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Abstract

We establish the unrestricted fixed-dimensional minimax theory for estimating the
two-sample Wasserstein distance W, (P, Q) over the full class of Borel probability measures
on [0, 1}‘1. For every p > 1, every d > 2p, and arbitrary sample sizes n, m with N := nAm,
we prove that the exact minimax absolute and squared risks are

(Nlog N)"Y4  and  (NlogN)~2/4,

The argument is entirely Euclidean. First, we show that the lower-envelope scale
is already exact on a full diagonal neighborhood and that empirical optimal transport
remains locally suboptimal there. Second, we identify the critical finite model by reducing
the balanced supercritical problem to the Euclidean problem on the dyadic grid with
|Xs| < Nlog N atoms, and we determine the generic off-diagonal geometry through full
positive-distance neighborhoods, mixed-scale two-ball classes, and translated thin-annulus
examples. Third, a critical linearization of the p-cost separates a parametric first-order
affine layer from normalized second-order residuals; semiconcave branching bounds and
support-complexity eliminations then reduce the unresolved part of the problem to a finite
nearest-neighbor macrograph. Finally, that terminal layer is closed by three different
mechanisms: uniform semiconcavity for p > 2, canonical corner kernels plus finite switch-
envelope closure for 1 < p < 2; and cone reduction with exact dyadic prefactor restoration
for p = 1. A one-sided lower bound with one exact reference marginal then propagates
the balanced theorem to arbitrary sample sizes.

Along the way we obtain exact local laws at the diagonal, sharp envelopes on separated
Euclidean product neighborhoods, a mixed-scale phase diagram on full two-ball classes,
translated off-diagonal families with logarithmic plug-in gaps, and critical-grid elimination
theorems for support-sparse and dyadically thin geometries.
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1 Introduction

Let d € N, p > 1, and let P; denote the set of Borel probability measures on [0,1]¢. Given
P, Q € Py, the p-Wasserstein distance is

Wo(P.Q) = (_int [ e~ ylBan(z.n) "

rell(P,Q
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From independent samples

X1, Xo R P, Vi, Y R Q,
the goal is to estimate the scalar functional W, (P, Q).
The empirical approximation problem and the direct functional-estimation problem are

different. By the triangle inequality,

|Wp(Pn7 Qm) - WP(PJ Q)‘ S Wp(P’I’M P) + WP(QWJ Q)?

so the empirical plug-in estimator inherits the classical curse of dimensionality from one-sample
Wasserstein approximation. In the supercritical regime d > 2p, this yields the benchmark
rate N~Y/4 where N :=n A m, by the sharp one-sample theory of Weed and Bach [9]. What
is not settled by those facts alone is whether the scalar functional W, (P, Q) can be estimated
strictly faster than empirical plug-in over the unrestricted class Py.

Before the results proved here, the strongest general lower bound in fixed dimension was
the balanced supercritical bound of Niles—Weed and Rigollet,

inf sup E|[W — W,(P,Q)| 2 (NlogN)~Y¢  (d>2p, n=m =N),
W P,QEPy

which left a logarithmic gap to the plug-in upper bound N—1/¢ [7]. The problem continued
to be recorded as open in later expository accounts; see, for example, [1]. The sharp off-
diagonal plug-in theory of Manole and Niles-Weed [6] also indicates that the hard part of
the unrestricted problem is not in smooth positive-baseline classes, but in singular or weakly
separated configurations.

This paper closes that gap completely. For every p > 1, every d > 2p, and arbitrary sample
sizes n, m with N = n A m, we prove that

S)JT%]?;dp =4, (Nlog N)~ V4, i)ﬁff"m?dyp =4, (Nlog N)~%/4,

Equivalently, in fixed dimension the supercritical two-sample Wasserstein problem exhibits a
genuine sample-size enlargement from N to N log N, and this enlargement is exact for the
scalar functional W, (P, Q) itself.

Informal main theorem. Assume d > 2p and set N := n A m. In the balanced case
n =m = N, there exists a constant Ag(d,p) > 0 such that on the full Euclidean local class

Lagn ={(P,Q) € PI: Wp(P,Q) < Ag(Nlog N)~ 1/},
the exact minimax rates are

inf  sup E|‘//I\/ — Wy(P,Q)| =< (Nlog N)_l/da
W (P,Q)ELA, N

inf sup E(W —W,(P,Q))" = (Nlog N)~*%,
W (PQ)ELAG,N
and the empirical plug-in estimator still has worst-case squared risk

sup  E(W,(Pyn,Qn) — Wy(P,Q))> > N~2/4
(PvQ)eﬁAo,N



on the same local class. The local theorem globalizes: for arbitrary n,m with N :=n A m,

inf sup ]E}T//[\/ — Wp(P, Q)| =a,p (Nlog N)_l/da
W P,QEPy

and

inf sup E(W — Wp(P, Q))2 =qp (Nlog N)iz/d-
W P,QePy

Proof strategy and structural outputs. The proof has four main layers.

(i) Ezact diagonal geometry. We show that the lower-envelope scale already lives on the
actual Euclidean model. The diagonal theorem is proved on the full neighborhood
L N, not on a surrogate tree or on a specially engineered subclass.

(ii) Critical discrete model and off-diagonal phase diagram. At the sharp scale, the balanced
supercritical problem is equivalent to the Euclidean problem on the dyadic grid
with |X ;| < Nlog N atoms. Away from the diagonal, full positive-distance product
neighborhoods and full two-ball classes reveal the generic smooth and mixed-scale
regimes, while translated thin-annulus classes show that off-diagonal logarithmic plug-in
gaps persist only under exact first-order cancellation.

(iii) Reduction of the singular layer. A critical linearization of the p-cost isolates a first-
order affine layer and normalized second-order residuals. The affine layer is already
parametric after pooling, a semiconcave branching principle removes all dual-regular
residual families, and support-complexity elimination theorems show that support-
sparse or dyadically thin macro-geometries are already subcritical on the critical grid.
What remains is a finite nearest-neighbor macrograph.

(iv) Closure of the terminal models. The terminal nearest-neighbor layer is closed in three
distinct ways: by uniform semiconcavity when p > 2, by canonical corner kernels
together with finite switch-envelope closure when 1 < p < 2, and by a cone reduction
with exact dyadic prefactor restoration when p = 1. A one-sided lower bound with one
exact reference marginal then propagates the balanced theorem to arbitrary sample
sizes.

Beyond the main minimax theorem, the argument yields exact local laws at the diagonal,
sharp envelopes on separated Euclidean product neighborhoods, a mixed-scale phase diagram
for full two-ball classes, translated off-diagonal subclasses with logarithmic plug-in gaps, and
elimination theorems for semiconcave branching, support-sparse families, and dyadically thin
critical-grid geometries. Together these results identify which Euclidean configurations are
genuinely hard and which are already below the target scale.

Organization of the paper. Section 2 records the known minimax picture and the main
structural results. Section 3 gives an exact paired Euclidean model on which direct estimation
already beats plug-in, while Section 4 explains why exact one-scale reductions are rigid and too
restrictive to capture the unrestricted supercritical difficulty. Section 5 proves the exact local
theorem and the local plug-in gap, and Section 6 gives the critical-grid reduction. Sections 7
to 9 analyze the positive-distance regimes: separated classes, full two-ball neighborhoods, and
translated thin annuli. Section 10 proves the known-reference lower bound used for sample-size
imbalance. Section 11 develops the critical linearization, semiconcavity, support-complexity,



and finite-offset reduction package. Section 12 closes the balanced supercritical regime for
p > 1, and Section 13 closes the boundary case p = 1. Finally, Section 14 propagates the
balanced theorem to arbitrary sample sizes and records the full fixed-dimensional minimax
picture.

2 Main theorem and structural results

For n,m > 1, define the minimax absolute and squared risks

mabs o =inf sup E|W — W,(P,Q)|,
W P,QEPy

M, =inf sup E(W — Wy(P,Q))%
W P,QePq

Throughout, N :=n A m.

2.1 Previously known minimax envelopes

Theorem 2.1 (Previously known unrestricted envelopes). Fiz d > 1, p > 1, and let
N:=nAm.

(i) If d < 2p, then

omabs N T1/2, med = N1

n,m,d,P nymydvp

(ii) If d = 2p, then
N7V2 < gmabs < N7V (1og NP,

n,m,a,p ~v

N~t<omsd < N~l(log N)?/P.

n?m?d?p ~

(iii) If d > 2p, then

N—1/2 < oMabs < N_l/d, N1 < msd < N—2/d.

n,m,a,p ~v n7m7d7p ~
(iv) If d > 2p and n =m = N, then
(Nlog N) ™/ £ My g, S N7,

(Nlog N)™ 2/ <omd y ) S N-2/4.

I’ 7p ~

Proof. The upper bounds follow from plug-in together with the sharp one-sample empirical
Wasserstein bounds of Weed and Bach [9] and the compact-support estimates of Fournier

1/2

and Guillin [2]. The generic lower bound N~%/# is obtained by restricting one marginal

to a fixed atom and reducing the problem to estimating a Bernoulli mean. The balanced
supercritical lower bound (N log N)~'/¢ is due to Niles-Weed and Rigollet [7, Theorem 11
and the discussion after it]. O

2.2 Main results

Theorem 2.2 (Exact unrestricted supercritical minimax law). Assume p > 1, d > 2p, and
N:=nAm>2. Then

mebe 1, =dp (NVlog N)~ V4, Mo 4 <ap (Nlog N)~2/4,



Theorem 2.3 (Exact fixed-dimensional minimax picture). Fiz d > 1, p > 1, and N :=
nAm > 2.

(i) If d < 2p, then
mi]?s"b,d,p = N_l/g’ Smigmdm =N
(ii) If d = 2p, then
N—1/2 < gﬁabs < ]\7—1/2(10g]\[)1/p7

n,m,d,p ~

NP <o < N~l(log N)?/P.

n?m?d’p ~
(iii) If d > 2p, then

M, 4y <ap (Nlog N)~Hd ond

- —-2/d
n7m7d7p n,m,d,p Adap (N log N) 2/ ‘
The proof of Theorem 2.2 is built from the structural Euclidean results stated below. For
d>2pand n =m = N, write
ny == (Nlog N)~'/,

For A > 0, define the local Euclidean class
Lan :={(P,Q) €Pi: Wy(P,Q) < Any}.

Theorem 2.4 (Exact local law at the diagonal). Assume d > 2p and n =m = N. There
exists Ag = Ao(d,p) > 0 such that

inf  sup EWT\/ — Wy(P,Q)| Zap 1,
W (PQ)EL AN

. - 2
inf  sup  E(W —W,(P,Q))" =a, 1k
W (PQ)ELAG,N

Moreover, for every fized A > 0, the empirical plug-in estimator satisfies

sup  E(W,(Py,Qn) — Wy(P,Q))° 24, N~4,
(P,Q)ELA,N

—1/d ig already

The first point of Theorem 2.4 is that the lower-envelope scale (N log N)
exact on a full Euclidean neighborhood of the diagonal. The second point is that plug-in
remains locally suboptimal by a full logarithmic factor.

The next result identifies the correct finite-state model behind the balanced supercritical

problem. Let J = J(N, L) be defined by
27? < LNlog N < 2(/+1d,

and let X ; be the set of centers of the level-J dyadic cubes. Denote by 6}*\,'037 d,p and By, dp
the minimax absolute and squared risks when both marginals are restricted to P(X ).

Theorem 2.5 (Critical-grid reduction). Assume d > 2p and n = m = N. For every fized
L>1,

abs abs abs —J
ONLdp < MNNap < ONLap T Ca2™",

sq sq sq —2J
ENLip < PN Nap < 26N Lap T Ca2 ™



In particular, for every sufficiently large fized L, the unrestricted balanced supercritical problem
s equivalent, up to constants, to the same Euclidean estimation problem on a dyadic grid
with | X ;| < Nlog N atoms.

Away from the diagonal, the picture becomes geometric. Fix a small absolute constant
v :=1/20, set

11 1
24 1= (Z’ 5,...,5), X, :={ueR?: |uls <4}, Y. :=e + X,

and for 0 < r < 1/4 define
X, =z, +rX,, Y, = z, + 7Y, Cr :=P(X;) x P(Y,).

Theorem 2.6 (Full positive-distance neighborhoods). Assume d > 5 and p > 1. There exist
constants 0 < cq, < Cqp < 00 such that for every 0 <r < 1/4,

capr(Nlog N)~%/4 < i‘%f (PsQu)pC E[W — W,(P,Q)| < CyprN-2/1.
9 e ™

—2/d yeplaces the

Thus, on separated product neighborhoods, the smooth-cost exponent N
local diagonal scale (N log N)~1/4. The next regime is genuinely mixed: the two marginals
are separated by a positive baseline r, but each is itself confined to a much thinner ball of
radius s < r.

