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B cmamve npedcmasneno pewienue 3HAMEHUMOU OMKPLIMOU 3a0a4u Meopuu uucel —
ounapnou eunomesvt I onvobaxa. Ilpusooumcs snemenmaproe 00KA3aMeNbCME0 OUHAPHOU
eunomeswl 1 on1b006axa, OCHOBAHHOE HA KOMOUHAMOPHOM npuHyune nokpvimus. Ilokaszawo,
ymo doxazamenrbcmeo OunapHou eunomesvl lonvobaxa ceooumcs K O00KA3AMENbCHGY
2unomesvl 0 NOKPLIMUU MHOMCECBA 6CeX HAMYPAIbHbIX yuceln, bonvule 1, MHOMCECmEoMm
CYMM NAap HAMYPANbHBIX YUCEN, KAACOOMY U3 KOMOPBIX COOMEEMCMEYem C80E€ Npocmoe
YUCI0 UIU Napa nNpocmulx uucen-onusHeyos. Cmpoumcs nopocoaroujee mHodxcecmeo K
yenvix uyucen u Ookasvieaemcs Jlemma o noKpeimuu, Komopas ymeepicoaem, Ymo
mHoodicecmeo K sengemcs aooumusHviM  Oa3UCOM NOpAOKa 2 ONsl MHOMCECmBA BCex
Hamypanvhblx yucen 6oavwe 1. Jokazamenbcmeo nemMmvl NPOBOOUMC MEmMOOOM Om
NPOMUBHO2O C UCNOAb308aHUeM nocmyrama bepmpana (meopemvt bepmpana-Yebvuuésa),
KOMOPbIL  UCKTIOYAem  BO3MOJICHOCIb  CYWeCmeosanus. Konmpnpumepa. M3 Jlemmovl o
NOKpbLIMUU HenoCpeOCmBeHHO cledyem 00Kazamenbcmeo ounapuou eunomesvl [ onvobaxa.
Ilpeonazaemvlii  noOX00 He UCHOAb3YEmM  AHATUMUYECKUEe Memoobl UNU  CAONCHBLU
Mamemamuyeckul annapam.

Knoueswvie crnosa: runoresa ['onpadaxa; OuHapHas runote3a ['oiapabaxa; aJIuTHBHBIN 0a3HC
TOpsIIKA 2; TIOPOKIaroIiee MHOKeCTBO [K; meMMa o MOKpBITHH; TTocTylIaT bepTpana; Teopema
beptpana-Uebsimépa; ¢pynkmus ['onpa6axa; mpocTeie Yncia; TeOpus YUCell.

1. BBegenue

bunapnas runotesa ['ompadaxa (mro6oe 4€THOE YHMCIO, OOJbINee 2, SBISETCS CyMMOM
ABYX MPOCTBIX LII/ICG.]'I) ocTacTcAa OI[HOi/JI N3 CaMbIX U3BCCTHBIX HCPCHICHHBIX HpO6J’I€M TECOpUHn
4YuCceili, HECMOTpA Ha HCOIHOKPATHLIC O6IHI/IpHBI€ MOPOBEPKHU YHUCICHHBIMU MCTOAAMHU H
ONM3KUE MPOMEKYTOUHBIE Pe3yNbTaThl, TaKue Kak Teopema Yena. B aToif craThe mpuBOIUTCS
JJIEMEHTapHOE J0Ka3aTeNbCTBO, OCHOBAHHOE HAa KOMOMHATOPHOM MPHUHIIUIE TMOKPBHITHSL.
[Ipennaraemblii MOAXOA HE HCMHOJB3YeT AHATUTUYECKHE METOABl WM  CIIOXKHBIN
MaTemaTtnueckuii ammapat. [IpencraBieHHoe perneHne OWHApHOW TUIOTE3bl [ onbadaxa
0asupyeTcst Ha CIENYIOIINX TeOpeMax O MPOCTHIX YUCIAX, KOTOPbIE K HACTOAIIEMY MOMEHTY
J0Ka3aHbl (Pa3IMYHBIMH METOJAMH) W MPU3HAHBI NPO(ECCHOHATIBHBIM MaTeMaTHYECKUM
COOOIIECTBOM KaK 0€CCIIOPHO UCTUHHBIE:

" Jlauuas myOnuKanus SBISETCS PACIIUPEHHOH, HMCIpaBIeHHON M OOBETUHEHHOW BepcHel IBYX paHee
oIyOJIMKOBAaHHBIX Ha Zenodo.0rg mpenmpuHTOB: Bepcuu | Ha pyccKoM si3bIke, B Bepcuu 2.0 (MCTIpaBIeHHON H
JIONIOJTHEHHOW) Ha aHTJIMHUCKOM si3bike. HacTosimasi cTaThsi HE COAEPIKHUT JIONOJHHUTENLHBIX HOBBIX HAYYHBIX
pe3yJIbTaToB, HO SIBISIETCSl 3aBEpPIIEHHBIM, BBIBEPEHHBIM JIBYS3BIYHBIM HM3JaHueM. [Ipeapiiymine Bepcuu
noctynHsl Ha Zenodo.org: Bepcus vl ot 31 maprta 2026r, Ha pycckom sizsike: DOI 10.5281/zen0do.19356729;
Bepewus v2.0 ot 8 anpenst 2026r, Ha anrmmiickom sizsike: DOI 10.5281/zen0d0.19466377.



1. Teopema Eexnuda o 66CKOHEYHOCTH MHOXECTBA MTPOCTHIX uncen [1];

2. Ilocmynam Bbepmpana (meopema bepmpana-Hedviuiéséa) 0 CylnieCTBOBAaHUU MO KpaiHEH
Mepe OJTHOTO MPOCTOTO YHCa P TAKOTro, 4To N < P < 2n ams 11000ro HaTypaTbHOTO YHCIa
n>11[2,3].

PaGoTa comepxut cnemayromnue pa3aensl. Paznen 2 BBOIUT HEOOXOIUMBIE ONIPEICICHHS 1
NnoHsiTUe Tmopoxaaroniero mMuoxkectsa K. Pasgen 3 mpexacraBisier JeMMy O MHOKPBITHH, B
KOTOPOM JTOKa3bIBACTCS, YTO MHOXKECTBO K sIBisieTCSs agiuTHBHBIM 0a3ucoM Topsika 2 s
HaTypaJbHBIX yncen Oousbmie 1. Pa3zaen 4 cocTaiseT 10Ka3aTenbCTBO OCHOBHOM TEOPEMBI —
OuHapHOU runote3sl ['onpadaxa. B pasaene 5 paccMoTpeH nmpumMep UCIoNb30BaHus JIeMMEBI 0
MOKPBHITHH ¥ bruHapHO# Teopemsbl ["onbnbaxa At popManu3amnuy MoucKa 3HaYeHUH PyHKITUN
I'onbaoaxa g(n). B pasnuene 6 npuBeneHO KpaTKOE pe3toMe MPEACTABICHHOTO T0Ka3aTeILCTBA
OounapHOW runorte3nl ['onpnbaxa. B pasgene 7 obOcyxmaroTcsi cBoiicTBa MHOXecTBa K Kak
aJINTUBHOTO 0a3uca M PEIKOCTh TaKUX Pa3pEKEHHBIX MOKPHIBAIOIIMX MHOXKECTB. B KOHIIE
CTaThH MPHUBEACH CIUCOK HCIOIb3yEMbIX HCTOYHUKOB HH(OPMALIUH.

2. Onpe)le.ﬂelme MOPOKAAIIINET0 MHOKECTBA K

Bce mpoctbie uncia pyx € P, kpome 2, nmpeacraBumMel B Buae 4x+1 u 4k-1, rie k — menoe
gyrcno. OnpenenuM «noposcoarouee muodxcecmeoy K kak OeCKOHEYHOE ITOAMHOKECTBO
HaTypaJbHbIX 4mcen N, cocrosiee W3 MHOXKECTBA BCEX IENBIX YUCEN Kj , KOKIOMY W3
KOTOPBIX COOTBETCTBYET CBOE MPOCTOE YHCIIO, KPOME 2, MITH Mapa MPOCTHIX YHCEI-0JIM3HEIOB
o gopmynam 4x+1:

K={k}cN:Vk, € K- p] =4k, + 1 nuup; =4ki—1nnnpf=4ki—1,p;‘r+1 =4k, +1(1)

OO6pazHo roBops, 1IeJI0e YHUCTIO Kj «nopodcoaeny MpocToe uncio. s kpaTkoctu, naiee
0 TeKCTy OyneM mojb30BaThecs 3ToM Metadopoi. Kaxapiil uineH ki MHOkecTBa K Moxker
MOPOXKIATh JIMOO OJTHO MPOCTOE YUCIIO, TUOO MaPy MPOCTHIX YUCET-OJIM3HEIIOB (3aMETHM, UYTO
MPOCTBIC YUCIA-OU3HELbI HEOOS3aTEIFHO MOPOKAAIOTCS OJTHUM U TEM XKE K).

