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Abstract

Let P,Q € P([0,1]%) be observed through two independent samples of size N, and consider minimax estimation of

Wp (P, Q) in the supercritical regime d > 2p. The empirical plug-in estimator gives the scale N’l/d, while the Niles—Weed—
Rigollet lower-bound mechanism gives the smaller candidate scale

nN = (Nlog N)~1/4,

The manuscript develops critical-grid debiasing, multiscale polynomial transport estimation, transport certificates, and
finite-LP curvature methods for the sharp law. The unrestricted upper bound is reduced, with constants and no loss of scale,
to an adaptive finite Kantorovich linear-program value on a Euclidean grid with < N log N atoms. The target law is proved
on a large family of critical subclasses retaining the same N log N-alphabet difficulty as the lower-bound construction.

The first positive engine is an exact rooted total-variation skeleton principle. It converts the Wasserstein value into
finite weighted sums of large-alphabet L; distances, where the effective N log N gain from functional estimation is available.
This yields exact minimax laws on paired Euclidean grids, finite-band and packed direct sums, dyadic pair-isolation models,
critical laminar hierarchies, hierarchical tree classes, sparse-shortcut graph classes, continuum blob lifts, partition lifts,
full-support paired cores, contiguous split shells, martingale/Haar shells, smooth and real-analytic lower cores, and local
block models.

A new complete multiscale theorem solves the full additive p-cost dyadic tree transport functional for all laws on the leaf
set:

T (PQ) =Y 277|P =@, 2¥ < Nlogh,
i<J

with powered risk 0(2’1"7) and root risk 0(2*"), and proves the matching lower bound. The proof uses polynomial
large-alphabet L; debiasing on every scale. A complementary theorem shows that raw four-sample diagonal centering misses
the logarithmic improvement already on a single tree level with 2% < N. Thus the missing Euclidean proof must contain
genuine polynomial or regularized LP debiasing, not merely diagonal cancellation.

The second positive engine is transport certification. A high-mass tight-graph theorem gives the critical rate whenever an
optimal plan is mostly supported on a low-entropy family of nearly tight graphs. Its continuum form yields arbitrary-source
Monge dictionary results, including translations, affine Brenier maps, finite piecewise cyclically monotone dictionaries, and
smooth uniformly convex Brenier certificate classes. These theorems solve regimes in which the source law may have full
ambient complexity while the transport rule has small description complexity.

The third engine is localized dual compression for the finite Kantorovich LP. Gap-shell, contact-defect, mass-contact,
smooth-phase, and low-dimensional-phase theorems are proved. A diagonal entropy theorem shows that a purely uncentered
localized-contact proof cannot hold on the full Euclidean grid, because at r = s the near-active dual face contains an
exponentially large hfv—separated sign cube. Four-sample centering has exact diagonal cancellation and N—1/2
but the new tree obstruction shows that centering must be coupled to large-alphabet debiasing.

The remaining unrestricted finite theorem is therefore formulated as adaptive polynomialized debiasing of the critical
Euclidean Kantorovich LP. The manuscript proves scale-adaptive powered-to-root reduction, finite von Mises trace identities,
active-face and Richardson criteria, and a theorem showing that any estimator satisfying the adaptive finite-grid powered
risk yields the full unrestricted minimax upper bound. For p = 2,d > 4, the weighted tangent theory is retained: the
bounded-density critical cone is solved at scale nn, the empirical estimator solves the far annulus, and a cross-fitted weighted
H;l spectral estimator closes the intermediate strip for smooth non-flat small Brenier deformations. A counterexample

shows that the unweighted H~1 strip method is false on non-uniform backgrounds.
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1 Problem, scales, and objective
Let d > 1,p > 1, and Py = P([0,1]%). For P,Q € Py,

Tell(P,Q)

1/p
Wi (P, Q) :—< inf /Ilfr—yllé' dﬁ(%!/)) -

We observe - -
X1, ., Xy KPP v, vw KN Q
and estimate the scalar functional W, (P, Q). The absolute and quadratic minimax risks are
M3, =inf sup E[W —W,(P.Q).
W P,QePq

My, , =inf sup E(W — W,o(P,Q))*.

W P,QePq
Throughout the paper
ny = (Nlog N)~V/?.
When p = 2 we also write
Va N—2/d
= 777]\’ .
The known supercritical picture is this. If d > 2p, empirical-Wasserstein theory gives

v = N~ Y%log N)

sup E|W,(Px,Qn) — Wp(P, Q)| Sap N™V°,
P,QePy

where Py, Qn are the empirical measures; see, for example, [3, 13]. Niles-Weed and Rigollet’s spiked construction gives

abs sq 2
MN,d,p zdyp N, MN,d,p Zd,p TN

in the high-dimensional regime [10]. The open minimax question is whether the logarithmic lower scale is sharp for the
unrestricted class.

A natural global convex-function covering route does not provide a proof of the unrestricted theorem. Such a route would
require the convex-body exponent (d — 1)/2, whereas the Bronshtein exponent for uniformly bounded Lipschitz convex
functions on [0,1]% is d/2. Consequently that route yields only the smooth-cost scale N~2/% for cost estimation and cannot
close the unrestricted distance problem. The analysis below uses this obstruction as a guide: global uncentered entropy is

replaced by critical-grid reduction, exact skeletons, transport certificates, localized dual geometry, and centered curvature.
1.1 What is proved here
The paper has seven proved components.

(i) A target-scale continuum problem is reduced exactly to a critical discrete grid with |Gn| =< Nlog N. This is the central
finite obstruction.