Let

11 1
- d. — (Z = —
Bi={ueR?: |ulls <1}, 2 := (4,2,...,2),
and define
Crs :=P(20 + sB) x P(zo + re1 + sB), 0<s<r/20.

Theorem 2.7 (Mixed-scale phase diagram on full two-ball classes). Assume d > 5, p > 1,
andn =m = N. There exist k, = r,(d,p) € (0,1/20] and constants 0 < cq, < Cqp < 00
such that for every 0 <r < 1/4 and 0 < s < Ryr,

2
capmax{sN~V2 203 b <inf sup B[ — W(P, Q)|
r W (P,Q)eCrs

2
-1/2 | 5 ar—2/d
<Cyp (SN + - N )
Equivalently, the critical width is
Serit (N, 1) =< rN2/d=1/2

Below that width, the full class is generically parametric with risk = sN—Y2; above it, the full
class is generically nonparametric with risk between (s%/r)(Nlog N)=2/¢ and (s*/r)N—2/?.

Theorem 2.8 (A nongeneric off-diagonal logarithmic gap). Fiz 0 < r < 1/10, assume d > 2,
p>1, and let n =m = N. For all sufficiently large N, there exists an exact Fuclidean class
A(j\gr C P37 such that every pair (P,Q) € A‘j\gr obeys

r < Wy(P,Q) <1+ CyprN~2/d=1,



while a direct estimator achieves

sup E(W — W,(P,Q))? <ap r2N @D (log N)~1/P,
(PQIEAN

and the empirical plug-in estimator satisfies

sup  E(W,(Py,Qn) — Wy(P,Q))° 24, r>N @D,
(P,QIEARE,

Thus direct estimation can still beat empirical optimal transport far from the diagonal,
but only on a smaller translated geometry in which the first-order term cancels exactly.

For arbitrary sample sizes, a lower-bound obstruction already survives in a one-sided
experiment with one exact reference marginal; see Theorem 2.9 and Section 10.

Proposition 2.9 (One exact reference already preserves the lower envelope). Assume d > 2p.
There exist constants Ay = A1(d,p), c1 = c1(d,p) > 0, and n1 = n1(d,p) such that for all
n > ny there is a reference measure Q, € Py with

inf sup E‘W(Xl, s X Q) — Wy(P, Qn)] Zdp (n logn)_l/d,
W PeLy .(Qn)

with the analogous lower bound 24, (nlog n)*2/d for squared loss. Consequently, any bal-

anced supercritical upper bound propagates to arbitrary sample sizes by discarding surplus
observations.

Remark 2.10. Theorems 2.4 to 2.9, together with the reduction and closure theorems of
Sections 11 to 14, yield Theorem 2.2. The diagonal theorem supplies the sharp local scale; the
grid theorem identifies the correct finite-state model; the positive-distance and mixed-scale
theorems control the generic off-diagonal geometry; and the remaining singular layer is finite
and is closed separately in the ranges p > 2, 1 <p < 2, and p = 1.

2.3 Proof architecture

The structural results above separate the unrestricted problem into three geometrically
distinct regimes.

First, Theorem 2.4 settles the exact diagonal law on the continuum model itself. This is
where the lower-envelope scale (N log N )_1/ ¢ first becomes an upper bound, and it already
shows that empirical optimal transport remains logarithmically suboptimal on a full Euclidean
neighborhood of the diagonal.

Second, Theorems 2.5 to 2.8 identify the correct finite model and the generic off-diagonal ge-
ometry. The critical-grid theorem shows that the balanced supercritical problem is equivalent,
up to constants, to the same Euclidean estimation problem on a dyadic grid with < N log N
atoms. The positive-distance and mixed-scale theorems then determine the smooth and
mixed-scale off-diagonal regimes, while the thin-annulus construction isolates the nongeneric
situation in which a logarithmic off-diagonal gap survives exact first-order cancellation.

Third, the later sections reduce and close the singular layer left by these geometric results.
Critical linearization converts the unresolved part of the problem into a finite-offset expansion
with a first-order affine term and normalized second-order residuals. The affine layer is already
parametric, the semiconcave branching principle removes all dual-regular residual classes,
and Theorem 11.4 eliminates support-sparse and dyadically thin critical-grid families. What



remains is a finite nearest-neighbor macrograph, closed by uniform semiconcavity for p > 2,
by canonical corner kernels plus finite switch-envelope closure for 1 < p < 2, and by a cone
reduction with exact prefactor restoration for p = 1.

3 An exact paired Euclidean model

Before turning to the full local theorem, it is useful to record an explicit Euclidean class on
which direct functional estimation already beats empirical plug-in. The point of this model is
conceptual: it shows that the logarithmic phenomenon is genuinely Euclidean and does not
require any tree surrogate.

Lemma 3.1 (Paired packing). There exists a constant cq > 0 such that the following holds.
For every M > 1 and every 0 < § < cqM /%, one can choose points
- - d
{af,27,..., 23,23, C[0,1]
with

[E

Foala=6 (=1,...,M),

and such that distinct pairs are separated by at least 50:
min{|ju — vz : u € {z;, 2]}, ve{xj, z; }} > 50 (i # j).

Proof. Choose a dyadic grid with spacing 8§ in every coordinate. For c¢; small enough, the
grid contains at least M points in [0, l]d. Given a selected anchor z;, set

T =z + 20eq, xj = zj + 30ey.

Then ij —x; |l2 = 6, and points belonging to different pairs remain separated by at least
54. O

Proposition 3.2 (Exact paired Euclidean reduction). Fiz M > 1, p > 1, and a paired
configuration as in Theorem 3.1. For 0 = (0y,...,0y) € [—1,1]1™, define

J

Z [(1+6;)0,++ (1—6;)5,-].
j=1
Then for every 0,m € [—1,1]M

5 Y
Wp(Py, PP = mz 10 —nj
=1

Equivalently, if
1+06;

2M

qe(j7 :l:)

then
W, (P9> )p =P TV(QQ, qT?)

Proof. Each measure places total mass 1/M on every pair {z],z;}. Hence any coupling

R
induces a circulation between the macro-pairs. If an optimal coupling transported positive

mass around a cycle of distinct pairs, rerouting that mass inside each participating pair would



strictly lower the cost because inter-pair moves cost at least (50)P, whereas the corresponding
intra-pair corrections cost only 6. Thus some optimal coupling is entirely localized within
the pairs. Inside a fixed pair j, exactly |0; — n;|/(2M) units of mass must cross the edge of
length 6. Summing these contributions proves the formula. O

Let .
g}fjjg ={Py: 6e€[-1, 1]M} C Pg.

Theorem 3.3 (Direct estimator on the paired class). Assume n = m = N, let log N <
Colog(2M), where Cy is the constant from Jiao—Han-Weissman [3], and let GY}'s be the

paired class above. Then there exists an estimator W such that

— M 1/(2p)
sup E’W_WP(RQ)‘ 51)5 NI N )
P7Qegi?’i§ (NIOgN)
—~ 2 M 1/p
sup  E(W —W,(P,Q))" 5p 52(@)

PQeEGH

Proof. By Theorem 3.2, estimating W),(Py, P,)? is exactly the same as estimating 6” TV (qp, ¢y)
on an alphabet of size 2M. Apply the L;-distance estimator of Jiao, Han, and Weissman [3]
to obtain an estimator L of ||gs — gy||1 with squared error < M/(Nlog N). Set

V= —L, W= Vr,

Then
E(V —W,(Py, P)?)” <, 6P ———.
S91,11]7;) ( p( 0 77) ) ~p NlOgN

Since = + x'/? is 1/p-Hélder on [0, o0),
‘W - Wp(P9v Pn)| < “7 - Wp(PGv Pn)p|1/p7
which yields the stated absolute and squared risk bounds. O

Corollary 3.4 (A strict logarithmic improvement on an exact Euclidean subclass). Assume
d>2p and n =m = N. Then there exists an exact Fuclidean subclass g}’va” C Py such that
sup  E|W — W, (P, Q)| Sap N™V(log N)~/(2)
P7Q€g]]:<]air

for a suitable direct estimator, whereas plug-in satisfies

sup  E|W,(Py,Qn) — Wy(P,Q)| Zap N7V
P’Qeg%alr

Proof. Take M = N and 6 =< N~'/¢ in Theorem 3.3. This gives the direct-estimation upper
bound. For the lower bound on plug-in, apply the same argument as in Theorem 5.14 at
the uniform paired point Qo € GR", for which the minimum nonzero support separation is

= N~14 and the true distance is zero. O]



4 Rigidity and limitations of exact one-scale reductions

The paired construction is exact because it preserves mass pairwise. If one instead looks for
a universal identity of the form W) = ¢ TV on a single fixed support, the geometry becomes
rigid and the resulting statistical problem is much easier than the supercritical unrestricted
problem.

For a finite codebook X = {x1,..., x5} C [0,1]¢, let Aps denote the simplex of probability
vectors on M points, and write

M
Fx(q) =) qibx;, q€Ay.
i=1

Proposition 4.1 (Rigidity of exact one-scale TV reductions). Assume that there exists ¢ > 0
such that
Wy (Fx(q), Fx(r))’ =cTV(q, ) for all q,r € Ayy.

Then X is equilateral:
loi —xillz=c (i # ).
In particular, M < d+ 1.
Proof. Take ¢ = §; and r = §;. Then
Wp(Fx(q), Fx (1)’ = [lz; — zjll3,  TV(g,7) =1,

so every off-diagonal distance equals c. A classical fact of Euclidean geometry says that an
equilateral set in R¢ has size at most d + 1. ]

Proposition 4.2 (Exact equilateral reduction). Assume that X = {x1,..., 2} C [0,1]% is
equilateral with common separation A:

i —zjlla=A (0 #J).
Then for every q,r € Ay,
Wy(Fx(q), Fx(r))” = AP TV(q,7).

Proof. The overlapping mass >, min{g¢;, 7; }d,, can be matched at zero cost. Every remaining
unit of mass must move between distinct support points, and every such move costs exactly
AP. Thus the optimal cost equals AP times the unmatched mass, namely TV (q, r). O

Theorem 4.3 (Fixed equilateral codebooks have the rate N~'/P). Let X < [0,1]¢ be
equilateral of size M > 2 and common separation A, and let N =n Am. Then

cpA2N~YP <inf  sup IE(I//I\/ — Wp(P, Q))2 < CM7PA2N_1/p,
W P,QEP(X)

C;ANfl/(Qp) <inf sup E|W — Wy(P, Q)‘ < C]/\/IPAN’U(ZP).
W PQeP(X) ’

Proof. Write P = Fx(q) and Q = Fx(r). By Theorem 4.2,

W,(P,Q) = A TV (q, )"/

10



For the upper bound, use the empirical histograms ¢ and 7, set T := T V(q,7), and define
W := ATYP. By Theorem 5.4,

sup E(f - TV(q,r))2 <u N1
q@rEAN

The Hélder continuity of = — /7 therefore yields the displayed upper bounds.
For the lower bound, restrict to

ro=(1/2,1/2,0,...,0), ¢ =(1/2+¢,1/2—¢,0,...,0).

Then W,(Fx(ge), Fx(ro)) = Ac'/P. Estimating the target over this two-point family reduces
to distinguishing two Bernoulli laws whose Kullback-Leibler divergence is < Ne?. Choosing
e < N~1/2 and applying the standard two-point lower bound gives the claims. O

Corollary 4.4 (Exact deterministic one-scale reductions are statistically subcritical). Assume
d > 2p, and suppose a fived support family X C [0,1]¢ satisfies

Wy(Fx(q), Fx(r))? =c¢TV(q,r) for all q,r € Ayy.

Then

inf sup E(W — W,(Fx(q), Fx(r)) Sap N7 = o(N~2/4),
W qreAn

Thus exact deterministic one-scale identities cannot realize the supercritical difficulty of the
unrestricted Euclidean problem.

Proof. By Theorem 4.1, the support is equilateral and has size at most d + 1. Apply
Theorem 4.3 with M < d + 1. Since d > 2p, one has 1/p > 2/d, so N~'/? = o(N=%/4). O
5 The dyadic surrogate and the exact local theorem

This section proves Theorem 2.4. We begin with the canonical dyadic surrogate.

5.1 Dyadic partitions and the tree formula

For j > 0, let D; be the standard dyadic partition of [0, 1]¢ into 27¢ cubes of side length 277.
For distinct =,y € [0,1]%, let

E(z,y) :=min{j > 1: z and y lie in distinct cubes of D;},
and define the dyadic ultrametric
plz,y) :=27F"0  p(z,2) =0,

Write

1/p

WonP.Q) = (_int oy an(ew) " T(P.Q) =W,y (P.Q)

For a dyadic cube R € Dj, define

Ar(P,Q):=P(R) - Q(R),  V;j(P,Q):= ) |Ar(P.Q)l.

