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Abstract 

Wolfram's Principle of Computational Irreducibility asserts that for most non-trivial discrete systems there 

exists no analytical shortcut: to determine the state at time T, one must simulate all T steps. For finite-

dimensional unitary graph systems, the evolution admits an exact spectral representation for a specific class 

of systems: finite quantum graphs with unitary evolution. Knowledge of the spectral slice - the quantum 

state |Ψ(t₀)⟩ and the spectrum of the evolution operator Û - fully and exactly determines the state at any 

moment T without stepping through intermediate times. The theorem is a principled, not a practical result: 

algorithmic complexity O(2𝑁) remains exponential. Practical significance is achieved in the coarse-

graining limit at scale ℓ >> a, where the problem reduces to polynomial complexity. Three conditions - 

finiteness, unitarity, linearity - constitute the exact domain of applicability. 

1. Motivation and scope. 

Wolfram's Principle of Computational Irreducibility (2002) states: 

Principle 1.1 (Wolfram).  For most non-trivial computational systems (cellular automata Rule 110, Game 

of Life, Turing machines), there exists no method computing state s(T) faster than direct simulation of all T 

steps:  Time(s(T)) = Ω(T). 

Time to compute s(T) = Ω(𝑇) [no analytical shortcut] 

The only way to know the future is to live every step. In this sense, there is no general analytical shortcut for 

the class of systems to which the principle applies. 

 

The principle rests on three assumptions that are typically satisfied in cellular automata but fail in Quantumograph: 

• (W1) The state space is effectively unbounded or grows with time. 

• (W2) The evolution is irreversible, so information is not preserved step by step.  

• (W3) The dynamics is nonlinear, so there is no global spectral decomposition into independent modes.  

These assumptions are sufficient to support computational irreducibility in generic cellular-automaton-like 

systems. 

By contrast, for finite-dimensional unitary graph systems, an exact spectral shortcut exists after diagonalization. 
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1.1 Emergent Time and the Ontological Status of the Theorem 

This section is the key conceptual contribution of this version. It elevates the theorem from "mathematically 

correct" to "ontologically significant". The argument connects the Reducibility Theorem to one of the deepest 

features of Quantumograph v14: time is not a fundamental external parameter. 

The standard objection against the Reducibility Theorem reads: 'You are simply substituting T into the spectral 

formula — this is no more surprising than the analytic solution of a harmonic oscillator. Wolfram is talking about a 

different class of systems.' 

This is a fair objection for standard physics, where time T is an external parameter — a coordinate axis along 

which the system evolves. Substituting T into a formula is indeed trivial. 

1.1.1 Time as a Topological Charge in Quantumograph 

Axiom T0 (Quantumograph v14): Emergent Time.  In Quantumograph theory, time t is not a fundamental 

external parameter. It emerges as a topological charge 𝑞𝑒 on directed edges of the quantum graph G = (V, E): 

𝑡 = ∑ 𝑞𝑒 ,

𝑒∈γ

 

where γ - oriented path and the sum runs over edges of an oriented path in the graph. The moment T is not a 

predetermined point on an external axis — it arises from accumulated topological charges. There is no background 

time: time is what the graph does. 

This changes the framing of the Reducibility Theorem fundamentally: 

•  In standard physics: T is a given number; the formula yields x(T) trivially. 

• In Quantumograph: T is encoded in the spectrum of 𝑈̂ through eigenvalues 𝑒𝑖ω𝑘 . The eigenvalues ω𝑘 

are precisely what constitutes emergent time. Knowing the spectrum means knowing the entire temporal 

structure of the system. 

 

1.1.2 The Spectral Slice as the Carrier of Time 

Corollary 0 (ontological): Spectrum = Time.  The spectral slice (|Ψ(t₀)⟩, σ(𝑈̂)) contains not merely the state at 

moment 𝑡0 — it contains time itself as a structure. The eigenvalues 𝑒𝑖ω𝑘  of the evolution operator are the 

generators of emergent time. Knowledge of σ(𝑈̂) means knowledge of the entire temporal structure of the system 

— not as extrapolation, but as ontological fact. 

Therefore the future state |Ψ(T)⟩ is not ontologically inaccessible without traversing intermediate steps: it is 

already fully encoded in the spectral structure of the present. This is not a mathematical shortcut — it is a consequence 

of what time is in this theory. 