(ii) The local diagonal law is sharp at scale ny. Away from the diagonal, smooth-cost plug-in theory gives a target upper
bound once W, (P, Q) is sufficiently large. For p = 2 this threshold is exactly vn.

(iii) A total-variation skeleton theorem solves all exact rooted Li-transport models at scale nn. This preserves the useful
part of the discrete construction without presenting an unsupported global solution.

(iv) Transport-certificate theorems solve a complementary regime in which an optimal plan is certified by a low-complexity
tight graph or Monge dictionary. These include arbitrary-source translation laws, affine and smooth Brenier dictionaries,
finite piecewise cyclically monotone dictionaries, and high-mass near-graph plans.

(v) Finite dual catalogs, active-face margins, and low-dimensional dual manifolds give target-scale estimators whenever the
active Kantorovich face is compressible.



(vi) A localized gap-shell theorem replaces global entropy by near-active entropy. The contact-defect identity shows that
near-active duals are geometrically pinned along optimal plans. The mass-contact net theorem gives a proved target-
scale class beyond exact skeletons. Smooth and low-dimensional semidual phase theorems give another route beyond
Li-exactness.

(vii) For Wa, d > 4, bounded densities have a solved critical cone W2 < nn and a solved far annulus W2 2 yn. The weighted
tangent theorem closes the intermediate strip on smooth non-flat small-deformation classes by replacing the flat H~!
model with the correct weighted metric.

The unrestricted overlapping critical grid remains the decisive object. The reduction in Section 2 gives a precise finite-
dimensional problem whose solution would immediately imply the full minimax law, and Sections 18 to 21 and 23 identify
concrete mechanisms for that finite problem.

2 Critical-grid reduction
Let h € (0,1) be dyadic and let G C [0,1]* denote the grid of dyadic cell centers. Let

Khp : [0,1}0{ — Gh
map each point to the center of its dyadic cell, and write

P" = (k) P, Q" = (kn)#Q.

Lemma 2.1 (Quantization error). For every p > 1 and every P,Q € Py,

v

worry < Y w@.eh < Y

and therefore
h Ak
(Wu(P, Q) — W, (P", Q") < Vdh,
Proof. Couple X ~ P with k,(X). The displacement is at most \/3h/2 pointwise. This proves the first bound; the second is identical.
The final display follows from the triangle inequality for W),. |
Choose hny dyadic with
cann < hy < Cann, |Ghy| = hy® =< Nlog N.

Define the finite-grid minimax risk

M]g\frif?p :=inf sup Eu,vﬁ/\ ~ Walw,v)l;
. V/l\/ w,veEP(GR)

where the samples are now cell labels in Gj,.

Theorem 2.2 (Equivalence with the critical grid). For hn < nn,
M3pa, < ME + Caphy.
Consequently an estimator on the critical grid with risk O(hn) implies the unrestricted continuum upper bound
M3 Sdp -

The same assertion holds for quadratic risk, with h% in place of hy.

Proof. Given continuum samples, replace them by their cell centers. This produces exactly N samples from PN and N samples from
Q"N . Apply an optimal grid estimator Weria to these labels. By Theorem 2.1,

[Weria — Wp(P, Q)| < |Waria — Wy (PPN, Q"N)| + Cyhy.

Taking expectations and then the supremum proves the absolute-risk bound. Squaring the same inequality gives the quadratic-risk
version. O

Thus the complete minimax upper bound is equivalent to the following finite problem.

Problem 2.3 (Critical finite-grid transport). Let Gy be a d-dimensional Euclidean grid with |Gn| =< Nlog N and mesh
hy = (Nlog N)~*/4. Decide whether

grid
MN,hN,p Sd,p hn.

The Niles—Weed—Rigollet lower bound is supported on such critical grids. Hence a positive answer to Problem 2.3 would
close the unrestricted problem; a negative answer would have to improve the known lower bound.

3 Local and annular laws
The following elementary conversion is used repeatedly.

Lemma 3.1 (Cost-to-distance conversion). Let p > 1. Ifx >0, y > r > 0, then
|z —y| < Cpr' TPla” — 4P|

Proof. If x > r/2, the mean-value theorem gives
2P — y?| = pe?~ |z — y|
with € > r/2. If < r/2, then y > r and
y—x Y . rl=p .
yp —ab Ty —(r/2)P T 1 -27P
Combining the two cases proves the claim. O




3.1 Exact local diagonal law
Theorem 3.2 (Local diagonal law). Assume d > 2p. There ezists Ao = Ao(d,p) > 0 such that

inf sup E[W — Wy(P, Q)| <dp 1N,
W Wy (P,Q)<Aony
and -
inf  sup  E(W - W,(P,Q))" =ap 1x-
W W (P,Q)<Aony

Proof. The upper bound is attained by the estimator W = 0. For the lower bound, use the spiked transport construction of Niles-Weed
and Rigollet [10]. Their hard alternatives live on a dyadic grid with 27¢ < Nlog N, and each active displacement has length 277 =< ny.
Thus all hard pairs satisfy Wp(P,Q) < Agnn for a fixed Ag, while Le Cam’s method gives absolute separation of order ny. The
quadratic bound follows from the same two-point or mixture testing argument with squared loss. O

The local theorem explains why no estimator can beat nx uniformly, even arbitrarily close to the diagonal. It also explains
why the empirical plug-in is not locally minimax.