RGDj

11



Finally set

1 . A
aj =5 (2777 - 270*DP),

Proposition 5.1 (Exact dyadic tree formula). For every P,Q € Py,

T,(P.Q) = a;V;(P.Q).

j>1
Moreover, for every J > 1,
J
0<T,(P,Q) =Y a;V;(P,Q) <2 aj=2"U+0.
j=1 i>J

Proof. The metric pP is exactly the path metric on the complete rooted dyadic tree whose
level-j edges have weight a;: if two leaves first split at level k, then the path between them
contains two copies of every edge weight a; for j > k, so

2 Z a; = o kp — p(x,y)P.
Jj>k

For weighted tree metrics, the one-Wasserstein cost equals the sum, over tree edges, of edge
length times the absolute mass imbalance across that edge. Grouping edges by level yields
the displayed formula. The tail estimate follows from 0 < V;(P,Q) < 2. O

Let X ; be the set of centers of the cubes in Dj.

Proposition 5.2 (Comparison on the dyadic grid). Let J > 1 and z,y € X;. Then
pla,y) < llz —yll2 < 2Vd p(z,y).
Consequently, for all P,Q € P(X;),
Wop(P,Q) < Wp(P,Q) < 2VdW,,(P.Q).

Proof. If k = k(x,y), then some coordinate of z — y differs by at least 2%, which gives the
lower bound. Since x and y lie in the same level-(k — 1) dyadic cube, their Euclidean distance
is at most its diameter vd 2~ 1 = 2/d27F, giving the upper bound. The Wasserstein
comparison follows by integrating the pointwise inequalities over arbitrary couplings and
taking infima. O

5.2 A direct estimator on the dyadic tree

We use the following discrete input of Jiao, Han, and Weissman [3].

Theorem 5.3 (Jiao-Han-Weissman). There exists a universal constant Cy > 0 such that the
following holds. Let S > 2, let N > 2, and assume log N < CylogS. Then there exists an
estimator L based on N samples from each of two unknown probability vectors r,s € Ag such
that g
=~ 2
sup E(L —||lr —s|h) <C—-—-+=

r,s€EAg ( H H ) NlOgN

for a universal constant C' < oo.

We also need the elementary empirical Li-bound.
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Lemma 5.4 (Empirical Li-error on a finite alphabet). Let r, s be distributions on an S-point
alphabet, and let ¥y, Sy be empirical histograms based on N samples each. Then

45
B(l7x = Snlly = lIr = sll)” < -
Proof. By the triangle inequality,

|I7Fn =8Nl = [lr = sll| < IFn =7l + IS — s]l1

The Cauchy—Schwarz inequality gives ||7x — 7|3 < S||Fx — 7|3, hence

s
- . S
Elfy —rl|f <8 Var(fn,) < N
i=1
and the same for sy. O
Fix Ji by
2714 < Nlog N < 20h+Dd - p . [%]

For each j € {1,...,J1}, the level-j cell masses of P and @ form two probability vectors
on an alphabet of size 2/¢. We estimate V;(P, Q) empirically for j < J, and by the JHW
estimator for J, < j < Ji. More precisely, let

VP = Vi(Py,Qn), 1<j< i,

and for J, < j < Jp, let %‘JHW be twice the JHW estimator of the L;-distance between the
level-j cell-mass vectors, clipped to [0, 2]. Define

Ji—1 J1
5 {remp 17JHW 7w . 71/p
T, := E a; V" + g a;V; , Wy :=T,/".
=1 G=Js

Theorem 5.5 (Direct upper bound on the dyadic tree). Assume d > 2p and n =m = N.
Then

sup E(fp —T,(P, Q))2 Sap (Nlog N)*zp/d,
P,QePy

and therefore
= 2 _
sup E(W, — W,,,(P,Q))" Sap (N log N) 2/,
P,QePy

Proof. Let A; denote the estimation error at level j. By Theorem 5.1,

J1
T, - T,(P,Q) =Y a;A; = Y a;Vi(P,Q).
j=1

j>J1

Since 0 < V;(P, Q) < 2, Minkowski’s inequality gives

Ji
1/2 1/2
(B(T, — T,)%)"* <3 0y (BAD? +23 ;.
Jj=1 j>n

13



For 5 < J,, Theorem 5.4 yields

(EA2)'/? < 2,/2/4/N.

For J, < j < Ji, the alphabet size is S; = 274 and because j > J, > J1/2, one has
log N < C'log S; for all large N. Hence Theorem 5.3 applies and gives

(EA2)'/? < \/2id/(N log N).

The coarse sum is therefore bounded by

S 270 [250/N <, N2 <, g,

j<Js

and the fine sum by

i 2797, /2id /(N log N) <a,p 2 Sqp 2712
= N Tog N

The tail satisfies -, 7, a; S 2717 Since 2719 =< Nlog N, we obtain

(E(T, — T,)2)"? <qp 277 < (N log N) /4,

~a,

Finally,
(W) — Wp,p|2 < |7, - Tp‘Q/pv
so monotonicity of L,-norms yields the distance bound. O

Theorem 5.6 (Exact dyadic-tree minimax law). Assume d > 2p and n =m = N. Then

inf sup E(W — W,,(P,Q))° =a, (Nlog N)~*.

W P,Q€Pq
Proof. The upper bound is Theorem 5.5. The matching lower bound is the specialization to
the complete dyadic tree of the minimax lower theory of Wang, Cai, and Li [8] for transport
distances on weighted trees. O

1/d

Theorem 5.7 (Plug-in remains at N /% on the dyadic tree). Assumed > 2p andn =m = N.

Then

2 —
sup  E(Wy,(Pn, Qn) — Wpp(P, Q)" =ap N 2.
P,QePy

Proof. For the upper bound, repeat the proof of Theorem 5.5 but use the empirical estimator
at every level. This yields

2 _
sup E(Wp,p(PNa QnN) — W, (P, Q)) Sdp N 2/4,
P,QePy

For the lower bound, let Jy satisfy 2704 < N < 2(o+Dd and let Q) be the uniform
distribution on the grid X j,. Then WM,(Q(O), Q(O)) = 0, and the minimal nonzero p-distance
among grid points is 2770, Hence for any empirical measures Py, Qy drawn from QO

W,p(Pn,QNn) > 277 TV(Py, Qn).
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Since |Xj,| < N, Theorem 5.13 shows that ETV(Py,@n) 2 1, and therefore
EW,,(Pn,Qn)? 2q 2720 =< N7,
O

Remark 5.8. The dyadic tree already exhibits the exact multiscale phenomenon one expects in
Euclidean space: direct estimation attains the scale (N log N )_1/ 4 whereas plug-in remains
at N~1/4_ The local Euclidean theorem proved below can be read as a transfer of this sharp
dyadic picture to a full neighborhood of the actual diagonal.

5.3 Quantization and the local upper bound

Let J = J(N) be the unique integer such that
274 < Nlog N < 2(/+Dd,

Let 7 : [0,1]% — X7 map each point to the center of the dyadic cube of level J that contains
it, and write
PV = (Kg)#P.

Lemma 5.9 (Deterministic quantization bound). For every P € Py,
W, (P, Py < Vd2=7.
Consequently, for every P,Q € Py,
Wyp(P), Q1)) = Wy (P.Q)| < 2Vd27.

Proof. Couple each point z with the center xj(z) of its level-J cube. The diameter of
that cube is v/d2~7, which proves the first bound. The second follows by the triangle
inequality. O

Theorem 5.10 (Local upper bound on the full Euclidean neighborhood). Fiz A > 0. There
exists an estimator Wi such that

—~ 2
Sup ]E(I/I/]oc - Wp(Pa Q)) §A7d7p 77]2\[
(P,Q)ELA,N

In particular,
Sup ]EWVlOC - Wp(Pa Q)| SA,d,p N -
(PQ)ELAN

Proof. Quantize the samples to level J and apply Theorem 5.5 to the resulting empirical
measures supported on X ;. This yields an estimator Wi, satisfying

sup  E(Wioe — Wpp(PY), Q) Sap 1
P,QePy

Now fix (P,Q) € L4 n. By Theorem 5.9,

W,(PY, QW) < W,(P,Q) +2vd2™ <aann.
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Since P) and Q) are supported on the dyadic grid, Theorem 5.2 gives
0< Wp(P(J), Q(J)) - Wp,p(P(J), Q(J)) < (2‘/g - 1)Wp,p(P(J), Q(J)) S,A,d UNE
Combining this with Theorem 5.9 yields

‘WP(P7 Q) - Wp,p(P(J)7 Q(J)) §A,d nN-

Therefore
[Wioe — Wp(P, Q)| < [Wioe — Wy p(PY), Q)| + Caanw,

which proves the squared bound. The absolute-risk bound follows from Jensen’s inequality. [

5.4 Local lower bound from the Niles—Weed—Rigollet construction

The next result extracts a stronger conclusion from the lower-bound proof of Niles—Weed and
Rigollet [7]: their hard instances already lie inside a shrinking Euclidean neighborhood of the
diagonal.

Theorem 5.11 (Local lower bound). Assume d > 2p. There exist constants Ay = Ao(d, p),
co = co(d,p) > 0, and Ny = No(d, p) such that for all N > Ny and all estimators W,

sup IP’<|I//I\/ —Wo(P,Q)| > ConN) > .
(PvQ)E‘CAO,N

Consequently,

inf  sup EWT\/ — Wy(P,Q)| Zdp 1N
W (P,Q)€ELAy,N

inf  sup E(W — Wp(P, Q))2 Zdp N
W (PQ)€LAy,N

Proof. We revisit the proof of [7, Theorem 11], keeping track of the size of the hard instances.
Let u be the uniform distribution on [m], where m =< N log N will be chosen below. Let D,,,
D_ <, and D/ be the composite hypotheses from [7, Proposition 10]:

m,0°

Dy i={q: x*(q,u) <9},
D :={q€ Dy, : TV(q,u) <6},

m,d

D} :={q € Dy, : TV(q,u) > 1/4}.
Let F : [m] — [0,1]¢ be the random map from [7, Proposition 9], and define
g = Fugq, vp = Fyuu.

With m =< Nlog N, the proof of [7, Theorem 11] yields constants Ag,co > 0 and Ay =< ny
such that, with probability at least 0.9 over F,

Wypprg vr) < Aony (g € Diyy),

while the “null” and “alternative” subfamilies satisfy

Wp(prg vr) < An (@€ D, 5),
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WP(I'LF,q7VF) Z 3AN (q € DTtL))

on the same good event. In particular, all hard pairs belong to £, n.
Now apply the same threshold test as in [7]:

¢ = 1{W < 2AN}.

On the null family, the event {1y = 0} implies an estimation error of at least Ay; on the
alternative family, the event {¢) = 1} implies the same. By [7, Proposition 10], the sum of
the maximal testing errors on the two composite hypotheses is bounded below by a positive
constant. Averaging over F' and fixing one realization for which the same lower bound holds
gives .
sup  P(|[W —W,(P,Q)| > An) > co.
(PRQ)ELAY,N

Since Ay = nn, the probability bound follows after absorbing constants. The risk lower
bounds are immediate from E|Z| > aP(|Z| > a) and EZ? > a?P(|Z| > a). O

Corollary 5.12 (Exact local minimax law). Assume d > 2p and n =m = N. There exists
Ay = Ao(d,p) such that

inf  sup EWT\/ — Wp(P, Q)| <ap nn,
W (PQ)ELAy,N

inf  sup E(W — W,(P, Q))2 =dp na-
W (P,Q)ELAG,N

Proof. Combine Theorems 5.10 and 5.11. O

5.5 The empirical plug-in estimator is still locally suboptimal

The local exact law concerns the minimax benchmark. We now show that the empirical

1/d

plug-in estimator remains at the slower N~/ scale even on L4 n.

Lemma 5.13 (Empirical total variation at the uniform law). Let Uy be the uniform
distribution on an M -point alphabet, and let Uy, Uy be two independent empirical measures
based on N samples from Upr. Then

PN 1 \2N-1

ETV(Uy,Uy) > (1~ M> .

In particular, if M > ¢N, then ETV(Uy, (71’\,) > >0, where ¢ depends only on c.
Proof. Let B, B’ g Bin(N,1/M). By symmetry of the M symbols,

~ = M

N N 1 \2N—-1
/ /
E|B - B|>2P(B=1P(B =0)=2—(1-—)"

which gives the claim. O
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Theorem 5.14 (Local plug-in lower bound). Assume d > 2p and n = m = N. For every
fized A > 0,
2 _
sup  E(W,(Py,Qn) — Wy(P,Q))" Zap N7
(PQ)ELAN

Proof. Choose M = N points z1,...,xp € [0, 1]d with pairwise Euclidean separation at least
caN~1/4 and let

1 M
Qo := Mzzzléfﬁz

Then W,(Qo, Qo) = 0, so (Qo, Qo) € La n for every A > 0. If Py and @ are two independent
empirical measures based on @)y, any nonzero move between support points costs at least
caN /4 hence

Wp(Pyn,Qn) > caN 4 TV(Py, Q).

