcex MOJMHOMUAIBHBIX MHOXKECTB OTHOCHTEJILHO MHOXKECTBA A - apryMeHTHBIX CJIOB Oy/eM 0bo3Ha-
garb Py (U). Dror Kiace cJoBaAPHBIX MHOXKECTB 3aMKHYT OTHOCHTEJILHO OYyJIEBbIX Ollepallyii: liepecedenust, 00b-
€/IMHEHWs, JTOMOTHEHNS U HABEIINBAHUSA OPPAHUYEHHOTO KBAHTOPA CYIIECTBOBAHUS W BCeoOIuocTH (3, V) 10 moz-
CJIOBaM.

MuoxkectBo B 1 -0K apTyMEHTHBIX CJIOB, HA3BIBAETCA MHOKECTBOM THUIIA Y, OTHOCHTEIBHO HEKOTOPOTO MHO-
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JKECTBa apryMEHTHBIX CJI0B A, ecsu Jyis HekoTopoii 1 orpanuvennoii ¢hopmynbl B(T), 6eckBanropras dopmyiia
KOTOpOii, mocrpoena n3 dbyukropos mpuaaiexxut PPr, sepro Va{a € B <= WordM, = B(a)}.

Kmace Beex CToBapHBIX MHOXKECTE THTA » . Oyaem obozaavarh nocpeactsoM NPy (U). dror kmace crnosap-
HBIX MHO?KECTB 3aMKHYThI OTHOCHTE/ILHO OIepaluii: nepeceyenus, OObeIMHEHNS 1 HABEIINBAHUS OrPAHMYEHHOTO
KBAaHTOpA CYIIECTBOBAHUS TIO JIJTHHAM CJIOB.

Hycts co — NP (U) = {C : C € NP4(U}. Muoxecrso, npunamiexkamue knaccy co — NPy (U) Gynem
Ha3bIBaTh MHOXKecTBOM Tuma [ [|7].

IIycTs mama dopwmyna Buga EIIZP(ﬂ(I)(E, z) = A, rue dyukrop ¢ - PPr - dyukrop. C nomompio GpyHKkTOpa
Order MOXKHO TOCTPOUTDH TAKOW MPUMUTUBHO PEKYPCUBHBIN (GyHKTOp ¥, 4TO BEPHO
WordM,, = Vz[3F @ 3(z,2) = A = U(F) = A]. Ananornano mveem WordM,, = Va[vE @oz,2) = A =
U(T) = A

M3BecTHBIE COOTHOIIEHHST MEK/Ly BBEJIEHHBIMH KJIACCAMMU:

a). Cymecrsyer Takoit opakyn A, aro Py (U) = NP, (U);

b). Cymecryer Takoii opakyn B, aro Pg(U) # NPg(U);

¢). Cymecrsyer rakoii opakyst C, uro Pc(U) # NPc(U) u NPc(U) = co — NP (U);

d). Cymectryer Takoit opaxyn D, aro NPp(U) # co — NPp(U);

e). Cymecrsyer Takoii opakyn E, uro Pg(U) = NPg(U) () co — NPg(U);

f). Cymecrsyer raxoit opaxyn F, uro Pp(U) = NPr(U) [ co — NPr(U) u NPp(U) = co — N Pp(U);

g). Cymecrsyer Takoii opakyn G, aro Pg(U) = NPg(U) [ co — NPg(U) u NPg(U) # co — NPg(U);

h). Cymecrsyer raxoit opakyn H, aro Py(U) # NPy (U)(co — NPg(U) u NPy(U) = co — N Py(U)

i). Cymecryer Takoii opaky:n I, aro Py(U) # NP1(U) (N co — NPr(U) u NPy(U) # co — NPy(U).

Kaxxnoe ykazanHOe COOTHOIIENE B HEPEIATABA30BAHHOM BapHAHTE - IIPOOIEMA.

OCHOBHbIE LIOHATH U PACCMATPUBAEMbIE TEOPEMbI B TOM Pa3/iesie, 3auMcrBoBanbl u3 [8-13] u upeobpazosatbl
COOTBETCTBYIOIIUM O0OpPa30M.

Iycrs % (U) - nekoropoe MHOKECTBO (DYyHKTOPOB, COAEPKAIIEE UCXOAHbIE (DYHKTODBI.

SI3b1K TIepBOTO TIOpA KA, OTpe/IesIsTeMblil 3aJaHHBIM MHOKeCTBOM (bYHKTOPOB, 1 0bo3HadaeMbrit Kak Lz (u),
cocrouT u3 (PYHKIMOHAIBHBIX CUMBOJIOB fg, Juis Kaxkaoro dyakropa ® € % (U), MecTHOCTh KOTOPOrO PaBHA,
mectHOCTH (hbyHKTOpa P, KOHCTAHTHOrO CUMBOJIA A, OCHOBHOIO IIPEIMKATHOTO CHMBOJIA, <.

3ameuanne. Kak npasuio GyHKIMOHAIBHBIN CUMBOJ fg Oyaem 0003HaUATH Kak $ 1 HHTEPIIPETUPOBATDH €10

kax ynxnuio. A3bik £z (y) HasbiBaerca k - andasurbiM, ecin MEozKecTBO GyrKTopos .# (U) - k - andasuruoe.
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Ecim muoxkectBo dynkropos % (U) cocorout u3 BCEr0 MHOKECTBA CJIOBAPHBIX IPHUMHUTHBHO PEKYPCUBHBIX
byHKTOPOB, TO A3BIK L 7 (u) Oymer obosnadarnes kak L(U) (L).

st Kazkmoro (buKCUPOBAHHOTO MHOKECTBA P > 2 -a1d)aBUTHBIX APTyMEHTHBIX CJIOB ONPEJIETAM CIELYOIHe
Teopuu:

Th = {A : WordM = A - npengioxkenne sisbika L} + Vay(z <y = |z|=—|y| = A).

Teopus Th - monras Teopust B s3bike L.

Teopmto B s3nike L(U), obo3nataemyro kak Th(U):

Th(U) = {A : dns ao6oro MHOXKeCTBa P > 2 — andaBUTHBIX apryMeHTHbIX cioB A WordM, = A,

A - npepnoxkenne a3pika L(U)} + Vay(z <y = |z|—|y| = A).

Th(A) = {A: WordM, E A, A - npemnoxkenne sizbika L} + Vay(x <y = |z|—|y| = A)

Teopust Th(A) - monuas Teopusi B si3bike L.

Nmeer mecro: Th € Th(U) C Th(A).

Teopema 6.1. ITycts A’ = Th. Iycts u : A’ — {A, 1}, Torna mogens A’ s3bika £ MOXKHO 00OTATUTH 10
rakoit mozesn 2 s3pika L(U), ato A’ C A, A |= Th(U), Vb € A" u(b) = Uy (b) u mua moboit bopmynst & (T)
asbika L, Va € A', ecom A |= 7 (a), rorna A = o (a).

HoxkaszarenbcrBo. Cocrasum teopuio Th(2/,,) (em.[9, crp. 130]). IIponHTeppernpyeM opaxynbHyo GyHK-

muio U:

A, if u(a) = A;
U(a) = i Kaxaoro snemenra a € A (S1(A) = a1 = 1)

Si1(A), if u(a) =1
Hanee cocrasum teopuio Th(y,) + Th(U) + {U(c,) = b : a € A’}. I1a Teopus mub0 HEIPOTUBEPOIUBA

unu TakoBoil He aByserca. Ilycrs reopus Th(,,) + Th(U) + {U(c,) = b : a € A’} - nporusopeuusa, rorga

Th(U) H /\ U(Cai) =b; D~ /\ 93]’<Ca17~ .. ,Cak), TOT1A Th(U) - /\ U(yl) =b; D~ /\ %j(ylw .. ,yk).

i<k j<m i<k j<m
Nmeem: Teopus Th - nomnas reopus B s3pike £, A' = Th, u A' = A Hj(ai1,...,ax), rorga cymecrsy-
js<m
10T TaKUe PA3/IdYHble apryMeHTHbIE CJI0BA Qf,...,a, 410 WordM = A %Bj(au,..., o), rorga Th(U) F
j<m

N U() = b, D= A\ Bjai,...,a). Hpounurenperupyem opaxyn U: U(w;) = b;, 4 IpYyrUX apryMeHT-
i<k j<m

Hbix cioB [ nosoxum U(S) = A. O6o3nauum nosydennyto unrenperanus kak A, rorma WordM, = Th(U)
n WordM, = é\kU(ai) = b;, Torma WordM, = — 4\ Bi(o, ..., o). Dopmyna 4\ Bi(ai,...,0) ecTh
1< jsm jsm
dopmyna a3bika L, Torga WordM = — 4\ Bi(aq,. .., ) - IPOTUBOPETIHE.
jsm
IIycrs 2 = Th(2),) + Th(U) 4+ {U(a) = b:a € A’}, rorma Vb € A" u(b) = Uy (b) u ana moboii Gpopmysst
o/ (T) aswika L, nas Va € A', ecin A’ = o7 (@), Torna A = o7 (a).