Proposition 3.3 (Plug-in is locally suboptimal). For every fized A > 0,

sup  E(W,(Pxn,Qn) — Wy(P,Q))” Za, N2/
Wy (P,Q)<AnN

Proof. Let z1,...,zN € [0, 1}‘1 be ch_l/d-separated and let

N
1
QO = N 252_7- .
j=1

Take P = Q = Qo. If K, K; are the two independent multinomial count vectors, then

N
1
TV(Qon: Q) = 5 O 1K; = K|
j=1

By symmetry,
1
ETV(Qo,v: Qh n) = 5EIK1 — Ki| > P(K1 = 0,K] = 1)

which is bounded below by a positive constant. Any unmatched mass must move at least cqN~1/%, hence

EW)p(Qo,n, Qo ) Za N~V
Jensen’s inequality gives the squared lower bound. O

3.2 Macroscopic plug-in law
The sharp cost-level empirical theorem of Manole and Niles-Weed implies

sup E|W,(Pn, Qn)” = Wy(P,Q)?| Sap N~/
P,QePy

Set

an,p = N~ @D/,

an 1/(p—1)
P
ryp = | —= .
o ( N )

Theorem 3.4 (Macroscopic plug-in control). Assume p > 1 and d > 2p. Let
A= {(P,Q) : t/2 < W,(P,Q) < 21}.

For p > 1, define

Forp=2,rny2 =7n.

Then
sup  E|W,(Pn,Qn) — Wp(P, Q)| Sap aN,ptlip-
(P,Q)EAL

In particular, for every fized B > 0,

sup E|W,(Pn,Qn) — Wp(P, Q)| <p,dp IN-
Wy(P,Q)>Bry,,

The corresponding quadratic risk is bounded by Cp. 4,05 -

Proof. Let
Z = |Wy(Pn,Qn)P = Wp(P,Q)P|.
On A¢, Theorem 3.1 gives
[Wp(Pn,Qn) = Wp(P,Q)| < Cpt' PZ.
Taking expectations and using the cost-level theorem proves the first assertion. If ¢ > Bry ,, then aN,ptl’P < Bl=Pyy.
For the quadratic statement, changing one observation changes Wy (Px, Qn )P by at most Cy,,/N. Efron-Stein therefore gives variance
O(N—1), which is O(a?\,’p) in the supercritical regime d > 2p. Thus EZ? < a?\]’p, and the same conversion yields the claim. O



4 Annular linearization and the finite critical core
4.1 Critical linearization

For a dyadic level J > 1, let D be the partition of [0, l]d into cubes of side length hy := 277, and let cg be the center of

R € Dj;. For p > 1, define the piecewise-affine linearized cost

lin 07

CJ,P(mvy) =

for x € R, y € S, and the associated transport value

T(P.Q) = inf / 1 (2 ) dr(a. ).

well(P,Q)

Lemma 4.1 (Sup-norm Lipschitz property). For bounded measurable costs g, h on [0,1]% x [0,1]%,

/gdw < /hdw+ lg = Al oo

Taking infima over 7 and interchanging g, h gives the result.

Proof. For any coupling ,

Proposition 4.2 (Critical linearization). Let p > 1 and set 8, := p A 2. Then for every dyadic level J,

sup  |W,(P,Q)” = TS3(P, Q)| Sap b}
P,QePy

Proof. Fix cells R # S and write zg := cg — cg and
A:=(x—cr)—(y—cs), TER, yes.
Then [|A|l2 < 2vdhy. For hp(2) := ||z||5 we have
hp(ZO —+ A) = hp(ZO) + Vhp(ZO) CA+R.
If 1 < p <2, then Vhy(z) = p||z|\72)72z is (p — 1)-Holder, hence

‘R| < CPHA”g Sd,p h?'

If p > 2, the Hessian satisfies
-2
V2hp(2)llop < p(p = Dl2lI57 < Cap

on [0,1]¢ — [0,1]%, so Taylor’s theorem gives
|R| sd,p h?].

Same-cell pairs contribute at most Cgzh?, which is also O(h?”). Thus
li B
[z = yll§ — i@ Wlloo Sa,p by
Applying Theorem 4.1 proves the claim.

4.2 Annular reduction
Let ¢ € [nn, 1] and choose J(¢) so that

RP < pnt?™t, Ry =277,
Write " i
Tt,lzrvl = TJl(r:f),p'

Corollary 4.3 (Annular linearization). For every p > 1 and every t € [nn, 1],

sup  |[W,(P, Q)" — T{5(P, Q)| Sap nnt" ™.
P,QePy

Proof. Apply Theorem 4.2 with hy = ht.

ler — esllh + plicr — esll5*(cr — ¢s) - [(w — cr) — (y —cs)], R#S,

O

Theorem 4.4 (Fixed-annulus completion criterion). Assume p > 1, d > 2p, and let t € [nn,1]. Suppose an estimator Ty,

satisfies . )
sup  E|Tip — Tip (P, Q)| < Cunwt™™!
(P,Q)EA:
and 2 lin 2 2 ,2p—2
sup  E(Tip—Tip(P,Q))" < Cont™ 2.
(P,Q)EA:

Then the distance estimator Wy, := (Ttyp)i/p satisfies

sup E|Wt,p - Wp(P,Q)| Sap,c IN
(P,Q)EA:

and

sup E(Wt»p - Wy(P, Q))2 Sd.p,C1,C2 7712V~
(P,Q)EA:



Proof. On Ay, we have Wy, (P, Q) > t/2. Therefore Theorem 3.1 with r = ¢/2 and Theorem 4.3 give
Wep = Wo(P, Q)| Sap ' 77 (1Tt — TiH (P, Q)|+ nntP ™).