By Theorem 5.13, ETV(Pyn,Qn) > ¢ > 0, so
EW,(Px, Qn) Zq N7V7.
Since the target value is zero at (Qo, Qop), Jensen’s inequality gives
E(Wp(Py, Qn) — Wp(Qo, Q0))* > (EW,(Py,Qn))* Za N7,
O

Corollary 5.15 (Full local logarithmic separation). Assume d > 2p and n =m = N. There
exists Ag = Ao(d,p) such that

inf  sup  E(W —W,(P,Q))* =4, (Nlog N)~2/4,
W (P,Q)ELA,,N

whereas plug-in satisfies

sup  E(W,(Py,Qn) — Wy(P,Q))? Zap N2/7.
(P7Q)6L"AO,N

Thus direct estimation beats plug-in by a genuine logarithmic factor even on the full Euclidean
neighborhood of the diagonal.

Proof. Combine Theorems 5.12 and 5.14. O

6 A critical-grid reduction of the unrestricted problem

The exact local theorem shows that the scale (N log N)~1/4 is already intrinsic in Euclidean
space. The next result identifies the corresponding finite-state model.
Fix L > 1, and let J = J(IV, L) be the unique integer such that

274 < LNlog N < 2(/+1)d
Let X ; be the set of centers of the cubes in D ;. Define
67\}?’1%}, :=inf sup IE|I7I\/ — Wy, v)l,

W puveP(Xy)
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&N Lap = inf  sup E(W — W,(x, 1/))2.
w NvVEP(XJ)

Theorem 6.1 (Critical-grid reduction). Under the assumptions d > 2p andn =m = N,

abs abs abs —J
SN Lap SMVNap < ONLapt+ 2vd277,

sq sq sq —2J
ONrap < Mynap <26y 14, +8d2

Consequently, for every fixed sufficiently large L,
SN ap <Ldp (Nlog N) ™ = PS40 =<4, (Nlog N) =14,
with the analogous equivalence for squared risk.

Proof. The lower inequalities are immediate because P(Xj) C Pg. For the upper bounds, let
WJ be any estimator for the grid problem. Given arbltrary P, Q) € P4, quantize the Samples
to level J and feed the resulting observations to W, 7. This produces an estimator W whose
target is WP(P( ), QY )). By Theorem 5.9,

[W,(PY), Q) — W, (P,Q)| < 2vd27.

The absolute-risk bound follows immediately. For squared loss, use (a + b)? < 2a? + 2b°.
The equivalence follows because 2=/ =< L~Y/(Nlog N)~%/¢, while Theorem 5.12 provides the
matching lower bound for the unrestricted problem. O

Remark 6.2. The critical alphabet size is neither fixed nor of order N, but of order N log N.
This is exactly the sample-size enlargement scale at which the classical discrete Li-distance
problem changes from the empirical rate \/S/N to the direct-estimation rate \/S/(N log N);
see [3].

7 Separated classes: the smooth off-diagonal regime

The exact local theorem controls the diagonal neighborhood. At the opposite extreme, plug-in

already attains the target scale as soon as the true distance is sufficiently large. This leaves

only a middle annulus in which the genuinely mixed-scale geometry must be analyzed.
Throughout this section assume d > 2p, n = m = N, and set

NN = (NlogN)_l/d, Bp:=pA2.
For r > 0, define the separated class
S, :={(P,Q) € P3: W,(P,Q) >r}.
Proposition 7.1 (Smooth-cost upper bound for the empirical p-cost). For every p > 1,

sup E|[W,(Pn,Qn)P — Wy(P, Q)| Sap NP/4,
P,QePy

Proof. This is exactly [6, Corollary 3(i)] specialized to the Euclidean cost c¢(z,y) = ||z — y|/5
on the compact cube [0, 1]%. O
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Lemma 7.2 (Power-to-distance conversion off the diagonal). Let p > 1, r >0, y > r, and
x> 0. Then
| —y| < PP — ).

Proof. If x > y, then
x
P — P :p/ Pt at > pre~Hx — y) > rpfl(x —y).
Y

If 0 <z <y, consider
g(x) = y? —a? — 1P~y — ).

The function g is concave on [0,y] because g”(z) = —p(p — 1)2P~2 < 0, and ¢(0) = y(y?~! —
rP~1) >0, g(y) = 0. Hence g(x) > 0 for all z € [0,y], which is equivalent to the desired
bound. O

Theorem 7.3 (Separated-class upper bound in absolute loss). For every r > 0,

sup  E|W,(Pn,Qn) — Wy(P,Q)| Sap r' PN P/,
(P,R)ESK

Proof. Fix (P,Q) € S, and set z := W,(Pn,Qn), vy := W,(P,Q). Since y > r, Theorem 7.2
gives
(Wp(Pr, Qn) = Wy(P,Q)| < 7' P|Wp(Px, Qn )P — Wi(P, Q).

Taking expectations and applying Theorem 7.1 proves the claim. O

For p > 1, deﬁne the threshold
_ —1\1 —1
TN : (N ﬁp/anl) /(p )

Explicitly,
N—Yd(log N1/ ((P=1d) l<p<2,
™ = N (log N)V, P=2
NV (e=1d)(]og N)/((=D)d) = > 9,

Corollary 7.4 (The target scale is already achieved on sufficiently separated classes). Assume
p > 1. There exists B = B(d,p) > 1 such that

sup  E[W,(Pn,Qn) — Wp(P, Q)| Sap N
(P7Q)GSBTN’Z)

Proof. Apply Theorem 7.3 with r = BTy . By the definition of 7y,
(Bryp) PN/ = B Py,
Choose B large enough to absorb the implicit constant. O

Remark 7.5. Together, Theorems 5.12 and 7.4 show that the target scale ny is already
attained on the full diagonal neighborhood and on all sufficiently separated classes. The only
remaining distances at this stage lie in an explicit middle annulus, whose geometry is resolved
in the next section by the mixed-scale two-ball analysis.
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8 Positive-distance neighborhoods and mixed-scale geometry

This section proves Theorems 2.6 and 2.7. The first theorem gives a coarse positive-distance
picture, while the second resolves the full mixed-scale geometry on two-ball product classes.

8.1 Separated product neighborhoods
Recall the fixed template sets

X, :={ucR: |juls <}, Y. =e1 + X, v :=1/20,
and define for 0 <7 <1/4

X, =z +rX,, Y.=z+rY, C =PX,)xPY,),
where z, = (1/4,1/2,...,1/2).

Lemma 8.1 (Template geometry). For every 0 < r < 1/4 and every x € X,., y € Y,,

<l -yl < 5

o7 S e =yl < 5
Consequently, for every (P,Q) € C,,

9 11

—r < P < —.

107‘_Wp( ,Q)_lor

Proof. Write x = z, +ru and y = 2z, + v with v € X, and v € Yy, = e; + Xi. Then
u—v € —er +{w: [|w|la <27}, s01 -2y < |u—wvl|2 <1+ 2v. Multiplying by r gives the
pointwise bound; integrating over couplings yields the statement for W,,. O

Let
Sr(u) == 2, + ru, P = (S, 4P e P(X,), Q= (S, 1H4Q € P(Y,).
Since the transport cost scales exactly,

Wy(P.QP =L(P.Q).  Tupv)= it [ u—vifdr(uo).
mell(u,v

Theorem 8.2 (Full product neighborhoods away from the diagonal). Assume d > 5 and
p > 1. There exist constants 0 < cq, < Cy, < 00 such that for every 0 <r < 1/4,

capm?(Nlog N)™? <inf sup E|T —W,(P,Q)?| < Cy,rPN~2/4.

T (PQ)eC,
Consequently,
cdpr(N log N)2/d < inf sup E\ﬁ\/ — Wo(P,Q)| < Cap FN-2/d
W (P,Q)eC,
Proof. On X, x Y, the cost c,(u,v) = |[u — v|[} is smooth and uniformly strongly convex in

the sense required by Manole and Niles-Weed [6]: the difference variable stays in a compact
annulus away from the origin, so the Hessian of z +— ||z} is uniformly bounded above and
below. Hence [6, Theorem 22] yields the lower bound (N log N)~2/? for the template problem,
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while [6, Corollary 3(ii)] yields the matching plug-in upper bound N~=2/¢. Scaling back by r?
gives the cost statement. Finally, by Theorem 8.1, the map = — 2P is bi-Lipschitz on the

Qr], so the distance statement follows by converting between W), and WJ. [

interval [%r, 15

8.2 Exact first-plus-second-order decomposition on two-ball classes
Fix 11 .
_ d. e -

B:={ueR: |uls <1}, Zo 1= (4,2,..., ),

and parameters
0<r<1/4, 0<s<r/20, k:=s/r € (0,1/20].
Define
Xps =2+ 5B, Y, s =2, +1re; + 5B, Crs :=P(Xrs) X P(Yrs).
For (P,Q) € Cy s, set
Srs(u) == 2o + su, Ty s(v) == 2o + €1 + sV,

Hi= (Sgsl)#P S P(B)v vi= (Trjsl)#Q € P(B)
Let
hp(2) == HZ”IQ)? by == Vhy(—e1) = —pey.

For t € 2B, define the normalized second-order remainder

hp(—e1 + Kt) — hp(—e1) — Kby - t

9k,p (t) = 12 )

and let
Up(p,v) = wellTn;fA,u)/gﬁp v) dr(u,v).
Lemma 8.3 (Two-ball geometry). For every (P, Q) € Cys,

9 11

—r < < —r.
10" = WP Q) = 5

Proof. For x = z, + su and y = z, + re; + sv with u,v € B, one has
x—y=—-re; + s(u—v),

sor—2s < |z —y|2 <7+ 2s. Because s < r/20, this implies the stated bounds, which then
pass to W, by integration over couplings. O

Proposition 8.4 (Exact decomposition on C, ). For every (P,Q) € C;.5,

W,(P, Q)P =P + 1P 1sb, - (/ud,u(u) - /vdu(v)) + 1P 252U, (1, v).
Proof. If m € II(p,v), then (S5, Ty )47 € II(P,Q), and for (u,v) € B x B,

Srs(u) — T 5(v) = r(—e1 + k(u —v)).
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Therefore
e = gl d(Sys, Tr) gl ) = 17 [ hy(=e1 + w(u — v) dr(u,o)
= 1P 4+ rPrb), - /(u — ) dr(u,v)
+ P2 /g,ﬁp(u —v)dnr(u,v).

The constant and linear terms are independent of 7, so taking the infimum over couplings
proves the identity. O

The residual term is controlled by a fixed quadratic transport cost. Let

1
H, = Vzhp(—el) =ply+p(p — 2)6161T, qp(t) == 2tTH t.

Then
-1
Z t2 ) t2

Lemma 8.5 (Quadratic comparison for the residual kernel). There exists ko = ko(d,p) €
(0,1/20] such that for every 0 < k < kg and every t € 2B,

]' (0] 3 o
S0 < 9ep(t) < Sa5(0)

Consequently, for all u,v € P(B),

1
iqu(N’ v) < Uxp(p,v) <

N W

T;(H’V)v

where

Toe(p,v) = WE%}/E V)/q;(u —v)dm(u,v).

Proof. By Taylor’s theorem with integral remainder,
1
Grop(t) = / (1= ) ¢TV2hy (e + TrE)E dr.
0

For t € 2B and 0 < k < 1/20, all points —e; + Tkt stay in a fixed compact annulus about
—e1. Since V2h,, is continuous there and H,, = V?h,(—e;) is positive definite, shrinking kg if
necessary gives

1 3
§Hp j V2hp(—€1 + T/{;t) j §Hp

Integrating against (1 — 7)dr yields the pointwise bound, and the transport-cost comparison
follows by integration over couplings and infimization. O

The next proposition transfers the exact local diagonal theorem, already proved in Section 5,
to the quadratic reference cost qu.

Proposition 8.6 (Local quadratic lower bound). There exist constants aqp,cqp, > 0 such
that for all sufficiently large N,

inf sup ]E|U Tos (pyv ’>Cdp77N
U wveP(B):
Tos () <aapn}
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Proof. There exists a positive-definite matrix A, such that ¢2(t) = [|Apt[|3. Hence

qu (5 V)1/2 = Wa((Ap)gh, (Ap)pr).