Bseném cremyrornee BaxkHOE TIOHSATHE.
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Oupenenenne. [Iycrs A - moznens sa3bika L(U) ua € A . IlonunomuaibHoil cpe3koil, onpeessieMoil Habo-
POM 3JIEMEHTOB @ € A, Ha3bIBAETCSA TaKas MOJIEb(aaredpandeckas CucTeMa), obo3HadaeMas Kak g, HOCUTEIeM
KOTODOii siBnsteTcss MHOXKecTBO Ag = {b : mist HekoToporo ciosaproro MHorowtena P(Z) 2 = b < [P(a)l}, a
CUTrHATYpa COCTOUT U3 Beex rTex dyHKIwmi fg, M koropsix pynkrop ¢ € PPr.

Nmeer mecro: 1. Az C A [9 ¢.36].

2. Va [z = A(a) < 2A = A(a)], toe A(T) - orpanndennas ¢opmyna curaarypst PPr.

IMocpencreom Ag - 6yaem obo3naurs auarpaMmy momenn A[9. ¢. 86], B wactHocTH Ag, - AMArpaMma mosm-
HOMHUAJIBHON cpe3ku Ag.

Bameuanmue. [Tycts A’ - o6emuenne monemn A a3pika L(U) o a3bika L. nveet mecto Agr C Ag, B 9aCTHOCTH
AQUE C Ay, yuuTbIBag CleACTBHE 5.2, cTp. 27, mo guarpaMme Agy, MOXKHO BOCCTAHOBUTH JHArpaMmy Ag(, IpH
9TOM HOOXOIUMO 3HATH rpaduk opakyna U, B mogenu 2. JIuarpamma Ag COXEPKUT TOTBKO CIEIBI OPAKYTHHBIX
BBIYUCJIEHUI, TOTHAS HHPOPMaIHs 00 OPAKYIbHBIX BRIYUCIEHUX COIEPKUTCS B quarpaMme Ag, HAIPUMED, eCJIn
A = O4(b) = c, Torma A’ = (O4)*(c.b) = ¢, ecmm [Og(b) = c] € Ay, Torma [(Og)*(c.b) =] € ACTAS

VYrBepx)kaenue 6.2. Ins npoussonbuoro n + 1(n > 1) - mecruoro ¢yukropa P, mis npousBoJLHOl
mogenu A a3pika L(U), takoit, uro 2A = Th(A), nua npoussonbuoro nabopa @ € 2, 1ys 1POU3BOILHOIO
csioBapHoro muorouwiena P(T), cymecrByer HauMeHbImil 110 auHe (YHKIMOHAIBHBII 3j1eMeHT b, Takoii, 4To
vIF@lo4 (@, u) C b.

ITpumeuanne. Takoil HYyHKIMOHAILHBINA 3JIEMEHT HE €IUHCTBEHHBIN, HO IJIsl JIIOOBIX TaKUX (DYHKIIMOHAIb-
HBIX 3s1eMeHTOB b, ¢ BepHO |b| = |c| A dom(b) = dom(c) AVz[x € dom(b) = b(x) = c(z)].

YrBepxkaenue 6.3. iz npoussonbuoro n+1 - mecraoro dpyukropa @, 1yis npousBonbHoit Momesin 2 a3b1Ka
L(U), rakoit, uro A |= Th(A), s nponsBonbHOTO Habopa @ € 2, ISt IPON3BOJIBHOTO CIIOBAPHOTO MHOTOUJIEHA,
P(%), Vb € Az, 171a IPOH3BOABHOTO (byHKIHOHATLHOTO 37eMEHTa C, TAKOTO, 9TO VLP(B”@@ (b,u) C c, BepHO:

124 EVPOleB,u) = A == A £ VIP® (@) (c, b, u) = A.

2.0 = IPOe[B,u) = A = A = IPON(@)*(c,b,u) = A.

VYrBepxkaenue 6.4. Jlioboe paciiupenue nosuHoMuainbhii cpesku Az C M = Th(A), nopoxgaer caemyro-
IIMe COOTHOIIEHNs, 7ist aro6oro dhyukTopa & € PPr u mo6oro cioaproro muorounena P(T) :

1. Ag € Mg;

2. Vb € Ag Bepno Og(b)y = Op(b)on;

3.Vb,c € Ag, ecrm A |= ()*(O4(b), b) = ¢, Torma Vf € M, Taxoro uto Og(b) C f, BepHO
M = (2)*(f,b) = ¢ - "purmum ucnomszosarua” ("Use Principle") mpm pacmmpennn Mozeneii;

4. Ilycrs b € Ag. Ilycrb ¢g - Hammenbuiuit 1o Jyuae QyHKIUOHAIBHBINA 9JIEMEHT, TAKOM, 4TO
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A = VP®loy (B, u) C ca.

IIycrs dop - naumenbwmii 10 jyiune GyHKIMOHAIBHBIA J1€MEHT, Takoii, yro M = VLP(E)‘@q)(E, u) C dop.
Torgaa:

a). dom(ey) C Ag A dom(dom) C Mg A ey C dom;

b). Eciu |e| < [P(b)| u 2 |= ®(b,e) = h, rorga A = (®)*(ca, b, ¢) = h u M = (®)*(don, b, €) = h;

c). Ecm 2 |= VLP(B)‘((I))*(CQ[,E, u) = A, Torma ana kaxkzoro |f| < [P (b)| momyamm 2 = (®)*(cq, b, f) = A,
torma M = (®)*(dom, b, f) = A, Torma M = Vu(ju| < [P(B)|Au € Ag D (®)*(don, b,u) = A. Umeer mecto
raxsxe, ecmn M = Vu(|u| < [P(B)| Au € Az O (8)*(do, b,u) = A), rorma 2 = VIE® (@)% (cq, b,u) = A.

"TIpunium ucnonb3osanus" ("Use Principle") npu pacmupenuu mozesieii.

Teopema 6.5. ITycrb A - npoussosibhbiit opakyn. NP(A) = co— NP(A), Torja u ToJbKO TOrIa, KOrua, s
sr060i orpanndennoii 3 dbopmyist A(z) curaarypst PPr(U), cymecrsyer orpannuentas V dopmyna B(z) Toii
ke curaarypst, 9ro Th(A) F Vz[A(z) = B(z)].

Teopema 6.6. IIycrb A - npoussosbublit opakys, A(T) - orpanudennas ¥V ¢popmyna curnarypst PPr asbika
L(U). Cienyromue ycioBus PaBHOCUIbHbL:

1. M moboit mogemn 2 = Th(A), ara mobbix @ € A, ans mobbix b € Ag, moboit mozemu 9 = Th(A),
Takoit, ato Az C M, ecm A = A(b), Torma M = A(b).

2. Hnsa dopmynsr A(T) cyuecrByer takas orpannuentas 3 dopmysna B(T) asbika a3bika L(U), curnarypsr
PPr, uro Th(A) E VZ[A(Z) = B(T))].

HokasaresnbcrBo. Jokaxkem, uro u3 (1) ciaexyer (2). Mnes nokasarenbcrBa 3anMcTBoBaHa B [8 c. 156], [9
¢.133-134]. Ecin dbopwmyna A(Z) takosa, aro Th(A) = VZA(Z), roraa Th(A) = V(z[A(Z) = B(T)],
riae B(T) - orpannuennas 3 Gopmyna, curaarypel PPr takas, uro Th(A) = VZB(T).