Taking expectations yields the absolute bound.
The same inequality squared and Jensen’s inequality give

E(We,p — Wp(P,Q))? Sap 7% (E(Thp — Tip (P, Q)2 + it ™2),
which is O(n%;) under the assumptions. O

4.3 Critical-grid reduction
For a dyadic mesh h = 277 let Dy, be the partition of [0, l]d into dyadic cubes of side length h, and let GGj, be the set of cube
centers. Define the quantizer g : [0, 1]d — G, by sending each point to the center of the cube that contains it. For P € Py
write
PM .= (gn)#P € P(Gh).
Let N -
MpowE i=inf  sup IE’W — Wy (u, 1/)’
W v EP(Gp)
and similarly
sq,grid . =5 2
Mn?"%,hm :=inf  sup IE(W — Whp(u, 1/)) .
W pm,v€P(Gp)

Theorem 4.5 (Critical-grid reduction). Let p > 1, d > 1, and let h =277, Then

MR < M,y < MIES 4 Vi (@)
Moreover,
MBS < MRS < 2MEVERS 4 2d b, (4.2)
Proof. The lower bounds are immediate because P(G}) C Py.
For the upper bounds, note first that every = € [0,1]% satisfies
Vd

lz — gn(x)l2 < 7}%

Hence coupling P with P(") by the map z — ¢y, (z) gives

Vd Vd
Wy (P.PM) < <2k Wy (QQW) < <h.
By the triangle inequality,
(W (P,Q) = Wp(P™,QM)| < Vidh. (4.3)

Now fix an arbitrary estimator ﬁ/h for the grid model. Given samples X1,..., X, ~ P and Y1,...,Ym ~ @, quantize them and apply
the grid estimator to gx(X1),...,qn(Xn) and qp(Y1),...,qn(Ym). These quantized observations are i.i.d. from P™) and QM| so
E[W), = Wp(PM, QM) < sup  E|W), — Wy(u,v))-
n,vEP(Gp)
Combining with (4.3),
E[W, - W,(P,Q)| < sup  E|Wy — Wy(u,v)| + Vanh.
u,v€P(Gp)
Taking the supremum over P, @ and then the infimum over Wh proves (4.1).
For squared loss,
(Wh — Wy (P.Q))? < 20 — Wp(PUD,QUI))2 4 2(W, (P, Q1)) — Wi (P, Q)
and the second term is bounded by 2dh? by (4.3). Taking expectations, suprema, and infima yields (4.2). |

Corollary 4.6 (Critical-scale grid equivalence). Assume d > 2p and choose a dyadic mesh hy = 27N such that hy < 1n.
Then )
M':zsn,d’p = N Mabs,grld = hN7

n,m,hN,p

and similarly )
ML =IN == MEEE < hY.
In particular, the unrestricted supercritical problem is equivalent, up to the target scale, to a finite-support OT estimation
problem on a grid with
|Gyl = hy* =< Nlog N

support points.
Proof. Apply Theorem 4.5 with h = hy and use hy X nn. O

4.4 One-sided known-support reduction
The two-sided grid reduction can be sharpened further. Only one marginal needs to be quantized.
Define the one-sided known-support risks

MR =inf  sup  E[W - W,(P,R)|
B W PEPy, REP(Gy)

and
sq,ks
n,m,h,p

:= inf sup ]E(ﬁ/\ — Wy (P, R))Z.
W PePy, REP(GR)



Theorem 4.7 (One-sided known-support reduction). Let p > 1, d > 1, and let h = 277, Then

Mabs,ks < Mabs < Mabs,ks + gh

n,m,h,p — *n,m,dp = Mnmhp
Moreover,
M3 S Mo gy € 2V, 5 1
Proof. The lower bounds are immediate because the one-sided class
{(P,R): P € Py, RecP(Gp)}
is a subclass of the unrestricted class 73'3.
For the upper bounds, fix P,@ € Py and quantize only the second marginal:
QM = (an)#Q € P(Gn)-
As above,
Wp(Q, Q™) < gh-
Therefore
[Wo(P,Q) = Wy(P,Q™)| < @h (4.4)
by the triangle inequality. R
Now fix an arbitrary estimator WXs for the one-sided known-support model. Given samples X1,..., X, ~ P and Y1,...,Y, ~ Q,

quantize only the second sample and apply the estimator to
Xi,..05 X, (Y1), qn(Ym).

These observations are distributed exactly as a sample from (P, Q“”) in the one-sided model, so

E[WE - Wo(P.QM)| < sup  E[WE — Wy(u,w)].
HEPg, vVEP(GY)
Combining with (4.4),
ks (17ks \/g
]E|Wh _WP(P7Q)| < sup E|Wh _Wp(ll«,l/)|+7h.
HEPy, vEP(G}) 2

Taking the supremum over P, @ and the infimum over I//I\/}IL‘S proves the absolute-loss statement.
For squared loss,

(W — Wy (P,Q))? < 2(WE — Wp(P,QM))? +2(W,(P,.Q™) — W,(P,Q))”,
and the second term is bounded by 2(v/d h/2)? = dh?/2 by (4.4). Again taking expectations, suprema, and infima yields the result. [J

Corollary 4.8 (Critical-scale known-support equivalence). Assume d > 2p and choose a dyadic mesh hy = 27IN such that
hn <nn. Then