 

1.1.3 Why Wolfram's Objection Does Not Apply 

Wolfram's Principle of Computational Irreducibility rests on a model of time as a fundamental step -by-step 

process: each step must be 'lived through' because the next state is ontologically inaccessible without the previous 

one. For cellular automata with external time this is correct — they have no spectral structure encoding time. The 

irreducibility is not a technical limitation but a reflection of the ontology: in those systems, time IS the sequence of 

steps. 

In Quantumograph this model is wrong from the ground up: 

Computational reducibility is not a trick of substituting into a formula. It reflects the fact that in 

Quantumograph, time and the spectrum of the evolution operator are the same thing described in different languages. 



Wolfram's irreducibility does not apply not because 'a formula was found' — but because the nature of time is 

incorrect for this class of systems. 

 

1.1.4 Connection to the Poincare Paradox and the Arrow of Time 

The same logic resolves the Poincare paradox for macroscopic systems. The return time 𝑇𝑃 ~ (
2𝑝𝑖

ϵ
)

2𝑁

 is defined 

in microscopic time t — but for a macroscopic observer with resolution l >> a, the microscopic t is inaccessible. The 

emergent macroscopic time tau is the projection of topological charges 𝑞𝑒 onto the coarse-grained level, and at that 

level recurrence is not formulable as a prediction. 

The arrow of time is not a statistical artefact (Boltzmann's argument) but a structural property of the directed 

edge topology of the graph. Edges carry topological charges 𝑞𝑒 that define a preferred direction — this is built into 

the definition of the graph, not imposed by initial conditions. 

Consequence: the Poincare paradox does not conflict with the Reducibility Theorem. Both concern 

microscopic time t. At the macroscopic level — where the emergent arrow of time lives — the system appears 

irreversible. At the microscopic level it is reversible and reducible. There is no contradiction: these are two levels of 

description, connected by coarse-graining (Section 7.3). 

 

2. Quantum Graph Structure and Key Distinctions 

2.1 Cellular Automaton vs Quantum Graph 

 

Property Cellular Automaton (Wolfram) Quantumograph 

State space 0,1∞ (infinite) 𝐶 2𝑁
 (dim = 2𝑁 < ∞) 

Evolution Irreversible (Rule 110) Unitary: 𝑈†U = I 

Linearity No Yes (superposition) 

Operator spectrum None σ(Û) ⊂ S¹, discrete 

Slice determines future? No (irreducibility) Yes (Theorem 4.1) 

Source of irreducibility W1+W2+W3 None: all three violated 

Table 1. Key distinctions between Wolfram's cellular automaton and Quantumograph quantum graph. 

 

2.2 The Notion of a Slice 

 

Definition 2.1 (Temporal and spectral slice).  A temporal slice at time t₀ is a quantum state |Ψ(t₀)⟩ ∈ ℋ = 

𝐶2𝑁
. A spectral slice is the pair (|Ψ(t₀)⟩, σ(Û)), where σ(Û) = {(ωₖ, |φₖ⟩)} is the spectral decomposition of the 

evolution operator. Slice sufficiency: |Ψ(𝑇)⟩ = 𝑈  𝑇−𝑡0̂ |Ψ(𝑡0)⟩, 𝑖𝑠 the property that a spectral slice at t₀ uniquely 

determines the system state at every T ∈ ℤ. 

 

 



3. Auxiliary Lemmas 

 

Lemma 3.1 - Markov Property on Hilbert Space 

Let 𝑈̂: ℋ → ℋ be unitary, dim ℋ = 2𝑁 < ∞. Then for all t₀, τ ∈ ℤ: 

|Ψ(t₀ + τ)⟩ = Û𝜏 |Ψ(t₀)⟩ 

The state at t₀ + τ is fully determined by the state at t₀ alone - independent of history. 