ITycrs dbopmyna A(E) rakosa, uro Th(A) H VZA(T)(a).

Cocrasum muOKecTBO npemnokennit I'(¢) = {O(¢) : Th(A) E -~A(z) D ©(T)}, tne O(T) - orpannaennas V
dbopwmyna, currarypst PPr. U3 (a) nomyqanm, uro Th(A)+T'(€) - comectro. Jokaxem Th(A)+T'(¢) | —.A(¢).
ITycrs A = Th(A) + I'(¢), ¢ € A. Cocrasum Agy - muarpamma mozenn Az.

MuoxkecrBo upemnoxenunii Th(A) + Agr + —A(C) - COBMECTHO WJIM TAKOBBIM He siBJisgercs. Eciu

Th(A) + Ag_ + ~A(?) - mecosmectro, Torna Th(A) + Ay = A(¢), rorra Th(A) + A Ai(e, d) = Ae),

i<k
rme A; (¢, d) € Agy_, Toraa Th(A) + -A©) E - é\k A;(¢,d), tormra Th(A) = -A(e) D - é\k A;(¢,d), Toraa
Th(A) E Vavy[-A(T) D - é\k Ai(Z,73)], rorpa Th(A) E VZ[-A(Z) D Vy— é\k Ai(Z,9)](b).

M5 d, cymecTser Takoii cioBapmbii Mporowten P(Z), uro |d| < |P(€)]. U3 (b) momy«dmm
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Th(A) £ V#-A@) > WOls A M@ ), rorma VWO A A(@7) € T(@), totma A =~ A Aile,d) -
i<k i<k i<k
MPOTHUBOpEYNe, CIIeI0BATEIbHO MHOXKeCTBO Tipenioxkenniit Th(A) + AQIE + —.A(C) - coBMecTHO.

ITycts M = Th(A) + Ag + -A(2), Torma noixyuum Az C M u M = —A(¢), rorma A = —A(€), ciemosa-

reabo Th(A) +T'(¢) = —A(€), rorma Th(A) = A Q;(€) D ~A(C), rae Q;(¢) € T'(¢), roraa

Th(A) & 4\ Q;(z) O ~A(T). )
Nmeem Th(A) E -A(T) D 4\ Q;(Z), rorna Th(A) = -A(Z) = 4\ Q;(T), roraa
Th(A) E - 4\ Q;(7) = A(T).

Jlokaxkem, uto m3 (2) caemyer (1). Iycrs 2 = Th(A), @ € A, b € Az, M |= Th(A), taxas, aro Ag C M u
2 = A(b).

Nwmeem: most bopmyasr A(T) cymiecrByer Takasi orpanndentas 3 dopmyna B(T) s3wika L(U), currarypsi
PPr, aro Th(A) = VZ[A(T) = B(Z)], yuursBas, A = Th(A) u 9 = Th(A), nonyanv A = VZ[A(Z) = B(T)]
u M E VI[A(Z) = B(7)] torma A = A(b) = B(b) u M = A(b) = B(b), torna Az = A(b) = B(b) u
Ma = A(b) = B(b), yauremas A = A(b), noryanm A = B(b), torma Ag = B(b), yuursas, ato B(T) -
orparmdernas 3 dopmyna curaatypsl PPr, Az C 9 u b € Mg, nonyanm 9 = B(b), rorma M = A(b).

Bameuanue. Ananornvno reopeme 6.6, moka3biBaeTcs Teopema fis orpanmdennoit V gopmymnst A(T) cur-
warypsl PPr ais teopun Th B s3pike L.

Sameuanme. Anasorudso rteopeme 6.6, J0KasbiBaeTCcs TeopeMma s orpanudentoit V dbopmynst A(T) B
s3pike L(U) curnarypst PPr(U) mus reopun Th(U).

Teopema 6.7. [l moboro opakyna A, moboit orpanudennoii V dbopmynbt A(Z) a3bika L£(U) curnarypbr
PPr, cieayroriue ycaoBusi paBHOCHILHBI:

1). st mo6oit momenn 2 = Th(A), moberx snemMenTos @ € A, mo6bx smemenTos b € Ag, ecmn g = A(b),
torma ams mo6oit Mmozemn B = Th(A) taxoit, ato B O g, sepro B = A(b).

2). Mns aro60it mozesu A = Th(A), mo6bix snementos @ € A, nt06bix saementos b € Ag, eciu Ag = A(b),
rorma Th(A) + Ag F A(b).

3). Hua dopmysst A(T) cymecrByer orpanudentas 3 dopmyna B(T) curanarypst PPr, uro
Th(A) F VZ[A(Z) = B(Z)](pasrocuasrno WordMy = VZ[A(T) = B(T)]).

HoxkasaresbcrBo. [Jokazarenscrso (1) < (3) - cM. Teopemy 6.6. Tokaxkewm, 4ro u3 (1) crexyer (2).

HOycts 2 = Th(A), @ € A, b € Az u Az | A(b). Ilpeanonoxum, aro Th(A) + Agr. it A(b), Torma Teopus
Th(A) + Ag_ + —-A(b) - memporusopeunsa. Ilycts B = Th(A) + Ag + -A(b), Torma B = Th(A), B D Ag,

B = -A(b) u B = A(b) - mporusopeune, crenosarensao Th(A) + Ag F A(b).
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Hokaxem, uro u3 (2) caenyer (1).

Hycts A = Th(A), @ € A, b € Ag, Az = A(b), B = Th(A) u B D Ag.

U3 Ay = A(b), nomyanm Th(A) + Ag F A(b). Iz B |= Th(A) u B D Az nomyanm B = Th(A) + Agrs
torma B = A(b).

Samedanue. Anasorn4yHo Teopeme 6.7, T0Ka3bIBAETCS TeOpeMa Jist orpanndenHoit V dopmynst A(T) cur-
marypsl PPr gis teopun Th B s3pike L.

BamedaHme. AHAIOIMYHO TeopeMe 6.7, MOKa3bIBAETCS TeopeMa JJist orpanndennoit V dbopmyast A(T) B
aspike L(U) curnarypst PPr(U) mnga reopuu Th(U).

3ameuanmne. Vcnonb3ys yreepxkaenue 6.3 u Teopemy 6.7, MOXKHO JOCTATOYHO MPOCTO JOKA3ATH TEOPEMY
4.5[12 p.469].

Teopema 6.8 Ilycts mist Teopunm Th BeimonHsiercss Bropoit myHKT Teopembl 6.7 B g3bike L, Ay 0008

orpanmdeHnoit V ¢popmysnbr curaarypor PPr.

Hycts 2 = Th(U), @ € A, b € Ag.

Iycrs gna dopmysib V!yp(f)l@(f, y) = A Bepuo 2 | VLP(E”(I)(B, y) = A, tne ® - dyHKTOp CUTHATYDBI
PPr(U), rorza Th(U) + Ay - VIF® 35, y) = A.

HokazaresnbcrBo. Popmyna VE[VLP(E)I‘P(E, z)=A= VLP(E)I(@)*(@U(expp(ﬁ’(f))b,f, u)) = A], mpuHaz-
sezxur reopun Th(U), rae P(T) - noaxonsmmii cropapubiii Mporoden(cm. Yrsepzxienue 5.9), Toria

Th(U) - vz[vF @ oz, 2) = A = VIF@(@)* Oy (expp (|P(T)])), 7, u) = A], Toraa

Th(U) F [P Ola(B, 2) = A = VPP (@) (0y(expp ([P (B)))), b, u) = Al(a) Borancun: [P(B)| = d,
expp(di) = da, Ou(ds) = ds, rorna A’ = VLP(E)‘(QD)*(dg,E, u) = A, rne A’ - obennenne monenn A a3pika L(U)
10 Mogenn a3bika, L, Torga Th + Aglla;dz F VLP(B)‘(Q)*(dg,,E, u) = A, yuuTbiBag paBeHCTBO
Ou(ds) = ds, moayuum Th + Aﬂggd2+{®u(d2):da} F VLP(B)‘(Q)*(G)U(dg),B, u) = A, yuurbiBag
(Bu(de) = d3) € Ag,,, , nomyunm Th + Ay, VLP(E)‘(é)*(OU(dg),E, u) = A. YaurbiBas
Th - VaVylexpp(z) = y = EXPp(z,y) = Al 1 Th - V2Vove[o/ (Z,v) A EXPp(z,v) = A D & (Z, expp(z))],
nonyaum Th+ Ag, , F VLP(E)‘ (®)*(Ou(expp(di)),b,u) = A, yuurbisas |P(b)| = dy, nomyunm
Th+ Ay, VLP(E”(@)*(@U(expp(|f’(5)|)),5, u) = A}, yuursiBasi(a), momyIHM
Th(U) + Ag,,, F VP18, y) = A, Torma Th(U) + Ag - v @18(5,y) = A.
Sameuanme. D1y TeOpeMy MOXKHO PACHPOCTPAHUTD HA JIIOOYI0 orpHuyentyio V ¢popmyiy curnarypet PPr(U).
Teopema 6.9. Eciu gns teopun Th gma mroboii orpanudenoit V - dopmynsr sa3bika L curnarypsl PPr

