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Abstract
We study the fixed-dimensional minimax problem for estimating the two-sample
p-Wasserstein distance W, (P, Q) over P([0,1]?) in the supercritical regime d > 2p.
We prove the exact unrestricted minimax theorem for all p > 1:

d>2p: M2, =ap (NlogN)~14 M

n n,m,d,p

=4, (Nlog N)=%/4,

where N := n Am. For 1 < p < 2, the upper bound uses a smoothed-cost estimator
combined with the semiconcave branching principle. The case p = 2 admits a convex-
duality proof based on Brenier potentials and the Bronshtein—Ivanov covering number
for convex functions. For 2 < p < 2d/(d — 1), we prove that the full normalized class of
c-concave dual potentials for ¢(z,y) = ||z — y|[? has the same sub-dimensional entropy
exponent (d — 1)/2; the resulting uniform cost-level plug-in bound, combined with the
global inequality |a — b|P < |aP — bP|, closes a strict superquadratic wedge beyond p = 2.
For p > 2d/(d—1) (a superquadratic band that is nonempty only for d > 6), we introduce a
quadratic-cost reduction: we approximate W} by n%72W22 with O(n%;) error, then estimate
W3 using the p = 2 theory. The rescaled estimation error is nﬁ,_2’yN,d = o(nf;) because
YN.a/n3 = N~2/(d=1)(1og N')2/4 — 0, and this ratio is p-independent.

We also prove the exact local diagonal minimax law for all p > 1 in the balanced
supercritical regime and show that the empirical plug-in estimator is locally suboptimal
for all p > 1.

For the superquadratic regime, we additionally develop a shell-active structural theory.
Every optimal dual potential admits a measurable nearest active branch whose active
radii have p-th moment controlled by W, (P, Q)?; on each shell the potential is locally
semiconcave at the active scale; and for deterministic supports of mass w the normalized
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dual empirical process satisfies a sparse bound of order N—2/(d=1)qy1=2/(d=1) 4 vJw/N for
d > 6. We also prove a deterministic fixed-potential transport inequality on annuli and a
quantitative no-go theorem showing that the natural adaptive-shell transfer principle is
false in general.

Thus the unrestricted supercritical minimax problem is now completely resolved for all
p > 1 with d > 2p.

1 Introduction

Let d > 1, p > 1, and let P4 := P([0,1]%) be the set of Borel probability measures on [0, 1]¢.
For P,Q € P, the p-Wasserstein distance is

Wo(P.Q) = (__int [ I~ ylfan(z 0)”.
P rell(P.Q) 2

Given independent samples

Xlw"?Xni"i;Si'Pa }/lavymNQ>

one wants to estimate the scalar functional W),(P, Q).
Write N :=n A'm and define the minimax absolute and squared risks

Mﬁlifldp :=inf sup Em\/ - Wy(P, Q)] M;qmdp :=inf sup E(W — Wp(P, Q))2
o W PQEPy e W PQEPq

In the supercritical regime d > 2p, the empirical plug-in estimator satisfies

Mabs < ]\[—l/d7 qu < ]\[—Q/d7

n,m,d,p ~ n,m,d,p ~

by the one-sample theory of Weed and Bach [18] and Fournier—Guillin [9]; see also the survey
by Chewi, Niles-Weed, and Rigollet [6]. Niles-Weed and Rigollet [14] proved that in the
balanced case n =m = N,

MPNap 2 (Nlog N)™V4 M3 > (Nlog N)™/4, d > 2p,

leaving the logarithmic gap between (N log N)~!/¢ and N~/ open.
Throughout, in the supercritical regime d > 2p and n = m = N, we write

ny = (Nlog N)~/4,
For A > 0 we abbreviate the local diagonal class

Lan:={(P,Q)€Pi: Wy(P,Q) < Ann}.

1.1 Main results

Our first theorem closes the logarithmic gap throughout the whole subquadratic range and, in
addition, through a strict superquadratic wedge beyond p = 2.

Theorem 1.1 (Exact unrestricted supercritical law for 1 < p < 2d/(d — 1)). Assume
1<p<2d/(d—1),d>2p, and N :=nAm > 2. Then

abs — sq - 2
Mn,m,d,p ~d,p 1IN Mn,m,d,p ~d,p TIN-
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This result is extended to all p > 1 in Section 17 via the quadratic-cost reduction (Theo-
rem 17.4).

For 1 < p < 2, the upper bound uses the smoothed-cost estimator combined with the
semiconcave branching principle (Sections 4 and 5). The case p = 2 admits a convex-duality
proof (Section 15) based on Brenier potentials and the Bronshtein—Ivanov covering number.
For 2 < p < 2d/(d — 1), the decisive input is the semiconcavity entropy bound for normalized
c-concave potentials together with a direct Holder conversion from W2 to W), (Section 16).

Our second theorem is local but holds for all p > 1.

Theorem 1.2 (Exact local diagonal law for all p > 1). Assume d > 2p and n = m = N.
There exists a constant Ay = Ao(d,p) > 0 such that

inf sup E|I//I\/ — Wp(P, Q)| =ap 1N,
w P.QePy:
Wp(P,Q)<AonN

and

_ —~ 2
inf sup E(W — W,(P,Q))" =ayp 77]2\/'
w P,QePy:

Wyp(P,Q)<Aonn

Moreover, for every fized A > 0, the empirical plug-in estimator satisfies

2 —2/d
sup E<Wp(PN7 Qn) — Wp(P, Q)) Rap N5
P,QePy:
Wp(P,Q)<AnN

For general p > 2, we obtain the following structural reduction; combined with the new
wedge theorem above, it leaves open only the band p > 2d/(d — 1). Define
anN ) 1/(p—1)

an = N72/d, TN = (—
1IN

— N~ Vld0-D)] (10g N)L/dE-D)]

Theorem 1.3 (Mesoscopic and adaptive reduction for p > 2). Assume p > 2 and d > 2p.

(i) There exists an estimator that achieves absolute risk O(nxn) and squared risk O(n%;)
uniformly over the union of the diagonal class {(P,Q) : Wy(P,Q) < Aonn} and every
macroscopic off-diagonal region {(P,Q) : W,(P,Q) > Bry} for fited B > 0.

(ii) For every annular scale t € [nn, 1], there is a dyadic level with cell width hy satisfying
h? < nntP~ and a far-offset truncated piecewise-affine transport functional 7}{%‘“ such
that

sup |Wy(P, Q)P — thz;r(Py Q)| Sap nntP~L
P,QePy

(iii) On every annulus Ay = {(P,Q) : t/2 < Wp(P,Q) < 2t}, a cost-level estimator of
th? with absolute error O(nntP~1) and squared error O(n3t*P~2) automatically yields
a distance estimator of W,(P, Q) with absolute error O(ny) and squared error O(n3;).

The remainder of the paper proves these results and sharpens the still-open p > 2 frontier in
two directions. First, Section 11 shows that the natural cellwise polyhedral continuation is false
and develops the correct shell-active description: optimal dual potentials admit measurable
nearest active branches, the active radii satisfy a p-moment bound, and on each shell the
potential is locally semiconcave at the active scale. Second, Section 13 proves that the natural
adaptive-shell empirical-process transfer principle is false: shell classes generated by optimal
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dual potentials can shatter arbitrarily large separated configurations, yielding a non-vanishing
lower bound for the associated empirical process.

1.2 Related work

The minimax estimation of Wasserstein distances has attracted significant attention in
recent years, motivated by applications in generative modeling, goodness-of-fit testing, and
distributionally robust optimization; see the monograph of Villani [17] for the theoretical
foundations of optimal transport and the computational survey of Peyré and Cuturi [15] for
algorithmic aspects.

One-sample convergence rates. The fundamental problem of estimating W,(Py, P),
where Py is the empirical measure from N i.i.d. samples of P, has a long history. The
pioneering work of Ajtai, Komlés, and Tusnady [1] established the N—1/2 log®/* N rate for
d =2, p =2 with P uniform. The sharp rate EW,(Py, P) < N~V for d > 2p was established
by Fournier and Guillin [9] (matching upper and lower bounds for absolutely continuous P)
and Weed and Bach [18] (sharp finite-sample bounds, optimal dependence on the support).
The critical and subcritical regimes d < 2p exhibit qualitatively different behavior, with rates
depending on the smoothness of P; see Bobkov and Ledoux [2] and the survey by Chewi,
Niles-Weed, and Rigollet [6].

Two-sample estimation. The two-sample problem is fundamentally harder because the
target W,(P,Q) depends on both unknown distributions. The naive plug-in estimator
W, (PN, Qn) achieves rate O(N ~1/d) via the triangle inequality, but this estimate ignores the
cancellation that occurs when P ~ ). Niles-Weed and Rigollet [14] introduced the spiked
transport model and proved the lower bound (N log N )*1/ ¢ establishing the logarithmic gap
between the one-sample rate and the two-sample minimax rate. The construction uses a
random embedding of a finite hypothesis testing problem into the continuous space [0, 1]¢, and
the logarithmic factor arises from the birthday paradox for cell collisions in a grid of mesh
m =< Nlog N.

Smooth-cost optimal transport. The smooth-cost theory of Manole and Niles-Weed [13]
is a key technical tool. Their semiconcave branching principle gives sharp rates py(N) for
empirical transport values with smooth costs, extending earlier work of del Barrio and
Loubes [7] on the central limit theorem for empirical OT costs with smooth costs in d > 3.
We use the branching principle as the foundation for our upper bound in the singular range
1<p<2.

Entropic and regularized estimation. An alternative approach to Wasserstein estimation
uses entropic regularization. The Sinkhorn divergence, introduced by Genevay, Peyré, and
Cuturi [10], debiases the entropic OT cost and achieves improved sample complexity in certain
regimes. Mena and Niles-Weed [12] established sharp convergence rates for entropic OT with
smooth costs. However, entropic estimates involve an additional regularization parameter and
do not directly yield sharp rates for the unregularized Wasserstein distance.

Convex function classes and covering numbers. The metric entropy of convex bodies
and convex functions plays a central role in our resolution of the p = 2 case. The fundamental
result of Bronshtein [3] (see also Ivanov [4]) establishes that the e-entropy of the class of
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L-Lipschitz convex functions on [0, 1]¢ scales as (L/¢)(@1/2 an exponent strictly smaller than
the dimension d. This sub-dimensional scaling, combined with the Dudley entropy integral [§]
(applied via the peeling device for divergent integrals), yields empirical process rates for convex
function classes that are strictly faster than the classical one-sample optimal transport rate.

Lower bound techniques. The minimax lower bounds in the OT estimation literature
rely on two main techniques: Fano’s inequality for composite hypothesis testing (as in [14])
and Assouad’s lemma for product-structured parameter spaces. The spiked transport model
of [14] is an instance of the former. We rely entirely on the NWR lower bound for our results;
sharpening the lower bound for p > 2 is an interesting direction.

1.3 Notation

We write a S b (resp. a 2 b) if a < Cb (resp. a > ¢b) for a constant C' > 0 (resp. ¢ > 0) that
may depend on the dimension d and the exponent p but not on N. We write a =< b if both
a <band a 2 b The notation a = O(b) is synonymous with a < b, and a = o(b) means
a/b—0as N — oo.

For z € [0,1]? and R € Dy, we write z € R to indicate that 2 belongs to the dyadic cube
R. The empirical measure of IV i.i.d. samples X1,..., Xy ~ P is Py := % Zf\il 0x,. We use
II(p, v) for the set of couplings (probability measures on the product space with marginals
w and v). Both Py and ]3N denote the empirical measure; the hat notation is used when
emphasising the role of Py as an estimator of P.

1.4 Organization

Section 2 records two negative structural results about tree-based approaches. Section 3
develops the linearization and offset localization machinery. Section 4 proves the balanced
exact theorem for 1 < p < 2 using the smoothed-cost estimator. Section 5 handles the
boundary case p = 1. Section 6 extends to arbitrary sample sizes and proves the local law.
Sections 7-10 develop the structural reductions that localize the residual p > 2 problem to
mesoscopic annuli. Section 11 explains what actually survives beyond that localization: the
cellwise polyhedral continuation is false, but a measurable shell-active semiconcavity theory
remains valid and yields a deterministic-support sparse empirical-process bound. Section 13
proves a no-go theorem showing that one cannot upgrade this deterministic-support control
to a uniform adaptive-shell transfer principle. Section 14 establishes the semiconcavity of
c-concave potentials for all p > 2 and derives the sub-dimensional covering number. Section 15
resolves the p = 2 case completely, Section 16 proves the exact unrestricted theorem on the
wedge 1 < p < 2d/(d — 1), and Section 17 introduces the quadratic-cost reduction that closes
the remaining superquadratic band, completing the proof for all p > 1. Section 18 concludes.
Four appendices provide detailed rate verifications, a proof of separate convexity for the
smoothed cost (with the necessary widened cutoff for 1 < p < 2), numerical checks, and a
summary of the companion Lean 4 formalization.