Proof.  From the definition |Ψ(t)⟩ = Û𝑡|Ψ(0)⟩, we get Û𝜏|Ψ(t₀)⟩ = Û𝜏+𝑡0 |Ψ(0)⟩ = |Ψ(t₀+τ)⟩. □ 

 

Lemma 3.2 - Spectral Jump: O(𝟐𝑵) instead of O(τ·𝟐𝑵) 

Given the spectral decomposition 𝑈̂ = Σₖ 𝑒𝑖𝜔ₖ|φₖ⟩⟨φₖ|, for any t₀, τ: 

|Ψ(t₀+τ)⟩ = Σₖ cₖ(t₀) · 𝑒 𝑖𝜔ₖ𝜏 · |φₖ⟩,   cₖ(t₀) = ⟨φₖ|Ψ(t₀)⟩ 

This requires O(2𝑁) arithmetic operations independent of τ. 

 

Caveat:  One-time diagonalization of Û (a 2𝑁 × 2𝑁 matrix) costs O(8𝑁) - exponentially more expensive than 

O(τ·2𝑁) direct simulation for any practical τ. The speedup is realized only if τ >> 4𝑁, which is unrealistic for 

large N. 

Proof.  Expand |Ψ(t₀)⟩ = Σₖ cₖ|φₖ⟩. Apply Û𝜏: the cost is 2𝑁 multiplications by 𝑒𝑖𝜔ₖ𝜏 and 2𝑁 additions - O(2𝑁), 

independent of τ. □ 

 

Lemma 3.3 - Spectrum Recovery from Observations 

Given M ≥ 2·2𝑁slices {|Ψ(tⱼ)⟩}, the spectrum {(ωₖ,|φₖ⟩)} is recoverable via inverse DFT. 

Caveat: Requires  

(a) non-degenerate spectrum (ωₖ pairwise distinct - fails for symmetric Hamiltonians),  

(b) exact quantum tomography of M ≥ 2·2𝑁states - itself exponentially costly. 

 

Lemma 3.4 - Forecast Accuracy 

With exact spectrum: forecast error = 0 for all T ∈ ℤ. 

With spectral error δωₖ ≤ 𝜀𝜔: 

‖||𝛹(𝑇)⟩𝑓𝑜𝑟𝑒𝑐𝑎𝑠𝑡  − |𝛹(𝑇)⟩𝑒𝑥𝑎𝑐𝑡 |‖ ≤ |T| · 𝜀𝜔 ·√(2𝑁 ) 

Proof.  Follows by the Cauchy–Schwarz inequality applied to the difference vector. □ 

 

 

 



4. Main Theorem (Principled Result) 

 

Theorem 4.1 - Computational Reducibility (against Wolfram).  

Let the universe be described by a quantum graph G satisfying Q1–Q5 (finiteness, unitarity, linearity, 

discreteness, non-degenerate spectrum). Then: 

 

•  (I) A spectral slice (|𝚿(𝒕𝟎)⟩, 𝛔(𝑼̂)) fully determines |𝚿(𝑻)⟩ for any 𝑻 

|Ψ(T)⟩ = Σₖ ⟨φₖ|Ψ(t₀)⟩ · 𝒆𝒊𝝎ₖ(𝑻−𝒕𝟎 )
 · |φₖ⟩. 

•  (II) Complexity post-diagonalization: O(𝟐𝑵) vs O(τ·𝟐𝑵) for direct simulation.  

•  (III) Spectrum recovery: From 2·𝟐𝑵 slices in O(𝟒𝑵 · N) via FFT.  

•  (IV) Accuracy: Zero forecast error with exact spectrum, for all T ∈ ℤ . 

•   Time(|Ψ(t₀+τ)⟩) = O(𝟐𝑵) ≠ Ω(τ).(V) Wolfram bound violated. 

 

Proof.  (I) Direct from Lemma 3.1 and spectral decomposition. (II) From Lemma 3.2. (III) From Lemma 3.3. (IV) 

From Lemma 3.4. (V) Combines (I) and (II). □ 

 

5. Limitations of the Theorem 

Important:  The theorem is a principled and not a practical result for large N (given the current levels of human technology). The 

following is a complete list of caveats. 

 

5.1 Exponential Diagonalization Cost 

One-time diagonalization of Û costs O(8𝑁) - exponentially more expensive than O(τ·2𝑁) direct simulation for 

any practical τ. Formal speedup requires τ >> 4𝑁, unrealistic for N ~ 10120. The theorem demonstrates the principled 

eliminability of the τ-dependence, not computational efficiency in the usual sense. 