ME% g =<y = MR by
and similarly
Mrsz?m,d,p = 7712\’ AR :L?;::qhzvyp = h?\"
Proof. Apply Theorem 4.7 with h = hy and use hy X nn. O

Proposition 4.9 (Critical known-support hardness). Assume d > 2p and n = N. Choose a dyadic mesh hn = 27N with
hn <X nn, and let Uy, denote the uniform distribution on Gry. Then there exist constants A, c. > 0, depending only on
(d,p), such that

inf sup IE|/VI7 — Wy(P, UhN)| > C4MN.-
w P: Wp(PthN)SA*"N
Consequently,
. = 2
inf sup IE(W — W, (P, UhN)) Zdp nar.
W P: Wy(PUp )< Awnn
Proof. Let

SN = |Ghyl
Since hyy =< (N log N)=1/4 we have
Sn =< hjy* =< NlogN.
Choose a bijection
F [SN] — GhN’
and let u denote the uniform distribution on [Sy], so that

Fyu=Up,-.

Because G, C [0, 1] has diameter Og(1) and pairwise separation =g hy < Sx,l/d, Proposition 9 of Niles-Weed—Rigollet [10] applies
to this metric set. Combined with Proposition 10 and the proof of their Theorem 11, it yields a family of distributions ¢ on [Sy] with
the following properties:

(i) the induced alternatives

Pq = F#q
satisfy
WP(PQ7 UhN) S A*hN

for some constant A, = A«(d,p);
(ii) for every estimator W based on N samples from the unknown law,

Sup E|W — Wy (Py, Uy )| > coh
q



for some constant ¢« = c«(d,p) > 0.
The only point to note is that the Niles-Weed—Rigollet argument averages over the random bijection F' from Proposition 9; therefore
some deterministic realization of F' must satisfy the same lower bound up to absolute constants, and we fix such an F' once and for all.
Since hy < ny, the family {P,} lies inside
{P: Wp(P,Upy) < Aunn},

and hence R

inf sup ]E|W7WP(P,U;LN)| > CxMN-

W P: Wp(P,Up  )SAsxnN

This proves the absolute-risk statement.
The squared-risk bound follows from Jensen’s inequality: for every estimator and every P,

~ 2 E 2
E(W = Wy(P,Uny))" > (]E|W_Wp(PaUhN)’) :

5 Large-alphabet skeletons and exact Euclidean critical classes

5.1 A general exact TV-skeleton principle

Many of the exact positive classes below share a common hidden mechanism: after a suitable geometric reduction, the
transport cost becomes an exact weighted sum of finitely many discrete total-variation distances. The next theorem isolates
this mechanism once and for all. It is the common abstract engine behind the paired, multiband, laminar, tree, and
semi-discrete models developed later in the paper.

Theorem 5.1 (Exact TV-skeleton principle). Fiz a € (0,1) and Co > 1. Let C C P([0,1]%)?, and assume that for each
N =n Am the following data are given: an integer Ly > 1; for each 1 < ¢ < Ly, an alphabet size My n > 2, measurable
maps
TN, 00N : [0, 1]d — {1, ceey ]\Jg’N}7
and a weight g,y > 0. Assume that
MLNSC()NlogN (1§€§LN),

and that for every (P,Q) € C,

LN
Tn(P,Q) =Y e TV((me,n) 4P, (00,3)4Q).-
=1
Define
M,
7N15‘NN’ My n > N, Ly
E¢,N = i g AN = Z)\Z’NEZ’N'
<X Moy <N° =

Then there exists an estimator ’fN such that

sup E|fN — Tn (P, Q)| < Ca,cy AN,
(P.Q)eC

and
= 2
sup E(Tn —Tn(P,Q))" < Ca,cp AR
(P,Q)eC
Proof. Fix £. Discarding surplus observations if necessary, we may work with the first N = n A m samples from each side. For
Xi1,...,XNy ~PandYi,...,YN ~ Q, the pushed samples
me,N(X1)s -, TN (XN), oo n(Y1), ... 00N (YN)
are i.i.d. from the discrete laws
Ren(P) = (me,n)p P, Sen(Q) := (00,n)2Q

on the known alphabet {1,..., M, n}.
If My, > N, then

log N < a” ! log My N,

while by assumption
My n < CoNlogN.

Hence the large-alphabet regime of Jiao-Han—Weissman [5, Theorem 5] applies to the two-sample Li-distance problem on this known
alphabet (after the standard Poissonization/de-Poissonization transfer recorded there), and yields an estimator L, y satisfying

My, n

. 2
sup E(Le,N — [|[Re,n (P) — Se,N(Q)Hl) < Ca,cq NlogN~

(P,Q)eC
If My v < N%, we use the empirical plug-in estimator
Temp . emp emp
Le,N = HRE,N _SLN H1’

where RZ“]’\}j and SEI;QP are the empirical laws of the pushed samples. Since

~

Ly = IRe,n(P) = Se,n (@)l

< RS — Ren (P)ly + 1S5 — Sen (@)1,

we obtain

~ 2
B (203 — 1R (P) = Sen(Q)ll) < 2BIREN — Reo (PR + 2SR - Sen(Q)IE.