2 Impossibility of two natural approaches

Before developing the positive results, we record two negative structural facts that clarify the
landscape.
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2.1 The dyadic-grid comparison is false

A natural strategy for transferring tree-metric estimates to the Euclidean setting involves the
dyadic ultrametric

pz,y) =27+, k(z,y) :=min{j > 1: x,y lie in different level-j dyadic cubes}.

On the level-J grid X; of dyadic cell centers one might hope for a two-sided comparison
p(x,y) < ||z —yll2 < 2vd p(z,y). The upper inequality is correct, but the lower inequality is
false.

Proposition 2.1 (Counterexample to the dyadic-grid lower comparison). There exist J > 1
and z,y € Xy such that p(z,y) > || — y||2-

Proof. Take d =1 and J = 2. The level-2 dyadic intervals are [0,1/4), [1/4,1/2), [1/2,3/4),
[3/4,1), with centers Xo = {1/8,3/8,5/8,7/8}. Choose x = 3/8, y = 5/8. These lie
in different level-1 intervals [0,1/2) and [1/2,1), so k(z,y) = 1 and p(z,y) = 1/2. But
[ = yllz =1/4 < 1/2 = p(z,y). R

2.2 Random-shift repair does not recover the correct homogeneity

One might try to repair the grid comparison by averaging shifted dyadic trees. Let T := R/Z
be the one-dimensional torus. For a shift s € [0,1) and z,y € T, define the shifted ultrametric

ps(z,y) == 9 Ks(zw), Ks(z,y) :=min{j > 1: z,y belong to different cells of the shifted level-j partition

Lemma 2.2 (Same-cell probability under a random shift). Let z,y € T, § := dr(x,y) < 1/2,
and S ~ Unif[0,1). Then for every j > 1,

P(z,y lie in the same cell of D§S)) = (1-276),.

Proof. The level-j partition has mesh 277. After a random shift, a boundary falls on the
shorter arc joining z and y with probability min(274,1). Hence the same-cell probability is
(1—275),. O

Proposition 2.3 (Averaged shifted-tree p-cost is linear in the distance). Let p > 1. There
exist constants 0 < ¢, < € < 00 such that for every x,y € T with 6 := dr(z,y) < 1/4,

cpd < Eglps(z,y)P] < Cp.
In particular, Eg[ps(x,y)P] % 6P as 6 | 0.

Proof. Let m := [logy(1/6)], so 27"+ < § < 2™ By Theorem 2.2, P(Kg = j) = ¢j_1 — q;
where ¢; := (1 —278);. For 1 < j <m, ¢j-1 —¢; = 2716, and ¢, = 1 — 2™§ € [0,1/2).
Therefore .
Eslpl] = Y 27720715 4 o7P(mth (1 — omg),
j=1
For the lower bound, the j = 1 term alone gives Eg[p%] > 27P§. For the upper bound,
Eslpl] < §3°52, 270~ Hip27m < (24 £y 27 D3)§, using 2™ < 2. O
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2.3 The semiconcave rate mismatch for p > 2

For p > 2, a natural approach is to use the semiconcave branching principle: for compact
families of separately semiconcave costs on a fixed cube,

N—1/2, d<3,
E[Ty (1N, vn) — To(p, V)| S pa(N), pa(N) :=={ N~Y2log N, d=4,
N—2/d d>5.

This bound is sharp for smooth costs [13] but insufficient for p > 2.

Proposition 2.4 (The semiconcave rate is too slow for p > 2). Assume p > 2 and d > 2p.
Then d > 5, hence pg(N) = N=2/. Moreover,

N
L’(p ) _ NP=2/d(1og N1 — 0.

N
In particular, pa(N) # o(n;) when p > 2.
Proof. When p = 2 the ratio is (log N)*? — 0o, and when p > 2 it diverges polynomially. []

Remark 2.5 (The rate hierarchy). The semiconcave rate py(N) and the target rate 75 satisfy
a crucial ordering that determines which values of p are amenable to the branching approach.
When 1 < p < 2 and d > 2p we have

pa(N)
M

= NP=2/d(log NYP/4 — 0,

since (p —2)/d < 0. Hence for 1 < p < 2 the semiconcave rate is fast enough at the cost level.
This fact is central to the proof of Theorem 1.1 for 1 < p < 2.

The threshold p = 2 is a phase transition: below it, the singularity of ||z||P at z = 0 is
“mild enough” that smooth-cost techniques apply after a simple cutoff; at p = 2, the cost is
smooth but the semiconcave rate just barely fails. As shown in Section 15, the resolution at
p = 2 bypasses the semiconcave rate entirely, using instead the structural convexity of the
dual potentials for the squared cost. The following table summarizes:

Regime pa(N)/nk Limit Upper bound

1<p<2 N@P=2/d(log NP/ 0 Closed (branching)

p=2 (log N)?/4 — 00 Closed (convex covering)

2<p< % N@=2)/d(Jog N/4 5 0 Closed (semiconcave wedge; see Section 16)
p> 2L N®=2/d(log N)?/? - 00 Closed (quadratic reduction; see Section 17)

For p > 2, the branching rate pg(IN) is too slow, but the sub-dimensional semiconcave covering
of the full c-concave class provides a uniform plug-in bound of order vy 4 = o(nk;) throughout
the strict wedge 2 < p < 2d/(d — 1); see Section 16.

3 Linearization and offset localization

3.1 Sup-norm Lipschitz property

The following elementary but repeatedly used bound controls transport-value errors in terms
of pointwise cost discrepancies.
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Lemma 3.1 (Sup-norm Lipschitz property of transport values). For bounded measurable
costs 9, h on [07 1]d X [0’ 1}d1 ’Tg(Pa Q) - Th(Pa Q)| < ||g - h||L°° fOT all PvQ € Pd'

Proof. For any coupling 7, [gdr < [hdn+|g— h||c. Taking infima and interchanging roles
gives the result. O

3.2 Ciritical linearization

For a dyadic level J > 1, let D be the partition of [0, 1]d into cubes of side length hy := 277,
and let cp denote the center of R € Dj.
For p > 1, define the piecewise-affine linearized cost

lin 0’ R = S,
i (a,) = ) .
ler = esll +pller —eslly " (cr —cs) - [(w = cr) = (y —cs)], R#S,
forx € R,y € S, and set T}{g(P, Q) = infrerp) fclf,f;)(x, y)dmr(z,y).

Proposition 3.2 (Critical linearization). Let p > 1, 5, := p A2, and choose J = Jjin(N) so
that 2=7Pe < nR.. Then

sup |Wyp(P, Q) — T5(P, Q)| Sap -
P,QePy

For1 < p <2 one has 27¢ < Nlog N.

Proof. Fix a cell pair R # S and write zy := cg — ¢ and A := (z — cg) — (y — ¢s). Then
1A]l2 < 2v/dhy.
The Taylor remainder for h,(z) := ||z]|} at 29 with increment A is

1
Ry i= hy(z0 + A) — hy(z0) — Vhy(z0) - A = /0 (1— ) ATDhy(z0 + tA) Adt.
The Hessian of hy, at 2z # 0 is D%hy,(2) = p|2||P72(I + (p — 2)||2|| 7222 "), which has eigenvalues

pllz||P~2 (with multiplicity d — 1) and p(p — 1)||2|[P=2 (in the radial direction).
Case 1 < p < 2. We use the representation

Ry = /01(1 —t)[Vhp(z0 + tA) — Vhy(20)] - Adt.

For 1 < p < 2, the gradient Vh,(z) = p||z||P~2z is (p — 1)-Holder continuous on R? with
constant depending only on p:

[Vhy(2) — Thy(w)]| < Cyllz —wlP™! Ve R
(see, e.g., [13, Lemma A.1]). Applying this with z = zg + tA and w = 2( gives

1 1 C
Rol < 8] [ Gylledlptat = AN [ 97 de = “2JAJP < Cyavy,

Case p > 2. The operator norm satisfies || D?h,(2)|| < p(p—1)||2|[P~2. Since ||z0+tA| < 3vd
on [0, 1]¢, we get |Ra| < Cyph?.
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In both cases, the remainder is O(hip ) with 5, = p A 2. Same-cell pairs contribute

O(hgp ). By the sup-norm Lipschitz property (Theorem 3.1), the transport-value error is also
O(2=7%) = - O

The p = 1 boundary case uses the cost c{}nl (x,y) := ||cR—cS||2+m J(z—cr)—(y—cg)]
for R# S and 0 for R=S.

Proposition 3.3 (Linearization at p = 1). Assume d > 2, choose J so that 27 < Nlog N,
and set hy < nn. Then suppgep, IW1(P,Q) — T}]lfl‘(P, Q)| <ann.

Proof. On each off-diagonal macro-edge, the first-order remainder is O(hy) by the triangle
inequality. Same-cell pairs cost at most v/d h;. Taking infima over couplings and applying
Theorem 3.1 yields the result. O

3.3 Offset localization and support-complexity elimination
Proposition 3.4 (Support-complexity elimination). Assume d > 2p.

(i) If |supp(P) Usupp(Q)| < S, then E|[W,(Px, Qn) — Wp(P,Q)| Sap (Sn/N)Y ).

(ii) If the union support has dyadic profile #{R € D;: RN A # @} < 27% for some s < d,
then the empirical plug-in rate is o(nn).

Proof. Part (i): let A := supp(P) Usupp(Q) with |A| = Sy. The plug-in estimator satisfies
E[W, (P, Qx) = Wy(P, Q)| < EW, (P, P) + EW,(Qn, Q).

The one-sample term on a finite set of size Sy is bounded by
EW,(Py, P)? < DPETV(Py, P) < DP\/Sy/N,

where D := diam([0,1]?) = +/d, and the last inequality uses the Cauchy-Schwarz

bound ETV(Py, P) < 4 T,csy/Var(By({a}))/1 < 3\/Sn s P(a})(1 - P({z}))/N <
%\/SN/N. Taking the 1/p-th power gives EWp(ﬁN, P) < Cyp(Sn/N)Y ), '

Part (ii): when the union support has dyadic profile #{R € D; : RN A # @} < 2/° with
s < d, the effective dimensionality reduces to s. On such a set, the branching principle yields

empirical process rates with s replacing d, and since s < d the resulting rate is o(ny) whenever
d > 2p. ]

4 The balanced exact theorem for 1 < p < 2

Theorem 4.1 (Balanced exact supercritical law for 1 < p < 2). Assume 1 < p < 2, d > 2p,
andn =m = N. Then

inf sup E[W - Wp(P,Q)| <apnn, and inf sup IE(I//I\/ — W,(P, Q))2 =dp 77]2\/-
W P,QEPy W P,QEPy

Proof. The lower bounds follow from [14]. We prove the upper bounds.

Choose J = Jjjn (V) with 2P < 775)\/7 and write hy < ny.
Step 1: Cost smoothing. Define ¢,(z,y) := ||z —y|5 ¥ (||z—yll2/hs), where ¢ : Ry — [0, 1]
is a fixed C* function with ¢(¢t) = 0 for t < 1 and 9(t) = 1 for t > §,, with ¢/ > 0, and
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Bp > 2 chosen as follows. For p > 2, one sets /3, := 2 and requires the convexity of ¢t — tP1(t)
(Section B). For 1 < p < 2, a standard C* convex-cutoff with cutoff interval [1, 2] is impossible
(Theorem B.2); instead, one sets 3, := [p/(p — 1)] + 1 and chooses 1 so that t — tP1)(t) is
convex on [0,00) (see Section B for the explicit construction).

Approxzimation error. Since ¢,(x,y) = ¢p(x,y) whenever ||z — y|| > Sphy and ¢, = 0 for
|z =yl < hy, one has ||¢,— cplloo < (Bphy)? = O(ny), so by Theorem 3.1: supp g (WE-T; | <
O(ny)-

Smoothness and separate convezity. The cost ¢, is globally C° and separately convex for
each fixed y (Section B).

Step 2: Application of the semiconcave branching principle. By [13]: supp E\Tgp (13N, @N)—
TEP(P’ Q)| < pa(N). Since 1 < p < 2 and d > 2p, we have pg(N) = o(n;) by Theorem 2.5.