Honest statement:  Given that diagonalization has been performed, subsequent forecasts cost O(2𝑁) 

regardless of the time horizon τ. This is a meaningful structural statement about the problem, even if 

diagonalization itself is practically unachievable now and, in terms of overall scaling, remains exponentially 

expensive in the worst case. 

 

5.2 Quantum Tomography 

Measuring |Ψ(t₀)⟩ requires O(2𝑁) measurements in general. Lemma 3.3 (spectrum recovery from slices) requires 

M ≥ 2·2𝑁 exact slices - itself exponentially expensive. 

Partial resolution:  In Quantumograph, only coarse-grained observables at scale ℓ >> a are physically 

accessible (see §7.3). This reduces requirements to polynomial. 



5.3 Non-Degeneracy Condition 

Lemma 3.3 assumes pairwise distinct frequencies ωₖ. For symmetric Hamiltonians (including the Z⁴ torus), 

spectral degeneracy is generic, requiring additional conditions for spectrum recovery. 

 

5.4 What the Theorem Does Not Claim 

•  Not practical computability now for N ~ 10120.  

•  Does not refute Turing: limited to predicting evolution of a specific quantum system.  

• No contradiction with the Second Law: macroscopic entropy growth is a coarse-graining artifact; von Neumann 

entropy S = −Tr(ρ ln ρ) = const for a pure state.  

•  Does not disprove Wolfram for cellular automata: conditions W1–W3 hold there, and irreducibility is valid.  

 

6. Corollaries 

Corollary 6.1 - Horizon Independence 

Forecasting τ = 10100 steps ahead costs the same as forecasting τ = 1 step: 𝑇𝑐𝑜𝑚𝑝𝑢𝑡𝑒(τ) = O(2𝑁) = const. This is 

an intrinsic property of finite unitary evolution. 

Corollary 6.2 - History–Future Separation 

To predict |Ψ(T)⟩ for T > t₀, no history for t < t₀ is needed. Only |Ψ(t₀)⟩ and σ(Û) are required. 

 

 

Corollary 6.3 - Post diction of the Past 

From one slice one can exactly reconstruct all of the past (same formula, τ < 0). Follows from reversibility Û−1 

= Û†. 

Corollary 6.4 - Quantum Digital Twin 

There exists an algorithm A(|Ψ(t₀)⟩, σ(Û)) returning |Ψ(T)⟩ with zero error in O(2𝑁) operations for any T. 

Caveat:  Obtaining the algorithm's inputs (tomography + diagonalization) costs >> O(2𝑁). The algorithm 

exists in principle but is practically applicable only in the coarse-graining regime (§7.3). 

 

Corollary 6.5 - Boundary of Reducibility 

• Wolfram irreducibility is restored. N → ∞: O(2𝑁) → ∞;  

• Spectral error 𝜀𝜔: Forecast error ~ |T|·𝜀𝜔·√2𝑁. 

• This explains why macroscopic systems (N ~ 10120) appear computationally irreducible. 

 

7. Connection to Quantumograph and Coarse-Graining 

7.1 Spectral Slice as a Physical Observable 

In a real QPU experiment, the spectrum σ(Û) is extracted from spectroscopic measurements of the coupling 

constants Jᵢj  - physically measurable parameters. Corollary 6.4 is therefore operational: 



• Step 1: Measure Jᵢj  spectroscopically → construct Ĥ𝑛𝑜𝑖𝑠𝑒. 

• Step 2: Compute Û = 𝑒 −𝑖Ĥ𝛿𝑡 and diagonalize. 

• Step 3: Measure |Ψ(t₀)⟩ (tomography; polynomial in the coarse-graining limit). 

• Step 4: Apply formula (Theorem 4.1, I) - forecast without stepping. 

If although even for N=1000 full diagonalization is still practically impossible to implement, but in coarse-graining 

we work with M∼(
𝐿

ℓ
)

4

, and for ℓ≫a - which is already realistic. 

7.2 Connection to OTOCs and Scrambling 

From the Theorem on Absence of Asymptotic Chaos: OTOC is bounded C(t) ≤ 2, 𝜆𝐿 = 0. If the forecast is exact, 

different initial states do not irreversibly mix - information is conserved. This is self-consistent with Theorem 4.1. 