For any empirical law 7 on an alphabet of size M based on N samples from r,

M
7=l < MY @ =T,
=1

hence
M M M
EfF v} < & Zri(l DRSS
i=1
Therefore

-~ 2 My N
sup B(L0 R (P) -~ Sen@)) <422
(P,Q)eC ’ N

Combining the two regimes, there exists an estimator 1’\2 ~ such that

e 2
sup B(Zi — IRex (P) = 5ex(@lh ) < Cacy el n
(P,Q)ecC

Clip to the natural range by
Len =0V L;yA2

Clipping cannot increase squared error. Set

= Len
Deni=—=  Den(PQ) = TV(Re,n (P), Se,n(Q)) € [0,1].
Then R )
sup  E(Dy,n — D, (P,Q))” < Cayp 57y
(P,Q)ec
Define
Ly
TN = ZAZ’N DZ,N-
=1
Since
Ly
TN(P,Q) =) Aen Den(PQ),
=1

Minkowski’s inequality in L? yields

N o\ 1/2 Ly . o\ 1/2
(E(TN —Tn(P,Q)) ) < Z)\Z,N (E(De,N — De,n(P,Q)) ) < Ca,co AN-
=1

This proves the squared-risk bound. The absolute-risk bound follows from Cauchy—Schwarz. O

Corollary 5.2 (Rooted exact TV-skeleton principle). Fizp > 1, a € (0,1), and constants B,Cy > 1. Assume that, in the
setting of Theorem 5.1, there exists a scale hy € (0,1] such that

Wp(PaQ)p:h%TN(PaQ% OSTN(PaQ)SB V(PaQ)GC
Then there exists an estimator WN such that

sup E|[Wx — Wp(P,Q)| < Ca.co.5.0 hw AN,
(P,Q)eC

and
— 5
sup E(Wy = Wo(P.@)” < Cocon by AL,
(P,Q)eC

Proof. Let f’N be the estimator from Theorem 5.1, and clip once more by
fj\] =0V ’f‘N N B.

Clipping cannot increase squared error because Tn (P, Q) € [0, B]. Define
I;I\/N = hyn flé/p.

Since z — 2!/ is 1/p-Hélder on [0, o),
IT3/" = Tn(P,Q)YP| < [T — Tn (P, Q)7

Therefore
2p)

~ ~ ~ 1/(
E|Wx — Wp(P,Q)| < hn E[Ty — Tn (P, Q)['/? < hy (IE|TN ~Tn(P, Q)P) Shy AYP.

If p > 2, then 2/p < 1, so

~ 2 ~ ~ 1/p
E(Wy — Wp(P,Q))” < b E|Ty — Tn (P, Q)|*/? < by (E\TN — TN (P, Q)\2> < h3 AYP.

If 1 <p<2, write
ui=—, vi=
B B
so that u,v € [0, 1]. Because 2/p > 1 and |u —v| < 1,

/P = oMPP? < fu— o?/P < u— .

10



Hence
ITo/? = T (P, Q)Y = B2/Pjul/? — o1/7|2 < B/P =Ty — Ty (P, Q).

Therefore R ) ~
E(Wxn — Wp(P,Q))” < h3B¥P7 E[Ty — Tn(P,Q)| S b An.
Combining the two cases gives the claim. O

Corollary 5.3 (Annular rooted exact TV-skeleton principle). Fiz p > 1, o € (0,1), and constants 0 < 7— < B, Co > 1. In
the setting of Theorem 5.2, assume moreover that

- <Tn(P,Q)<B v (P,Q) eC.
Then there exists an estimator Wf{,““ such that

sup E[WA™ — W,(P,Q)| < Cacor_.bphn Ax,
(P,Q)ecC

and
sup E(WR™ = W,(P,Q))” < Carcor .5 e Ak
(P,Q)ecC
Proof. Let fN be the estimator from Theorem 5.1, and clip it to the interval
T = % v Tx A B.
Because Tx (P, Q) € [t—, B], this clipping cannot increase either the absolute or the squared loss. Define
171\/]3\”;‘" = hyn i—?}\l{/p.

On the interval [7_ /2, B] the map « — z!/? is Lipschitz with constant

1, p=1,
Lr_p:=<41/7_\1pr-1
= (—) , p>1.
p\ 2
Hence ~ _
Ty/? = Tn (P, Q)Y/?| < Ly p | Tn — T (P, Q).
Therefore

E[W3™ = Wy (P,Q)| < hLr_ pEITy — Tn(P,Q)| S+ p hv A,
and likewise R ) .
E(WA™ - Wp(P,Q))” < hJ L2, E(Tn — Tn(P,Q))* Sr_p by A%

The conclusion follows from Theorem 5.1. O

Corollary 5.4 (Critical exact-skeleton envelope). Fizp > 1, a € (0,1), and constants B, Cy, co,C1 > 0. Let Cxy C P([0, l]d)2
be a sequence of classes with scales hn | 0. Assume that for every N the class Cn satisfies the hypotheses of Theorem 5.2, that

Ay < Cy,
and that there exists a distinguished level £,(N) such that
My, (ny,n <X NlogN, Ae, ()~ =< L.
Assume moreover that Cn contains an embedded one-level subclass Cx on which all levels except £.(N) are frozen and
Tn(P,Q) = A, (ny,~n TV(r,s)
after identifying the distinguished level with an arbitrary pair (r,s) of distributions on the alphabet

{1, .. .,Mg*(N)’N}.

Then -
inf sup E‘W—WP(P,Q)’ = hn,
w (P,Q)eCN
and - )
inf sup IE(W — Wy(P, Q)) = h3.
w (P,Q)eCN
Proof. The upper bounds follow immediately from Theorem 5.2.