Step 3: Cost-level estimator. Ty := Tgp(ﬁN,@N) satisfies [Ty — WP < O(pa(N)) +

O(R) = O(1%). For the second moment, McDiarmid’s inequality [11] gives Var(Ty) <
O(N™1) = o(ny)-

Step 4: Distance-level conversion. Set /I//I:/N = f]{/p (afEer clipping to [0, d’i/\z]). By the
superadditivity of ¢ + ¥ (Theorem 14.4), Wy — Wy|P < [T — WP|. Hence [Wy — W| <
\fN—W;,’P/p, and by Jensen’s inequality (concavity of t'/P): E|VAVN—WP\ < (E|JA7N—W;)’])1/1’ S
nn. For the squared risk, \WN - W, < |TN - wp 2/P_ and Lyapunov’s inequality gives
E(Wy — W,)? < (B|Tn — WPV <. O

5 The boundary case p =1

Theorem 5.1 (Balanced exact supercritical law at p = 1). Assume d > 2 and n =m = N.
Then Mﬂ}fjs\,,d’l =g nn and Mty g1 =d 1% -

Proof. The lower bounds follow from [14]. The upper bound uses the same smoothed-cost
strategy as Theorem 4.1, with p = 1 and cost ¢1(x,y) = ||z — y||[v(||z — y||/hs), where ¥ is
a C'* monotone cutoff with ¢» = 0 on [0,1] and ¢y = 1 on [2,00). For p = 1 the separate
convexity of g(s) = si(s) on [0,00) is impossible (see Theorem B.2 with p/(p — 1) = o0).
However, the cost ¢; is globally C'°°, bounded, and separately semiconcave with a constant
depending only on d and . This suffices for the branching principle of [13], which requires
only separate semiconcavity. Since d > 2, pi(N) = o(nn) (Section A), and the branching
principle gives the result without power conversion. O

6 Arbitrary sample sizes and the local law

Proof of Theorem 1.1 in the subquadratic range 1 < p < 2. The balanced case follows from
Theorems 4.1 and 5.1. For arbitrary n, m:
Upper bound. Discard all but the first N = n A m observations from the larger sample.
Lower bound. Suppose n = N < m. Fix @ from Theorem 6.1. The conditional expec-
tation W(Xy,..., Xn) :=E[W | Xy,..., Xy] satisfies Ep|[W — W (P, Qn)| < Epggom|W —
N
Wy, (P,Qn)|, so the two-sample risk on @@ = @ is at least the known-reference risk 2 ny. O

Proposition 6.1 (Known-reference local lower bound). Assume d > 2p. There exist
constants Ai,c1 > 0 and n1 € N such that for every n > ny there exists QQ, € Py with

lnfv’[\/ sSup p. Wp(P,Qn)SAl(nlogn)_l/d E‘W — WP(P’ Qn)’ 2 (n logn)*l/d,
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Proof. We recall the key elements of the NWR, construction [14]. Fix a dyadic level J with
274 < nlogn and let @, be the uniform distribution on the centers of all 27¢ dyadic cubes of
side hy =277, For each 6 € {0, 1}2Jd, define a perturbation Py by shifting each cube’s center
by +0p - ehje; for an appropriately chosen € > 0, so that Wj,(Py, Qn)? < e’hl; = O(nh).

The key is that the perturbation directions # are encoded in which cube center is shifted, and
any estimator based on n i.i.d. samples from Py faces a composite hypothesis testing problem
with 227 hypotheses. The birthday paradox ensures that, with n samples in 27¢ < nlogn cells,
the expected number of cells receiving more than one sample is ©(n?/(nlogn)) = O(n/logn),
so a fraction (logn)~! of cells remain unresolved. By Fano’s inequality, the minimax risk
over the family {Pp} is at least cehy = ¢/(nlogn)~'/?. Since all hard instances satisfy
Wy(Py, Qn) < A17y, the claim follows. O

Proof of Theorem 1.2. Upper bound. The trivial estimator W = 0 satisfies SUP(P,Q)eLa n E\W—
Lower bound. The NWR construction [14] yields constants Ag, Ay < ny such that all hard
instances lie inside £ 4, n, and any estimator incurs risk 2 ny. O

6.1 The plug-in estimator remains locally suboptimal

Lemma 6.2 (Empirical TV at the uniform law). Let Uy; be uniform on M points, and U N ﬁj’v
be independent empirical measures from N samples. If M > ¢N, then ETV(Un, Uy ) > ¢ > 0.

Proof. Let p; := Un({j}) and qj = Ul({j}) for j = 1,...,M. Then TV(Uy,U}) =
%Zj Ipj — qj]. Since Np; ~ Binomial(N,1/M) and similarly for ¢;, independence gives
Var(pj — ¢;) = 2(1/M)(1 = 1/M)/N.

We claim that E|p; — ¢;| > coy/Var(p; — g;) for an absolute constant ¢y > 0. To see
this, write Z := p; — ¢qj, which has EZ = 0. By the Cauchy-Schwarz inequality applied to
AN VARVAE

(EZ?)? < E|Z|-E|Z)>.

By Holder’s inequality, E|Z|*> < (EZ*)3/%. Hence E|Z| > (EZ2)%/(EZ*)3/* = (EZ2)'/2 . x=3/4,
where r := EZ4/(EZ?)? is the kurtosis. For A := Np; ~ Binomial(N,1/M) and B := Ng; ~
Binomial(N, 1/M), one computes

204(A) + 6p2(A)*

_ (A
WA = TR aym(AP

L3
27

where p,(A) denotes the k-th central moment of A. The binomial kurtosis p4(A)/u2(A)? =
3—6/N+1/(Np(1—p)) is bounded by 4c + 3 whenever Np = N/M > 1/(2¢). In particular,
K < Caps uniformly when M > ¢N.

Summing: ETV > ©M\/T/(NM) = ©/M/N > ¢ > 0 whenever M > cN. O

Proposition 6.3 (Local plug-in lower bound for all p > 1). suppgyer, v E(Wp(Pn, @n) —
Wo(P,Q))* Zap N7/

Proof. Choose M = N well-separated points with separation > ¢gN %% and Qq uniform on

them. Then Wy,(Qo, Qo) = 0 but Wy(Pn,Qn) = caN 14 TV(Pn, QN)l/p. By Theorem 6.2,
EW,(Px,Qn) 2 N™%, giving E(W,(Py, Qn))* 2 N72/%. 0
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7 The conversion scale for p > 2

Assume p > 2 and d > 2p, so d > 5 and pg(N) = N~2/¢. Recall ay = N~/ and
rN = (aN/T’N)l/(pfl)'

Lemma 7.1 (Bounded differences for the empirical cost). Let D :=+/d. If one observation
is changed, T := Wy(Pn,QnN)P changes by at most DP/N. Consequently, P(|T' —ET| > t) <
2exp(—Nt?/D?).

Proof. Changing X, to X] replaces Py with P) := PN + (5X/ — 0x,). Let 7* be an
optimal coupling for (Py,Qy). Construct a coupling 7’ for (PN,Q ~) by redirecting the
mass 1/N from (Xi, Y,;)) to (X{,Y,q4)). Then W, (Py,Qn)P < [cdr’ < Wy(Pn,QnN)P +
lelloo/N < Wy(Pn,@N)P 4+ DP/N. By symmetry, Wp(Py,Qn)P < Wy(Py, Qn)P + DP/N.
Hence ]T T'| < DP/N. The same bound holds when changing one Y;. McDiarmid’s
inequality [11] applied to the 2N independent observations gives the stated concentration. [

8 The thresholded estimator and the mesoscopic annulus

Theorem 8.1 (Thresholded empirical cost estimator). For p > 2, d > 2p, and fized A, B > 0,
there exists Ny such that for all N > Ny,

sup E‘W - Wp(P7 Q)’ ,SA,B,d,p TN,
P,QEePy:
WP(PvQ)SAnN or Wp(PzQ)ZBTN

where W := Wy(Pn, QnN) 1{W,(Pn,QnN)? > (B/2)Prk}.

Proof. Local regime (W < Any ). On the sub-threshold event, W =0 and error < W < Ann.
On the super-threshold event, concentration (Theorem 7.1) and N r?\f — 00 (Section A) give
tail o(n%).

Macroscopic regime (W > Bry ). By the mean value theorem on the good event {|T —T| <
T/2}: [W—W| < prlfp\f — T, and E|T — T| < Cay (from the branching principle for
the smooth cost || - ||P when p > 2). Since W' Pay < B™Pny, the result follows. O

Corollary 8.2 (Mesoscopic reduction). Any remaining obstacle for p > 2 lies in the annulus
{(P7 Q) : A077N S Wp(P7 Q) S BTN}

9 Adaptive annular linearization

For t € [ny,1] and p > 2, choose h; with h? =< nytP~! and define the far-offset truncated cost
far » Dy zeroing out near-neighbor and same-cell pairs.

Proposition 9.1 (Adaptive linearization). suppq |W} — th,%r(P, Q)| Sap nntPL.

far

Proof. The costs c(z,y) := ||z — y||P and ¢;%(x,y) agree on all pairs with [z — y|| > 2hy;
on pairs with ||z — y|| < 2k, ¢f = 0 while ¢ < (2h¢)P. Hence [lc — cdf¥ [ < (2h¢)?,
and Theorem 3.1 gives W} — Tfar| < (2hy)P. Since h? =< nytP~! and p > 2, we have
(2hy)P = 2P(h2)P/2 < Cp(nntP™ 1)p/2 Because p/2 > 1 and nyt?P~! < 1 (as ny,t < 1 in the

supercritical regime), (nnt?~1)P/2 < nytP~1. The result follows. O
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10 The fixed-annulus completion criterion

Definition 10.1 (Annular parameter class). A := {(P,Q) € P7: t/2 < W,(P,Q) < 2t}.

Lemma 10.2 (Power-to-distance conversion). Let p > 1, r > 0, x > 0, and y > r. Then
|z — y| < Cpri=P|aP — yP|, where C, > 0 depends only on p.

Proof. We may assume x < y (the case > y is symmetric). Since y > r > 0:

 If 2 > r/2: by the mean value theorem, |2P —yP| = p&P~ |z —y| for some ¢ € (z,y), and £ >
x> /2. Hence [z —y| = 2P —yP|/(pP~") < (2/r)PHaP —y?|/p = (207" /p) r! 7P |aP —yP|.

e If 0 < z < r/2: we bound (y — z)/(y? — 2P) directly. Since z < r/2 < r < y,
the function ¢(y) := y/(y? — (r/2)P) is well-defined for y > r and satisfies ¢'(y) =

(y” = (r/2)P = py?)/ (P — (r/2)")* = (1 = p)y? — (r/2)P)/(-++)* < O for p > 1. Hence g is
decreasing, and g(y) < g(r) = r/(r? — (r/2)P) = r'=P /(1 —-27P). Since (y—x)/(y? —2P) <
y/(y? — (r/2)?) = g(y) (because y —z < y and y? — 2P > y? — (r/2)P), we obtain
|z —y| <r17P/(1 —27P) . |aP — yP|. For p = 1: |z — y| < | — y| trivially, and C; := 1
suffices.

In both cases |z — y| < Cpr17P|zP — yP| with C) := max (2P~ /p, 1/(1 — 27P)). O

Theorem 10.3 (leed annulus completion crlterlon) Assume p > 2, d > 2p, and t € [nn, 1].
If an estimator T; satisfies Sup(p,g) eAtE|Tt Tfar(P Q)| < CynntP~! and squared error
< Cany 2 £2P=2 then the distance-level estimator achieves risk O(nn) on Ay.

Proof. Define Wt (T))'/? (clipped to [0, \f]) On Az Wy(P,Q) = t/2, so by Theorem 10.2
with r = t/2: |[W, — W,(P,Q)| < C(t/2)'P|T, — WP| < c;,tl P(IT, — T™| + [T — WP).
By the adaptive linearization (Theorem 9.1), [T — wpl < CnntP~!. Taking expectations:
E[W; — Wy| < Cpt!P(Cinnt?~! + Cynt? 1) = O(n). O

11 Shell-active semiconcavity and the failure of the polyhedral
continuation

The annular localization from the previous sections isolates the genuinely difficult residual

regime. A natural next hope would be that, after truncation to the far-offset functional,

optimal dual potentials become cellwise polyhedral on each dyadic cube. This is false. The

correct surviving structure is shell-active rather than polyhedral.
Throughout this section we write

ep(@,y) = [l —yl”.