Kaxnplii wien x; mMHoxectBa K, moposkmaromuii ogHO mpocrtoe uyuciao 1o  (opmyre
+ +
pi = 4k; + 1, o6o3HauMM ki W OyJAeM Ha3bIBATh «OOHONOAAPHBIM K », & TIOJIMHOXKECTBO
+ +
BCEX TaKUX 4HCel {K; } Oymem o0o3Ha4ath K.

Kaxnpiii unen x; MHOXecTBa KK, mopoxkparomuii oIHO MpocToe uuciao 1o Qopmymne
pr = 4k; — 1, 0603HauUM K («0OHONOAAPHBIL K »), @ TOJMHOKECTBO BeeX uncen {ki } — K .

Kaxnprii unen x; mMHoxectBa K, mopoxmaronuil napy TPOCTHIX YHUCET-OJIM3HEIOB I10
+ + +
dopmyne (pi = 4k; — 1,pj1 = 4k; +1), obo3Haumm i u OygeM  Ha3bIBaTh
+
«6unonsapHbIMY, a MOJIMHOKECTBO BCEX UMCEN {K; } 6yaeM 0603Hadath K.

K=K"uK UKt

[Mapy mnpocThix uHcen-OIU3HEI0B (pki =4k, — 1 ,pki+1 = 4k; + 1), TOPOXICHHYIO
TOJIBKO OJJHUM, OHITONSPHBIM Ki €K, Gy/eM Ha3BaTh HAPOH «YUCIBIXY NPOCbIX-OIUHEYOE,
B OTJIMYHE OT OCTaIbHBIX IAp MPOCThIX OmusHenoB (p; = 4k;_1 +1,pj41 = 4kipq — 1),
00pa3oBaHHBIX 00s3aTENIPHO PA3HBIMH M PA3HOIMOJSIPHBIMU K, KOTOPBIE HA30BEM IMapoit
«CBOOHDBIX» NPOCMBIX-ONUHEYOS.



[TpuBenem /Ui npuMepa nepsbie 25 uieHoB MHOXKecTBa K:

K ={1,2 3,4,5,6,7,8,9, 10, 11, 12, 13, 15, 17, 18, 20, 21, 22, 24, 25, 26, 27, 28, 32, ...}
K*={4,7,9,10, 13, 22, 24, 25,28, ...}

K" ={25,6,8, 11, 12, 17, 20, 21, 26, 32, ...}

K* = {1, 3, 15, 18, 27, ...}

Harypanenpie uncna 14, 16, 19, 23, 29, 30, 31, ... He ABIAIOTCS MOPOXKAAIOIIUMHU (T.€.
«obpasyromumu 1o Gopmyinam 4k+1») mpocroe umciao (mpocteie yucia). HazoBem Takme
qHUClla «MYCMbIMU YUCAAMU» &, COOTBETCTBYIOIIEC MHOXXECTBO BCEX IIYCTBIX YHCET
o603naunM G.

B cuiny OeCcKOHEYHOCTH M CYETHOCTH MHOXecTBa Bcex mpocteix umcen P = {pg},
MOPOKIAIOIIEe MHOKECTBO K M MHOKECTBO MyCThIX uncel G ABISIOTCS OECKOHEYHBIMH H
CYCTHBIMH.

HJ'IH IOPOXKAAIICI0  MHOXKCECTBaA K, OIIPCACIICHHOI'0  BbINICYKAa3aHHbIM CHOCO6OM,
CIIPaBCAJIMBO CJICAYIOIICC YTBCPKIACHUC!:

3. JleMMa 0 MOKPBHITHU MOPOKIAIOIIUM MHOKecTBOM K MHOKecTBa BcexX HATYpaJbHbBIX
yucen (JleMMa 0 HOKpBITHH)

Topoarcoarowee mnodxcecmso K, cocmoswee uz yenvix uucen ki , 06pazyiouux 6ce npocmole
yucia {Py = P no ¢gopmynam 4kxl, me. K ={k € Z |4k + 1 — npocmoe} (cm. (1)),
NOKpbléaem 6Cé MHONCeCmeo Hamypaibhvlx yucenr N makum o6pazom, umo 0us 106020
HamypanvrHo2o yucia N >1 cywecmeyem Kak MUHUMYM OOHA HEYNOPSAOOUCHHAsSL Napa HUcel
(xi,xj) (Heobazamenvho pasnvix) uz mnoxcecmsa K, cymma komopeix pagna n:

VneENMm>1) 3k, € Kuk; € K: k; + ki =n, 20e i#j um i=j 2

KommenTtapuii: OTHIOAP HE Kaxaoe OECKOHEYHOE IOJMHOXKECTBO HATypajbHBIX YHCEN
MOYKET HOKPBITh (6 cmbicae (2)) cyMMaMul map CBOMX WICHOB BCE MHOXKECTBO HATYpPAIbHBIX
gucen N. Hanpumep, NOIMHOXECTBOM YETHBIX YHCEN WM IOAMHOXECTBOM YHCEN
{1, 2, 3, 10, 11, 12, ...} Hemb3d NMOKPHITh MHOXkecTBO N: B mepBoM ciydyae CyMMOW map
YETHBIX YHCE] HENb3sl NPEJICTaBUTh HEYETHBIE 4YMCIA, BO BTOPOM Cllydae — 4YHCIaMU
MOJIMHOXKECTBA HEBO3MOXKHO MOKPHITh HAaTypajbHbIe yucna 7, 8, 9.

W3 TOro, 4to MareMaTMKH 3HAIOT K HACTOALIEMY MOMEHTY O IPOCTBIX YUCIAX M HUX
CBOMCTBAX, JIOTHYHO MOJIarath, 4TO ONpeleleHHoe B cooTBeTcTBUU ¢ (1) mMHOXkectBO K —
BECbMa «IbIpsiBOe» (paszpedsicennoe) w U OOJNBIIMX MPOCTHIX YMCET MOXKET MMETh IyCThIC
nakyHsl (TIPOMYCKH, WHTEPBAJbl HATypalbHBIX 4YHCEN, He npuHamiexamux K) sroboco
KOHeuHoro pasmepa. CrenoBarenbHO, HEOOXOIMMO JI0Ka3aTh, YTO HECMOTPS Ha CBOIO
pa3peKeHHOCTh, MHOKECTBO [K BCe-TakM «(IOCTATOYHO IIOTHOE» AJIS LEJIeN yTBEP:KIEHUS
HACTOAILEN JIEMMBI — TO €CTh, UTO 4JIEHBI MHOXKeCTBa K pacnosioskeHbl Ha OCH HaTypaJIbHBIX
qUCell TaK, YTO 6ce U 1106020 603MOJCHO20 Pa3Mepa JIaKyHbl, CYILECTBYIOIUE B MHOKECTBE



K, e mewarom ero uneHam ki TOKpbIBaTh (8 cmbicie onpedenenuss (2)) BeChb Pl
HATypaJIbHBIX YHUCEIL.

Ilepeiinem Kk 10Ka3aTeNbCTBY JIEMMBI.
Lokazamenvcmeo. Jl0Ka3aTeNbCTBO JIEMMBI IPOBEAEM METOAOM OT NpoTuBHOro. IlycTs

CYILECTBYET HEKOTOPOE HATYPAJIbHOE YMCIIO N >1, ne npedcmasumoe CyMMON HUKAKOU TIAPbI
gucern (ki , xj) u3 K, T.e.

AneNm>1) Ak, k) EK : ki +k =n, ViFuwi=j €))

CymectBoBanue Takoro N >1 o0ycioBiaeHo oTcyTcTBUEM B K uiieHOB ki , 00pa3yroIux napbl
BUJA

(1.(n-1)), 2,(n-2)) , ..., (n-2),2) , ((n-1),1),
paBHbIE B CyMMe N, YTO JIJIsl HEYNOPSAOUYEHHBIX Iap YUCENl 03HAYALT:

- 7u1s1 yeTHoro N — orcyrcTBue B K uieHOB ki B mHTepBasie uucen [n/2, (n-1)];

- u1s1 HeYeTHoro N — otcyrcTBue B K wieHoB x; B uHTEpBase uucen [(N+1)/2, (n-1)].