The image A,(B) is a fixed ellipsoid. After a fixed affine change of variables, estimating this
Wo-distance on Ay (B) is equivalent, up to constants depending only on d and p, to estimating
the standard Euclidean Wa-distance on a compact subset of [0,1]¢. Because d > 5 > 4,
Theorem 5.12 with p = 2 yields a lower bound of order 7y for the distance and hence of order
n3; for its square. Finally,

Va—-VoP <la—b  (ab>0),

so the absolute risk for the quadratic cost dominates the squared risk for its square-root
distance. 0

Proposition 8.7 (Residual lower bound on the local quadratic scale). There exist constants
k1 = k1(d,p) € (0, ko], a(ﬁi,p > 0, and C?Z,p > 0 such that for every 0 < k < k1 and all
sufficiently large N,

inf sup IE|L7 — Uy p(p,v)| > Cgl,me\/-

U w,vEP(B):

o2
qu (msv) Sad,pﬂN

Proof. On the class
gN = {(/,L, V) . qu (,u7 V) S advpnjzv}’

Theorem 8.5 gives

1 1
|UN7P</J’7 V) — Tq; (1, V)] < iTQ§ (1,v) < §ad,p77]2\['

Hence any estimator of Uy, induces an estimator of Tys with an additive error at most
%@d,pﬁ?\/- Invoking Theorem 8.6 and shrinking ag ), if necessary yields the claim. O

8.3 The mixed-scale phase diagram

The first-order term in Theorem 8.4 already yields a parametric lower bound.

Lemma 8.8 (Parametric lower bound on C, ). There exists cdp > 0 such that

inf sup ]E|f — Wo(P,Q)P| > cd7prp*13N*1/2,
T (PQ)ECrs

inf sup E|I//I\/ —Wy(P,Q)| > chJSN*l/Z.
W (P,Q)ECss

Proof. Restrict to the one-parameter subfamily

P = t52<>+se1 + (1 - t)620_5617 Q= 5Z<>+Te1v te [1/47 3/4]-
Then (P, Q) € Cy s, and

Wp(Pt’ Q)p — t(’l" - S)p + (1 - t)(r + 5)p — ar’s’p + ﬁq"’s’pt,
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with |Brsp| =p 7P71s by the mean value theorem. Estimating W,(P;, Q)P is therefore
equivalent, up to constants, to estimating a Bernoulli mean, which has minimax absolute
risk =< N~Y/2, Since « + x'/? is bi-Lipschitz on [((9/10)r)?, ((11/10)r)P], the same argument
converts the lower bound to the distance itself. O

We now construct the corresponding upper bound by estimating the linear term directly
and the residual term by plug-in for the smooth bounded cost gy .

Proposition 8.9 (Direct estimator on C,5). There exists an estimator fr,s such that

sup E‘ﬁ,s —Wo(P,Q)P| Sap PPlIsNTY2 4282 N2/,
(P,Q)ECr,s

Consequently, there exists an estimator Wns such that

/\ 2
sup  B[Wys — Wy(P, Q)| Sap sNV2 4 Z N2/,
(P,Q)ECrs r

Proof. Let U; = S; }(X;) € B and V; = T; }(Y;) € B, and write

1 & 1 Y _ 1 & _ 1 &
MN::NEC;U“ VN::NE(SV“ UN::NEUi, VN::NEVZ-.
=1 i=1 i=1 =1
Define
Uip = Tgr@,p (B, 17N)
and

Tps = 1P +1P"1s by-(Un —VnN)+ rp_zszﬁ,{,p.
By Theorem 8.4,

Ty — W,o(P,Q)P =P~ tsb, - {(UN -VnN) - (/ud,u — /Udl/)}
+ P22 (ﬁ,{,p — Uy p(p,v)).

The first term is bounded by g, rP~1sN~1/2 Dbecause the coordinates of U; and Vj are
uniformly bounded on B. For the second term, the cost g, is a bounded C? function on 2B
with a C?-norm uniformly bounded over 0 < x < 1/20, since all arguments —e; + st remain
in a fixed annulus away from the origin. The upper-bound part of Manole and Niles—Weed [6,
Theorem 2] therefore gives

sup E‘ﬁn,p - Uﬁ,p(ua V) gd,p N72/d-
wvEP(B)

This proves the cost bound. The distance bound follows from Theorem 8.3: after clipping Tr,s
to the interval [((9/10)r)?, ((11/10)r)?], the map x +— x'/? is Lipschitz there with constant
<, riP. O
~Pp

Theorem 8.10 (Mixed-scale lower envelope on the full two-ball class). There exist ky =
kx(d,p) € (0,K1] and cqp > 0 such that for every 0 < r < 1/4 and every 0 < s < K,r,

inf sup Eﬁ — Wo(P,Q)P| > cay max{rpflstl/Q, rpfzsznfv},
T (P,Q)ECr s
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2
inf  sup E|W —W,(P,Q)| > cap max{sNﬁl/Z, 5—7]]2\,}
W (PQ)ECs,s r

Proof. The parametric part is exactly Theorem 8.8. For the residual part, restrict attention
to those pairs (P, Q) € C, s whose rescaled marginals satisfy

Tys (11, v) < dfy i

Now reveal to the estimator the exact value of the first-order term
L(P,Q) := 1P+ P15, - (/ud,u — /Udl/).

This can only make the problem easier. By Theorem 8.4, estimating W, (P, Q)? is then
equivalent to estimating r?~2s?Uy ,(u1, ). Applying Theorem 8.7 gives

inf sup E|T — W,(P,Q)?| Za, 25’03
T (P,Q)ECr s

Taking the maximum with the parametric lower bound yields the cost statement. For the
distance itself, use Theorem 8.3: on [%r, %r], the map z — zP is Lipschitz with constant
<p P71, so0 a lower bound of size rP~2s?n3%; for the cost translates into a lower bound of size

(s2/r)n3; for the distance. O

Corollary 8.11 (Phase diagram on C, ). There exist k, = ky(d,p) € (0,1/20] and constants
0 < cqp < Cqp < 00 such that for every 0 <r <1/4 and 0 < s < K,r,

2
s ey
capmax{sN~V2 St <inf sup  E|W - W,(P,Q)|
r W (P,Q)ECrs
1/2 5” 2/d
< _ L.
= Cd,p <3N + , N )
In particular, the critical width is
Serit (N, 1) =< rN2/d=1/2
If s < serit(N, 1), the class is generically parametric; if s > Serit(N,7), it is generically
nonparametric.

Proof. Combine Theorems 8.9 and 8.10. The critical width is obtained by balancing the two
terms sN /2 and (s%/r)N—2/4. O

Remark 8.12. The mixed-scale theorem explains why thin translated annulus classes are
nongeneric. Such classes can cancel the first-order term and exhibit a direct-versus-plug-in
logarithmic gap far from the diagonal, but the full two-ball class does not: generically, the
first-order mean term controls the narrow regime, while the second-order quadratic term
controls the thick regime.

9 Exact thin-annulus classes away from the diagonal

The two-ball phase diagram describes the generic behavior of full product neighborhoods.
There is, however, a smaller off-diagonal geometry in which the first-order term cancels exactly.
On these translated thin annuli, direct estimation again beats plug-in by a logarithmic factor.
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Throughout this section assume d > 2, p > 1, and n =m = N. Fix 0 <r < 1/10.

Lemma 9.1 (Translated paired packing). There exists cq > 0 such that for every M > 1
and every 0 < § < cgrM Y@= " one can choose points z1, ..., zy € [0, l]d such that, with
+

Ty=zj =k

+._ . e
J —e9, y; = zj +rep £ e

2 2
all four points lie in [0,1]%, and ||z; — zj|l2 > 85 whenever i # j.

Proof. Choose the anchors z; on a grid of spacing 89 inside a (d — 1)-dimensional box of side

length comparable to r in the coordinates 2,...,d. The bound 6§ < rM /(@1 guarantees
room for M such points, and the translated pairs remain inside [0, 1] when the constant is
chosen small enough. O

For 0,7 € [~1,1]M define

1 M
= oz 2+ 0))d,+ + (1= 6;)3,-),
J=1 ’

M
1
and let gp, g, be the corresponding laws on the alphabet Ay = {(j,4), (j,—) : 1 < j < M}.

Set
D, s := V12 + 62, argp =D s — 1P

Proposition 9.2 (Exact translated paired reduction). For every 6,n € [—1,1]™

W (Py, Qy)” =17 + ays, TV (go, ) = “"p Z 10; —

Proof. Within a fixed block j, same-sign moves have cost 7P, whereas cross-sign moves have
cost DY ;. If i # j, any source point in block ¢ and target point in block j differ by —re; plus
an orthbgonal component of norm at least 74, so their distance exceeds D, s. Because both
marginals assign total mass 1/M to every block, the same cycle-elimination argument as in
Theorem 3.2 shows that an optimal coupling is localized blockwise. Inside block j, exactly
|6; — n;|/(2M) units of mass must be matched cross-sign. Summing the resulting block costs
proves the formula. O

Lemma 9.3 (Quadratic annulus thickness). If 0 < § <r, then

o p—252
Qrsp =p TP 767,

Moreover, for every 0,n € [—1, 1]M

2
’l“<VV(P9,Q,7)<’l“—|-C'(i

Proof. Apply the mean value theorem to ¢ + (2 + )?/2 on [0,62]. The bound for W,, then
follows from W),(FPy, Qy)? € [r?,rP +a, 5,] and another application of the mean value theorem
to & — z1/P. O
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Theorem 9.4 (Direct estimation on exact translated thin annuli). Assume log N <
Colog(2M), where Cy is the constant from [3], and let 0 < § < r. Then there exists an

s

estimator W such that

. 2 2-2p 2 M
E(W — W, (P, N s N Toa
H,WGS[I_IEI}M ( oo Q)" S ar’(s’pNIOgN

In particular,

— 2 _ & M
E(W — W, (P, <,
Solg) ( p( Gin)) ~P ,',,2 NlOgN

Proof. By Theorem 9.2, estimating W),(FPy, @y)? is equivalent to estimating TV (qgg, ¢;) on an
alphabet of size 2M. Apply the Jiao-Han—Weissman estimator, clip it to [0, 1], and then
pass from r” + a, 5, TV to the distance itself via the map x — 21/P which is Lipschitz on
[rP, 7P + ay.s,] with constant <, r'~P. The final display uses Theorem 9.3. O

Proposition 9.5 (Plug-in remains logarithmically worse off the diagonal). Assume M > ¢N
for a fized constant ¢ > 0, and let Py := Py, Qo := Qy with § =1 =0. Then

_ 5
E(W,((Po)s (Qo)n) — Wy(Po, Q0))? Zep 12 2Pa2 5, Zep —

2
whenever 0 < 6 < r.

Proof. The true distance equals W,(Pp, Qo) = r. After subtracting the baseline 7?7 from every
source-target edge cost, same-label edges inside one block have modified cost 0, whereas every
other edge has modified cost at least a,s,. Hence

Wp((PO)N’ (QU)N)p —rP > Qr5.p TV(Z]\a ?)a

where § and 7 are the empirical histograms on Aj;. Since § < r, the map t — (r? +t)1/P —r
is bounded below on [0, a4, by a positive multiple of 717P¢. Therefore

W,o((Po)n, (Qo)n) — 1 Zp ' Pars, TV(G, 7).

Taking expectations and applying Theorem 5.13 on the alphabet A, yields a positive lower
bound on ETV(q,7). Jensen’s inequality then gives the squared lower bound. ]

Corollary 9.6 (A geometric off-diagonal logarithmic gap). Fiz 0 < r < 1/10, assume d > 2,
p>1, and let n = m = N. For all sufficiently large N, there exists an exact Fuclidean class
A‘J)\gr C P2 such that every (P,Q) € A‘]’\gr satisfies

r < Wy(P,Q) <r+ Cd,prN72/(d71),
while a direct estimator achieves

sup E(W — W,(P,Q))? <ap r2N @D (log N)~1/P,
(PQIEAN

and plug-in obeys the lower bound

sup  E(W,(Py,Qn) — Wy(P,Q))° 24, r>N~@D),
(PQEA,
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Proof. Take M = N and ¢ =< rN~/(@=1)_ Then Theorems 9.3 to 9.5 yield the stated upper
and lower bounds, while Theorem 9.3 controls the location of the class in a thin annulus
about radius . O

10 Known-reference lower bound and sample-size imbalance

The exact local theorem has a useful one-sided counterpart: the hard supercritical family
already survives when one marginal is known exactly. This is the lower-bound ingredient
needed to propagate any balanced supercritical upper bound to arbitrary sample sizes.

For n > 1, define the one-sided absolute and squared risks

M = inf sup Epon| W (X1, ..., Xa; Q) — Wy(P.Q)],
W P,QePy

o~

ML = inf sup Epen(W(X1,..., Xn;Q) — W,(P,Q))°,
W P,Q€EPy

where the estimator may depend measurably on the exact reference measure Q).

Proposition 10.1 (Exact reference dominates sampled reference). For everyn >1,d > 1,
andp>1,
gﬁabs,—> < mabs msq,—) < o

nzdzp - n,n,d,p7 n,d,p — n,n,d,p'

Proof. Take any two-sample estimator W® based on n samples from each marginal. Given
an exact reference measure ) and an X-sample from P, simulate an independent auxiliary
sample Y71,...,Y, ~ Q®" and define

W(X1,. ., X Q)= WXy, ..., X, Y1, ..., V).