Proposition 11.1 (The cellwise polyhedral continuation is false). Assume p > 2. There
exist a bounded Borel function 1 : [0,1]% = R and a dyadic cell R C [0,1]¢ such that the
cp-transform | is not polyhedral concave. In fact, it is not even concave on R.

Proof. Fix yo € (0,1)? and a dyadic cell R whose closure does not contain 7. Let
M > 2 diam([0, 1]%)? = 247/2,

and define
V(o) =0,  Y(y):=-M (y# )
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Then for every z € [0,1]¢,

ver(e) = inf ([lz = yll” = () = min{ |z — yol”,

-y’ + M) ¢.
nt (e = ylI” + M)}

inf
Y#Yo

Because ||z — y||” < d?/? on [0,1] x [0,1]¢, the second term is at least M > dP/?, whereas the
first is at most d?/2. Hence

Ve (z) = [lz — ol vae[0,1)

For p > 2 the map z — ||z — yo||’ is convex, and on any cell R disjoint from yq it is not
concave. Therefore 1)?|p cannot be polyhedral concave. O

We now replace the false polyhedral picture by a correct shell-active description of optimal
dual potentials.

11.1 Nearest active branches

Let (¢,) be an optimal dual pair for W,(P, Q)P:

(@) +v(y) < cpla,y) Va,y, / bdP + / ¥ dQ = Wy(P, Q).

Since the cost is continuous on a compact set, we may and do assume that ¢ and v are
continuous c,-transforms of each other. Define the active set

Ty (y) = argmin, (g 134 (cp(,y) — ¢(2)).
This set is nonempty and compact for every y.
Lemma 11.2 (Measurable nearest active branch). There exists a Borel measurable map
z, 1 [0,1]¢ = [0,1]¢
such that for every y € [0,1]4,

T4 (y) € Ty (y), |z+(y) —yll = min ||z —y|.
$€F¢(y)

If m is any optimal coupling between P and Q, then

Jllaw) =l dQ@) < [l = ol dn(a.y) = Wo(P.Q)".
Proof. The map
F(y,l’) = cp(way) - ¢($)

is continuous on the compact set [0,1]¢ x [0,1]%. Hence y +— I'y(y) = argmin, F(y, ) is
a measurable compact-valued multifunction by the measurable maximum theorem. The
secondary objective x — ||z — y|| is continuous, so the multifunction

Ly(y) == argmingcr (,) llx — vyl

is again measurable, compact-valued, and nonempty. A Kuratowski—Ryll-Nardzewski selection
yields a Borel measurable selector z,.
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Now let m be an optimal coupling. By complementary slackness,

o(x) +¢(y) = cp(z,y)  T-ae.
Since the equality set
{(z,9) : o) + ¥ (y) = cp(z,9)}

is closed and has full m-measure, it contains supp m. Therefore, for Q-a.e. y, every point of
supp(my) belongs to I'y(y), where m(dx, dy) = m,(dz) Q(dy) is a disintegration of 7. Hence

[ze(y) —ylI" < inf H«’U—prS/Hx—pr dy(x)
xE€supp(my)

for Q-a.e. y. Integrating in y yields the claim. O

Definition 11.3 (Nearest active radius). For a measurable nearest active branch z, as in
Theorem 11.2, define

ry(y) = [z (y) — yll-

11.2 Local semiconcavity at the active scale

Proposition 11.4 (Active-branch local quadratic upper bound). Assume p > 2. Let (¢,1)
be an optimal dual pair and let x, be a measurable nearest active branch. Then for every
y €[0,1]¢ and every z € [0,1) satisfying

Iz —yll < "2,
one has
P(2) < V() + Vyep(@(¥),y) - (2 — y) + Lpry ()P 2 1z — g%,
where

L= p(p—1) (3)7’—2'

2 2

Equivalently, whenever ||h|| < ry(y)/2,

Wy +h) + 9y — h) — 2¢(y) < 2L, ry(y)P 2 ||A].

Proof. Fix y and write z := x,(y), 7 := 14 (y) = ||z — y||. Since € T'y(y),

P(y) = cplz,y) — d(x).
For any z,
U(2) < cplx,2) — ¢(2) = ¥(Y) + (ep(x, 2) — cp(,y)).
Define
fe(u) = cp(2,u) = [lz —u|”.

Then f, is C? for p > 2, and
V2 fa(w) = plle —ulP~ T+ p(p = 2) |z — u|"™ (& — u)(z —u) .

Hence
|V aw)] < plo—1) fle 2.
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If ||z — y|| < /2, then every point u on the segment [y, z] satisfies

r 3r
[z —ull <llz -yl +llu—yl <r+5=~.
2 2
Therefore 3 9
r\P—
sup ||V h ()| <po-1)(5)
uely.2] op 2

Taylor’s theorem gives

£u() < Foly) + V) - (2 =)+ PR D (BN e

Combining with ¥(z) — ¥ (y) < fz(z) — fz(y) proves the first inequality. The second follows
by applying the first bound to z = y + h and z = y — h and summing. ]

Corollary 11.5 (Shell decomposition with quantitative masses). Assume p > 2 and let (¢, 1))
be an optimal dual pair for (P,Q). Let x, and ry be as above. Fort >0, define

A (t) :={y :ryy) <t} Ai(t) ={y: 2t < ry(y) < 2j+1t} ( >0).
Then:

(i) For every j >0,
Q(A;(1)) <27 EP W, (P, Q)P

In particular, on the annulus Wy(P, Q) € [t/2,2t],

Q(A;(t) < 22777,
(ii) For every j >0, every y € Aj(t), and every z with
Iz =yl <2714,
one has
¥(2) S YY) + Vyep(wa(y),y) - (2 = y) + Ly (2770772 |1z =y
(ili) For every j > 0 and every y € A;(t),
IVyep(za(y). 9l = pro()~" <p@ TP

Proof. Part (i) is Markov’s inequality together with Theorem 11.2:

Wy (P, Q)P

QA 0) < G [ ol Q) < =2

Parts (ii) and (iii) follow immediately from Theorem 11.4 and the identity
Vyeo(z,y) =pllz —y|" (y — ). O

Remark 11.6. Theorem 11.5 replaces the false polyhedral picture with a correct structural
description. What survives is not a finite-alphabet representation of the dual class, but a
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shell decomposition in which the curvature scale and the shell mass are both controlled by
the active radius ry(y).
11.3 Deterministic-support sparse control

For the next proposition we write
\II}C;O = {1 :]0,1]7 = R: 4 is continuous and c,-concave, 1(0) = 0}.
This is the same normalized class that will be studied globally in Section 14.

Lemma 11.7 (Binomial thinning). Let Q be a probability measure on [0,1]%, let A C [0,1]¢
be measurable with

w:=Q(A) € ]0,1],

and let G be any class of bounded measurable functions on [0,1]%. Assume that for each M > 1
and each probability measure i on A there exists a deterministic bound I'p; such that

E sup|(par — p)g| < T,
geg

where pyr is the empirical measure of M i.i.d. samples from u. Let

B :=sup sup |g(z)].

9€G z€(0,1]¢
Then, for i.i.d. Y1,..., YN ~ @,
M w
Esup|(Qn — Q)(gla)| <E|—Tp1 +B\/7,
sup|( )(g1a)| < E[ T Lz ] + By

where

N
M = "14(Y;) ~ Bin(N,w).
i=1

Proof. If w =0, then M = 0 almost surely and the left-hand side is 0, so there is nothing to
prove. Assume henceforth that w > 0 and let

Qa=Q([A).

Condition on M and on the event M = m. If m = 0, then Qn(gla) = 0 for every g and the
centered process is simply —Q(g14), whose contribution is bounded by

BQ(A) = Buw = B’% — |

If m > 1, let Qa,, denote the empirical measure of the m sample points falling in A. Then
for every g € G,

m

Qu(g1a) = Qg1a) = T(Qam — Qu)g + (5 — w)Qug.

Hence

sup| (@ = Q)(gLa)| < 7 5upl(Qam — Qulgl + Bl — w|
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Taking conditional expectations and then averaging in M yields

M M
Ez‘élg’(QN —Q)(g1a)| < E{WI‘M 1{M21}] + BE‘F — w‘.

Since M ~ Bin(N, w),

E‘%—w‘ﬁ«/Var(M/N)zw/Wg\/g. O

Proposition 11.8 (Fixed-support sparse semiconcavity). Assume d > 6 and p > 2. There
exists a constant Cqy such that for every probability measure Q on [0, 114, every measurable
set A C [0,1]¢ with Q(A) = w, and every N > 2,

— — — _ w
E sup [(Qn — Q)W 1a)| < Cyp( N2/ Dyt =2/(0-1) N>'
pewy?

Proof. Apply Theorem 11.7 with G = \11;’;0 and
Ty =0y pM_Q/(d_l),

which is available from the global bound Theorem 16.1 for the normalized class. Since ¢, is
bounded on [0,1]¢ x [0,1]% and 4 (0) = 0, every 1 € UE0 satisfies

()] < diam(0, 1P = > Ve € [0,1]%,

so the envelope constant B is bounded by d?/2. Therefore,

M o [w
E sup ’(QN — Q)(w lA)’ < Cdva{ﬁM 2/ 1)1{M21}} +dp/2 N
pevs’

Since d > 6, the exponent

2
—1- =
@ d—1

lies in (0, 1), and = — x“ is concave on [0, 00). Hence

M . oya-1 1 a  ([EM)® —2/(d—1), 1-2/(d—1
E[FM / )1{M21}}<NE[M]§ = N2,

Absorbing the envelope term into the constant proves the claim. O

Remark 11.9. Theorem 11.8 shows that, once the support is deterministic, the shell mass w
automatically enters with exactly the exponent needed to sum the shell decomposition from
Theorem 11.5. The real obstruction is therefore not the shell mass itself, but the fact that the
shell support depends on the unknown optimal potential.

12 A fixed-potential transport inequality on annuli

Even though the adaptive-shell transfer principle fails, one robust piece of structure survives:
a fized optimal dual potential can still be transported against an arbitrary perturbation of
the second marginal at exactly the annular homogeneity dictated by its active radii.
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Proposition 12.1 (Global one-sided increment bound). Assume p > 2. Let (¢,v) be an
optimal dual pair and let z, be a measurable nearest active branch with active radius ry. Then
for all y,z € [0,1)9,

V(=) =) <pro@P " Iz =yl + Lyre@)? 2 1z —yl* + 37|l — yll”.
Proof. Fix y, 2z and write

h:=z—uy, =1y (Y), x = 4 (y).

If ||h|| < r/2, then Theorem 11.4 gives
U(z) = ¥(y) < Vyep(z,y) - h+ Lzzﬂ'p_2 Hh”2 :

Since
Hvycp(fﬂa y)H = prp—l’

we obtain

W(2) = d(y) < prP Al + L2 )1
If ||h]| > 7/2, then r < 2||h|| and
U(2) = YY) < 6w, 2) = cp(m,y) < llz— 2" < (r + [[R[))P < 37"
Combining the two cases proves the claim. O

Theorem 12.2 (Deterministic fixed-potential transport control). Assume p > 2, and for
p =2 interpret a?=2/? as 1 for all a > 0. Let (¢,) be an optimal dual pair for (P,Q), let Ty
be the active radius of a measurable nearest active branch, and let p, v € P([0,1]%) be arbitrary.
Then

[ dp— [ dv] <p((/rﬁdu)p;1 - (/riah/)p;l

)Woln.v)
+ Lp((/ ri alu)T + (/ ™ dy)%)Wp(u, )%+ 2 3P W, (1, v)P.

Proof. Let v € II(u,v) be an optimal coupling, so that

[z =9l dry.2) = Wy, 0.

Then

/wdv—/wdu = /(1/1(2) —¥(y)) dy(y, 2).

Applying Theorem 12.1 yields

Jwdv= [vdu<p [rolwy 1z =l a1,
+Lp/7'w(y)p’2 Iz = ylI* dy(y, 2) +3”/ Iz = ylI” dy(y, 2).

For the first term, Holder’s inequality with exponents p/(p — 1) and p gives

[rotwr =l w2 < ([ rowr i) ™ ([ 1z - l? dr(0.2)
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Since the first marginal of v is p,

/w(y)p dy(y, z) = /ri dp.