I'paduuecku B 001IEM BHIE 3TO WILTIOCTPUPYET PHCYHOK 1:

A4

Puc.1 Ycnosue cywecmeosanus namypanviozo N, He Npeocmasumozo 8 8uoe CyMmbl KaKux-
UOO 4NeH08 YuUci08020 MHodcecmaa A, — naxyna 6 A pazmepom [n/2,n]

To ectp, uckomoe umucio N >1, onpegenenHoe B (3), CymECTBYET TOT/Ia U TOJBKO TOT/A,
korna B MHoxkecTBe [K cymiecTByeT JakyHa (MHTEpBal HaTypajbHBIX 4YHCEN, HE
npuHauIexKamux k) Mexmy nociedosamenbHbiMuy €ro YICHAMH Ki U Ki+1 , TAKUMH YTO:

Ui 9etHoro N >2 © xj = Nn/2-1 | ki1 =N (npun=2 ¢ K omcymcmeyem x =1)  (4.1)
Juist HeuetHoro N >1: xj = (N-1)/2 , kj+1=n (4.2
DTUM TOPOKIAIOIIMM YHCIAM Kj , U Kj+1 COOTBETCTBYIOT ITPOCThIE YHCIIA:

JUIS 9€THOTO N >2 1 py = 4ki £1 =2(N-2)+] u py, = 4kisg 1 = 4n£l (5.1)



s Hedetnoro N >1 0 py =4k £1 =2(n-1)+1 u py,,, =4k £l =4n+l (5.2)

(npu n=2 p=1 «ycroseno npocmoey). Torna, Bo BceX BO3MOKHBIX KOMOMHAILMAX, 2Py, PABEH!
JuIs 9eTHOro N >2 : 2p;. = 4(n-2) £2 (6.1)

jist HewetHoro N >1: 2p;. = 4(n-1) +2 (6.2)

U3 (5) u (6) ciemyer, 4TO BO BCEX BO3MOYKHBIX BBIIICYKa3aHHBIX KOMOHHAIMSX BBITIOIHACTCS
Dk, > 2Pk;» THE Pk, ¥ Py,,, — NOCIE008ameNbHbLE TPOCTHIE YUCIIA (6.3)

C nmpyroit cTopoHbl, coryiacHo nocmynamy bBepmpana (teopeme beprpana-UeOsbiniésa),
Ui II00OT0 HaTypajabHOro I >1 Mex1y I' U 2r Bcerjga ectb XOTs Obl OJJHO MPOCTOE YUCIIO.
3HauUT, cyuecmeayem MPOCTOE YUCIIO P* Takoe, uTo:

Pk, < P* < 2Py, < Pk, (7)

Takomy npocToMy umcia P* COOTBETCTBYET HEKOTOpOe mopoxaaromiee K,* Takoe, 4To
JUIS1 YSTHBIX U HEYETHBIX N, COOTBETCTBEHHO, Ka* pacrionaraercs B MHTEpBaJIe:

N2 <k*<(n-1) wi (n+1)/2 <ka* < (n-1) @)

Onnako, cornacHo (4), Mex 1y ABYMs HOCISIOBATEIbHBIMU WICHAMH Kj U Ki+1 MHOKECTBA
K — mycro, a 3HauuT, HUKAKOTro 4mcia K,* we moorcem cywecmeosams B K, 1 HUKAKOro
POCTOro Yucia P* ne cywecmeyem, uto nporuBopedur (7) u (8).

[loniyueHHOE  NPOTHBOpEUYUE  O3HAYAET, YTO HCXOJHOE HPEOnonoycenue o
cyujecmeosanuy Yucaa N, He nPeocmaguMoz0 CyMMoOii napsl yucel (ki,kj) u3 K — nosrcno.

Takum o0Opa3om, 06oe HaTypaiabHOE 4uciio (Kpome 1) npedocmasumo He MEHee YeM
OJHOM CymMMO#N nByX uymcen u3 MHOXxecTBa K (HeoOs3aTeNbHO Pa3HBIX), U OeCKOHeuHOoe
NOOMHOJCECMBO  HAMYPANIbHBIX yucel — MHodxcecmeo K — noxpvieaem (6 cmvicre

onpeodenenus (2)) 6cé mrodcecmeo namypanvusix yucen N (kpome 1). O

JlokaszaB JieMMy, MBI TEM CaMbIM BBISBHJIM KPHUTHYECKH BaKHOE CBOWCTBO
nopokaaroniero Maokecta K, a umerHo, uro K — 1eHCTBUTEIBHO «IOCTATOYHO MJIOTHOEH
JUIS TeNe  YTBepPIKICHUS HMCTHMHHOCTH HACTOSINEH JIEMMBI: A J1000oro N>1 uieHsl ki
MHOKecTBa K pacrmoniokeHbl HAa OCH HATYPAIBHBIX YHCENT TaK, 4YTO 6ce H 100020
803ModcH020 pasmepa nakyHbl Gapk(n)=(ki.1(n),xi(n)), cymectByromnue B K, He MPEBBIIAIOT
HHTEpBAT =~ N/2, TOUHEe:

- JUIs1 4ETHOTO YMCIia N — TaKyHbI HEe MPEBBIIIA0T uHTepBai [n/2, (n-1)];

- JUTsl HEYETHOTO YKcia N — JIaKyHbI He MpeBbImaroT uHrepsan [(n+1)/2, (n-1)] .

Jlis HaTypasJlbHOrO N, HA30BEM JIaKyHY, MaKCHUMAaJbHO JOIYCTHUMOro (1O JeMMe)

MAX

pasmepa, Kpumuueckou Jaakynou u ob6ozHaunmm Gapg - (n); MHOkecTBO K HazoBem

MHOXKCECTBOM, «MJIOMHBIM 8 CMbLCIE TEeMMbl O NOKPbIMUUY).

N3 JleMMbl O TIOKPBITHH HENOCPEJACTBEHHO CIIEYyeT JIOKa3aTeIhCTBO OWHAPHOM
runoressl [ onpadaxa.



4. TeopeMa 0 npeacTaBJIEHUH JIIOOOT0 YeTHOr0 YUCJIa Oosiblle 2 B BUIe KAK MUHUMYM
OJIHOM CyMMBbI JIBYX NpocThiX ynces (bunapuas teopema I'osibadaxa)

Jloboe uémuoe uucno 6oavue 2 MONCHO NPedCcmasums 8 8ude KaKk MUHUMYM OOHOU CYMMbl
08YX NPpOCMbIX (He0053amenbHO PA3HbIX) YUCe.

Jokazamenvcmeo. Kaxmpoe mpocToe Yuciio P>2 npeacTaBuMo B Buje 4x+ 1/ win B Buae 4x-1,
rae Kk — 1enoe yucio. [IpeacraBum ir0b6oe detHoe yrciao N=2m Ooubiie 4 (cnydait N=4=2+2
- TPUBHAJILHBIH) B BUJIE HEKOTOPOH CYMMBI JIBYX TIPOCTBIX YHCEN Py M Pk; » HOPOKICHHBIX

nensiMu uciaamu (kikj) € K (ede i# ww i=j, K onpedeneno 6 (1)), 1 MOKaxeM, 4TO Kak
MHHUMYM OJIHa TaKas 1apa MpoCThIX Yucel (Py, , ij) BCET/Ia CYIIECTBYET.

eoe ki, kj€ K, 1] unu i=j

+

Vn:szZN(n>4)n:pki+pkj:{4ki_1 4k — 1"

VKazaHHOE YeTHOE 4YHCiIO0 N>4 mpeacTaBuMO 4depe3 (kiKj) OIHHM H3 TPEX BO3MOXHBIX
Coco00B:

4(ki+k;) + 2
=Vn=2me2N(n>4) n= 4(ki+k;)
4(ki+k;) — 2
a HaTypaJbHOE YUCIIO M=n/2 >2:
2(ki+k) +1
=SVmeNm>2) m= 2(k;+k;)
2(ki+k ) — 1

HatypanpHoe uuciio M MoXKeT ObITh KaK HEYETHBIM, TaK M YeTHbIM. Torna,
a) Ecmu m wetHoe, 10,
= Vme2N(m>2) m= 2(k;+k;)
a UCXOJIHOE N MPEJICTABISIET COOOH CyMMY «PasHOTIONSIPHBIX» MPOCTBIX YUCEN Py U Pk,