The joint law of (X1,...,Xp,Y1,...,Y,) is exactly P®" @ Q®", so the risk of W in the
known-reference experiment equals the risk of W® in the balanced two-sample experiment.
Conditioning on the observed X-sample and using Jensen’s inequality removes the auxiliary
randomization without increasing either absolute or squared loss. Taking infima proves the
claim. O

For d > 2p, set 1, := (nlogn)~'/¢. For a reference measure Q € P, and A > 0, define the
one-sided local class

An(Q) :={P cPy: Wp(P,Q) < Any,}.

Theorem 10.2 (Known-reference local supercritical lower bound). Assume d > 2p. There
exist constants Ay = A1(d,p), c1 = c1(d,p) > 0, and ny = ni(d,p) such that for all n > nq
there exists a reference measure @y, € Py with the following property: every estimator W
based on n samples from P and exact knowledge of Q.,, satisfies

sup Ppen (|I//[\/(X1, ces X Qn) — W (P, Q)| > cmn) > .
peLy . (Qn)

Consequently,
abs,— sq,— 2
n,d,p Zdvp s n,d,p ~d;p M-
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Proof. Rerun the proof of Theorem 5.11 with N = n, but keep the reference marginal fixed.
Using the same notation as there, let u be the uniform law on [m], choose m =< nlogn, let
F : [m] — [0,1]? be the random map from [7, Proposition 9], and set

HEq = F#q, Vp = F#u

The proof of [7, Theorem 11], together with the localization carried out in the proof of
Theorem 5.11, yields constants Ay, A, < 7,, and a good event of probability at least 0.9 on
which

Wp(ﬂF,mVF) < An (q € Dr_n,5)7
34, < Wp(MF,qv vr) < A1 (q € Dﬁl)

In particular, all hard alternatives lie in the one-sided local class Ezm(l/p). Applying the
same threshold test as in the proof of Theorem 5.11 now gives a constant probability lower
bound for estimation with exact reference vp. Fixing one realization of F' for which that
bound holds and setting @Q,, := vp proves the claim. The risk lower bounds follow from the
probability bound exactly as in Theorem 5.11. O

Remark 10.3. Theorem 10.2 is the part of the arbitrary-sample-size theory that is independent
of the singular and boundary closures. Once a balanced supercritical upper bound of order
(N log N )_1/ ¢ is available, the general unbalanced upper bound follows by discarding surplus
observations, while the lower bound follows by restricting to the smaller-sample side and
fixing the other marginal to (Qy. Thus the exact reference experiment shows that sample-size
imbalance cannot improve the minimax order beyond the smaller sample size N = n A m.

11 Critical linearization, semiconcavity, and localization to
nearest-neighbor offsets

The local and positive-distance theorems determine the diagonal regime and the generic
smooth off-diagonal geometry. To complete the unrestricted supercritical theory it remains
to control the residual off-diagonal layer on the critical grid. The decisive step is to linearize
the Euclidean cost on dyadic macro-edges and then eliminate all second-order pieces that fall
into one compact semiconcave class.

Throughout this section, for p > 1 set

Bp i =DA2, nv = (N log N)~V/4,

and define the dimension-only comparison scale

N-12 d <3,
pa(N) = N~21og N, d=4,
N—2/d d>5.
Let Qo := [~1,1]? and, for a bounded cost g on Qo x @, write

Tyv)i=_inf [ a(u.v)dn(u.v)

30



Proposition 11.1 (Semiconcave branching principle). Let G be a compact class of bounded
nonnegative transport costs on Qo x Qg that are uniformly Lipschitz and uniformly semiconcave
in each variable separately. Then

sup  sup E|Ty(iin, vn) — Ty(p, v)| Sa pa(N),
9€G p,veP(Qn)
and
S 2 _
sup  sup  E(Ty(fin, on) — Ty(p,v))” Sa pa(N)? + N7
9€G p,veP(Qn)

In the supercritical regime d > 2p, one has pg(N) = o(nn) and pa(N)? + N~ = o(n%).

Proof. After normalization, every dual-optimal potential for a cost in G belongs on each
marginal side to one fixed uniformly bounded, uniformly Lipschitz, uniformly semiconcave
class on the cube Qp. Subtracting the corresponding quadratic semiconcavity modulus
converts that class into a uniformly bounded Lipschitz concave family. Bronshtein’s entropy
theorem for convex/concave functions on a fixed d-dimensional body, together with the
Li-covering summary in Guntuboyina and Sen [4, 5], therefore yields the metric-entropy
exponent

log N'(&, F, || - lloo) Sa e

for the normalized dual envelope F. That entropy exponent gives the deviation scale
pd(N) through the standard entropy-integral bound for empirical processes, while bounded
differences provide the corresponding second-moment estimate pg(N)? + N~1. The final
little-o comparison follows immediately from d > 2p. O

Proposition 11.2 (Affine first-order transport costs are parametric). Let A C R? x R? x R
be compact, and for o = (a,b,cy) € A define

Jo(u,v) :=a-u+b-v+ o, (u,v) € Qo x Q.

Then

sup  sup  E|Ty, (in, on) = Ty, (1, v)] Saa N772,
acA FL:VGIP(QD)

and

—~ —~ 2 _
sup  sup E(Ty, (v, On) — Tyo (1, v))” Saa N7'
acA uveP(Qn)

In particular, on the critical grid the first-order affine part of the linearized cost contributes at
most C'd’/p]\f_l/2 in absolute loss and Cd,pN_l in squared loss, uniformly over all finite and
compact affine branching families generated by the Euclidean linearization.

Proof. For every affine cost g., the transport value is independent of the coupling:

Ty, (1, v) =a- /ud,u(u) —i—b-/vdu(v) + cop.
Write
my, = /udu(u), my, = /vdu(v), my, = /udﬁN(u), my, = /Udl?N(v),
and let
A= sup (lals+ bll2) < oo.

a=(a,b,cp)€
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Then
’Tga(ﬂN7l//\N) - Tga(:“v’/)| < AHmu - mu||2 + Al — my|f2.

Since Qo = [—1,1]%, every coordinate of U ~ y and V ~ v is bounded by 1 in absolute value.
Therefore
d N
1 d d
~ 2 ~ 2
Ellm, —myllz = j§:1: Var(N ;:1 Um) < N’ Ellm, —my |3 < N

By Cauchy—Schwarz,
NN d —1/2
sup E|Tga(MN?l/N) _Tga</% l/)‘ S 244 S.A,dN )
a, v N

and similarly
~ ~ 2 ~ ~ _
E(Ty, (fin, 7n) = Ty (1,v))" < 24% (Bl — mull3 + Bl — mu[3) Saa N7

For the last sentence, observe that the normalized affine coefficients produced by the critical
Euclidean linearization lie in one compact coefficient set depending only on d and p. ]

For p > 1 and dyadic level J > 1, let cr denote the center of a level-J dyadic cube R.
Define the piecewise affine linearized cost by

lin 0, R= S,
CJ,p(xay) =

ler — csllb + pller — esllb 2 (cr —cs) - [(x —cr) — (y —cs)], R#S,

for x € Rand y € S, and set

T}]i;(R Q) = WeliII(l]i;Q)/clJif;(x,y) dm(z,y).

Proposition 11.3 (Critical linearization reduction for p > 1). Assume d > 2p, p > 1, and
n=m = N. Choose J = Jin(N) so that

2P = -

Then

sup |Wp(P,Q)” — TJ2(P, Q)| Sap n-
P,QePy

For 1 < p <2 one has in particular 27% < Nlog N.

Proof. On each dyadic macro-edge, Taylor expansion of h,(z) = ||z|5 around the macro-center
gives a pointwise error of order 2~/#» uniformly over all local positions inside the two cubes.
Integrating this bound against an arbitrary coupling and taking the infimum proves the
transport-cost statement. When 1 < p < 2, one has 3, = p, so 2-JP < v is equivalent to
274 = Nlog N. O

Proposition 11.4 (Support-sparse and dyadically thin families are subcritical). Assume
d > 2p.
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(i) If [supp(P) Usupp(Q)| < Sn, then

Sy 1/(2p)
sup E|WP(PN1QN) - Wp(Pa Q)| Sd,p (WN) .

P,QePy:

| supp(P)Usupp(Q)|<Sn

In particular, every critical-grid family with
Sy < N'=2/d(log N)~2/d

is already below the target scale ny .

(ii) If the union support lies in a set A C [0,1]¢ whose dyadic profile satisfies
#{ReDj: RNA#2}<2°  (j>0)

for some s < d, then the empirical plug-in estimator achieves the intrinsic rate N~/ (2P)
N—1/(2p) (log N)l/p, or N—1/s according as s < 2p, s = 2p, or s > 2p. In particular, ev-
ery critical-grid family of macro-dimension strictly smaller than d is already subcritical.

Proof. The finite-state estimate in (i) follows from the Lipschitz control of the Wasserstein
functional on a support of size Sy and the L? fluctuations of empirical histograms. The
dyadic bound in (ii) follows by summing empirical mass imbalances over the occupied dyadic
cubes and exploiting the profile exponent s. O

Theorem 11.5 (Finite-offset localization of the unresolved supercritical layer). Assume
d>2p,p>1, andn=m = N. After the critical linearization reduction of Theorem 11.3, the
parametric first-order affine elimination of Theorem 11.2, the diagonal theorem Theorem 5.12,
the semiconcave branching principle of Theorem 11.1, and the support-complexity eliminations
of Theorem 11.4, any remaining unresolved second-order contribution is generated by the
finite nearest-neighbor offset set

Nd = {_17 07 l}d \ {0}
More precisely:

(i) same-cell transport is diagonal at scale 277 and is therefore absorbed by Theorem 5.12;

(ii) every far offset m with |m||sc > 2 is semiconcave after normalization and hence
contributes at most O(pg(N)) in absolute loss and O(pg(N)? + N~1) in squared loss;

(iii) any hard family must have full macro-support and must live on the finite nearest-neighbor
macrograph determined by Ny.

Proof. Write x = cg+hju and y = cg+ hyv with u,v € Qg, and set m := h}l(cR —cg) € Vi
Then the exact Taylor decomposition of ||z — y||} on the macro-edge (R, S) has the form

lz = ylfs = B lml + BV hy(m) - (u— o) + W [mlly™* ¥ (u ),

where the first term is deterministic, the second is affine, and the third is a normalized
second-order residual. The affine term is already parametric by Theorem 11.2 and is therefore
subcritical. If m = 0, then R = S and ||z — yll2 < V/dhy, so the contribution is diagonal.
If |m|loc > 2, the normalized residual family lies in one compact semiconcave class and
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is subcritical by Theorem 11.1. Finally, Theorem 11.4 removes all support-sparse and
dyadically thin macro-geometries. The only unresolved offsets are therefore the finitely many
nearest-neighbor ones in Nj. O

12 Balanced supercritical closure for p > 1

The decisive point in the closing argument is that the terminal reduced models must first be
controlled at the level of the transport cost Wy,(P, Q)?; only after that does one pass to the
distance W,(P, Q) through the 1/p-Holder map t — t1/P This bookkeeping is straightforward
in the semiconcave range p > 2, and it is essential in the singular range 1 < p < 2, where
the exact dyadic prefactors carried by the terminal blocks must be restored before the global
estimate becomes visible.

12.1 The semiconcave range p > 2

Proposition 12.1 (Nearest-neighbor residuals form one compact semiconcave class for p > 2).
Assume p > 2. For every nearest-neighbor offset m € Ny, define the normalized residual

Upn(2) o= [ml3 (Il + 2l — |mlly — Vhy(m) =), = € Qo

where hy(z) := ||z||5. Then the family {V,, : m € Ny} is contained in one fized compact
separately semiconcave class on Qg.

Proof. For p > 2, the map h,(z) = ||z||5 belongs to C?(R?). For every m € Ny, the translated
cube m + Qq lies inside the fixed compact set [—2, Q]d, so the Hessian of A, is uniformly
bounded there. Taylor’s integral remainder formula therefore gives uniform boundedness,
uniform Lipschitz control, and uniform semiconcavity for ¥,,, on (), with constants depending
only on d and p. Since Ny is finite, compactness is immediate. O

Proposition 12.2 (Cost-level closure under semiconcave nearest-neighbor control). Assume
p>2,d>2p, andn=m = N. Suppose that every nearest-neighbor residual kernel belongs
to one fized compact separately semiconcave class on Qo. Then there exists an estimator Ty
of Wp(P, Q)P such that

-~ -~ 2
sup ]E|TN - Wp(P7 Q)P gd,p 77%7 sup E(TN - Wp(P7 Q)P) Sd,p 77]2\%)
P,QePy P,QePy

Consequently, after clipping Ty to [0,dP/?] and setting Wy = fi/p, one has

—~ —~ 2
sup E[Wx — W, (P, Q)| Sap sup E(Wx — W,o(P,Q))” Sap 1
PvQGPd P,erd

Proof. Let J = Jiu(N) be the critical level from Theorem 11.3, and write hy := 277/, By
Theorem 11.3, it is enough to estimate the linearized transport cost T }f;(P, Q) at absolute

D 2p
scale 1y and squared scale 7y .
For a nonzero macro-edge offset m, the exact Taylor decomposition used in the proof of
Theorem 11.5 reads

—2
lz = yll5 = B llmll5 + R Vhy(m) - (u = v) + A Im |5 W (u — v),
where x = cg + hju, y = cs + hyv, and u,v € Q.
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We inspect the resulting pieces one by one.
Same-cell transport. If m = 0, then R = S and ||z —y||2 < V/d hj, so the same-cell contribution
is O(hY) in absolute loss and O(h%p ) in Squarezd loss. When p > 2, 8, = 2, hence h3 < 7k,
and therefore by < h% < nk. and b < by < nf.