For the lower bounds, restrict to the subclass C;. By the minimax lower bound of Jiao-Han—Weissman [5, Theorem 3 and Theorem 5]
for two-sample Li-distance estimation on an alpﬁ]abet of size < Nlog N,

inf sup  E(T-Tw(P,Q)° 2 1.
T (P.Q)ecy

Since 0 < Tn (P, Q) < B on C};, clipping any estimator to [0, B] cannot increase squared loss, and then
~ 2 ~
T -Tn(P,Q)|" < B|T-Tn(P,Q)|.

Hence

inf  sup ]E|7/:—TN(P7Q)| zs L
T (P,Q)eCy,

11



Now let W be an arbitrary estimator of Wy, (P, Q) on C},,

and clip it to the range
0<W < hyBY?,

which again cannot increase squared error. Define the induced estimator of Ty by

~ 0 P
T (K) .
hn

Because x — 2P is Lipschitz on [0, B'/P] with constant pB®~1)/?,

u/:*TN(P Q)| <pB(p—1)/p |W7 WP(PvQ)‘
k) — hN

Taking expectations and the supremum over C}; therefore gives

sup  E|W = W,(P,Q)| 25, hn-
(P.Q)eCy,

This proves the absolute-risk lower bound. The squared-risk lower bound follows from Jensen’s inequality. O

Remark 5.5 (Scope of the skeleton principle). The geometric burden in the explicit models below is to prove an exact identity
of the form required by Theorem 5.1 and then to verify the critical envelope Ax < 1. Once this is done, the target-scale
upper law is automatic. The paired class, finite-band class, packed direct sums, dyadic pair-isolation class, nested and critical
laminar hierarchies, hierarchical trees, and the semi-discrete support-box model all fit into this scheme. What differs from
model to model is only the geometry of the exact reduction, not the statistics of the reduced functional.

5.2 Exact one-level classes beyond the critical point

The critical envelope from Theorem 5.4 is only the first consequence of the exact reduction. On one-level exact classes the
reduced functional is itself a large-alphabet discrete TV problem, and this makes it possible to solve the whole noncritical
large-alphabet scale exactly for the powered functional W}. For W, itself one still pays for the singular root at the origin,

but away from zero the map t — ¢/? is bi-Lipschitz and the same linear large-alphabet law reappears.
Lemma 5.6 (Large-alphabet lower bound for discrete TV). Fiz o € (0,1) and Co > 1, and write [M] := {1,...,M}.

Whenever
N® <M < CoNlogN,

one has
inf  sup E‘ﬁ —TV(r, 8)’ Za,Co L7
D rseP (M) V Nlog N
and M
~ 2
inf  sup E(D-—TV(r,s)) Za.co —,
D rseP([M]) ( ( )) ’ Nlog N

where D ranges over all estimators based on N samples from r and N samples from s.

Proof. Let ups be the uniform law on [M]. Since the full two-sample problem contains the known-baseline subclass
{(r,unr) = v € P([M])},
it suffices to prove the lower bounds there.
The regime assumptions imply
alog N <log M <log N + log(Cplog N),
hence

log M <q,c, log N and N Za.co m.

Therefore the large-alphabet regime in Jiao-Han-Weissman [5, Theorem 4] applies to estimation of ||r — uaz||1 from N samples of r, and
yields

~ 2 M
inf sup E(L—|r—umli) Ra,co =———=-
7 reP([M)) ( )" Zaco Nlog N

Since TV (r,upr) = %Hr — upz||1, this gives the displayed squared lower bound.
For the absolute lower bound we use the known-Q lower-bound construction in the proof of [5, Theorem 4], again with @ = ups. That
argument constructs two priors po, u1 on P([M]) and a quantity

3 M
X ZaCo\[ Nlog N

D(r) :=TV(r,unr),

with the following properties. Writing

one has
Dy — Do =

Moreover, after conditioning p; onto events on which
|D(r) - Di| < %,
the corresponding mixture laws Fp, F'; of the N-sample experiment satisfy
TV (Fo, F1) = o(1).
Let

X
= Do+ =
¢ 0 4

and consider the threshold test

P = 1{B>C}'

12



Under the conditioned prior Fy the parameter satisfies D(r) < ¢ — x/8, hence

|D - D] > S w.

Under F} one has D(r) > ¢ + x/8, hence
I~ X
|D-D(r)| > -

Averaging over the two conditioned priors gives

sup E[D - D) 2 X (Row =1+ AW=0),
reP([M])

By the standard testing inequality,
igf(Fo(w =1)+Fi(¢ =0)) > 1-TV(Fp, ).

~ M
sup  E|D — D(7)| 2a,co X Xa,C, _
reP(IM]) | | R X =aco Nlog N

This proves the absolute lower bound on the known-baseline subclass and therefore on the full two-sample problem. O

Therefore, for all sufficiently large N,

Lemma 5.7 (Large-alphabet annular lower bound for discrete TV). Fiz « € (0,1), Co > 1, and numbers 0 < 7— < 74 < 1.
Whenever
N <M < CoNlogN,

one has
inf sup ]E|l3 — TV (r, s)| Z0,Co,— i A/ L,
B r,s€P([M]) NIOgN
T_<TV(r,s)<74
and

> M
~a,Co,T—,T .
D rseP([M) 0 * Nlog N
T_<TV(r,s)<t4

inf sup E(ﬁ — TV (r, s))2

Proof. Write

T_ + Ty [T =T 1—T+}
=— 0 := _, > 0.
0 5 mm{ 1 3

Then

[r0,70 + 0] C [r—, 7]
and o

= € (0,1).
a=-—¢€(01)

Choose two probability vectors

(1+a l—a,) (l—a 1+a)
pi= ) ) o= ;
2 2 2 2

on the two-point alphabet {0, 1}, so that TV(p, o) = a.
Let M’ := M — 2. For all sufficiently large N, one has M’ < M, M' > %Na, and M’ < CoN log N. Fix arbitrary

rs € P(IM']) =P{L,...,M'}),
and define lifted laws on the disjoint union
{0, 1} U [M] = [M]
by
7F:=(1-0)p®0or, 5:=(1—0)o @ 0s.
Because the background and hard parts live on disjoint supports,
TV(7,5) =(1—-0)TV(p,0)+0TV(r,s) =70+ 0TV(r,s) € [To,70 + 0] C [T—,7+].