(4k; + 1) + (4k — 1)
(4k; — 1)+ (4k; + 1)’

ki, kKj€ K, i# wmu i=j

vn=2me2Nn>4) n= Pki+ij:{

[IpencraBuB yetHoe M>2 B Buae M=2W, rae W>1 — HaTypabHOE YHCIIO, TTOJTy4aeM:
VweNW>1) w= (k+k) , «i,xeK, i ww i=j (9.2)
6) Eciiu m HeuetHoe, TO, ¢ ydeToM M>2,
=VmeENy (m>2) m= 2(ki+k)+1
a UCXOJIHOE N MPEJICTABISET COOON CyMMY «OIHOMOJISPHBIX)» TIPOCTHIX YHUCEN Py, U Pk,

(4k; + 1) + (4k; + 1)
(4k; — 1) + (4 — 1)

Vn=2me2N(n>4) nZPki‘i‘ij:{ ki, K€ K, i#] unu i=j

[IpencraBuB HeweTHOE M>2 B BUje M=2W+1, e W>1 — HaTypabHOE YHCIIO0, TTOJTydaeM:



VweENW>1) w= (k+k) , «,xeK, i wu i=j 9.2)

N3 (9.1) u (9.2) cnexyer, 4To0 051 1106020 (4ETHOTO WIIM HEYETHOTO) HATYpPAILHOTO M>2
(1 01 1106020 UCXOOHO20 YemHo20 N=2M >4) | COOTBETCTBYIOIIEE eMy uucio W>1 Bcerna
UMEET BU]I:

VweNw>1) w= (ki+k) , xi, ke K, i) um i=j (10)

Takum 00pa3oM, UCTUHHOCTH OMHapHOW rumote3bl ['onpadaxa cBenach K TPeOOBaAHHUIO
uctTuHHOCTU BhIpaskeHus (10), T.e. TpeOOBaHUIO MOKPBHITUS MHOKECTBA HATYPAJIbHBIX YHCEI

{w}= N (roe w>1) cymmamu nap uucen (x; , kj) n3 MHoxectBa K — N.

Tak kak Beipakenue (10) ucmunno B cuiny JOKa3aHHOW BhIIIEC JlemMbl 0 ROKpbImMuu
nopoascoarowum mHoxcecmeom K mmoorcecmsea ecex namypanvnvix uucen N, u moboe
HaTypalbHOE YHuCiIo W>1 npedcmasumo He MEHee 4eM OJHOW CyMMOM mapsl uucen (ki , Kj) U3
mMHO)kecTBa K, TO uemmnoe wucnro n>2 (¢ y4deroM TpHBHAIbHOTO N=4=2+2),
COOTBETCTBYIOIIEE YUCTY W, cecoa npedcmaumo B BUJE KaK MHUHHUMYM OIHOW CyMMBbI
JIBYX IPOCTBIX (HEOOS3aTENbHO PA3HBIX) YUCEN Py, U Pk; -

bunapnas runoresa ['onpnbaxa nokazana. [J

5. ®opmanabHbIii nouck 3HaYeHus pynkuuu [Noabadaxa g(n) aias yerHoro n > 2
Paccmotpum, kak Jlemma o mokpeiTun U bunaphas teopema [Nonpabaxa pabotaroT juist
YETHBIX YUCET N>2 MO BBISABJICHUIO HEYNOPSIOYEHHBIX MAp MPOCTHIX 4ucen (P, , ij) :
Pk, + Pk; =N M ONPEJICICHUIO KOJMYECTBA g(n) Takux map (HA3BIBAEMBIX KOIUYECMBO
npeocmaenenuil pynkyuu I'onvobaxa o0 N) Ha npuMepe deTHbIx uncen 100 u 102 .

a) s n = 100 BeimuiemM moaMHokecTBO mpocThiX unceln {px} < 100, u cooTBETCTBYIOIINE
eMy nmoaMHoxecTBa st K:

{p3={23,5709, 11, 13,17, 19, 23, 29, 31, 37, 41, 43, 47, 53,59, 61, 67, 71, 73, 79, 83, 89, 97}
K={1,2,3,4,5,6,78,9 10,11, 12, 13, 15, 17, 18, 20, 21, 22, 24}

K*={4,7,9,10, 13, 22, 24}

K ={2,5,6,8,11, 12,17, 20, 21}

K*={1, 3, 15, 18}

1.n =100 = m =n/2 =50 — uerHOe = N MpeACTaBISIET COOOU CYMMY PA3HONOJAPHBIX
MPOCTHIX YHCE:
n=p +pi) 2W=K" +r
4yuclia K BBIOMPAIOTCS M3 TMOJAMHOXKECTB TaK: k" m KUKt u ki m3 K U K,
COOTBETCTBEHHO);
2. W=m/2 = 25 — HeyeTHOE = MOWCKOBBIH JHAITA30H YHUCEN Ki W Kj paBeH:
[(w+1)/2, (w-1)] =[13, 24] ;
3. B K" B muanasone [13, 24] HaxomsaTcs yncia {13+, 227,24},
B K" B muamasone [13, 24] naxomsrcs gucna {17°, 207, 21},



B K B nuanazone [13, 24] naxonsrcs uucna {15, 18} ;

4. 5w=25={(x" +x)}= {(137+12), (22'+3%), (247+1%), (21'+4"), (15°+10"), (18"+7")}
JUIs TIOTeHIManbHoi mapsl (177, ..) Het umcna (W-17)=8 B K™ U K* (t.e. 100-67=33 —
COCTaBHOE HEYETHOE YKCIIO),

JUIs TIoTeHIManbHoi mapsl (207, ..) HeT umcna (W-20)=5 B K™ U K* (1.e. 100-79=21 —
COCTAaBHOE HEYCTHOE YHCJIO);
5. = mis yetHoro 100 umeercs 6 nap uucen py, u Pk, » TO €CTh g(100) =6:

{(53,47), (89,11), (97,3), (83,17), (59,41), (71,29)}

Croga MoxHO ObTO ObI 100aBUTH mapy (99,1), Ho 1 Mo nelcTBYIOMIEMY OINpPECICHUIO HE
SIBJISICTCSL IPOCTBIM YHCIIOM.

0) dus n = 102 BeinumeM moaAMHOXECTBO MmpocThix yucen {Py} < 102, u cooTBeTCTBYIOIINE
eMy nmoaMHoXkecTBa st K:

{PK3={2,3,5,7,9, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101}
K={1,234,5678,09,10,11, 12, 13, 15, 17, 18, 20, 21, 22, 24, 25}

K*={4,7,9, 10, 13, 22, 24, 25}

K ={2,5,6,8, 11, 12, 17, 20, 21}

K* = {1, 3, 15, 18}

1. n =102 = m = n/2 = 51 — HedeTHOE = N MPEJACTABJIACT COOOH CYMMY OOHONONAPHBIX
MIPOCTHIX YHCEIT:
=@ +p) W=r" +x" un=@p +pi) W=k K
yucia K BBIOMPAIOTCS W3 IOJMHOXECTB TakK: kW w3 KTUKY u ¥ w3 K™ UK,
COOTBETCTBEHHO);
2. Wy = (M-1)/2 = 25 — HeyeTHOE = MOMCKOBBIH AUAMA30H YHCEN K U K PABEH:
[(w+1)/2, (w-1)] =[13, 24] ,
Wy = (M+1)/2 = 26 — yeTHOE = MOMCKOBBII JUAMA30H YHCET K U K paBeH:
[w/2, (w-1)] =[13, 25] ;
3. B K" B nuamasone [13, 25] HaxomsaTcs yucna {13+, 227, 24", 25+} ,
B K" B nuamasone [13, 25] naxonasres uucna {177, 207, 217},
B K" B muanazone [13, 25] HaxonsaTcs uncna {15i, 187} ;
4. 2wy =25={(xi" + 15"} = {(227+3"), (247+1"), (15°+10"), (18°+7")}
Wy =26 = {(xp + xq)} = {(20+6"), (21'+5"), (15°,+11%), (187+8)}
mns noternuanbEbx map (13°, ) u (17, ..) pasHocts (N — P) JaeT cocTaBHBIE YHCA; s
uncna 25" - uucno px=101 u pasnocts (102 — 101) = 1 — He sABISETCA HPOCTHIM YHCIIOM,
5. = mns yetnoro 102 umeercs 8 map 4ucen py, u Pk, > TO €CTh 9(102) =8:

{(89,13), (97,5), (61,41), (73,29), (79,23), (83,19), (59,43), (71,31)}

Crona moxxHO Ob1T0 OB 100aBUTH Tapy (101,1), HO 1 MO AeHCTBYIOIIIEMY OMpEIEICHUIO HE
ABJIACTCA IMPOCTBIM YHCIIOM.