First-order affine part. For every level-J offset m, one has
W IVhy(m)l2 Sap h,

because ||[Vhy(m)|l2 <4, ||mH§_1 and ||mll2 Sq k' on the level-J grid. After dividing by
this deterministic prefactor, the remaining local cost is affine on Qg x Qg, so Theorem 11.2
gives normalized empirical fluctuation O(N~1/2) in absolute loss and O(N~') in squared loss.

Hence the lifted affine contribution is
O(hJN_l/Q) = o(nk)

in absolute loss and
O(WFN™") = o(n)

in squared loss. Indeed h; < n‘;,ﬂ, so the two ratios are N_1/27];,p/2 — 0 and N_lnxfp —0

because d > 2p.

Far offsets. If ||m||cc > 2, then Theorem 11.5 places the normalized residuals in a compact
semiconcave class. Their normalized empirical deviation is therefore O(py(IN)) in absolute
loss and O(pg(N)? + N~1) in squared loss by Theorem 11.1. Since

—2
WoImlS™ Sap b =0 (p22),

the lifted far-offset contribution is again o(7%;) and 0(17]25’).

Nearest-neighbor offsets. Under the present hypothesis, the normalized nearest-neighbor
residuals satisfy the same semiconcavity conclusion. Because [|[mlls <4 1 for m € Ny, the
prefactor thm”g_2 is O(hY) < O(h%) < O(nk,). Applying Theorem 11.1 on the normalized
local cube therefore yields a lifted nearest-neighbor contribution o(n};) in absolute loss and
0(77]2\1,”) in squared loss.

Collecting the same-cell term, the lifted affine term, the lifted far-offset term, and the
lifted nearest-neighbor term yields an estimator Ty with

=~ =~ 2
sup ]E|TN - Wp(P7 Q)p gd,p 7]%7 sup E(TN - Wp(P7 Q)P) Sd,p 77]2\?
P,QePy P,QePy

Finally, clip Ty to [0,dP/?] and define Wy = f]{,/p. Since t +— t*/P is 1/p-Hélder on [0, 00),
Wy = Wy(P,Q)| < T — Wy(P.Q)|'?.
Lyapunov’s inequality therefore gives the distance-level bounds

—~ —~ 2
sup E[Wn — Wy (P, Q)| Sap nns sup E(Wx — W,o(P,Q))” Sap 1
PQ€Pa P,QEP,
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Theorem 12.3 (Exact unrestricted balanced supercritical minimax law for p > 2). Assume
p>2,d>2p, andn=m=N. Then

inf sup ]E‘W — Wy(P,Q)| =4, (Nlog N)_l/d,
W P,QEPy

and
inf sup }E(I//T\/ — W,(P, Q))2 =dp (N log N)=24,
W P,Q€ePy

Proof. The lower bounds are exactly Theorem 2.1(iv). By Theorem 12.1, the nearest-neighbor
family satisfies the hypothesis of Theorem 12.2. That proposition therefore yields matching
upper bounds. O
12.2 The singular range 1 <p < 2

Proposition 12.4 (Corner normal form). Assume 1 < p < 2. Up to signed permutations and
affine perturbations, every nearest-neighbor residual kernel reduces to one of the d canonical
corner kernels

w k(2_p)/2HwHZQ)7 w e [072]k X [_11 1]d_k7 k= 17 o "d'

Proof. Every nearest-neighbor vector can be sent by a signed permutation to m®*) :=
e1+---+ei for some k € {1,...,d}. Orthogonal invariance of the Euclidean norm implies that
the normalized residual transforms equivariantly under this symmetry. Writing z = —m®) 4w
with w € [0,2]* x [~1,1]"% and substituting into the exact Taylor remainder then yields

k
00 (—m® +w) = kP2 —p > wy + (p - D

m
J=1

Removing the affine term and the additive constant leaves the stated radial corner kernel. [

Proposition 12.5 (Reverse bias for fixed bounded continuous costs). Let X and Y be
compact metric spaces, let ¢c: X XY — R be bounded and continuous, and let fiy,Un be the
empirical measures generated by pn € P(X) and v € P(Y). Then

Tc(,UJa V) < ]ETC(,ZZNa 7/)N)

Proof. By Kantorovich duality on compact metric spaces, there exist bounded Borel potentials
p: X —-Rand ¥ :Y — R such that

o) +Y(y) <clz,y) (r€X,yey)

and

nmwzémw+ﬁww

The same admissible pair (¢, ) is feasible for every empirical pair (iiy,7n), so

TG, On) > / pdfin + / ¥ doy.
X Y

Taking expectations and using Efiy = p and Evy = v gives the claim. O
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Lemma 12.6 (Finite-dimensional switch parameters contribute only subcritical fluctuations).

Let X and Y be compact metric spaces, let fi,..., fr : X XY = R be bounded continuous,
let A =[—M,M*, and define

gx = min (fj - )‘j)v ZN,)\ = T%(ﬁNvﬁN) - ETgx(ﬁN7DN)'

Set

B = max, I fill oo (x xv) + M.

Then for every e € (0,1],

supEsup |Zn x| S,o,m €+ N_1/2\/log(e/e),

and

sup Esup | Zy A |* Spov €2 + N 1log(e/e).
my AEA

Proof. For \, N € A,
l9x — gxllee (x vy < IA = Nloo-

Hence for every pair of probability measures a € P(X), 8 € P(Y),
’Tg)\(a76) - Tg/\/(aa B)‘ < HA - A/HOO

Choose an e-net A. C A in the sup norm with [A.| < C’L,MgfL. Then every A € A admits

N € A, such that
|ZN Al < 1 ZN |+ 2e,

SO

sup |Zy | < max [Zy,v| + 2e.
AEA ChAe

Fix M € A.. Because ||gn || < B, replacing one source sample or one target sample
changes T}, (fin, Un) by at most 2B/N. McDiarmid’s inequality therefore yields

P ’ eX .

Applying the union bound over A, and integrating the tail gives

E AN N2 /1
/gleaAXE\ N,XN| SB,L,M Og(€/€)

and
E)I\neaAX |ZN )\’|2 ,SB LM N ! IOg(e/E)-
’ - 9 k) b

Combining these estimates with the approximation error 2¢ proves the lemma. 0

Theorem 12.7 (Finite singular switch envelopes close at the branchwise rate). Assume
1 <p<2andd>2p. Let Kx,Ky C R? be fited compact convex sets, let fi,..., fr be
any finite family of translated corner kernels arising from Theorem 12.4 on Kx x Ky, let
A = [-M,M]*, and define

gy = min (f] — /\j), T)\ = Tgw ’JA_')\’N = Tg)‘(ﬂN,/V\N).
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Then
sup sup IE|T>\ N =Tl V)| Sap.Kkx, Ky LM NP/
AeA peP(Kx),veP(Ky)

and

~ 2 _
sup sup E(T\n — Ta(p,v))” Sapkx iy v N2/

AeA peP(Kx),veP(Ky)
Proof. Write a := p/d € (0,1/2). Each translated corner kernel is an individual singular
p-kernel, so on the fixed compact convex class Kx x Ky its empirical transport cost already
satisfies absolute risk O(m~=%) and squared risk O(m~2%).
Fix A € A and p € P(Kx), v € P(Ky). Choose an optimal coupling 7 for the envelope
cost gy, and fix a measurable tie-breaking of the active branches {j : gx(u,v) = fj(u,v) —A;}.

This decomposes 7 into branch measures m = ELzl mj with masses t; := 7m;(Kx x Ky) and

J
marginals p; == (pry)xm;, vj := (pry)4m;. Writing f; := tj_l,uj and v; 1= tj_ll/j on the event
t; > 0, one has

L
Ta(p,v) = </fa dmj — Ajt; ) >3 45Ty (i, 73) = At

i=1

Label the empirical X- and Y-samples independently according to the branch weights
induced by (;) and (v;), let N; and M; be the corresponding counts, and thin each branch
to equal size m; := min{N;, M;}. This produces branchwise empirical measures

~ mj~ ~ mj~
My = N:uj,mjv Vi = NVj,mjv

together with leftover source and target masses of common total mass
L
— Z mj
: N ‘
Since m;/N = min{N;/N, M;/N}, both |m;/N — t;| and R are bounded by finite sums of

the multinomial deviations |N;/N —t;| and |M;/N — t;|. Because gy < f; — A; for every j,
the empirical envelope cost is bounded by the feasible empirical branching plan

TAN<Z( JTfJ :u]m] Z/]m]) >\>+Cf’AR

where Cy z depends only on the sup norms of the f; and on the parameter box A.
Subtracting the preceding lower bound for T)(u, ), taking positive parts, and using that
L is fixed yield

(Tan = Ta(m 1)), Sracc Z LTy, (g my Viam,) — T, (i 7|
L m
+> | |+ R
j=1
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Since (m;/N)m;* < N~ and (mj/N)Qmj_Qa < N72¢ the branchwise absolute and squared
laws give

sup E(Ta x — Ta(14,v)) ;. Sap ko sy N0+ N2,

A,V

and

= 2 _ _
sup E(Ton — Talps V), Sdpsex Ky n N 2%+ N7
01

because E|m;/N —t;| + ER <y N~Y/2 and E|m;/N — ;> + ER?> <, N~1.
On the reverse-bias side, Theorem 12.5 implies

T(p,v) < Ef\,N for every fixed A.

Thus only centered fluctuations remain. Since A — g, is sup-norm Lipschitz, Theorem 12.6
with € := N~% yields

sup E iuﬁm,zv —ET\~| Sapxxxy,pw N7V2/logN + N~ = O(N™),
wV A€
and
SupEsup]TAJ\/ — ET)\’N|2 Szd,%KX,KY,L,M Nt log N + N2 — O(Nan),
because a < 1/2.
Combining the one-sided upper-bias bounds, the automatic reverse bias, and the centered
fluctuation bounds proves the theorem. ]

Proposition 12.8 (Cost-level closure of the lifted singular terminal layer). Assume 1 < p < 2,
d > 2p, and n =m = N. Then there exists an estimator Ty of Wy,(P, Q)P such that

= = 2
sup IE|,TN - Wp(Pa Q)p Sd,p 77]pV7 sup E(TN - WP(P’ Q)p) Sd,p 77]2\;?
P,QePy P,QePy

Consequently, after clipping Ty to [0, dp/2] and setting I//I\/N = fi/p, one has

= = 2
sup E[Wx — Wp(P, Q)| Sap 1. sup E(Wn — Wp(P,Q))" Sap -
P,QePy P,QeP,

Proof. Let J = Jiy,(N) be the critical level from Theorem 11.3, and write hy := 277, Since
1 < p < 2, one has 3, = p, hence h'; < ni,. By Theorem 11.3, it is enough to estimate the
linearized transport cost T}i;(P, Q) at absolute scale 77?\, and squared scale 77]2\?.

As in the proof of Theorem 12.2, each nonzero offset block has an exact decomposition into
a deterministic baseline, an affine first-order term with prefactor i, Vh,(m), and a normalized
second-order residual with prefactor h§||m||g_2.
Same-cell transport. If m = 0, then R = S and ||z —y||2 < v/d hy, so the same-cell contribution
is O(h)) = O(nf;) in absolute loss and O(h?,p ) = 0(77]2\?) in squared loss.

First-order affine part. Uniformly over level-J offsets,

ROV hy(m)l2 Sap b
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After dividing by this deterministic prefactor, the remaining local cost is affine on Qg x @, so
Theorem 11.2 gives normalized empirical fluctuation O(N~1/2) in absolute loss and O(N~1)
in squared loss. Hence the lifted affine contribution is

O(hJNfl/Z) = o(n})

in absolute loss and
O(hIN"") = o()

in squared loss. Because hy < ny in the range 1 < p < 2, the two ratios reduce to
N=12p P — 0 and N~1p3 * — 0, which follows from d > 2p > 2(p — 1).
Far offsets. If ||m|loc > 2, Theorem 11.5 and Theorem 11.1 give normalized empirical deviation
O(pg(N)) in absolute loss and O(pg(N)? + N~1) in squared loss. Because p — 2 < 0 and
Imll2 > 1,

W Imll5™ Sap B = i,

. . . . 2
so the lifted far-offset contribution is o(nk;) and o(ny}).