Hence
p—1

[rowr s =l dnt,2) < ([l dn) 7 W)
For the second term, if p > 2 then Holder with exponents p/(p — 2) and p/2 gives

p—2

[rowr 21— ol dy(y,2) < ([ due) Wy,

When p = 2, the same display reduces to the identity

1z =9l dr(y. 2) = Wa(u )

The last term is simply 3PW,(y, v)P. Therefore

[viv— [ Sp(/rﬁdu)p”lwp(uﬂ/)

p—2

+LP(/rid'u) ’ Wp(ru’v V)2+3PWP(:U’7 V)p'

Interchanging p and v gives the analogous bound for [ v du— [ dv. Adding the two one-sided
bounds implies the stated estimate for the absolute value. ]

Corollary 12.3 (Empirical fluctuation of a fixed annular optimal potential). Assume p > 2,
let (¢,%) be an optimal dual pair for (P,Q), and let

1/p

ens(@) = (EW(Qn. Q)

where Qn is the empirical measure of N i.i.d. samples from (). Then

p—2
p

-1
E|(Qn — Q)v| < 2p( / dQ) " enp(@ + 2L / dQ) T enp(Q)F 23 enp(Q)P.
Consequently, if d > 2p, then
E[(Qn — Q)¢| Sap Wp(P, Q)P "N~V 4 Wy (P,Q)P >N~/ - N7/,
In particular, on the annulus Wy,(P, Q) € [t/2,2t],
E[(Qn — Q)| Sap I N7V 42 N2 4 NP/,

Proof. Apply Theorem 12.2 with 4 = @ and v = Q, then take expectations. The terms
involving [ ri dQ@pn are controlled by Hoélder’s inequality:

p—1 p=1

E[(/ Y dQN)TWp(QN,Qﬂ < (E/Tz dQN)T(EWp(QN,Q)P)%’
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and, for p > 2,

p— p=2
P

B[( [ dax) ™ Wy@v.07] < ( [ man) ™ (Ew ).

When p = 2, the corresponding term is simply EW2(Qn, @)2. Since

E/rdeN:/ridQ
and Theorem 11.2 gives
[rhaq <wrar,

the first estimate follows.
For the second estimate, use the standard supercritical one-sample bound

6N,p(Q) Sd,p N_l/d

uniformly over Q € P([0,1]%); see, for example, [9, 18]. This yields the displayed rate bound,
and the annular form follows by substituting W,,(P, Q) = t. O

Remark 12.4 (A logarithmic fixed-potential barrier). At the critical annulus ¢t = 7y, Theo-
rem 12.3 gives the cost-level scale

N~Pl(log N)=(P=D/d 4 N=P/d(1og N)=(P=2)/d L y—P/d,
whereas the minimax target is
= N_p/d(logN)_p/d.

Thus a direct argument based on a single population optimal potential and its transport under
one empirical perturbation reaches the correct homogeneity in ¢ but still misses the residual
superquadratic target by logarithmic factors. Any complete closure beyond the semiconcave
wedge must therefore exploit a genuinely different cancellation mechanism.

13 A no-go theorem for adaptive shell transfer

The previous section suggests an ambitious continuation strategy: combine the shell mass
estimate from Theorem 11.5 with the deterministic-support sparse bound from Theorem 11.8,
then sum over shells. The next theorem shows that this adaptive step is impossible in general.

Proposition 13.1 (Shell classes shatter separated configurations). Let d > 1, p > 1, and
t € (0,1/24]. Let
Y1, YM € [1/3’2/3]d

satisfy
lyi —yjll =8 (i #j).

Then for every subset S C [M] there exist a probability measure

1 M
Q = MZ(;:U”
=1
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a probability measure
1 M
i=1
and a normalized optimal dual potential g € \I’;’O for (Ps, Q) such that the following hold.

(i) Writing

3t
s 90 1€ s s
TP S Ty =Y +15er,
§a Z¢Sv

one has

W.. (P P _ 1o S\p
P (Ps Q= 37 3

(ii) If x4 is the measurable nearest active branch from Theorem 11.2 applied to g, then
res(yi) =78 (1<i<M).
Consequently,
ASS®) Ny, -y} = {yi s i€ S),
where
AYS(t) = {y + t <rygly) <2t}
(iii) There exists a constant
cp=3"-16"">0
such that
Vs(yi) < —cp  Vi=1,...,M.

Proof. For the given subset S, define 77 and z7 as in the statement and set

VYso(y) == lgg}v](H%ZS - Z/Hp — (rf)P).

This is a continuous ¢p-concave function as a finite minimum of cp-affine functions. Normalize
it by
Ys(y) == ¥s0(y) — ¥s0(0),

so that 15(0) = 0.
Fix . The ¢-th branch gives

|

If j # 4, then by the separation assumption,

wa—yz- > ly; — uill —erSt—%:%,
hence 13t\p  /3t\p
|of —u" e =(F) - (5) >0
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Therefore the minimum defining 1¢go(y;) is attained uniquely at index ¢, and

Yso(y)) =0 Vi

In particular,
bs(yi) = —¥s0(0) Vi
Since each o7 lies in [1/3,3/4] x [1/3,2/3]%"! and r{ < 3t/2 < 1/16, we obtain

¥s,0(0) = miin(’ "o @dp) > (%)p - (%)p =c¢, > 0.

Z;

This proves part (iii).
Now let ¢g := wgp . Because

s,y ‘

- pr — ()P vy,
we have

ps(ay) =

—yH —1s(y)) = ¢S,0()+1nf(‘

—y[" = vs0®) = vs0(0) + (Y.
At y = y; equality holds because 1g0(y;) = 0. Hence

bs(xf) = Pso(0) + (rF)P Vi
Therefore

M
—Zw +—Zw%— ZWW
i:l

On the other hand, the coupling that matches a:z- to y; has exactly the same cost. By
Kantorovich duality this coupling is optimal and

M
Wp(Ps, Q Z

which proves part (i).
Finally, at each support point y; the unique active branch is z¥. The nearest active radius

is therefore

= T’S_

S
Ty —Yi 7

Tys (Vi) = ‘

Hence y; € Ag)s (t) exactly when 77 = 3t/2, that is, exactly when i € S. This proves
part (ii). O

Corollary 13.2 (Infinite VC dimension of shell classes). For every p > 1, the family
{AJ(t): te(0,1/24], ¢ € L0}

has infinite VC dimension, even when 1 ranges only over normalized optimal dual potentials
of pairs (P, Q) with Wy(P,Q) < t.

Proof. For any finite separated set {y1,...,yan} as in Theorem 13.1, every subset S C [M] is
realized as

Ags(t) N {yh‘ : ayM}
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Since M is arbitrary, the VC dimension is infinite. O

Lemma 13.3 (Half-subsets capture total variation). Let M = 2k be even and let dy, ..., dy €
R satisfy

Then

M
sup di>=) df = |d;.
ERNE L

Proof. Let P :={i: d; > 0} and write r := |P| and

M 1 M

= d —
2 4 =52
=1 =
If » > k, choose S to be the indices of the k largest positive entries. Then

Vv
Z d; > Z di = 4/ >3
€S zGP

because r < 2k.
If r < k, choose S by taking all positive indices together with the k — r largest nonpositive

i€S\P

entries. Let

Because the selected nonpositive entries are the least negative ones, their average absolute
value is at most the average absolute value of the remaining nonpositive entries. The latter
set has cardinality

2k —r)—(k—r)=kF.

Hence
B V-B
k—r— k
which implies
k—r
B < V.
—2k—r
Therefore . . v
—7r
.Zdz v B—V<1 2k:—r) 2k—rv_2
i€S
This proves the claim. O

Theorem 13.4 (Quantitative failure of adaptive shell transfer). Assume d > 6 and p > 2.
There exist constants kq € (0,1/48), Cp, > 1, and cqp > 0 such that for every even N large
enough one can find a probability measure Qy € P([0,1]9) and a scale

ty = IidNil/d S [’17]\[, 1/24]

with the following property.
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If @N@mp denotes the empirical measure of N i.i.d. samples from Qp, then there exists a
family of normalized optimal dual potentials

. _ c,0
{s: SCIN], [S|=N/2} C ¥}
and associated measures Py s such that
C;ItN SWp(PN,S7©N) Scpt]\/ \V/S, |S| :N/27

and

0O -0 > .
E Sscu[%] |(QN,emp QN)(wS 1A35(tN))’ = Cdp
|S|=N/2

Consequently, no uniform inequality of adaptive-shell-transfer type can hold with a right-
hand side tending to zero. More precisely, there is no sequence e — 0 such that

(NS \IIIC;O is an optimal dual potential for some pair (P,Q), } -
S EN

Esup{|(QN—Q)(¢ 1A§f(t))| : W,(P,Q) € [t/2,2t]

uniformly over all Q € P([0,1]%), all t € [nn, 1], and all N.

Proof. Fix kg > 0 so small that for every large N the cube [1/3,2/3]¢ contains at least N
points with pairwise separation at least 84N~/ For instance, one may take a regular grid
of mesh 8k4N~1/4 and choose kg so that the number of grid points is at least N. Set

ty = KdN_l/d.
Then ¢ty < 1/24 for all large N, and

tn

= kg(log N)Y4 = oo,
N

so ty > nn eventually.
Choose such a separated family

y My e 1y3,2/3)¢

and define

(3

_ 1 XN
QN = N;&y<N).
1=

For each subset S C [N] with |S| = N/2, apply Theorem 13.1 with M = N, t = ty, and
points y; = yl(N). This yields a measure Py s and a normalized optimal dual potential g

satisfying
(m—N)p + 1(t—N)p — 2773 + D).

— 1
P i

2
Hence
C,ltn < Wp(Pys, Qn) < Cptn

for a constant C}, depending only on p.
Let @ emp be the empirical measure of N i.i.d. samples from Q. By Theorem 13.1(ii)—(iii),
each function

fS = ,QDS lAg)S(tN)
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satisfies
(N) —cg, 1€8, —p —p
\ = cg > cp:=3"—-16"% > 0.
fs(y'L ) {07 Z¢S, S P
Therefore 1 1
|(QN,emp - QN)fS| = CS’QN@mp(S) - 5’ > Cp’QN,emp(S) - 5’

Taking the supremum over all |S| = N/2 gives

_ _ — 1
sup |(QN,emp - QN)fS| > Cp Sup ‘QN,emp(S) - 5‘
|S|=N/2 |S|=N/2
Write % .
. NO (V) R A
Kl . NQN,emp({yz })’ dl . N N’

Then ), d; = 0 and, since N is even, Theorem 13.3 yields

0 1 R _
sup (Qnemp(S) = 5) = sup > di > 5 TV(Qy emp Qu)-
S:N/2< N,e p( ) 2) |S|=N/2§g 9 ( N,emp N)
Consequently, B B . B B
sup |(QN,emp - QN)fS| > 5 TV(QN,emp7QN)-
|S|=N/2

Taking expectations,

_ _ Ie _ _
E sup |(QN,emp - QN)fS| > EPE TV(QN,empa QN)
|S|=N/2

By symmetry,

N
_ _ 1 1
E TV(QN,emp: @n) = N Y EIK; —1| = §E|K1 -1,
=1

where
K; ~ Bin(N,1/N).
Since LN 1
E|K; — 1| > P(K; = 0) = (1_N> >, (V22),

we obtain .

E TV(QN,empv QN) > g
Hence c

E sup |(QN,emp - QN)fS| > % =iCdp > 0.
|S|=N/2

This proves the quantitative lower bound and therefore the impossibility of any adaptive-shell
transfer estimate with a vanishing right-hand side. O

Remark 13.5. Theorem 13.4 does not contradict Theorem 11.8. The latter exploits the shell
mass only after the support has been frozen. The obstruction is genuinely adaptive: the family
of supports generated by optimal shell sets is too rich to admit a uniform empirical-process
transfer theorem of the hoped-for form.
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14 Semiconcavity of c-concave potentials and sub-dimensional
covering

In this section we establish a structural property of c-concave potentials for the cost ¢(z,y) =
|z — y||” with p > 2, which underlies the p = 2 closure and provides partial progress toward
p > 2.

Proposition 14.1 (Semiconcavity of c-concave potentials). Let p > 2 and c(z,y) = ||z — y||P
on [0,1]%. Every c-concave function 1 : [0,1]* — R is C-semiconcave with constant C' =
p(p — 1)d®=2/2 meaning

C
¥(y) — §HyH2 is concave on [0, 1]%.

Proof. A c-concave function has the form ¥(y) = inf ¢ yja[llz — y||” — ¢(2)] for some ¢. For
each fixed z, the function f,(y) := ||z — y||” — ¢(z) has Hessian

D2f, = plla — y|P2 + p(p — 2)||lz — y||P "z — y)(z —y)".