6. KpaTkoe pe3romMe nmpeacTaBjieHHOI0 I0Ka3aTeIbCTBA

B Jlemme o noxkpeimuu MeTonoM OT MPOTUBHOTO OKA3bIBACTCS, YTO IMOPOXKIAIOIIEe
MHOkecTBO K, ompenenénnoe B pazzaene 2, SBISICTCS Ad0OUMUBHbIM OA3UcOM nopsaoka 2 s
MHOXeCTBa HaTypaibHbIX uucen N (mast n>1). JleficTBUTENBHO, IS TOrO 4TOOBI JAaHHOE
HaTypajJlbHOC YMCIO n>1 6sLIO MpeACTaBUMO B BUJC Kitkj=N TAe (Ki,K‘j) € K, neodbxommmo
CYILIECTBOBaHME XOTS Obl OnHOM mapel Buuma (x,N-x) BHYTpH WuHTepBana ~[Nn/2,n].
CrnenoBatenbHO, CYIIECTBOBAHHE KOHTPIPUMEPA ObLTO ObI PABHOCHIIBHO CYIIECTBOBAHHIO B
mHoxectBe K saxymer (paspbeiBa) pasmepa <[Nn/2,n], He coaep:kamiei siaemMeHToB K.
Tpancnupyst a1ty nakyny [n/2,n] u3 K Ha MHOXKECTBO mpoCThIX uucen [P ¢ MOMOIIBIO
cooTtHoleHui 4k+/, momy4yaeM B MHOXKECTBE MPOCTHIX uncen P makyHy pasmepom [p,2p], He
COJIEp’KaIlyl0 HHM OJHOrO IPOCTOr0 YHWCIa, YTO MPOTUBOPEUUT meopeme bepmpana—
Yebvuuésa (nocmyramy bepmpana). 3HauuT, TAKOW KOHTPIPUMED HE MOXKET CYIIIECTBOBATH,
u K neficTBUTEIBHO SBIISCTCS aIMTUBHBIM Oazucom nopsizika 2 s N (n>1).

Jlanee, B OCHOBHOW meopeme C IIOMOIIBK JJEMEHTAapHBIX, HO aKKypPaTHBIX
peoOpa3oBaHUll MOKA3aHO, YTO CBOWCTBO, MMOCTYIUpyeMoe OuHapHO# rurote3oii ['ompadaxa
(a IMEHHO: MHOXECTBO NMpPOCThIX uncen P sgBisercs aiguTUBHBIM 0a3ucOM Mopska 2 JUis
YyemHbIX HATypAIBHBIX YHUCEN, N>2), CBOAUTCS K CBOWCTBY, uTO MHOXecTBO KK siBisiercs
aJIMTUBHBIM 0a3McoM nopsaka 2 Uil gcex HaTypabHbIX uncen, N>1. [lockonbKy nocienHee
CBOWCTBO Ji0Ka3aHO B JleMMe o mokpeITun, OMHapHas runores3a ['onprbaxa — gokaszaHa.

BaxHo ormeTuth, uTO JlemMMa O NMOKpBITUM SBISETCS HE TOJIBKO JOCTATOYHBIM, HO U
HeoOX00UMbIM YCIOBUEM JJIS J0Ka3aTesIbcTBA OMHApHOM Teopembl ['onbabaxa B cieayromeM
cMbiciie: ecinu Obl Jlemma o MOKpbITMM ObLTa JOXKHOH, TO OuMHapHas rumnote3a [onbpabaxa
Takke Obuta OBl JIOKHOW, TaKk Kak 3aBelOMO CYHIECTBOBAJI OBl KOHTpHpuMmep. Taxum
o0pa3oM, WCTHHHOCTh OWHAapHON runore3bl [onprbaxa JOTHYECKHM OSKBUBAJICHTHA
MIOKPBIBAIOLIEMY CBOWCTBY nopokaatouniero mHoxectBa K. Ilo cyrm, nokazartenbcTBo
yTBEp)KJaeT, 4To eciau Obl OumHapHas runore3a ['onpadaxa Oblaa JIOKHOM, TO MOCTYNAT
beprpana 6b11 Obl HapymieH. CieoBaTeNbHO, HCTUHHOCTh OMHApHOM rumotessbl I'onbadaxa
nokoutcst Ha nocrtyiare beprpana. MHbeiMu cnoBamu, nocmynram bepmpana (1OKa3aHHBIA
I1.JI. YeOnI€BBIM, TaK)Ke M3BECTHBIH Kak meopema Bepmpana—Yebviuéea) — 310 Koy K
O6unapHoii runorese ['onpadaxa.

7. 3aMeyaHHus1 0 CBOICTBAX MOPOXkKIAI0LIEro MHOKecTBa K

Kax yxe 0puT0 CKazaHO, IOpoXIaroniee MHOKecTBO K, onpenenéHHoe B pasuene 2 (cm.
(1)), obnamaeT 3aMedaTeILHBIM CBOHCTBOM: OHO 00pa3yeT adoumughwlil 6asuc nopsioka 2 sl
BCEX HATypalbHBIX uncena N > 1. MHbiMu croBamu, 11000€ HATypallbHOE YMCIo, Oonbiie 1,
MOKET OBbITh MPEJICTaBICHO B BHUJIE CYMMBI JABYX (HE 00s3aTENIbHO Pa3jIMUYHBIX) JIEMEHTOB
nopoxaatoniero MHoxkectsa K. AnnuTvBHBIE 0a3uChl TOPsIKA 2 SBIAIOTCA KIACCHYECKUM
O00BEKTOM TEOpPHHM YHCEN, TECHO CBs3aHHBIM ¢ mnpoOinemoil ['onpndaxa. TpuBmambHBIE
MpPUMEPHl BKJIIOYAIOT CaMO MHOXECTBO BCEX HaTypalbHbIX uymced N, wmwmm o0y
apu(METHIECKYIO0 TIPOTPECCUIO C Pa3HOCTHIO 1. OMHAKO paspesicenHvie aJyITATUBHBIE 0A3UCHI
(MMeronIre HyJIeBYI0 aCHMIITOTHYECKYIO TUIOTHOCTB) BCTPEYAIOTCS TOPA3/I0 PEKE, U UX SGHOE
MIOCTPOEHHE — HENpPOCTas 3a1a4a.



[lepBble pe3ydbTaThl O CYIIECTBOBAHWU Pa3pekKEHHBIX 0a3ucoB ObUIM TOJYYEHBI
Opnémiem u Typanom [4], KOTOopble MOKa3ajld, YTO CYIIECTBYIOT Oa3uChl MOpsAaka2 ¢
MEJIEHHO pacTyluMH (YHKIUSAMHU mpenctaBieHuil. OJHaKo HMX J0Ka3aTelbCTBa OBLIU
9K3UCTEHLUAIbHBIMU (BEPOATHOCTHBIMHU) M HE J1aBaju sIBHON KOHCTpykuuu. Ilo3:xe Dpném
JI0Ka3aJl CyIIeCTBOBAHUE «TOHKUX» aJIUTHBHBIX 0a3ucoB (¢ ~loglog(n) mpeacraBieHusMu)
[5], HO cHOBa 0€3 KX SBHOM KOHCTPYKLUMHU. BakHO OTMETUTh, YTO 3HAMEHUTOE MHOXECTBO
npocTeix uncen P camo mo ceGe He sABISETCS aAJUTUBHBIM 0a3ucOM MOpsiiKa 2 Ui BCEX
HATypaJIbHBIX YHCEN, HO SBJISETCS TAKOBBIM JUIsl YETHBIX YHUCEN (3TO B TOYHOCTH OMHapHas
runore3a ['onpnbaxa juia 4€rHbIX ymcen). Jloka3aTenbCTBO 3TOrO CBOMCTBA Uil YETHBIX
qrcell MPEICTaBICHO B HacTosme padore. Mcropudeckas crnpaBka o rumote3e ['ompadaxa
cofepxutcs B padotax Xapau u Jluttiasyna [6], a takxe Yena [7].

Yro penaer MHOxecTBO K 0COOEHHO mpUMeYaTeNbHBIM, TaK 3TO TO, YTO OHO
IIPEJCTABISACT COOOH A6HbIU, OemepMUHUPOBAHHbIN NpUMep PA3PEKEHHOTO AJAUTUBHOTO
0asuca mopsiaka 2 gt N (n>1) ¢ HyneBod acCHMITOTHYECKOH IJIOTHOCTBIO. Ero crpykrypa
HENOCPEACTBEHHO BBIBOJUTCS U3 MPOCTHIX YMCEI C MIOMOIIBIO JIEMEHTAPHOIO COOTHOILIEHUS
4k+1. KoHctpynpoBaHue XOTsi Obl OJHOTO SIBHOTO 0a3uca — 3TO HEempUBUAIbHOE s6lleHue B
aJIMTUBHOM TEOpUHU YMCEN, U MHOXKECTBO [K SIBISI€TCS TAKUM SIPKUM SIBHBIM IPUMEPOM.