BBINOJIHAETCS TEPBBIN IyHKT TeopeMbl 6.7, Toraa ayis aroboro opakynia A, mjis 060 orpanudeHoi V - hopmysibt

s3pika L(U) curnaryper PPr(U), nas reopun Th(A) rakake BbINOIHAETCS NEPBBIH MYHKT TOH TEOPEMBI.
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HoxkaszaresberBo. [Iycrs @ - npoussoubhblit 1+ 1 - mecrusiit byukrop, curaarypsl PPr(U) a3pika £(U).
Iycrs P(xq,...,2,) - TPON3BOIBHbINA CJIOBApHbIH MHOTOUWIEH. JIoKaykeM Teopemy yist (DOPMYJIbl BUIA
VLP(wl"“’L’)lfI)(xl, cey T, 2) = A

Hycrs 2 = Th(A), @ € A, b € Ag, A = VLP(E)‘[CD(E7 z) = A], nokaxewm, aro V M = Th(A), rakoii, aro
M D Ag, Bepro M = yiP®) [@(b,z) = Al

IMycrs A’ - obenuenne momenu A a3bika L(U) 10 Mouenu sa3bika L.

Cocranmv teopmio Th(2A'y) ® (cm.[9, crp. 130]), namee cocrasum Tepmio Th(2y) + Agn: , Tie M7 - obeene
mozenu Mg 10 ga3bika L. DTa Teopus NPOTUBOPEYUBA WJIUM TAKOBOI He saBjgercs. [Ipeanosmoxum, 9ro reopus
Th(Ay) + Agn: - nporusopeunsa, rorna Th = A Ai(e, f) D ~ A\ Bj(e, h), me e € Aqg, Ai(e, f) € Th(),),
Bj(e,h) € Agy:, Torna Th ANAi(e, f) > ~A\B;ez), rorna Th + A A;(e, f) D Vz— A\ Bj(e,T), torna
' = vz A\ B;(e,T). Jna h MoKHO HOCTPOMTD Takoii ciosapueiii Muorounen Q(z), uro A’ | |h| < |Q(@)|,
torma A | V‘fQ(E)‘—' A\ Bj(€,Z), rorua, corimacuo mynkra 1 reopemst 6.7 st a3bika L, yuurssas A C ML,
nomyanm ML = V%Q(E)lﬂ A\ B; (€, T) - nporusopevne, cieosaresbio Teopust Th(A, )+ Agy, - Henmpornsopeunsa.
Ormerum, aro B Mogensax A’ u M’ umerorcs crempr opakyabHbIX Beraucaennii opaxyna Ug n opakyna Ugy. [ycrs
= Th(A)) + Ages B asbike L. Umeenm: A C N u ML CN

ITocTpouM UHTEPIIPETALUIO OPAKYIBHOrO cuMBosa U

UQ[(Q), Zf a € Aa

U(a) = Umm(a), if a € Mg;

A, other.

O6o3naunM noTydeHHyo wHTepnperanuio kak B. Cormacao teopeme 6.1, moxydnm
M = Th(U) + Th(A,) + JACY

Nmeem:

Lcam/, mecn,’.

2. Ona natenperarun Ag opakynbaoro cumBosna U B momenn 2 m ans wHTenperannn By, OpaxyJIbHOTO
cumBonia U B mogenn 91y Bepro Ay C By, (Vb € A Ugy(b) = Uy, (b)).

3. s unrenperanuu Agy_ opakyibaoro cumsosia U B mojenu Mg u juig nnrenperaiuu By, opakyibHOIO
cnvBona U B momemn 91 Bepuo Agy_ C Ba, (Vb € Mz Usy_(b) = Ugy, (b)).

4, s moboro dbyrkropa ® aspika L sepro Vb € AVe € AU = ®(b) = c <= Ny = ®(b) = ¢, mpu 3TOM
ucnonbsyercs (1), rorna sepuo Vb € AVe € AVd € AU = (Og)*(c,b) = d <= M |= O%(c,b) = d.

5. Jlns moboro dbynkTopa ® sspika L£(U) Bepro Vb € A Ve € AU |= Og(b) = ¢ <= My |= Op(b) = ¢, mpu

8MoskHO B3sTH Teopmio Th + Ay
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sToM ucnosb3yercs (2,4), reopema 4.3, reopema 4.4, reopema 5.1 u reopema 5.5:

A= Op(b) = coy <= A = (O3)*(ca.b) = e A cy C Ag(, Torma Ny = (Op)* (cnr.b) = cor A ey C Boy,, Torma
N = Os(b) = dy, C ey, Toraa Ny = (Os)*(ca.b) = Op(b) = day,, Torma Ny = Op(b) = dy, = cx

6. s mo6oro dynkropa ® aspika L£(U) Bepro Vb € AVe € A A = &(b) = ¢ <= Ny |= ®(b) = ¢, npu 310M
ucnonb3yercs (4,5) n reopema 5.1. Taknm o6pazom moaydnm 2A C Ny, rorga Ny = Ag, Torma 9y = Th(U)+Ay,
yuauTbiBas reopemy 6.8, monyuum Ny = V‘ZP(E)‘ [®(b, z) = Al.

7. Hns moboro dyrrTopa ¢ a3wika L curnarypsl PPr Bepro
Vb € Mg Ve € Mg Mg = ®(b) = c <= My |= ®(b) = ¢, npm 3TOM ucanomwsayercs (1), Torma BepHO
Vb € Mg Ve € Mg Vd € Mg Mgz | (Op)*(c,b) =d < My = O4(ch) =d

8. st mo6oro dbyukropa ¢ s3vika L(U), curnarypsr PPr(U) Bepro
Vb € Mg Ve € Mg Mg = Op(b) = c == My |= Os(b) = ¢, mpu 310M ucnonbayercs (3,7), Teopema 4.3, Teopema
4.4, reopema 5.1 u Teopema 5.5.

9. [Iiist mo6oro dyukropa @ s3vika L(U), curaarypsr PPr(U) Bepro
Vb € Mgz Ve € Mg Mg = ®(b) = ¢ <= My = ®(b) = ¢, mpu sToM ucnomsayercs (7,8) u teopema 5.1. Takum
ob6paszom nomyunm Mg C Iy, yuurssag (6), noxyunm Mg = VLP(E)‘CD(E, y) = A, Torma
m = vE®a(B, 2) = Al.

IIpomomaxaem. Ilycrs A(z,21,...,2,) - upousBosbHas GeckBanTopuas ¢dopmyna curaarypbl PPr. Tia
9TOi (POPMYJIBI MOKHO TIOCTPOUTH Takoi 1 + 1 - mecTHbIi byHKTOp P 4(TEOpEMa 1.6), uTo
Th(U) - Vz,Vz[A(2,T) = P4(z,T) = A], Torna mus aw60ro ciaoBaproro muorousiesa P(T) Bepuo
Th(U) F vz3F @ A(z,7) = @ [D 4 (u,7) = A]], a raxske
Th(U) F vz[vF @Az, 7) = VIE @ [D 4 (u, 7) = A]], Toraa
Th(U) F VP®4(2,5) = VPO [$ , (u,5) = A].
IIycrs A E VIZP(B)l.A(zj), rorga 2 = VLP(E)‘ [®4(u,b) = A], Tora M = VLP(E)‘ [®4(u,b) = A], Toraa
m = VP42, B) = A

s bopmysibl, KOTOpas uMeeT ABa U 00Jiee OTPAHUYEHHBIX KBAHTOPOB V, JOKA3aTEIbCTBO ITPOBOIUTCS AHA~
sorugno. KoHer jokazarebcTBa T€OPEMBI.