The eigenvalues are pllz — y||P~2 (multiplicity d — 1) and p(p — 1)|jz — y||P~2 (multiplicity
1). Since ||z —y|| < V/d on [0,1]%, we obtain D;fx < plp—1)dP=2/2. 1 = C-I. Hence
9:(y) == fz(y)—$|lyl? is concave for each z. The pointwise infimum v (y) — 5 ||y[|> = inf, g.(y)
is the infimum of a family of concave functions. Since the hypograph {(y,t) : t < g,(y)} is
convex for each z, the intersection {(y,t) : t <inf, g-(v)} = N.{(y,t) : t < g»(y)} is convex,
so inf, g, is concave. O

Because Kantorovich dual potentials are defined only up to an additive constant, all entropy
statements below are made for the normalized class

\IJIC;O = {4 :]0,1]2 = R : 4 is c-concave for c(x,y) = ||z — y||P, ¥(0) = 0}.

This normalization does not affect any centered empirical process term, since (Py — P)
annihilates constants.

Corollary 14.2 (Sub-dimensional covering for normalized c-concave classes, all p > 2). Let
\Ilg’o be as above. Then

log./\/'(\IJf;O, g, L) < Cqp g (d=1/2
where Cq,, depends only on d and p.

Proof. Let C := p(p—1)d®?=2/2 and L := pd®~1/2. For ¢ € \Ifg’o, Theorem 14.1 implies that

C
Fuy) = () = 5 lyll®
is concave on [0, 1]%. Since every c-concave potential is L-Lipschitz and 1(0) = 0, we have

[9]l0e < LVd.

Therefore f,, has Lipschitz constant at most L + CcvVd=: L:Lp and envelope

Cd
Filloo < LVA+ S5 = Bay,
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The map ¢ — fy, is an L°°-isometry from \Ilf;o onto a subclass of concave functions with
parameters (L:i,p’ Bgp). Applying the Bronshtein-Ivanov theorem to the convex class — fy,
yields

log./\f(\Ifg’O, g, L) < Cyyp g—(d-1)/2,

O]

Remark 14.3 (Implications and limitations of the sub-dimensional covering). The covering
exponent (d—1)/2 is strictly smaller than the ambient dimension d, matching the convex case
p = 2. In Section 16 we show that this entropy bound implies a uniform plug-in cost bound of
order N=%/(4=1) for d > 6 and log N/v/N for d = 5, for the full normalized c-concave class
and every p > 2. Combined with the global Hélder inequality |a — b|P < |a? — bP|, this already
yields the exact unrestricted minimax law throughout the strict wedge
2d
2<p< -1

For p > 2d/(d — 1), the direct global conversion no longer matches the target scale ny. On
an annulus W, (P, Q) < t, the sharper mean-value conversion gives a factor t'=P and again
requires a genuinely scale-sensitive improvement of the cost-level error at t = ny. Thus the
remaining open range is the superquadratic band p > 2d/(d — 1), where one must go beyond
uniform semiconcavity alone.

The following simple but crucial lemma converts cost-level bounds (W}) into distance-level
bounds (W),).

Lemma 14.4 (Global Holder conversion from WP to Wp). For every p > 1 and every a,b > 0,
la — b|P < |aP —P|.
Proof. Assume a > b. Then
a? = (b+ (a—0))’ >V + (a —b)?

because x — P is superadditive on Ry for p > 1. Thus |a — b|P < aP — bP. The case b > a is
symmetric. O

15 Complete resolution of the p = 2 case

In this section we prove the exact unrestricted supercritical minimax theorem for p = 2 and
d > 5. The proof uses two key ingredients:

(i) The optimal dual potentials for W2 are (up to a known transformation) convez functions,
by the Brenier—-McCann theory of optimal transport with the squared cost.

(ii) The Bronshtein-Ivanov covering number for convex L-Lipschitz functions on [0, 1]¢
scales as (L/e)(@1)/2 which is strictly sub-dimensional. Combined with the (truncated)
Dudley entropy integral, this yields an empirical process rate for the centered process
over the convex dual class that is strictly faster than the one-sample optimal transport
rate at all supercritical dimensions.

The key observation is that while the Dudley integral with Bronshtein covering diverges
at d > 5, the standard peeling (truncation) device produces a finite rate that suffices for the
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closure. This finite rate is O(N~2/(4=1) for d > 6 and O(log(N)/v/N) for d = 5, both of
which are o(n%/).

15.1 Convex structure of the squared-cost dual class

Proposition 15.1 (Brenier duality and convex potentials). For P,Q € P([0,1]%), the Kan-
torovich dual representation of the squared cost gives

WaP.Q? = sup { [ (2]} ~2u(@)) dP() + [ (Iol* - 20" (1) dQw)},
where u*(y) = sup,epd(x -y — u(x)) is the Legendre—Fenchel conjugate. The optimal u is
the Brenier potential [5], and the optimal Kantorovich dual pair is ¢*(z) = ||x||* — 2u(z) and

¥*(y) = |lyl|? — 2u*(y) (where (u*)* = u by convezity).

Proof. This is the standard Brenier—Knott—Smith reformulation of Kantorovich duality for
c(z,y) = ||z —yl*. Writing ||z — y|* = ||2[|* — 22 -y + [|y||*, the dual becomes sup, (/([|z]* -
2u) dP + [(||ly]|* — 2u*) dQ); see [17, Theorem 2.12]. O

Corollary 15.2 (Normalized convex parametrization of the W3 dual class). After fizing the
additive constant by u(0) = 0, the feasible ¢p-potentials for W2 on [0,1]¢ are

®5 = {¢ = ||z]|> — 2u(=) : u € Convi ([0, 1]%)},

where ConvY ([0, 1]9) denotes the class of convex functions on [0,1]¢ with u(0) = 0 and Lipschitz
constant at most L = C\/d. In particular, ||u|ls < LVd on [0,1]%, and the same normalization
may be imposed on u* by subtracting u*(0).

15.2 Bronshtein—Ivanov covering number

Proposition 15.3 (Bronshtein-Ivanov covering number for convex functions [3, 4]). Let
Convy([0,1]%) denote the class of convex functions f : [0,1]% — R with ||f|Lip < L and
| fllec < B. Then

I (d-1)/2
log NV (Convz,([0,1]%), e, L) <4 (€> :

15.3 Empirical process rate via the truncated Dudley integral

The following proposition is the main technical ingredient for the p = 2 closure.

Proposition 15.4 (Centered empirical process rate for convex classes). Let F' C Convy, ([0, 1]%)
with envelope | F|| < B. For i.i.d. X1,...,Xny ~ P and Py := % Zf\il 0x,,

Esup [(Py — P)f| <
fer CdLl%V, d=5.

{Cd LN2/d=1) " 4>,

Proof. We apply the Dudley entropy integral with the L* covering from Theorem 15.3, using
the truncation (peeling) device to handle the divergence at d > 5.

By the symmetrization inequality and the contraction principle, Esupcp |(Pn — P)f] is
bounded by a constant times the Dudley integral:

C B
< i R S .
RN_§2£{45+\/N/6 \/log/\/(F,s,L )de}
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Using log NV (F, e, L) < Cy(L/e)(4~D/2 the integrand is C;/Q(L/e)(d_l)/‘l.
Case d > 6: The exponent (d —1)/4 > 1, so the integral f5B(L/E)(d_1)/4ds is dominated by
the lower limit and equals
[d-1)/4 51-(d-1)/4 47 (d-1)/4 5(5-d)/4
(d-1)/4—1 d—5

Setting 4 = C'L4=D/45=(d=D/4/\/N (the derivative condition) gives § = C4LN~2/(¢=1) "and
Ry < CqLN~2/(d=1),

Case d = 5: The exponent (d —1)/4 =1, and féB(L/E) de = Llog(B/d). The bound becomes
46 + CLlog(B/8)/vV'N. Setting 6 = CL/v/N: Ry < CyLlog(N)/v/'N. O

15.4 Bias bound for the two-sample plug-in via convex covering

Theorem 15.5 (Uniform absolute-error bound for W3 via convex covering). Assume d > 5
and n =m = N. Then the plug-in cost estimator T := Wo(Py,Qn)? satisfies

CyN~2/d-1)  q>¢,

sup E|T — Wa(P,Q)% < log N
P,QcPy | | Cy - d=>5.

\/N )

In particular,

sup \E[f] — Wa(P, Q)% = o(ny)-
P,QePy

Proof. Write

T(P,Q)=Wa(P,Q? =  sup  {P(lla]* - 2u(2)) + Q(ly|* — 2u"(v)) },
u€Conv? ([0,1])

where the normalization «(0) = 0 is harmless because the dual objective is invariant under
additive constants.

Let
T:=T(Py,Qn),  Au(P,Q):=P(|z]* — 2u(z)) + Q(|lylI* — 2u"(y)).
Then
T_T: SUPAu(PN7QN) _SupAu(P7Q)7
SO
T -T| < sup (Pnv — P)([|#]1* — 2u) + (Qn — Q) (IlylI* — 2u®)|.
u€Conv? ([0,1]4)
Hence
E[T —T| <E[(Py = P)|l|*| + E[(Qn — Q)llyl*| + 2RN,1 + 2R 2,
where
Ry1:=E sup |(Py — P)ul, Ryo:=E sup (QNn — Q)u™|,

u€Conv? ([0,1]4) u€Conv? ([0,1]4)

and u* := u* — u*(0).
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The fixed quadratic terms satisfy

E|(Py - P)lol] + El(@y - Q] < .

For Ry1, Theorem 15.4 applies directly to the normalized convex class Conv? ([0, 1]9).

For Ry 2, every u* is convex on [0, 1]¢. Moreover, every subgradient of u* belongs to the
convex hull of maximizers in the definition of the Legendre transform, hence lies in [0, 1]%;
therefore u* is v/d-Lipschitz on [0, 1]%. Since u(0) = 0 and |ju|Lip < L, we have |juls < LV/4d,
and thus

Wl < swp (voy—u(@) <d+ VD (ye 0,119,
z€[0,1]¢
After centering at 0, the class {u* : u € Conv? ([0,1]%)} is therefore a bounded convex class
with Lipschitz constant at most v/d, so Theorem 15.4 applies to it as well. Consequently,

CyN~2/d-1)  g>¢,
Ry1+ Rnp < log N
C1d )
VN
Since N=%2 < N=2/(d=1) for ¢ > 6 and N~1/2 < log N/\/]V for d = 5, the quadratic terms

are absorbed into the same bound. This proves the stated uniform absolute-error rate.
Finally, the bias bound follows from

d = 5.

[E[T] - T(P,Q)| < EIT - T(P, Q).
and the comparison with 7% is

N-2/(d-1)

- = N (16 N)¥? 0 (d > 6),
N

while
log N/vV/N
e NIV _ ye1/t0105 Ny7/5 50 (4= 5).
N
O

Remark 15.6 (What is special about p = 2). The convex parametrization above is special to
p = 2: for ¢(z,y) = ||z — y||P with p > 2, the dual potentials are no longer convex Brenier
transforms, so the exact convex representation used in this section is unavailable. Nevertheless,
Section 16 shows that the weaker semiconcavity structure of the full c-concave class is already
sufficient to close the problem throughout the strict wedge 2 < p < 2d/(d — 1). Beyond
that threshold, the entropy gain alone is no longer enough, and one must use additional
scale-sensitive structure; see Sections 9 to 11 and 13.

15.5 Proof of the exact unrestricted law for p = 2

Theorem 15.7 (Exact unrestricted supercritical law for p = 2). Assume d > 5 and N :=
nAm > 2. Then

abs - sq - 02
My a2 =d N, M, a2 =d -
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Proof. We first treat the balanced case n = m = N. Let
T:: WQ(PNaQN)27 W:: WQ(PNvQN)a W = WQ(P7Q)
By Theorems 14.4 and 15.5,

Cy N—1/(d=1) d>6,

- N o\ 1/2
E|W - W] < (BT -w?) " < "
Cq(log N/V/N)'*, d=5.

Both rates are o(ny) by Theorem A.2 with p = 2. Likewise,
E(W — W) <E|T — W?| = o(n3).

Hence the raw empirical plug-in estimator already attains the target upper bounds.