Emgé oxna, Ha Hamr B3I, MpUMeEYaTeIbHas 0COOCHHOCTh TOPOXKIAFOIIETO MHOXKECTBA
K cocrouT B CBOiicTBax ero moamHoxkects K, K, ]Ki, U B TOM, 4YTO pa30OueHUE
K=K'UK UK" ecTecTBeHHBIM 06pa3oM UHIYIUPYET pa30reHre MHOYKECTBA MPOCTHIX YUCEI
P uwa P = P'U PU P u cooTBeTcTBYyIOIIEE MM pa3lIoKeHHe (BYHKIHH pacIpeneicHus
MIPOCTHIX YHUCEIT:

(x) = 7' (X) + z (x) + 7 (X),

rae GpyHKUEA 7 (X) — He sAensemcs KIacCHueckoil (pyHKIHMeH pacripeaeleHus map MpOCThIX
amcen-61m3HenoB m(X), mockonbky 7 (X) = #{p <X | p € P~} — 310 (yHKIMSA pacnpenencHus
Tap YuCmbixX TPOCTHIX-OTM3HEIOB P, KAX/as apa KOTOPEIX COOTBETCTBYET OJHOMY U TOMY
xe k™ 13 moamHOXKecTBa K

B KOHTEKCTE OTKpBITON MpPOOIEMbl JOKA3aTelbCTBA OCCKOHEYHOCTH Map MHPOCThIX-
OJIM3HELIOB, MPEACTABISACTCS WHTEPECHBIM HAONIOJCHHE, YTO, €CIH Obl Map MPOCTHIX-
6IM3HENOB OBUIO KOHEYHOE YHCIIO, TO MOAMHOKECTBO K 6BIIO GBI KOHEYHBIM, TAaKKe M
TIOIMHOKECTBO P~ GBIIO OB KOHEYHBIM, a (DYHKIHUS 7 (X) CTpeMHiach Obl K KOHEUHOMY
npeneny — TpPHHAMana Obl 3HAYCHHE pAaBHOE HEKOTOPOHM KOHCTAHTE C MOMEHTa
«UCYEC3HOBEHHs» Map OIM3HEIOB M Jaliee Ui BCeX OONBIIHNX X, B TO BpeMs Kak (YHKIIMU
7'(X) m 7 (X) MeHsSIM OBl CBOIO ACHMITOTHKY (uucmble napvi ONH3HELOB HCUE3alH Obl
COBCEM, a OCTaBIIHecs 6e3 Maphl MPOCTHIE YMCIIA MOTJIH TIEPEXOUTh B MOAMHOXKeCTBO K’
win  noamHokecTBo [K'). TloTeHumambHO, 3TOT (DaKT, BEpPOSTHO, MOXKHO OBUIO OBl
UCIIOJIb30BATh ISl TepeOPMYITUPOBKH MPOOIEMbI OECKOHEYHOCTH Map MPOCTHIX-0IN3HEI0B
B TEPMHHAX OLEHKM AacCHMITOTHYECKOrO TOBENEHHS pocTa 7 (X) M TOMCKAa CJlIoMa
(M3MeHeHHs) acCHMITOTHKM B (DYHKIMSX pachpedeNeHHs MpocThIX wmcen 7 (X) u 7 (X).
JletanbHasi mpopabOTKa BBISIBICHHBIX OCOOCHHOCTEil MHOXecTBa K — Tema OTAEIBHOrO
UCCIIEI0OBAHMS.
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Abstract

In this paper, we present a solution to a famous open problem of number theory - Goldbach’s
binary conjecture. The proof of Goldbach’s binary conjecture is elementary and based on a
combinatorial covering argument. We show that the proof of Goldbach’s binary conjecture is
reduced to the proof of a conjecture on the covering for the set of natural numbers except 1
by means of the set of sums of pairs of natural numbers, each of which corresponds to a
prime or twin primes. We construct a Generating set K of integers and prove a Covering
lemma, which shows that the set K is an additive basis of order2 for the set of natural
numbers N except 1. The proof of this lemma proceeds by contradiction, using Bertrand's
Postulate (the Bertrand — Chebyshev theorem) to rule out the existence of a counterexample.
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From this lemma, Goldbach’s binary conjecture follows directly. The approach does not rely
on analytic methods or heavy machinery.

Keywords: Goldbach conjecture; Goldbach’s binary conjecture; additive basis of order 2;
Generating set IK; Covering lemma; Bertrand's Postulate; Bertrand—Chebyshev theorem;
Goldbach’s function; prime numbers; number theory.

1. Introduction

Goldbach’s binary conjecture (every even number greater than 2 is the sum of two
primes) remains one of the most famous unsolved problems in number theory, despite
extensive numerical verification and partial results such as Chen’s theorem. In this paper, we
propose an elementary proof based on a combinatorial covering argument. The approach does
not rely on analytic methods or heavy machinery. The proposed solution to Goldbach’s
binary conjecture is based on the following well-established theorems on prime numbers,
which have been proven (by various methods) and are accepted by the professional
mathematical community as indisputably true:

e Euclid's theorem on the infinite set of prime numbers [1];
e Bertrand's Postulate (the Bertrand—Chebyshev theorem) on the existence of at least one
prime number p such that n < p < 2n for every natural number n>1 [2,3].

The paper is organized as follows. Section 2 introduces the necessary definitions and a
generating set K. Section 3 presents the results: Covering Lemma, which shows that the set K
is an additive basis of order 2 for the natural numbers N (except 1); the proof of the main
theorem - Goldbach’s binary conjecture; a method for identifying the values of Goldbach’s
function g(n) for even n>2. Section 4 provides a brief summary of the proof (Conclusion).
Section 5 discusses the additive basis properties of the set K and the rarity of such covering
sets (Discussion). Conflicts of interest and References are given at the end.

2. Definition of the Generating set K

All prime numbers pg , except 2, can be represented in the form 4x+1 and 4«-1, where x
is an integer. We define the generating set K as an infinite subset of the natural numbers N
consisting of the set of all integers x; , each of which corresponds to a prime (except 2) or a
twin primes via the relation 4k + I:

K={k}cN:Vk € K- pj =4k, +1orp; = 4k; — 1 or pif = 4k; —1,p,:,,—LJr1 =4k, +1
1)
For simplicity, we will say that x; “generates” a prime number, understanding the term
figuratively. Each element «; of the generating set IK can generate either a single prime or a
pair of twin primes (note that twin primes are not necessarily generated by the same «;).

Each element x; of the set K that generates a single prime according to the function
pi = 4k; + 1 will be denoted by ;" and will be called as unipolar k", and the corresponding
subset of all numbers {x;"} will be denoted by K".



Each element x; of the set K that generates a single prime according to the function
pr = 4k; — 1 will be denoted by ;" (unipolar k), and the subset of all numbers {x;’} will be
denoted by K .

Each element «; of the set K that generates twin primes according to (p,i—r = 4k; —
1 ,p;—’ﬂ = 4k; + 1) will be denoted by ;" and will be called as bipolar, and the subset of all
numbers {x;"} will be denoted by K*.
K=K"UK uKk*

A twin prime pair (pi = 4k; — 1,pi,; = 4k; + 1) generated by exactly the same
bipolar ;" is said to consist of the pure twin primes, as opposed to twin primes
pi =4k +1,piy; = 4k;41 — 1that are necessarily generated by different x with
different polarities (steptwin primes).

As an example, we list the first 25 elements of the Generating set K:
K={1,2,3,4,56,7,8,9, 10,11, 12, 13, 15, 17, 18, 20, 21, 22, 24, 25, 26, 27, 28, 32, ...}
K" ={4,7,9, 10, 13,22, 24, 25,28, ...}

K ={2,5,6,8, 11, 12,17, 20,21, 26,32, ...}
K" = {1,3,15, 18,27, ...}

The numbers 14, 16, 19, 23, 29, 30, 31, etc., are not generators for primes, i.e. they do
not generate prime numbers via the relation 4x+/. We call such numbers idle numbers g
(i.e., “non-generating” numbers), and we denote the set of all idle numbers by G.

By virtue of the infinitude and countability of the set of prime numbers {px} = P (denote
by P the set of all prime numbers), the generating set KK and the set of idle numbers G are
also infinite and countable.

3. Results
For the generating set IK defined in the above manner, the following statement holds:

Lemma (Covering Lemma). On the Covering of the Set of Natural Numbers N by the
Generating Set K.