Teopema 6.10. Cymecrsyer Takas narepnperamusa A dyrkropa U, aro N'P(A) # co— NP(A), torna mis
reopuu Th(A) ne BblONHSETCS TPETHIL IyHKT TeopeMbl 6.7.

HoxkasaresnbcrBo. Paccmorpum dbopMyny Buaa Hlflﬂx\ = |y| A U(y) = A]. s 310t HOPMYIBI MOKHO
MIOCTPOUTD TAKYIO N - andaBuTHyo uaTepuperanuio A ¢dyakropa U, aro nmpu n > 2, A 1000# orpaHnIeHHON

Y dopmyabt A(z,Zz), curnarypsr PPr, Beppo WordM, VmVE[HLm‘ [lz] = |y A U(y) = A] = A(x, 2)).

45



Koucrpykius nocrpoenus opakyna A umeercs B[13, p. 437].

3ameuanmne. /g ucancienus CalcEqu nocrpouts opakyn A, BecbMa mpoCTo.

CaencrBue. NP # co — NP.

HoxkaszarenbcTBo. Ucnosb3zyem Teopemsor 6.5 - 6.10.

P.S. 4 pacrmosaraio 10Ka3aTeIbCTBOM CJIEIYIOIIEr0 COOTHOIIEHUS KJIACCOB CIOKHOCTH
P =2(NP () co—NP), nomxox pemenns K KOTOPOMY, aze He obo3Ha4ueH B pasmesne "JIuckpernas matemaTuka .

The latest version of the presented study can be seen on the page https://logicproof.org

IIyctes PF,, - xmacc dbyHKIUi, KOTOPBIE BBIMUCIUMBI Ha, T€TEPMAHAPOBAHHBIX MAMUHAX THIOPUHTA C BXOJI-
HbIM andaBuToM {aj....,a,}(n > 2) 3a Bpems HOJIMHOMHAJILHO 3aBUCsdIIEe OT JuHbl Bxoga. Umeem PF,, =
PPr, rne PPr - n - andaBurubie PyHKTOPHI.

ITycte N = {A}U{m : S1(S1(,...,(S1(A),...,),m > 1}.

m— pa3s

IIycrs A = {ay,...,an}, THE N > 2.

Beakaa dyrkmusa f : N¥ — N, mopoxkgaer crosapryio dynknmo f,, : (A*)¥ — A* no npasumy

fwlar,...;ar) ="f(Tar1 ™, ...,Tag, )75

Bearas croapuasa dbymrkmus f,, : (A*)F — A* mopoxmaer dynxmuio f : N¥ — N, mo mpasmy

flmy,...omp) =" fu(Tmy 7L Tmg 0

Hycrs &2, - manvensmmii Kmace Gbynkmmit, conepammit byrxmmm: Sy (z), z +y, vy, [/2], [V |, 22, /Y
M 3aMKHYTBII OTHOCHUTEIHHO ONEPAIUHU CYTEPIO3UIMA W OTPAHNIEHHON DEKYPCHU BHIA

f(@A) =g(T),

f@p-y+i)=hi(@,y, f(T,y), taep=22,0<i<p

vz, ylf(Z,y) <j(@,y)]

Teopema( A. Cobham|[6]). &, = PF,.

Torna &, = PPr, rue PPr - cocrout u3 p - andasurabx PPr dbyrkropos(p > 2).

IMycrs PFSpace,, - knacc GyHKIMIA, KOTOPbIE BBIYACIUMbBI HA JETEPMUHAPOBAHHBIX MAIIUHAX THIOPUHTA C
BXOAHBIM andaBuToM {aj....,a,}(n > 2) ¢ TMOJMHOMHUATIHPHO OPAHWYEHHON MAMSITHIO, 3aBUCSINEH OT IJIMHBI
BXOJIA.

IIycte & Space - manmenpmmii knace Gyuxnmit, conepxxammit bynkuun: S (z), z + vy, z—vy, [z/2], [V ],

22, zlvl 3aMKHYTBINf OTHOCUTEJIHLHO OTIEPAIINN CYTIEPIIO3UINN U OI'PDAHUYEHHON PEKYpPCUN BHU/IA

f@,A) = g(@),

f@,y+1)=h(=,y, [(Z,v)),
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vz, ylf(@,y) < i@, y)]-
Nmeem PF Space, = P Space,,.
W3 nonmyydeHHbIX pe3y/ibTaToOB MIPEJACTABIEHHBIX B JJaHHOM ucciuenosannu, cienyer PF, C PFSpace,, Vp > 2

Bepuo &, C P Space.
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IIpunaoxkenue

Cocrasum k > 3 mecrusiit dynkrop suna [JConcatlf[JConcatlf...[JConcatl} ,I¥]...]. Jua storo

dyuakropa B ucuunciaennn CalcEq BbiBogmMO paBeHCTBO

[JConcatI}[JConcatl} ...[JConcatI} ,If]...](z1...x;) = Concat(x;, Concat(xs, ... Concat(r,_1,7k)...)).
Iycrs Concat” = [JConcatIf[JConcatI} . ..[JConcatI} 1¥]...], npu k > 3, Torma - Concat®(zy, ... z) =
Concat(z;, Concat(zy, ... Concat(zy_1,z1)...)). Ipu k = 2, moaywim Concat® = Concat, - Concat?(z;, ) =

Concat(z, ) npu k = 1 Concat’ = I}, - Concat'(z) = z.
Hwmeen ([JConcatIf [ IF])* = [J(Concat)* T T (If_)*(I})*] = [J[JConcatT3I|TF 1 (IF_)*(1§)*] =
[JConcat(I}_,)*(I)*] = [JConcatI; ' I} 1], Torma

k+1

(Concat®)* = ([JConcatI¥[JConcatl} ... [JConcatIf ,I}]...]* =

[JConcatIs™ [JConcatI;™ ... [JConcatI’,zHIZﬁ] ...], Torma
- (Concat®)*(z1,zy,...,2411) = Concat”(zs, ..., 25 1)

Nnveem (Opraw,,.. v,))" = (J[Concat" ™ [JOa Wy, ... ¥,]Oy,,...,0,])*, Torma
(J[Concat" T [JOs T, ... ¥.]Oy,,...,04,])* = [J(Concat" ) IM ([ JOs U1, ... ¥.])*(Og,)*, ..., (O, )]
Hanee ([JOTq,... U))* = [J(Og) T (T)*, ... (V)*], Torma
F([JOsWy, ... UL * (1,2, ..., Tpy1) = [J(Oa) TFTH(W)*, .. (Ur)*](z1, T2, . . ., Tnt1), TODIA
F [ J(©@a) T (W), (W) ] (21, 22, s Tns) = (Oa) (a1, (U1) (21,22, o Tn)s - - (Vi) (21, T2, -, ),

Torja - ([‘]6"1)\1/17"'\Ilk’])*(xhx?w"amn-l-l) = (@é)*(xla(\Ill)*(zlax%"'79377.)7'"(\I]k)*(zlax%"'vxn))a TO-

rpa b (Opaw,,. w,) (T1,22,...,Tpy1) = (Concat™)*(z1, ([JOT1, ... UL])* (@1, 22, ..., Tpi1)
,(Ow) (x1, 22, ..., Tpt1), (Ow, ) (21,22, ..., Tnt1)), TOTIA
F (Opaw,,...wy)) (T1,22, ..., 2yt1) = Concat™ ! (([JO Uy, ... Up]) (z1, 22, ..., Tpt1),
(Og, )" (1,22, ...y Zpt1),- -, (O, ) (21, 22,...,2ny1)), TOTTA
FOuaw,,..v,) (@1, 22, ..., Tn11) = Concat"™™ ! ((0g)* (@1, (U1)* (21, Zos - - s Tng1), - - - (V) (1, 2y - . ., Tps1)),
(Ow,)* (1,22, .-y Tnt1),- .-, (Ow, ) (21, T2, ..., Tpy1)), TODLA
F (Ouaw,,.. v,) (T1,22,...,2,11) = Concat((Os)* (x1, (V1) (21,22, ..., Tnt1), .- (Tp)*(T1, 22, ..., Tny1)),
Concat((Oy,)*(z1,%2,.. ., Tnt1)s .- ., Concat((Og, _,)* (21,22, .-, Tnt1), -5 (Ow, ) (T1, T2, .-, Tpt1))s- -y )-
Haner ® - n > 1 - mecrrbiit Gynkrop, ¥y,..., Uy - (n + 2) - mecrabe pynxropbr. CocraBum HyHKTOD
[ROWy, ..., W] - (n+ 1) - mecTnprit. [To atomy dynkTOpy MocTponM GyHKTOP O[Raw, ... w,]-
Iycrs T = 21, ..., Tny A= [J[ROUy, ..., U ]I L I0ET