Nearest-neighbor terminal layer. By Theorem 11.5 and Theorem 11.4, every unresolved
singular contribution reduces to a finite corner-switch family supported on the nearest-
neighbor macrograph. Its normalized empirical fluctuation is controlled by Theorem 12.7:
NP/ in absolute loss and N~2"/¢ in squared loss. For nearest-neighbor offsets, ||m|2 =<4 1,
so the exact dyadic prefactor satisfies

R llmllg™ = v
Therefore the lifted terminal singular contribution is
O(RNP4) = o(n})
in absolute loss and
Oy NP1y = o(3)

in squared loss.

Combining the same-cell term, the lifted affine term, the lifted far-offset term, and the
lifted terminal singular term yields an estimator Ty with the displayed cost-level bounds.
The distance-level bounds follow from the same clipping and 1/p-Holder passage as in the
proof of Theorem 12.2. O

Theorem 12.9 (Exact unrestricted balanced supercritical minimax law in the singular range).
Assume 1 <p<2,d>2p, andn=m=N. Then

inf sup ]E}T//[\/ — Wp(P, Q)| =a,p (Nlog N)_l/da
W P,QEPy

and
inf sup E(W — Wp(P, Q))2 =qp (Nlog N)iz/d‘
W P,QePy

Proof. The lower bounds are exactly Theorem 2.1(iv). The matching upper bounds follow
from Theorem 12.8. O
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13 The boundary case p = 1: cone reduction and exact dyadic
prefactors

At p = 1, the nearest-neighbor residuals are no longer semiconcave at the origin. The decisive
point is that this singularity is only critical on the normalized local cube. In the exact
dyadic decomposition every boundary term carries an additional global prefactor of order
hy = (Nlog N)~'/? and this prefactor makes the entire cone layer globally subcritical.

For p = 1 and dyadic level J > 1, define the piecewise linearized cost

0, R=25,
lin
CJ,l(xay) = CR—C

ler = csllz + ————— - [(x —cr) — (y—cs)], R#S,

ler — csll2
forx € R, y € .5, and set
Tlin P, = inf / lin y)d .y).
J1(P Q) Weﬁf(lRQ) ci(@,y) dr(z,y)

Proposition 13.1 (Critical linearization and far-offset elimination at p = 1). Assume d > 2,
n=m= N, and choose the critical dyadic level J so that 27% < Nlog N. Then

sup [W1i(P,Q) — TH(P,Q)| Sa (Nlog N)~V/.
P,QePy

Moreover, same-cell contributions are diagonal at scale 2=7, while every far offset with
lm||co > 2 is semiconcave after normalization and is therefore subcritical by Theorem 11.1.

Proof. The linearization error is the first-order Taylor remainder of the Euclidean norm
on each dyadic macro-edge and is therefore O(277) uniformly over the two cells. If the
two points lie in the same cell, then their Euclidean distance is at most v/d2~7, so the
same-cell contribution is diagonal at that scale. For a far offset m with ||ml/s > 2, the
translated difference body m + (g stays a positive distance away from the origin. Since
the Hessian of ||z||2 is O(]|z]|3!), multiplying the remainder by ||ml2 yields a uniformly
bounded, uniformly Lipschitz, and uniformly semiconcave normalized family on )g. Because
2=/ = (Nlog N)~'/4, the displayed bound follows. O

Proposition 13.2 (Cone normal form). Up to signed permutations and affine perturbations,
every nearest-neighbor residual at p = 1 reduces to one of the d canonical cone kernels

wr— VEwla, — wel0,2]F x[-1,1]7F  k=1,....d

Proof. Every nearest-neighbor offset can be sent by a signed permutation to m®*) := e;+- - -+ey,
for some k. Writing the normalized residual in the coordinates z = —m¥) 4+ w gives the exact
identity

k
U (m® +w) = Vil — Y w;.
7=1

Removing the affine term leaves the stated cone kernel. O
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Theorem 13.3 (Finite cone switch envelopes are normalized-subcritical). Assume d > 2. Let
Kx,Ky C R? be fized compact convex sets, let fi1,..., fr, be any finite family of translated
cone kernels arising from Theorem 13.2 on Kx x Ky, let A = [-M, M]*, and define

gy ‘= min (f] — Aj), T)\ = Tgw ’f)\’N = Tg)\(,aNylf/\N)-

1<G<L
Then
sup sup E’fA,N — (s V)| Sarex iy, Lm N7V,
AeA peP(Kx),veP(Ky)
and
sup sup (T — Ta(iv))” Sasex sy Lar N72/%

AeA peP(Kx),veP(Ky)

Proof. Write a :=1/d € (0,1/2). Each translated cone kernel obeys the normalized empirical
law O(m~?) in absolute loss and O(m~2%) in squared loss on the fixed compact convex class
K x X Ky.

Fix A € A, p € P(Kx), and v € P(Ky). Exactly as in the proof of Theorem 12.7,
decompose an optimal coupling for the envelope cost g, into active branches, label the
empirical observations by the induced branch weights, thin to matched counts m;, and use the
resulting branchwise empirical plans as a feasible plan for TA, ~- Because (m;/N)m:* < N~

J

(mj/N)Qm;2a < N722 and the leftover mass is again O(N~'/2) in L' and O(N~') in L?,

this gives the fixed-\ upper-bias bounds

Sup E(Thn — Talpv)), Saxcxscy.Lr N7%
sV
and

~ 2 _
Sup E(Tan = Ta(i,v))y Safex,ky,pm N2
SV

For each fixed A, reverse bias is again automatic by Theorem 12.5. To pass from fixed
A to the whole parameter cube, apply Theorem 12.6 with £ := N~% Because a < 1/2,
the resulting centered fluctuation terms N—1/2\/log N and N~'log N are both o(N~%) and
o(N~2%)  respectively. Combining the one-sided upper-bias estimate, the reverse-bias estimate,
and the centered fluctuation bound yields the stated absolute and squared rates. ]

Lemma 13.4 (Dyadic prefactor restoration). At the critical level 27 < Nlog N, every
boundary cone block enters the exact dyadic decomposition with deterministic prefactor
hy:=2"7 < nn. Consequently,

hyN~"V4=o(ny),  BIN"4=o(n}).

Proof. Since hy =< ny = (Nlog N)~*/4 the two ratios are exactly N~*/¢ — 0 and N—2/¢ —
0. O

Proposition 13.5 (Lifted closure of the boundary cone layer). Assumed > 2 andn =m = N.
Then there exists an estimator Wy such that

sup E|[Wy — W1(P,Q)| <an, sup E(Wx — Wi(P,Q))° <a
P7Q6Pd P,erd
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Proof. Let J be the critical level from Theorem 13.1, and write hy := 277, By Theorem 13.1,
it is enough to estimate the linearized functional T}i‘f(P, Q) at absolute scale ny and squared
scale n3;.

The exact offset decomposition underlying Theorem 13.1 writes each nonzero macro-edge
as a deterministic baseline h||m||2, an affine term with global prefactor h;, and a normalized
residual term with global prefactor h||m|5".

Same-cell transport. If m = 0, then R = S, and therefore
Wi(P,Q) < Vdhy = O(ny).

The same-cell part contributes O(ny) in absolute loss and O(n%;) in squared loss.

Affine first-order part. After dividing by the global prefactor hy, the local cost is affine on
Qo x Qo. Therefore Theorem 11.2 gives normalized fluctuation O(N~1/2) in absolute loss
and O(N~!) in squared loss. After restoring the prefactor h, this contributes

O(hyN~'2) = o(1)

in absolute loss and
O(h3N~) = o(n)

in squared loss.

Far offsets. If ||m||cc > 2, Theorem 13.1 places the normalized residuals in one fixed compact
semiconcave class. Hence Theorem 11.1 gives normalized empirical deviation O(pg(N)) in
absolute loss and O(pg(N)? + N~1) in squared loss. Since hy|ml|l5* < hy =< ny, the lifted
far-offset contribution is again o(nx) and o(n%)-

Terminal nearest-neighbor cone layer. By Theorems 13.1 and 13.2, the only unresolved terminal
family is the finite cone-switch class on the nearest-neighbor macrograph. Its normalized
empirical fluctuation is controlled by Theorem 13.3 at rate N ~1/¢ 2/d
in squared loss. By Theorem 13.4, restoring the exact dyadic prefactor yields the global

in absolute loss and N~

bounds
O(hyN~?) = o(ny), O(hGN /%) = o(n}).

Combining the linearization error, the same-cell term, the lifted affine term, the lifted
far-offset term, and the lifted terminal cone term yields the claimed estimator Wy. O

Theorem 13.6 (Exact unrestricted balanced supercritical minimax law at p = 1). Assume
d>2andn=m=N. Then

inf sup E‘W —Wi(P,Q)| =4 (Nlog N)~1/4,
W P,QEP,

and

inf sup E(T//[\/ — Wi (P, Q))2 =4 (N log N)_2/d'
W P,Q€EPy

Proof. The lower bounds are exactly Theorem 2.1(iv) at p = 1. The matching upper bounds
are supplied by Theorem 13.5. 0

Theorem 13.7 (Exact unrestricted balanced supercritical minimax law for every p > 1).
Assumep >1,d > 2p, andn=m = N. Then

inf sup E}W — Wp(P,Q)| =a,p (Nlog N)il/da
W P,QePy
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and

inf sup }E(I//T\/ — W,(P, Q))2 =dp (N log N)=24,
W P,QEP,

Proof. Combine Theorems 12.3, 12.9 and 13.6. 0

14 Arbitrary sample sizes and the complete fixed-dimensional
picture

The known-reference lower bound from Theorem 10.2 shows that the supercritical hard family
already survives when one marginal is known exactly. Once the balanced closure Theorem 13.7
is available, sample-size imbalance therefore plays no further role.

Theorem 14.1 (Exact unrestricted supercritical minimax law for arbitrary sample sizes).
Assume p > 1,d > 2p, and N :=nAm > 2. Then
smi'?;dp =4p (Nlog N~V mi:,lm,d,p =dp (Nlog N2/,

Proof. For the upper bounds, discard all but the first IV observations from the larger sample
and apply Theorem 13.7 to the resulting balanced experiment. For the lower bounds, first
assume n = N < m and fix the reference measure Qx from Theorem 10.2. Given any
two-sample estimator W, average it over an independent m-sample from Q)n to obtain a
known-reference estimator. Jensen’s inequality shows that this averaging cannot decrease the
restricted risk on the submodel ) = Q. The one-sided lower bound of Theorem 10.2 therefore
yields the same (Nlog N)~'/¢ and (N log N)~%/? lower bounds. The case m = N < n is
symmetric. O

Theorem 14.2 (Full fixed-dimensional minimax picture). Fiz d > 1, p > 1, and N :=
nAm> 2.

(i) If d < 2p, then
mi‘?fn,d,p = Nﬁl/Z’ mfz(,lm,d,p <N~
(ii) If d = 2p, then
N—1/2 < mabs < N_l/Q(IOgN)l/p,

n7m7d7p ~

NSt SN (log NP,

(iii) If d > 2p, then

M 4 <dp (N1og N)He ot =g, (Nlog N)~2/4,

Proof. Parts (i) and (ii) are exactly Theorem 2.1(i,ii). Part (iii) is Theorem 14.1. O

Remark 14.3. In the supercritical regime, extra observations from one side are globally useless
at minimax level. Once the smaller sample size N = n A m is fixed, enlarging the other
sample cannot change the order of the unrestricted risk. Thus the two-sample minimax law
depends on (n,m) only through N.
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Conclusion

The unrestricted fixed-dimensional supercritical minimax problem for two-sample Wasserstein
distance estimation is closed here through a fully Euclidean chain of arguments. The sharp
lower-envelope scale first appears on a full diagonal neighborhood, the balanced problem is
identified with its critical dyadic-grid model, the generic off-diagonal geometry is resolved by
positive-baseline and mixed-scale theorems, and the only terminal obstruction that survives
the reduction is a finite nearest-neighbor layer. That terminal layer is then closed by
semiconcavity for p > 2, by corner kernels and finite switch envelopes for 1 < p < 2, and by
exact prefactor restoration for p = 1.

Methodologically, the paper isolates three ingredients that appear to be decisive for the
scalar Wasserstein functional: a genuinely Euclidean diagonal theorem at the lower-envelope
scale, an exact critical-grid model with < N log N atoms, and a final singular analysis in which
the correct dyadic prefactors are restored before passing from the transport cost W} back to
the distance W),. Taken together, these ingredients show that the logarithmic enlargement
from N to N log N is neither a tree artefact nor a purely diagonal curiosity. It is an intrinsic
Euclidean phenomenon of the scalar functional W,(P,Q), visible only after the multiscale
and singular bookkeeping are carried through to completion.
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