Let the generating set K be the set of integers x; where {«;} generates all prime numbers
{p}= P by the form 4xt/: K = {k € Z | 4k + 1 is prime} (see eq.(1)). The set K covers the
set of natural numbers N in the sense that for every natural number n >1 there exists at least
one unordered pair (xi,xj) (not necessarily distinct) of elements of IK whose sum equals n:

VneNm>1) Ik, k €K: k;+k =n, wherei#jori=j )

Remark 1. By no means every infinite subset of natural numbers can cover N (in the sense of
equation (2)) by sums of pairs of its elements. Such subsets are, in fact, extremely rare. For
example, the subset of even numbers or the subset {1,2,3,10,11,12,...} fails to cover N: in the
first case, the sum of two even numbers is always even, so odd numbers cannot be



represented; in the second case, the numbers 7, 8, 9 cannot be expressed as sums of two
elements from the subset.

From what mathematicians currently know about prime numbers and their properties, it
is natural to assume that the set K defined in eq. (1) is highly “sparse” (porous) and may
contain lacunae (i.e., intervals of natural numbers not belonging to IK) of arbitrarily large
finite length for sufficiently large primes. Consequently, it is necessary to prove that, despite
this sparsity, the set K is nevertheless sufficiently dense for the purposes of the lemma stated
above. More precisely, we must show that the elements of K are distributed along the natural
numbers in such a way that any lacunae, regardless of their size, do not prevent the elements
ki € K from covering the entire set of natural numbers in the sense of definition (see eq. (2)).

Now we prove the lemma.

Proof of Lemma. We prove the lemma by contradiction. Suppose there exists a natural
number n >1 that cannot be expressed as a sum of any pair (x; , xj) with (x; , x;) € K. That is,

IneNm>1) Ak, k)€K : (ki +k =n), Vidori=j. (3)
The existence of such n >1 means that IK contains no elements «; that form pairs such as

(11(n'1))’ (2,(”-2)) s e ((}’1-2),2) ) ((n-l),l),

whose sum equals n. For unordered pairs of numbers, this condition is equivalent to the
following:

« If niseven: there are no elements «; € K in the integer interval [n/2, (n-1)];
« If nisodd: there are no elements x; € K in the integer interval [(n+1)/2, (n-1)].

In general form, this is illustrated schematically in Figure 1:

A4

__________.I__________

8
:
.
1
:
:

Figure 1. Condition for the existence of a natural number n that cannot be expressed as a sum of any two
elements of a numerical set A is a lacuna (gap) in A of size [n/2,n].

That is, the desired number n >1 defined in (3) exists if and only if there exists a lacuna
(an interval of natural numbers not belonging to K) in the set K between two consecutive
elements «; and «j+1 such that:



forevenn >2: ki =n/2-1 |, kix1 =N (for n=2, k =1 is absent from K), (4.2

forodd n>1: ki =(n-1)/2 , ki+1 =n. 4.2)
To these generating numbers x; and «;+1 there correspond the following primes:

forevenn>2: py =4xi £l = 2(n-2)£1 and py,,, = 4Kiv1 £ = 4nEl, (5.1)

foroddn>1: p, =4ki+l =2(n-1)xl and py,,, = 4K+l =4+l (5.2)

(for n=2, px=1is treated as a ‘“‘conventional prime”). Then, in all possible sign
combinations, 2py, equals:

forevenn>2: 2p, =4(n-2) £2, (6.1)
foroddn>1: 2p,, =4(n-1) 2. (6.2)

From (5) and (6), it follows that in all possible combinations of the above, the following
holds:

Dk,,, > 2Pk, Where p, and py,,, are consecutive primes. (6.3)

On the other hand, according to Bertrand's Postulate (the Bertrand—Chebyshev theorem),
for every natural number r >1 there is always at least one prime between r and 2r.
Consequently, there exists a prime p* such that:

pki < p* < 2pkl < pkH—ll (7)

For such a prime p*, there exists a corresponding generating number x;* such that, for
even and odd n respectively, x,* lies in the interval:

N2 <xa*<(n-1) or (n+1)/2 <wa* <(n-1). (8)

However, according to (4), the interval between two consecutive elements ; and ki1 of
K is empty — that is, no element of K lies there. Hence no such number x,* can exist in K,
and consequently no such prime p* can exist. This contradicts (7) and (8).

The contradiction obtained shows that the initial assumption — that there exists a natural
number n which cannot be written as a sum (x; +x;) with (x; ,xj) € K — is untenable.
Consequently, every natural number (except 1) admits at least one representation as a sum of
two (not necessarily distinct) elements of K. Hence the infinite set IK — N covers N in the
sense of definition (2). In other words, K is an additive basis of order 2 for the set of natural
numbers N (except 1). o

Having proved the lemma, we have thereby identified a critically important property of
the Generating set KK, namely that K is indeed sufficiently dense for the purposes of the
lemma. Specifically: for every n, the elements of K are distributed along the natural numbers
in such a way that all lacunae (gaps)

Gapk (n) = (xi(n) , i (n))
that exist in the set IK do not exceed a size of approximately n/2. More precisely:

« for even n: the gap does not exceed [n/2, (n-1)];



« for odd n: the gap does not exceed [(n+1)/2, (n-1)].

For a natural number n, we call a lacuna of maximum size allowed by the lemma a
critical lacuna and denote it by Gapx™**(n). The set K will be called dense in the sense of
Covering Lemma.

From Covering Lemma, the proof of Goldbach’s Binary Theorem follows directly.

Theorem (Goldbach's Binary Theorem). Every even integer greater than 2 can be
expressed as at least one sum of two primes (not necessarily distinct).

Proof of Theorem. Every prime number p > 2 is representable either as 4x+1 or as 4«x-1,
where x is an integer. Consider any even number n=2m greater than 4 (case n=4=2+2 is
trivial) and write it as a sum of two primes p; and Pk, generated by integers x; , xj € K,

(where i# or i=j, K is defined in eq. (1)). We will show that at least one such pair of primes
(px, » Px;) always exists.

+

vn=2me2N(n>4) n= Pki+pkj:{4ki—1 4k — 1"

Ki, ke K, i;éjori:j

The specified even number n>4 is representable via (i , j ) in one of three possible ways:

4(k;+k) + 2
=Svn=2me2Nn>4) n=<{ 4k;+k)
4(k;+k; ) — 2
and the natural number m=n/2 >2 is:
2(ki+k) +1
=SVmeNm>2) m= 2(ki+k;)
2(ki+k;) —1

The natural number m can be either odd or even. Then,
a) If m is even, then we obtain the following expression
= Vme2N(m>2) m= 2(k;+k;),
and the original number n is the sum of a pair of opposite-polar primes p, and Pk,

(4k; + 1) + (4k; — 1)

Vn=2m€2N(n>4) n= pki+pkj={

Representing even m>2 as m=2w, where w>1 is a natural number, we obtain
VweNWw>1) w= (kj+k) , xi,xeK, i#ori=j. 9.1)
b) If m is odd, then, given that m>2, we obtain the following expression
= VmEeENy (m>2) m= 2(ki+k)+1,

and the original number n is the sum of a pair of same-polar primes p; and Pk,



(4k; + 1) + (4k + 1)

, ki, ki€ K, i or i=j.
(4k; — 1) + (4k; — 1) * 1 7 ort=l

vn=2me2N(n>4) n= Pki‘i‘ij:{

Representing odd m>2 as m=2w=+1, where w>1 is a natural number, we obtain
VweNWw>1) w= (ki+k) , xi,xeK, i#ori=j. 9.2)
From (9.1) and (9.2) it follows that for any natural number m > 2 (whether even or odd)
(and for any original even n=2m >4), the corresponding number w>1 always has the form:
VweNw>1) w= (ki+k) , xi,xeK, i#ori=j. (10)
Thus, the validity of Goldbach’s binary conjecture reduces to the requirement that

expression (10) be true, i.e., to the requirement that the set of natural numbers {w} = N (w>1)
be representable as sums of a pair of numbers (x;,x;) from the set K < N.

Since expression (10) is true by virtue of Covering Lemma (the generating set K covers
the set of all natural numbers N except 1), and every natural number w>1 is representable by
at least one sum of a pair (i, ;) from the set KK, then the even number n > 4 corresponding to
w (and even n=4, taking into account the trivial case 4 = 2+2) is always representable as at
least one sum of two (not necessarily different) primes p,,and Pk, -

Goldbach’s binary conjecture is proved. O

Remark 2. A method for identifying the values of Goldbach’s function g(n) (even n>2).