Uveem = (T, 2, u) = [J[ROTy,..., U JIT T2 I0ET)(7, 2,u) = [ROV, ..., U,)(T, 2).
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Mycts ¥; = [JConcat[JOy, I} 12, ... VNI, T, - (n + 2) - MecrbIii dbyHTOD.

meewm: - U4 (Z, z,u) = [JConcat[JOy T2, . .. RN (T, 2, u) =
Concat([JOy,IT2, ... . I'TIN(T, 2,u), I'13(7, z,u)) = Concat(Oy, (T, 2, \(T, 2, 1)), u) =

Concat(Oy, (T, z, [ROV4, ..., VL](T, 2)), u).
Urak, b U;(T, z,u) = Concat(Oy, (T, z, [ ROV, ..., VL](T, 2)), u)
Iyctb Oraw, .. v, = [ROsP1, ..., Uy,
Onpegensionine paBeHCTRA:
- Oraow,,. v, (T, A) = [ROs U1, ..., U] (T, A) = Op(T)
F Oraw,,... v, (T, Si(2)) = [ROs U1, ..., 0](T,Si(2)) = Ui(T, 2, [RO U1, ..., U,](T, 2)) =

Vi(Z, 2, Opaw, ... v, (T, 2)) = Concat(Oy, (T, z, [ROVy, ..., V4](T, 2)), Oraw,

Nrak, nmeem ciiegyromue onpeiessionime paBeHcTBa A GyHTOpa @[Rq,q,l)wq,k] :
F Oraw, ... v,] (T, A) = Os(T),
F Olrow,,...,v,](T,Si(y)) = Concat(Oy, (T, 2, [ROVy, ..., Vi|(T, 2)), Oraw,,...v,](T, 2)), tie i <k,
F Oraw,,... v, (T, Si(y) = Oraw,,....v,)(T,y), vre i > k.
Hanee (\)* = ([J[ROUq, ..., T, JIPH2 L TE3))*.
(JR®Ty, ..., U Iy t2 I = [J([R®Wy,..., U] I3 (P H2) . (1))
Myeem: = (N)*(y,Z, z,u) = [J([ROUy, ..., U] TIP3 (AP . (1)) ] (y, T 2, u) =
([ROW, ..., U)X (v, 7, 2,u), () (v, T, 2,0), o (D) (v, 7, 2,u)) = ([ROVL,..., U))*(y, T, 2)
Urak, H (A\)*(y, T, z,u) = ([ROVy, ..., V])*(y, T, 2).
(0;)* = ([JConcat[JOg, I} 2, ... . IMTINII2])* = [J(Concat)* I} 3 ([JOg, IT T2, ..., TMEIN)*(I13)] =

[J[JConcatB3IIy 3 ([JOy, 172, . IV EEA) (10 13)"].

([JOw I H2, . LN = [J (0w, I (I T2) . (1) (V)7

(V0w T2, T (v, T ) = [0, T2 (T2 (V) (v, 7 2u) =
(©w,) (I (y, 7, 2,u), () (v, 7, z,0), .. (LD (7,7 2,0), V) (¥, T, 2,u) =
Ow,)*(y,T, 2z, M) (y,T, z,u)) = (Ow,)*(y, T, z, [ROV1, ..., Vr])*(y, T, 2)).
Urak, - ([JO,I7T2, . IEIN) (v, T, 2, u) = (O4,)* (v, T, 2, ([ROV1, ..., U)) (., T, 2)).
= () (y, T, z,u) = [J(Concat) I+ ([JOw, 112, ... TN (L 13))(y. @, 2,u) =
[J[JConcatBII} T3 ([JOg, I7 2, .. TN (I E2) | (y, T, 2, u) =
[JConcat BT (I 4 (y, 7, z,u), (704 I1 72, T2TAN)* (v, 7. 2, 0), (I42)* (v, 7. 2.w) =
Concat(([JOy,ITT2, ... IV (y, T, 2,u), I113)*(y, T, z,u)) = Concat((Oy,)* (v, 7, 2, ([ROV1,..., U,])*(y,T, 2)), u).

Urax, F (\ili)*(y,f, z,u) = Concat((Og,)*(y,Z, z, ([ROY1, ..., V)" (¥, T, 2)), u).
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(Orraw,,...u,))" = (RO W1, ..., Wi])* = [R(Oa)" (¥1)",..., (V1)]
F (Oraw,, . w) (¥, T A) = (RO W1, ..., Wi])* (v, T, A) = [R(O2)* (¥1)",..., (¥)*](y, T, A) = (Oa)*(v,7)
F (Orew, . w,) (¥, T, Si(2)) = (ROa V1, ..., Wi])* (v, 7, 8i(2)) = [R(Os)* (¥1)*,-.., (¥1)")(y, T, Si(2)) =
(0)*(v, 7, 2, [R(Oa)"(¥1)", ... (T4)*)(y, T, 2) = (L))" (¥, T, 2, ([ROa V1., Ui)])* (v, T, 2)) =
Concat((0y,)* (¥, 7, 2, ([ROV1,..., Ui])*(y,T, 2)), (ROs V1, ..., U))*(y, T, 2)) =
Concat((Ov,)" (v, T, 2, ([ROVy, ..., Wr])*(y, T, 2)), (Otrew, ....w,))" (¥, T, 2)).
Nrax, = (Orow,....v,])" (¥, T, 8i(2)) = Concat((Oy,)"(y, 7, 2, ((ROV1, ..., Vi])* (¥, 7, 2)), (Orow,....v,)) " (¥, T, 2))-
Taxum o6pazoM Moy amm:
F (Orewv,,...v,)) (¥, T, A) = (0)"(y, ),

F (@[R'ZI)\Pl ,,,,, \I/k])*(Y7§7 Sl(Z)) = Concat((@mi)*(y,f,z,([Rq)\l’l,...,\I/k])*(y,f,z)),(@m@pl ,,,,, \I/k]>*(Y7§az>)7

= (Oraw,,...v,)) (¥, 7,8i(2)) = (Oraw,....v,)" (¥, 7, 2), upu i > k.

Iycts Wq,... Wy - 2 - MmecTHBIe DYHTOPHI, (v - HEKOTPOe p— ajadaBuTHOE apryMmenTHoe cjoBo. CocraBum
bynkrop [RaVy, ..., V] Ilocrponm GyHKTOP O(gaw, ... w,]-

[ycrs v = [J[RaWy, ..., Ui ]I3].

Uwmeem F vy(z, 2) = [J[RaVy, ..., U )13 (z, 2) = [Ra¥y, ..., ¥](z).

ycts ¥; = [JConcat[JOy, I37|13].

meewm: - Uy (z, 2) = [JConcat[JOy, I24]12](x, z) = Concat([JOy 127|(x, z), 13(z, 2)) =
Concat(Oy,(z,v(z, 2)), z) = Concat(Oy, (z, [Ra¥y,..., U](x)), 2).

Urax, F ¥,(z, z) = Concat(Oy, (z, [Ra¥,, ..., U)(x)), 2).