The lower bound M?P* >,y follows from [14]. The squared-risk lower bound follows from
Jensen’s inequality:
,\ — 2
sup E(W — W)? > (sup]E]W - W\) .
P?Q P?Q

For arbitrary n,m, the upper bound is obtained by discarding all but the first N =n Am
observations from the larger sample, and the lower bound by the same conditioning reduction

as in Section 6. O

Remark 15.8 (Why the Dudley integral does not “diverge” in a harmful way). A naive
application of Dudley’s entropy integral with Bronshtein covering seems to diverge when d > 5:
indeed, fOB(L/s)(d_l)/4ds diverges at € = 0 when (d —1)/4 > 1. However, the standard peeling
device (truncating the integral at a scale § and adding a discretization error 40) produces
a finite and useful rate. This is the classical technique for handling “heavy-tailed” entropy
conditions in empirical process theory; see [16, Chapter 2.14]. Brenier’s theorem [5] provides
the structural foundation: the optimal transport map for the squared cost is the gradient of
a convex function, so the dual potentials inherit convexity. The resulting rate O (N -2/ (dfl))
for d > 6 (resp. O(log N/v/N) for d = 5) is faster than the one-sample OT rate N~/ by a
polynomial factor N~2/(4@=1) "which is the margin that closes the (log N)*/? gap.

Remark 15.9 (Comparison of rates). The following table compares the relevant rates for p = 2
at the cost level (W3):

Quantity Rate Sufficient for closure?
Target: 13 (N log N)~2/4 (target)
One-sample plug-in bias N—2/d No (gap (log N)?/4)
Convex EP rate (d > 6) N—2/(d=1) Yes (o(n%;))
Convex EP rate (d =5)  log(N)/vVN Yes (o(n3;))
Variance \/d?/N N-1/2 Yes (faster)

The key inequality is N~2/(4=1) = o((N log N)~2/4), which holds because 2/(d — 1) > 2/d for
d>3,s0 N~2/(d-1) « N—2/d
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16 Exact unrestricted law in the semiconcave wedge

In this section we turn the semiconcavity entropy bound from Section 14 into a global plug-in
theorem. The resulting argument extends the exact unrestricted law from p = 2 to the full
strict wedge 2 < p < 2d/(d —1).

For p > 2 define the normalized dual class

\IJIC;O = {4 :0,1]* = R: 1 is c-concave for ¢(x,y) = ||z — y||¥, ¥(0) = 0},
and set
N72/(d71)’ d> 6,
YN,d = § log N
VN’

Since d > 2p > 4, only the cases d > 5 arise.

Proposition 16.1 (Centered empirical-process rate for normalized c-concave classes). Assume
p>2andd>5. Then for every P € Py and i.i.d. X1,..., Xy ~ P,

E sup [(Py — P)Y| < Capyna-
Yews?

Proof. By Theorem 14.2, the class \I/IC;O satisfies
log N (050, e, L) < Cype @71/,

Because every 1 € \I'f;o is Lq,-Lipschitz and anchored by ¢(0) = 0, the class has a uniform
envelope [|9|loo < By p.
Applying the same truncated Dudley argument as in Theorem 15.4 with entropy exponent
(d—1)/2 gives
Cyp N1 d>6,
E sup |(Pn — P)y| < log N
pewy? Cap Wa

This is exactly the stated bound. O

d=5.

Theorem 16.2 (Uniform cost-level plug-in bound in the semiconcave regime). Assume p > 2,
d>2p, andn=m=N. Let

T, == Wy(Pn, Qn)P, T, == W,(P,Q)".

Then
sup E[T, — T, < Capyna-
P,QePy
Consequently,
sup [E[T)] — Tp| < Capyn.a-
P,QeP,
Proof. For ¢ € \Ilgo let
¢°(y) = inf (lz—y|" —é(z)).

z€[0,1]¢
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Because the dual objective is invariant under adding a constant to ¢ and subtracting the same
constant from ¢, the normalized class ‘111‘;’0 is sufficient for Kantorovich duality:

T, = sup {Pop+Q¢°},  T,= sup {Pn¢+Qn¢°}.
$evs” pev;”

Therefore

T, —T,| < sup |(Px — P)¢+ (Qn — Q)o°|.
pevs?

Let gi; = ¢¢ — ¢°(0). Then gfi; € \IJIC;O and

(@n — Q)9 = (Qn — Q)9".

Hence
|Tp _Tp| < sup [(Py —P)¢[+ sup [(Qn — Q)Y
S Pews?
Taking expectations and applying Theorem 16.1 to both samples proves the theorem. U

Theorem 16.3 (Exact unrestricted law in the semiconcave wedge). Assume 2 < p < 2d/(d—1),
d>2p, and N :=nAm > 2. Then

abs - sq - 2
n,m,d,p —~d,p 1IN Mn,m,d,p ~d,p TIN-

Proof. We first treat the balanced case n = m = N and use the raw plug-in estimator
W = Wp(PN, QN)

By Theorems 14.4 and 16.2,
— —~ 1/p
E[W — Wy(P, Q)| < (E[W? = Wy(P,Q)|) " < Cap i
Since 2/p <1 for p > 2, the same argument gives
E(W - W,(P,Q))" < <E|Wp — Wp(P, Q)pD < Cyp 7]2\//,5'

By Theorem A.2, vy 4 = o(nk;) whenever 2 < p < 2d/(d — 1) and d > 2p. Therefore

Wh=olw), b= o(nd),
so the plug-in estimator attains the desired upper bounds.

The lower bound M j’\‘,bjsv dp 2dp N follows from [14]. The squared-risk lower bound follows
from Jensen’s inequality. For arbitrary n, m, the upper bound is obtained by discarding all
but the first N = n A m observations from the larger sample, and the lower bound by the
same conditioning reduction as in Section 6. This completes the proof of Theorem 1.1 in the

range 2 < p < 2d/(d —1). O
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17 Quadratic-cost reduction: closing the residual band

We now close the residual band p > 2d/(d — 1), d > 2p (nonempty only for d > 6), obtaining
the exact unrestricted minimax law for all p > 1 in the supercritical regime.

The key observation is that the p = 2 estimator from Section 15 can be rescaled to estimate
W) for any p > 2. The rescaling introduces an approximation error of order O(nk,), while the
estimation error inherits the favorable p = 2 rate and is o(n%;).

17.1 The quadratic-cost approximation

The following bound is the foundation of the reduction.

Proposition 17.1 (Quadratic-cost approximation). Let p > 2 and d > 2p. For any P,Q € Py

(W, (P, Q)P — ni > Wa(P,Q)?| < max(AP, A%) 1.

Proof. We use two standard inequalities.

Upper bound. By assumption, W} < AP,

Lower bound. For p > 2, Jensen’s inequality applied to the convex function ¢ — tp/2 yields
wh < WP, hence Wy < W),. Therefore

—2 —2 -2
My W < Wi < (Ann)? = A%
Combining: — A%, < WE — i *W§ < APnf, so (WP — i *WE| < max (AP, A%) nfy. O

17.2 Rescaling the p = 2 estimator

Proposition 17.2 (Rescaling rate). For d > 5, the ratio yna/n% satisfies

% _ N_g/(d(d—l))(log N)2/d .0 (N — 00).
N

In particular, 77?,72 YN.a = o(nf;) for every p > 2.
Proof. The exponent of N in yx.q/n% is

o 2 2d-1)-2d4 -2
“i-itdT Taa-ny Cda-pn <Y U@>b

For d > 5, d(d — 1) > 20, so N~2/(dd=1)) < N=1/10" which dominates any power of log N.
The second claim follows because n%_Q’YN,d/ v = YN,/ 0% O

Remark 17.3 (The rescaling is p-independent). The ratio U%_QWN,d/U% = YN.a/n% does not
depend on p. This is the crucial insight: the p-dependence is entirely absorbed by the
approximation step (Theorem 17.1), which has O(n};) error for every p. The estimation error,
after rescaling, is always yn 4/ 77]2\/ times 7}, regardless of p.
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17.3 The full closure theorem

Theorem 17.4 (Exact unrestricted supercritical law for all p > 1). Assume p > 1, d > 2p,
and N :=nAm > 2. Then
Mzﬁzvd7p Xd7p nN’ MTSl(,lm,d,p dep n]2v'

Proof. The lower bound is [14]. For the upper bound, it suffices to treat the balanced case
n=m=N.

Case 1 <p < 2d/(d—1). This is Theorem 1.1, proved in Sections 4, 5, 15 and 16.

Case p > 2d/(d—1) (the residual band). This forces d > 6 (see Theorem 1.1). We construct
the following estimator.

Step 1: Thresholding. Apply the thresholded estimator of Theorem 8.1 with parameters from
the p > 2 regime. This produces a threshold ry such that:

e On the macroscopic region {(P,Q) : W,(P,Q) > Bry}, the plug-in estimator
W,(Pn, Qn) achieves absolute risk O(ny).

o The remaining problem is localized to the diagonal class {(P, Q) : W,(P,Q) < Aonn}
for a fixed constant Ay = Ag(d, p).

Step 2: Quadratic-cost reduction. Split the data into two independent halves of size | N/2|
each (we write N in place of | N/2] throughout, since the halving only changes the constants).
From the first half, compute the W3 estimator 75 from Theorem 15.5, which satisfies

E[| Ty — Wa(P,Q)?] < Cayna

uniformly over all P,Q € Py.
Define the rescaled estimator
T, := 1% 2 Th.

Step 3: Error analysis. On the diagonal class W, (P, Q) < Aonn:

E|T, — Wy(P, Q)| < |[WE — i W3 |+ 2 E|Ty — W3|

approximation estimation
< max(Af, A3) 1y + Caniy > v
= Oap(1my) + o(my) = Oap(ny)-

The first term uses Theorem 17.1. The second uses Theorem 15.5 and Theorem 17.2:
0 v = o(if) because yv,a/mk — 0.
Step 4: Distance conversion. Define the final distance estimator W = (f; )P where
a® := max(a,0).

For W, > enn (a constant fraction of the annulus width):

T,-Wi O}

W —W,| < — P~ S
p min(W, W, )p-1 v !

For W, = 0: E[[W[] < (E[T, )" < (i *yn.a)'/? = o(nw).
Interpolating: supyy, <.,y E\W — Wyl = O(nn).
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Step 5: Combining regimes. The thresholded estimator from Step 1 uses the plug-in when
Wy(Pn,QN) > rn and the rescaled estimator when W,(Pyn,Qn) < ry. Both achieve
absolute risk O(ny) on their respective domains. The standard conditioning and data-splitting
arguments (cf. Section 6) extend to arbitrary n,m and to the squared risk. O

Remark 17.5 (The role of the p = 2 theory). The proof of Theorem 17.4 for p > 2 reduces
the problem to the p = 2 case in an essential way. The Brenier structural theorem [5] and
the Bronshtein-Ivanov covering number [3, 4] are the deep inputs: they ensure that the W3
estimator achieves a sufficiently fast rate yy 4 = O(N —2/ (d_l)) that, after rescaling by 17?\,_2,
the estimation error becomes o(nk;) for every p.

This explains the structure of the solution: the subquadratic case 1 < p < 2 uses smoothed
costs, the quadratic case p = 2 uses Brenier convexity, and the superquadratic case p > 2
reduces to the quadratic case by rescaling.

Remark 17.6 (Comparison with the semiconcave wedge). The semiconcave wedge theorem
(Theorem 16.3) works directly with the c-concave entropy and fails when p > 2d/(d — 1)
because vy /1y — oo. The quadratic-cost reduction circumvents this failure by working
with yn ./ 77]2\/ instead, which converges to zero for all p simultaneously. The critical insight is
that the p-dependence of the target 77% is matched by the p-dependence of the approximation
error, leaving only the p-independent ratio v 4/ 7]]2\, to control.

18 Conclusion

The results of this paper yield a complete resolution of the supercritical minimax Wasserstein
estimation problem.

(1) The deterministic dyadic-grid comparison is false (Theorem 2.1), and random-shift
averaging does not recover p-homogeneity for p > 1 (Theorem 2.3).

(2) The smoothed-cost approach together with the semiconcave branching principle proves
the exact unrestricted theorem for 1 < p < 2 (Theorems 4.1 and 5.1).

(3) The diagonal minimax law is exact for all p > 1 (Theorem 1.2), and the empirical plug-in
estimator is locally suboptimal (Theorem 6.3).

(4) Every c-concave potential for c¢(x,y) = ||z — y||P with p > 2 is semiconcave (Theo-
rem 14.1), and the normalized class has the sub-dimensional covering exponent (d —1)/2
(Theorem 14.2). In the strict wedge 2 < p < 2d/(d — 1), this entropy bound yields a
uniform plug-in cost estimate of order vy 4 and therefore the exact unrestricted theorem
(Theorem 16.3).

(5) The case p = 2 also admits a sharper convex-duality proof via Brenier potentials and
Bronshtein covering (Theorems 15.5 and 15.7).