Consider how Covering Lemma and Goldbach’s Binary Theorem work for even numbers
n>2 in identifying unordered pairs of primes (py, , Pk,) * Pk, + Di; =1, and in determining

the number g(n) of such pairs (called the number of Goldbach representations for n), using
the even numbers 100 and 102 as examples.

a) For the number n = 100, we write out the subset of primes {px} < 100, together with the
subsets of the generating set IK that correspond to these primes:

p3={23579 11,13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97}
K={1,2 3,456,789, 10, 11, 12, 13, 15, 17, 18, 20, 21, 22, 24}

K*={4,7,9,10, 13, 22, 24}

K ={2 5,68, 11, 12, 17, 20, 21}

K*= {1, 3, 15, 18}

1. n=100 = m =n/2 =50 is even = n represents the sum of opposite-polar primes:
n=0/@ +p;) 2W=xr" +x .
The numbers x must be taken from the subsets K*, K, K™ as follows:
k" from K* U K* and x;” from K~ U K*, respectively;
2. w=m/2 =25 is odd = the search range for ;" and ;" is equal to the interval

[(w+1)/2, (w-1)] = [13, 24];



3. In the subset K*, within the range [13, 24], there are the numbers {137, 22*, 24"} ,
In the subset K °, within the range [13, 24], there are the numbers {17, 207, 21},
In the subset IK*, within the range [13, 24], there are the numbers {157, 187} ;
4, = w=25={(xi" + Ki)} = {(137+12), (227+3%), (247+1%), (21°+47), (157+10"), (187+7M)},

for candidate pair (17, ..) there is no (w-17)=8 in K* u K* (i.e. 100-67=33 - composite odd),
for candidate pair (20, ..) there is no (w-20)=5 in K* U K* (i.e. 100-79=21 -composite odd);

5. = for even 100, there exist 6 pairs of numbers p, and Pk, that is, g(100) =6 :
{(53,47), (89,11), (97,3), (83,17), (59,41), (71,29)}.
A pair (99,1) could be added here, but 1, under the current definition, is not prime.

0) For the number n = 102, we write out the subset of primes {ps} < 102, together with the
subsets of the generating set IK that correspond to these primes:

{pd={2,3,5,7,9, 11,13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101}
K={1,2 3,456,789, 10, 11, 12, 13, 15, 17, 18, 20, 21, 22, 24, 25}

K*={4,7,9,10, 13, 22, 24, 25}

K ={25,6,8, 11, 12, 17, 20, 21}

K*= {1, 3, 15, 18}

1. n=102 = m=n/2 =51 isodd = n represents the sum of same-polar primes:
=@ +p) W=x' +x" and n= g +p) W=r T
The numbers x must be taken from the subsets K*, K °, K* as follows:
k" from K+ U K* and « from K~ u K*, respectively;
2. wy = (m-1)/2 = 25 is odd = the search range for " and « " is equal to the interval
[(w+1)/2, (w-1)] = [13, 24];
w, = (m+1)/2 = 26 is even = the search range for «" and «” is equal to the interval
[w/2, (w-1)] = [13, 25];

3. In the subset K", within the range [13, 25], there are the numbers {13, 22%, 24¥, 25"} ,
In the subset K °, within the range [13, 25], there are the numbers {17, 207, 21},
In the subset K", within the range [13, 25], there are the numbers {15, 187} :

4 2wy =25={(6" + )} ={(22'+3), (24'+1), (15°+10%), (187},
Wy =26 = {(xp + xq)} = {(20+6"), (21'+5"), (157,+11%), (187+8)},

for candidate pairs (13, ..) and (17, ..), the difference (n - p) yields composite numbers, for
the number 25" it gives prime p,=101 but the difference (102 — 101)=1 is not a prime;

5. = foreven 102, there exist 8 pairs of numbers p, and Pk; » that is, g(102) =8 :
{(89,13), (97,5), (61,41), (73,29), (79,23), (83,19), (59,43), (71,31)}.

A pair (101,1) could be added here, but 1, under the current definition, is not prime.



4. Conclusion

Brief summary of the proof of Goldbach’s binary conjecture presented in this work.

Covering Lemma proves that the set K (defined in Section2) is an additive basis of
order 2 for the set of natural numbers N (except 1). Indeed, for a given natural number n > 1
to be representable as xi+x; = n with «;,x; € K, there must exist at least one pair of the form
(x,n-x) inside the interval ~[n/2,n]. Consequently, the existence of a counterexample would
be equivalent to the existence of a lacuna (gap) in the set IK of the form ~[n/2,n] containing
no elements of the set K. Translating this gap [n/2,n] in the set K to the set of primes P via
the relation 4x+/ yields a lacuna of the form [p,2p] containing no prime numbers, which
contradicts the Bertrand—Chebyshev theorem (Bertrand's Postulate). Hence such a
counterexample cannot exist, and the set K is indeed an additive basis of order 2 for N (n>1).

In the main theorem, elementary but careful transformations show that the property
stated in Goldbach’s binary conjecture — namely that the set of primes P is an additive basis
of order 2 for the even natural numbers (n>2) — reduces to the property that the set K is an
additive basis of order 2 for all natural numbers (except 1). Since the latter property is proved
in Covering Lemma, Goldbach’s binary conjecture follows.

It is worth noting that Covering Lemma is not only sufficient for the proof of Goldbach’s
Binary Theorem but also necessary in the following sense: if Covering Lemma were false,
then Goldbach’s binary conjecture would also be false (because a counterexample definitely
exist). Thus, the truth of the conjecture is logically equivalent to the covering property of the
set K. In essence, the proof shows that if Goldbach's binary conjecture were false, Bertrand's
Postulate would be violated. Hence the truth of Goldbach's binary conjecture rests on
Bertrand's Postulate. In short, Bertrand's Postulate (proved by Chebyshev; also known as
the Bertrand—Chebyshev theorem) is the key that unlocks Goldbach's binary conjecture.

5. Discussion
On additive basis properties and the rarity of covering sets.

As already noted, the Generating set IK defined in eq. (1) has the following remarkable
property: it forms an additive basis of order 2 for all natural numbers n >1. In other words,
every natural number greater than 1 can be expressed as the sum of two (not necessarily
distinct) elements of the set K. Additive bases of order2 are a classical object in number
theory, intimately connected with Goldbach’s problem. Trivial examples include the set of all
natural numbers N itself, or any arithmetic progression with difference 1. However, sparse
additive bases — those with zero asymptotic density — are far less common and are notoriously
difficult to construct explicitly.

The first results on the existence of sparse bases were obtained by Erdés and Turan [4],
who showed that there exist bases of order 2 with slowly growing representation functions.
However, their proofs were existential (probabilistic) and did not provide an explicit
construction. Later, Erdés proved the existence of “thin” additive bases (with about loglog(n)
representations) [5], but again non-constructively. It is important to note that the famous set
[P of primes itself is not an additive basis of order2 for all natural numbers, but for even



numbers (this is exactly Goldbach’s binary conjecture for even numbers). A proof of this
property for even numbers is given in the present work. For historical background on
Goldbach’s conjecture, see Hardy and Littlewood [6], and Shen [7].

What makes the Generating set IK particularly noteworthy is that it provides an explicit,
deterministic example of a sparse additive basis of order 2 for N (n >1) with zero asymptotic
density. Moreover, its structure is directly derived from the primes via the simple relation
4x+]. The existence of even one explicit basis is a non-trivial phenomenon in additive
number theory, and the set K is a prominent natural instance.

Another noteworthy feature of the Generating set KK lies in the properties of its subsets
K, K, K, and in the fact that the partition K= KU K U K™ naturally induces a partition of
the set of primes P into P = P*U IP"U P” and the corresponding decomposition of the prime
counting function:
a(x) = 7' (X) + 7 () + 7 (),

where the function 7°(x) is not the classical twin prime counting function m,(x) because
7 (X)=#{p < x|p € P} is the counting function of pure twin primes p* that arise from the
same «* in the subset K*.

It is an interesting observation that, in the context of the open problem on the infinitude
of twin primes, if the set of twin primes were finite, then the subset K™ would be finite, and
the subset P* would also be finite, and the function 7"(x) would tend to a finite limit — it
would take a constant value from the moment the twin primes “disappear” and thereafter for
all large x, while z*(x) and 7 (x) would change their asymptotic behavior (the pure twin
primes would disappear completely, and the remaining unpaired primes could move to K" or
K"). Potentially, this observation could likely be used to reformulate the twin prime problem
in terms of estimating the asymptotic growth behavior of 7z(x) and detecting a breakdown
(change) in the asymptotics of z'(x) and z (x). A detailed elaboration of the identified
features of the set KK is a topic for a separate study.
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