[ycts Oraw, ... v, = [RA\Ill, cel \i/k], TOrZIA,

F Oraw,,...w,(A) = [RAT, ..., UJ(A) = A,

F ORawy,...0,(Sk(@)) = [RAT, ..., W](Si(x)) = U(x, [RATy,..., Ui)(z)) = Ti(z, Ogaw,,...,v,) (7)) =
Concat(Oy, (v, [RaVy, ..., Vi](2)), Oraw,,...,v,(T))-

Nrak, mMmeeM ciieyioliye onpe/essioliue paBeHCTBa I GyHTOPa O[raw, ... v,
F Olraw,,..,w,(A) = A
F Olraw,,...,w,](Si(7)) = Concat(Oy, (v, [RaVy, ..., Vi]()), Oraw,,...,v,] (7)), Tne i < k.
F Oraw,.... v, (Si(2)) = Oraw, ... v, (@), tae i > k.
Brmumenm ompesiesstionye cooTHOMEHn 11 GyHKTOpa (O[raw, ... w,])* = ([RA\ill, R \i/k])*:

([RA\ijla cee \ijkD* = ([RCODStjl\(\ill)*, ceey (\Ijk)*]a

F ([RAW, ..., U))*(z,y) = [RConsth (T1)*,..., (¥)*](z,y),
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- RConst} (¥1)*, ..., (¥;)*](z,A) = Const} () = A
- [RConst} (¥,)*, ..., (U3)*)(, Si(y)) = (¥;)* (z,y, [RConst} (¥,)*, ..., (U)*)(x,y)), Torma
- [RConsty (1)*,..., (Vi)*](x, Si(y)) = (Vi) (z,y, ([RAT1,..., Wi])* (2, y)),

F(RAD, . U)) (2, Si(y) = (00)* (2, ([RADL, ... Wi))* (2, ),

F (ORaw,,...w,))" (2,8i() = (¥:)* (2,9, (Olraw, ....w,)) " (T, 1)),

Hanee (v)* = ([J[RaVy, ..., 12",

()" = [JHIIL]

+ (I%)*(mvyvz) = [JI%I%I%]((E,y,Z) = I%(I%(mvyaz)vl:g(xvyaz)) =Y

F ([J[RaWy, ..., U ) (2, y, 2) = [J([RaWy, ..., U)) I3(12)*](, v, 2)
FJ([Ra¥y, .. O] L (1) (2, y, 2) = ([Ra¥y,..., O])* (T{(2, y, 2), (1) * (2,9, 2))
F([Ra®y,..., Up))* (B (2, y, 2), @) (2,9, 2)) = ([Ra¥y, ..., Ui])*(z,y)

F () (@, 2) = ([Ra¥y, ..., Ui])* (2, y)

(¥;)* = ([JConcat[JOy,I1]13))",

([/Concat[JOy, I{1]I5])* = [J(Concat) I3([J Oy, Ii7])* (I3)"],

(Concat)* = [JConcatI3I3],

([JOuw, 1)) = [J(Ow,) TE(I})*(7)"],

()" = [JRBL]

(I3)* = [JBLIL]

Uneen:

F @) (2,y. 2) = [JEBE](z,y,2) =y,

= (13)*(2,y, 2) = [JBBE](z,y,2) = 2

- (Concat)*(z,y, z) = [JConcatI3I3](z, y, z) = Concat(y, 2),

()" (2,y, 2) = ([JConcat[JOy, I{1]13])* (2, y, z) = [J(Concat)* I} ([JOy,1i1))*(13)*] (2, y. 2) =,
F([J0w,I]) (2,1, 2) = [J(Ow,) T (1)* (7)*](x, y, 2) = (Ow,)* (T} (z,y, 2), A})* (2, ¥, 2), (1)* (2,9, 2)),
F(0w,) @(z,y,2), @) (2,9, 2), (1)* (2,9, 2)) = (Ow,) (2,9, (7)* (2., 2))

= [J(Concat) I} ([JOy,137])* (13) ](2,y, 2) = (Concat)*(I(z,y, 2), ([JOuw,117])* (2, y, 2), (1)* (2, y, 2))
= (Concat)* (I (z,y, 2), ([JOw,Ti)* (2, y, 2), (13)* (2, y, 2)) = Concat(([JOw,I7])*(z,y, 2), 2)

- Concat(([JOy,I{1])*(z,y, 2), 2) = Concat((Ow,)"(z,y, (7)*(z,y, 2)), 2)

= Concat((Ow,)"(2,y, ()" (2,9, 2)), 2) = Concat((Ow,)"(x,y, ([RaVy, ..., Vk])*(z,y)), 2)-
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Takum obpazom moayInM
- (\i'l)*(x, y,z) = Concat((Og,)*(z,y, ([Ra¥y,...,¥])*(z,v)), 2), Torma

H (\i/l)*(xv Y, [RCOHSt}\(\ifl)*, LR (\I/k)*](xv y)) =

Concat((Oy,)*(z,y, ([Ra¥1, ..., U])*(x,vy)), [RConst} (T1)*, ..., (¥;)*](z,y)), Torma

F [RConst} (U))*, ..., (0)*](z,Si(y)) =
Concat((0y,)*(z,y, ((RaVy, ..., U])*(z,y)), [RConsth (¥1)*, ..., (Vr)*](z,y)).

Takum obpazom mMOJIydnm

+ (G[Ra\Ill,...,‘Ilk])*(x7A) =A

- (Ofrav..))" (2.5:(y)) = Coneat((Ow,)* (2,9, ([RaWy.. ... Wi])*(@.)). (Opraws....u))* (2.1)),
mpu ¢ < k.

F (Oraw, ... v,)" (2, S:(¥) = (Oraw,..,v,]) " (,y), npu i > k.

st siro6oro dpyukropa @ s Jit000ro HHTENPeTalOHHOrO MHOXKECTBa A 10KaXKeM
WordM, | Va©g (@) =~ B¢, (a).

Brimunrem 3uavenune omeparopa O:

JUIS UCXOIHBIX (DYHKTOPOB:

Sk, Z,d,Length, —, Concat, D, I}, U:
Os, =Z, 0z =7, 05 = Z, OLengtn = [JZ13], ©_— = [JZI3], Oconcat = [JZI3], Op = [JZI3], O1p = [JZI}],
Oy = [JciU].

s bysrTopa [JOWy, ..., U]

Ouaw, ..., = [JConcat" ™[OV ... U;], Oy, ...Og,].

st dyrakropa [RaWy, ..., Uyl

ORawy,. vy = [RAT1, ..., Ty,

A7 GpyHKTopa ®[R<I>\I/1 ..... U]

Orow, ... vy = [ROsT1, ..., Uy,

st sroboro dyukropa ¥ andasura £ Bepuo Va - Og (@) = A. Ilpu ucnosbzoBanuu npasuna [yncreiina
BepHO F Oy (T) = A.

Hokaxkem F Oy (z) = Ogy (2):

Oy = [JeliU], Og, = Oueniu] = [JConcat?’[JQCI}U]QI%@U], yaurbsas [JOJIIU] = [JZI1], Op =
[JZ1}], nonyuum Og,, = Oy, Torga - Oy (z) = Ogy, (7).

NuayknuoHHOe HIPEeAIIoI0XKEeHNe:

a. Ilycre mna dyrkropa ® sBepuo WordM, = VE[04(T) = Og, (T)].
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b. Ilycrs sy dynkropos W ..., Wy sepro WordMy = Vy1, ..., Vyn[Ow, (Y1, .-, Un) = Oy, (1, -, Yn)]

,Z[OK&)KQM WordM, ): Vyh s vyTL@[J@‘IJl ..... Wk] (yla ) yn> ~ G@[anpl Wk (yla s ay’n)

Nveem Opjow, ... v, = [JConcatk+1[J®q>\Ill, .o, U%]Oy,, ..., Oy, ], Torma

FOuaw,,..u,(7) = [JConcat" ' [JOs U1, ..., T ]Oy,, ..., O] ([F) =
Concat" ™ (04(T1(9), ..., V(7). Ov, (7). .. Ou, (7)) (A).

Borauncianm @[J@(b\plu_\l/k]:

OO0, .. 0, = [JConcatkH[J@@q)\Ill ... 9]0y, ...Oy,], Torma

- Oesv,...w,](7) = [JConcat" ' [JOe, U1 ... U]y, ...O,](7) =
Concat* "' (8¢, (1 (7). ..., V(7)), 00, (7). .. Ow, (7).