 

7.3 Coarse-Graining and Practical Reducibility (key section) 

 

This section translates the theorem from a principled to a practically significant result.  

 

The full quantum state |Ψ⟩ ∈ 𝐶2𝑁
 is physically unobservable: any measurement collapses the superposition. In 

Quantumograph only coarse-grained observables at scale ℓ >> a are physically accessible (block -averaged fields, 

energy densities at wavelengths ℓ). 

 

Definition 7.1 (Coarse-grained observable space).  The space 𝐶ℓ = {𝐴:supp(𝐴) ≤ ℓ4} contains M = 

(L/ℓ)⁴ << 2𝑁 degrees of freedom. The effective evolution operator Û𝑒𝑓𝑓 = 𝑃ℓÛ𝑃ℓ acts on 𝐶𝑀. 

 

Corollary 7.1 (Polynomial reducibility for physical observables).   

In the coarse-graining limit at scale ℓ >> a: 

• Diagonalization of Û𝑒𝑓𝑓: O(M³) - polynomial in M. 

• Forecast of a coarse-grained observable: O(M) - polynomial. 

• Tomography of the coarse-grained state: O(M²) - polynomial. 

 

Wolfram's principle is violated for the class of physically observable quantities. 

 

This is a fundamental conclusion: computational reducibility is a property of the observation scale, not of the 

system per se. At the fine-grained level (full quantum state) - the task is exponential. At the coarse-grained level 

(physical observables at wavelengths ℓ >> a) - polynomial. 

 

Why coarse-graining does not save Wolfram: the coarse-grained operator of a cellular automaton is not unitary - 

irreversibility belongs to the microdynamics (W2), and coarse-graining only amplifies dissipation. Unitarity is 



precisely the property that is preserved (in the relevant approximate sense) under coarse-graining in quantum 

mechanics. 

 

8. Summary Table: Wolfram vs Quantumograph 

 

Question Wolfram (CA) Quantumograph (principled) Quantumograph (coarse-grained) 

Full history needed? Yes No (Cor. 6.2) No 

Jump to t=T? No Yes, O(2𝑁) Yes, O(M) 

Forecast complexity Ω(τ) O(2𝑁)+O(8𝑁) O(𝑀3)+O(M) 

Slice encodes past? No Yes (Cor. 6.3) Yes 

Practically achievable? N/A No (N>>1) Yes (M<<2𝑁) 

Boundary - N→∞; 𝜀𝜔>0 ℓ<<L; unitarity 

Source of irreducibility W1+W2+W3 None: all violated None 

Table 2. Comparison of principled and coarse-grained results against Wolfram. 

 

9. Conclusion 

In Quantumograph, time T is not a given number on the external axis. T emerges from the accumulated topological 

charges 𝑞𝑒 on the graph's edges. This means that T is encoded in the spectrum Û itself through the eigenvalues 𝜔𝑘. 

This raises a nontrivial assertion: the spectral slice (|Ψ(t₀)⟩, σ(Û)) contains not just the state at time t₀ -it contains 

time itself as a structure. The eigenvalues 𝑒𝑖𝜔𝑘 are what constitute emergent time. Therefore, knowledge of the 

spectrum means knowledge of the entire temporal structure of the system. 

 

Main Result. 

In Quantumograph theory (finite quantum graph, unitary evolution): 

• One spectral slice (|Ψ(t₀)⟩, σ(Û)) fully and exactly determines all past and future evolution. 

• Source of reducibility: three properties absent in Wolfram's cellular automata - finiteness + unitarity + 

linearity. 

• The computational reducibility is a direct consequence of the fact that time, in the exact unitary 

microdynamics, is merely an index specifying the phase evolution, which is entirely determined by the 

spectrum, reflecting the unity of time and spectral structure. 

 

Principled result (large N): forecast complexity O(2𝑁) is independent of the time horizon τ, although 

absolute cost remains exponential. 

Practical result (coarse-graining, ℓ >> a): complexity O(M) = O((L/ℓ)⁴) is polynomial for physically 

observable quantities. Wolfram's principle is violated for the class of physical observables.  

finiteness + 𝑈†U = I + superposition  =>  computational reducibility 
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