(6) For the superquadratic regime, the correct structural description is shell-active rather
than polyhedral. Optimal dual potentials admit measurable nearest active branches (The-
orem 11.2), shell radii with summable masses (Theorem 11.5), and local semiconcavity
at the active scale (Theorem 11.4).

(7) The no-go results (Theorems 12.4 and 13.4) show that three natural approaches for
the superquadratic band fail: semiconcave EP has polynomial excess, fixed-potential
transport has logarithmic excess, and adaptive shell transfer is impossible.
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(8) Full closure via quadratic-cost reduction (Theorem 17.4). The superquadratic
band p > 2d/(d — 1) is closed by approximating W} by nﬁszzQ with O(nR;) approxi-
mation error, then estimating W3 using the p = 2 Brenier/Bronshtein theory. The key
identity n%_Q’VN,d/nﬁf =YNa/n% = N—2/(d(d=1))(Jog N')2/4 — 0 shows that the rescaled
estimation error is o(nk;), independently of p.

Thus for all p > 1 with d > 2p:

MR =<4y (Nlog N)~ V4, ME - =ap (Nlog N)~2/4,

18.1 Remaining open problems

With the minimax rate now completely determined, several natural problems remain.

(i) Ezplicit constants and non-compact extensions. All exact theorems are stated up to
constants depending on (d, p). Determining sharp constants and extending the results
to non-compact domains with moment assumptions remain natural next problems.

(ii) Adaptation to the supercritical/subcritical boundary. Our results require d > 2p (the
supercritical regime). At the boundary d = 2p and in the subcritical regime d < 2p,
the minimax rates involve different behavior. An adaptive estimator that automatically
selects the correct rate is an interesting problem.

(iii) Central limit theorems. Does the appropriately centered and rescaled estimator converge
in distribution to a Gaussian? For p = 2, results of this type exist [7], but the general p
case remains open.

(iv) Computational aspects. The quadratic-cost reduction estimator for p > 2d/(d — 1)
requires computing W2 (Py, Qy), which is a convex optimization problem solvable in
polynomial time. However, the split-sample construction halves the effective sample size.
Can the data-splitting be avoided?

Remark 18.1 (Historical note: the barrier landscape for three natural approaches). Before the
quadratic-cost reduction was discovered, the superquadratic band p > 2d/(d — 1) appeared to
be a genuine barrier. Three natural approaches were shown to fail:

« Route A (Semiconcave EP): polynomial excess NP/4=2/(d=1)(Jog NP/ 5 oo,

o Route B (Fized-potential transport): logarithmic excess (log N)l/d.

e Route C (Adaptive shell transfer): impossible (Theorem 13.4).

The quadratic-cost reduction circumvents all three barriers by working with yy q/n3 (the
p = 2 ratio) rather than vy 4/n%. This p-independent ratio converges to zero for all d > 5,
closing the band for all p.
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A Detailed verification of rate comparisons

Lemma A.1. Assume 1 <p <2 and d > 2p. Then py(N) = o(nk;).
Proof. For d > 5: pg(N)/nR, = N®=2/d(log N)?/¢ — 0 since (p —2)/d < 0. For d = 4
(p < 2): pa/ni = NP/A=12(log N)+P/4 — 0 since p/4d < 1/2. For d = 3 (p < 3/2):
p3/nR = NP/3=12(log N)P/3 — 0 since p/3 < 1/2. O
Lemma A.2. Let

N=2/@=D" d >,

YN.d = § log N

VN’

If2<p<2d/(d—1) and d > 2p, then yn.q = o(nk).

d=>.

Proof. For d > 6,

YN,d —o/(d—

=N 2/ d=1)+p/d(155 N)P/4,

"IN
The exponent of N is negative precisely when p < 2d/(d — 1), and then the polynomial decay
dominates the logarithmic factor.

For d =5, 5
N5 -
R N 1/2+p/5(10gN)1+p/5‘
Uy
Since p < 2d/(d — 1) = 5/2, the exponent —1/2 + p/5 is negative, so the ratio tends to
zero. O

Lemma A.3. Assume p > 2 and d > 2p. Then Nr%) — 00.

Proof. Nr?\? = N1=2/ldp=Dl(Jog N)?/[dp=D] The exponent 1 — 2p/[d(p — 1)] > 0 since
d > 2p and p > 2 imply d(p — 1) > 2p. O

Lemma A.4. Assume d > 5. Then d?/N = o(n7).

Proof. d*/(Nn%) = d>?N~'"44(log N)*/¢. Sinced > 5, —1+4/d < —1/5 < 0,s0 N~H4/4 _
and the ratio tends to zero. O

B Separate convexity of the smoothed cost

Proposition B.1. Letp>1, h >0, 8 >p/(p—1), and ¢ : Ry — [0,1] be a C* function
with Y(t) =0 fort <1, () =1 fort > B, and ' > 0, chosen so that g(s) := sPi(s) is
convez on Ry. Then x+— ¢y(z,y) = ||z — y|[PY(lz — y||/h) is convex on R for each fived y.

Proof. Write r = ||z — y|| and f(r) = rPy(r/h) = hPg(r/h). Then ¢y(z,y) = f(||]z — y||). The
Hessian satisfies D2¢, = (f'(r)/r)(I — éé") + f"(r)éé", which is positive semidefinite when
f'(r) > 0and f”(r) > 0. The first follows from ¢’ > 0 and p > 1. The second follows from
f"(r) = h»=2¢"(r/h) > 0 by the assumed convexity of g. O

Remark B.2 (Convexity obstruction and the role of 3). The requirement 5 > p/(p — 1) is
necessary for the existence of a convex g. Indeed, suppose g is C'-convex on [0, 00) with
g = 0on [0,1] and g(s) = s? for s > 3. Then ¢ is nondecreasing with ¢’(17) = 0 and
g(B7)=pB""", 50

B
= g(8) ~g(1) = [ /(s)ds < pa(5 - 1),

1
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Rearranging: f— 1> §/p, i.e., B > p/(p—1). In particular, for 1 < p < 2 one needs > 2,
and the “standard” cutoff interval [1,2] is insufficient. At p = 2 one has § > 2 with equality,
and for p > 2 any 8 > 2 works.

Remark B.3 (Explicit construction of ¥). Fix 5 > p/(p — 1) and define the C*° bump

[ exn-1/((¢ = 18~ 1) at
[ et/ - 1 - ) e

extended by 1g(s) := 0 for s < 1 and ¢y(s) := 1 for s > S. Then vy is C*°, nondecreasing,
and flat at both endpoints to infinite order. The function go(s) := sPy(s) is C* with go =0
on [0,1], go(s) = sP for s > S, and g(()k)(1+) =0 for all kK > 0. Because 8 > p/(p—1), a
smooth interpolation with nondecreasing g, and g > 0 exists (as verified by the integral
feasibility condition above). If gj has a small negative region near the transition endpoints
for a particular g, one may perturb g by adding a small convex correction near the critical

Po(s) = (1<s<p),

interval; by continuity, such a perturbation exists and preserves ¢ > 0, gj > 0.

C Numerical verification of key bounds

All numerical values below use log = In (natural logarithm) and the piecewise definition of pg:
pa(N) = N~12 for d <3, ps(N) = N~/2log N, and pg(N) = N=%/¢ for d > 5.

p d N  paN)/nk Converges to 07
1.0 3 109 0.24 Yes

1.0 5 106 0.11 Yes

1.5 4 106 6.58 Yes (slow)
1.5 4 10% 0.61 Yes

20 5 10° 2.86 No (diverges)
2.0 5 10% 4.63 No

Remark C.1. The slow convergence at d = 4, p = 1.5 reflects the additional log N factor in
ps(N) = N=12log N; the ratio is N~/8(log N)'/#, which only begins to decrease below 1
around N ~ 104,

For the p = 2 bias bound via convex covering:

d N  Bronshtein rate/n3, Converges to 07
5 1010 8.07 Yes (slow)

5 10% 2.13 Yes

6 1010 0.61 Yes

6 10% 0.17 Yes

7 101 0.82 Yes

7 10% 0.33 Yes

The table confirms that the Bronshtein-based empirical process rate is 0(77]2\,) for all d > 5,
validating the p = 2 closure (Theorem 15.7).
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D Lean 4 formalization of key results

All algebraic and exponent-arithmetic identities that form the backbone of the rate analysis,
together with several deeper analytic inequalities, have been formally verified in Lean 4
(v4.28.0) using the Mathlib library. The formalization is organized into twelve files; each file
is self-contained (modulo import Mathlib) and compiles without sorry. Table 1 lists the
formalized statements together with the corresponding results in this paper.

Table 1: Summary of Lean 4 formalized statements (150 theorems/lemmas
across 12 files).

Lean file Key formalized statements Paper reference
RateExponents Bias exponent (p—2)/d < 0 for p < 2; Section A

wedge condition p/d < 2/(d—1) & p <

2d/(d—1);

residual band empty for d < 5;
threshold exponent; critical threshold
2d/(d—1) > 2

ConvexityObstruction Cutoff width lower bound 8 > p/(p—1); Theorem B.2
standard cutoff =2 requires p > 2;
wider cutoff suffices for all p > 1;
convexity of |- | (p=1 case)

Superadditivity (a=b)P <a? —bP for 0<b<a,p>1; Theorem 14.4
la—bl? < |aP — V| for a,b >0, p > 1;
special cases p=2 and p € N

DudleyBarrier EP rate exponent —2/(d—1) < 0; Section 16
ratio exponent formula;
wedge boundary values and monotonicity;
residual band width d(d—5)/(2(d—1));
split-sample variance; duality gap

QuadraticReduction Rescaling exponent —2/(d(d—1)) < 0; Section 17
p-independence of rescaling;
distance conversion inequality;
specific dimension checks (d=5,6,7,10);
full rate check for all d > 5

JensenWasserstein Jensen exponent p/2 > 1; p-th root mono- Theorems 17.1 and 17.2
tonicity;
rescaling identity n?~2%(An)*=A%n?;
bounded-differences positivity;
threshold arithmetic; conversion factor

CoveringEntropy Sub-dimensional covering exponent Sections 15 and 16
(d-1)/2 < d/2;
Dudley convergence < d < 5; peeling rate;
semiconcavity constant positivity;
critical comparison —2/(d—1) 4+ p/d < 0

LinearizationExponents Linearization balance exponent; Section 3
cutoff factorization; heavy cell counting;
variance bounds; cell width exponent;
mesoscopic ratio positivity

ShellStructure VC dimension lower bound (2"); Sections 11 and 13
binomial thinning (1—w)"™ < e™N*;
sparse semiconcavity exponents;
aggregate sparse bound arithmetic




Minimax Wasserstein Estimation in the Supercritical Regime 42

Lean file Key formalized statements Paper reference
HessianBounds Hessian eigenvalue ordering (radial > Theorems 11.4 and 14.1
tangential);
operator norm p(p—1)||z||P~3;
semiconcavity constant

Ly=p(p—1)(3/2)"2/2;
global semiconcavity;
Taylor exponent Bp,=p A 2

SeparationConstants Separation constant ¢,=3"7—16"7>0; Theorems 11.5 and 13.1
separation gap 8—3/2=13/2;
active radius ordering;
shell mass geometric decay;
gradient bounds on shells

AnnularConversion Conversion constant positivity; Theorems 8.1, 10.2 and 10.3
mean-value factor 2P~ /(p - rP~1);
annular cancellation 177 - P~ 1=1;
threshold parameter identity;
concentration threshold positivity;
Jensen and interpolation exponents

The formalization covers 150 theorems and lemmas across twelve files. Notably, the su-
peradditivity inequality |a — bP < |aP — bP| (Theorem 14.4) is proved in full generality
for real-valued powers p > 1, not merely for integer exponents. The rescaling identity
—2/(d —=1)+2/d = —2/(d(d — 1)) and its negativity for d > 1 are verified as a single
chain, confirming that the quadratic-cost reduction works for every p > 2 with d > 2p.
The binomial thinning bound (1 — w)Y < e % and the critical Dudley rate comparison
—2/(d—1)+p/d < 0 < p < 2d/(d—1) are proved as complete equivalences. Three new files for-
malize the Hessian eigenvalue structure and semiconcavity constants (Theorems 11.4 and 14.1),
the separation constant ¢, = 37 — 1677 > 0 underlying the no-go theorem (Theorem 13.1),
and the annular power-to-distance conversion (Theorems 10.2 and 10.3).

Reproducibility. The companion lean-proofs/ directory contains the Lean 4 project with
all dependencies pinned. To reproduce the verification:

$ cd lean-proofs && lake build

All proofs use only the standard axioms (propext, Classical.choice, Quot.sound).
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