YunreiBas wHAyKIMOHHOE Tpeanonoxenne WordMy = VZ[O4(Z) &~ Og, (T)], nomyunm

WordM, = ¥7(0,s0,u, .,/(7) ~ Concat** (€ (¥1(7), ..., Ux(7)), Ou, (7). .- O, ()]

Yuaurbisas unaykmuonnoe npejnosnoxenne WordMy = Vyi, ..., Yy, [Ow, (Y1, .., yn) = Oey (Y1, .-, Yn)];
noyume WordM,, = Vg[Concat () 0,u,...w,)(7): Ooy, (7)) = Concat'™ (04 (¥1(7). - .. Vi(9)), Ow, (7), - - - O, (7)),
WordM, E Vy[Concat?’(G[J@(I,\I,lu_q,k](y), Ooy, (1), Oay, (7)) = Concat" ™ (04 (¥, (%),..., U(7)), 00, @), ... Ou, ()],
WordM,, |= vg[Concat™ (050, v,...0,](7), O, (1) Oou, @), -, Ooy, (1) =
Concat" (04 (¥(7),..., V7)), Ow, (7),... O, (7))], yaurssas (A), noxyanm

WordM,, |= V¥j[Concat* ! (O 6,u,..v,] (7). oy, (7), Oo,, (@), - -, Oy, () = Ouaw, ... v (7)(B)

Berancmm Og

eeuwl,...,\pk] = @[JCOncatk"'l[J@qﬂlll,m,\lik]@q,l,..‘,@\pk]

@[JCOncatk+1[J@q)\lll,...,\llk]@\pl,“.,eq,k] =
[JConcat* ?[JOconcarit: [JOaT1, ..., Uk]Ou, ..., 00,0 0,u,....v,]O0y, -, O0y, |, yaursBas
Oconcatk+1[JOa V1, ..., ¥;]Og,,..., O, | = [JZI}], nonyaum

Op. .. ) = [JConcatkH@[J@q)\pl,__,’\pk]Ggq,l ...,@@q,k}, TOTJI3,
aar...u) (@) = [JConcat" O 0,u,, w004, -, O0,,1(7) =

Concat*™ (O e, u,...0,)(7): O6u, (7). - .- Oey, (7)), yuutsmas (B)nory-umn

WordMy = V[0 4y, o)) = Olraw,,. v (Y)

Borancianm @@[RWI ‘‘‘‘‘ v = G[RG)«p‘ifl,...,‘ifk]'

Umeen V; = [JConcat[JOy, I7 12, ... TPTENIT).

Boranciamm @[J@)\pill‘”,--qlxﬁx\]:

O sy, 1142, 12N = [JConcat"*[JOe, I1*2,... I IINOpmsz, ..., Opr420,], yumreman Opnrz = [JZI ]
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HOJLY YUM G[J@‘Pil?+2"~~7121f)\] = [JConcat[JGG\PiI?H, S UsEPNCINE

Brramenum Oy .

O3, = Ol sConcat[ sy, 1772, 12N 2] =

[JConcat®[JOconcat[JOw, I} T2, . .. 7IZﬁ)‘]IZig]@[J@%I?“,...,Izjﬁx] 91213]’ yIHTbIBAs
[JOconeat[JOw I}, ... INTINIITS] = [JZIT?) 1 Oz = [JZI?] nomywmm
[JConcat®[JOconcat[JOw, Iy, ... . LIINL31O o, e 23 Orriz] = Oy, pre _prizy, TOIIA

Oy, = [JConcat[J@@q,in”, L IEIN e,

Nmeem:

_l_
@
=
o
=
2
=
—~
'
n
~
SN—
I
S
5
=l
“1\2
@
Y
o
=
2
=
—
&
N
=

- Oraw,,... v, (T, Si(2)) = [JConcat[JOy, IT 2, ... TV TENIN2](7, S;(2))
= G[R‘i"l’1,-~7‘1’k] (f, SZ(Z)) = Concat(@wi (T, z, /\(f, Z)), G[R‘I"I’17~--»‘I’k] (T, Z))

F Q6 nas,. oy (T A) = [ROe, U1, ..., U4](T,A) = O, (T)

F 0,y (7 8i(2) = Wi(T. 2,00 00y, o,y (7:2))

Nmeem &/1 = [JConcat [J@\i/,i I?“, e IZﬁ)\]Izg], TOrA

06 rou,....uy (T, Si(2)) = [JConcat[JOg I1 ™2, ... TN (T, 2,06 e, .. v, (T, 2)), TOTAR

06 nou,....uy (T, Si(2) = Concat([JOg 117, ... TN (T, 2, 90 na0, .0, (T 2)), T3 (T, 2,00 g,

- O6pmps, . uy (7 Si(2)) = Concat(Oy, (7. 2, A(. 2)), O6 upu,. . o1, (7 2)).
Nueem Oy = [JConcat[JOo, I1*?,... INTIN]0,], Torma

-0y (T, 2,u) = [JConcat[JOe, I1*?,... INTINOL](T, 2,u)

-0y, (T, z,u) = Concat([]®@% I?H, R IZﬁ)\] (T, z,u), O(T, z,u))

F©g,(T,z,u) = Concat(JOe,, (T,2,\(T,2)), O, (T, z,u))

i

2 2 2
I/IMeeM @)\ = @[J[R‘I)‘Ill,uw\I’k]]I;H—Q,...,I:/if] = [JCOncatn+ [J@[R@\I/17___,\I;k]1?+ geeey 1211]61?4—2, ey @I;Li?],
torna O = [JOraw, .., \pk]I?+2, .. ,IZﬁ], TOrIA,
— 2 27 /—
F GA($7 Z, U) = [‘]@[Rlbllll,“.ﬁllk]l?-i— PRI 71211]($, Z, ’LL), TOoTAa

FO(T, z,u) = Oraw, ... v,] (T, 2), TOra
F Oy, (T, z,u) = Concat(@e\pi (T, 2, \(T, 2)), O[raw, ..., w,], (T, 2)), TOTIA

wk](f, Si(2)) = Concat(Concat(@e\pi(f,z,)\(f, z)),G)[Rq>\1,1,m7q,k](E,z)),@@[Rw1 11111 \pk](T, z2)).

ITonseném urornu:
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F Olrow, ..., v, (T, A) = Os(7)

- Oe, (Z,A) = Og, (T)

ROW,,..., 0]

= Oraw,,...v,](T,Si(2)) = Concat(Oy, (T, z, \(T, 2)), Ogaw,.....v,] (T, 2))

IIpeamnonoxum, 9T0 BEPHO:

YaWordM, | O¢ (@) ~ Og, (@)
VavBvyWordM, = Oy, (@, 8,7) ~ Oe,, (@ ,7)
VavVfWordMy = Oraw,.....v,](@, B) = 96 ray,

WordM,, |= ©6 4y, ., (@ Si(8)) =

Concat(Og,, (@, 3,A(@, )), Concat(Orawi, .. v, (@ B3), T (@, B))), ucnosnb3ys MHIYKIMOHHOE IPE/I-
nosiozxkenue WordMy = Ogowi,... v, (@, B) ~ @@[RWI,_”)%] (@, B)), nomnyuum

WOI'dMA ': COHC&t(@[Rq;.\I;i"“’\pk](a, 6), @e[R<1>\I/1 \Pk](a,ﬁ)) ~ @[R‘P‘Pl,...,‘llk](av 6), TOoraa

,,,,,

WordM, E Concat(G)@\pi (@, B,\(@, B)), Concat(Orawv, ... v, (@, 5)799[%\1}1 11111 W(a, ) ~

Concat(@‘l’i (6767)‘(67 ﬂ))7@[R<I>‘P1 \Pk](a76))’ rorja WordM ': @@[R‘1>‘1’1 ..... \pk](a7si(ﬁ)) ~ ®[R<I>\I/1 ..... \I/k](aa Sz(ﬁ))7

roria WordMy = VZVz[Oraw, .. w,] (T, 2) ® O6 new, v, (T:2)]-

Ucnonp3yst vHAYKIUIO 110 TIOCTPOEHUIO (PYHKTOPOB M MHIAYKIMIO II0 ITOCTPOEHUIO apPI'yMEHTHOI'O CJIOBA, II0-

ayunm: s o6oro dyakropa ® Bepro WordMy | VZ[O4(T) ~ Og, (T).
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