Given N i.i.d. samples from (r, s), one can generate N i.i.d. samples from (7, 5) by independent Bernoulli thinning: with probability
1 — 6 one draws from the fixed background laws (p, o), and with probability 6 one uses the next raw sample from (r,s). Hence any
estimator A for the annular problem on the M-point alphabet yields an estimator

5.7 (A\VT())/\(TQ-FG)—TU
o 0

of TV(r, s) on the M’-point alphabet. Since TV(7,3) = 79 + 6 TV(r, s) and clipping can only reduce the distance to this interval,

|D—TV(r,5)] <671 |A-TV(7,3)|

Therefore

sup E‘b\—TV(r, s)’ <ot sup E‘A\—TV(M, 1/)’
r,s€P([M']) w,vEP([M])
T_<TV(uv)<ry

Taking the infimum over A and applying Theorem 5.6 on the M’-point alphabet gives

~ M’ M
inf sup E|A—-TV(u,v)| 2a,c0,7_, = .
2 wrep(M) | |Zocorm A Niogw = Niogw
T <TV(p, V)<
The squared lower bound follows from Jensen’s inequality. O
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Proposition 5.8 (Exact large-alphabet laws for one-level exact classes). Fiz p > 1, o € (0,1), Co > 1, constants
0 <co <ecp <00, and numbers 0 < 7— < 74 < 1. For each N, let hy € (0,1], let My > 2, let AN € [c—,c+], and let
En CP([0,1]9)2. Assume that

Na S MN S CoNlOgN,

and that there exist measurable maps
TN,ON : [0, 1]d — [MN]

such that
Wy(P, Q) = WA AN TV((7n)4P, (on)#Q)  V(P,Q) € En,

and, conversely, for every pair

r,s € P([Mn])
there exists (Prs,Qr,s) € En with
(mn)#Prs =, (oN)#Qr,s = s
Then
inf  sup IE|I7 — Wy(P, Q)p‘ =p,a,Core_ e PR /Nlﬂ’
U (PQEEN og N
and R o s M
l%f (P’ZL)IESN E(U = Wu(P,Q)")” =p.a,Core_cy Dt Nlog V-
If
£30(7_, 7)) = {(P,Q) € En 7o < TV((mn) 4P, (o) 4Q) < T+},
then also
inf sup E[W — Wy (P, Q)| Zp.0.Coiccrrrrs hivy /Nlﬂ,
W (P.Q)EE™ (r_ ) og N
and N , . M
lél/x\/f (P,Q)EES’;‘};‘E(T,,TQE(W ~Wel5 Q)) Fpeose—esrory IN NlogN’
Proof. Set

’T]\](P7 Q) = >\N TV((WN)#P, (G'N)#Q)

Mn
Any =2 ,
NN\ Nlog N
Theorem 5.1 yields an estimator fN with
~ My
sup  E|Tn —Tn(P, Q)| Sa,co, —_—,
(P.Q)eEN ‘ ‘ @04\ Nlog N

Since Ly = 1 and

and M
~ 2 N
sup  E(Tn —TN(P,Q)) Sa,Coreqy o
(P.OYEEN ( ) @0t Nlog N
Therefore ~ ~
Uy = h";\,TN
satisfies
sup ]E|/U\N7WP(P7Q)p| <h€\7“ ﬁv
(pr)egN NlogN
and M
= 2 2 N
sup E(Unx —Wp(P,Q)P)” S kP .
(PQ)eeN ( ) shi Nlog N

On the annular subclass one has
ANTf S TN(P) Q) S A1\77—‘%7

so Theorem 5.3 gives an estimator Wi with

0 M
sup E|W]a\hjnn*Wp(P,Q)‘ < hy 7]\77
(P,Q)eERP™ (T, 74) Nlog N

and o
N ) .

swp (TR - Wo(P.Q)° < 3 .

(P,Q)EE (+_,74) (W P ) N'Nlog N

For the lower bound for Wlf, let ﬁ be any estimator on £x. Restrict to the realized subclass

{(P"‘737 Qr,s) TS S P([MN})}v
and define .
~ U
" OhRAN

Then
’ﬁ—TV(T,s)| = pl
RyAN

‘ﬁ - Wp(Pr,st'r,s)p|-
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Taking expectations and suprema over r, s and invoking Theorem 5.6 yields

~ My
sup  E|U = Wp(P,Q)P| Zp,a,Co.c_cq IR \/7
(P,Q)EEN | | Pt NN Nlog N

The squared lower bound follows from Jensen’s inequality.
For the annular lower bound, define

gn(t) == hyOANOYP,  te [t 7]

Since Ay € [c—,cy4] and t € [T—, 4], both gn and g&l are Lipschitz on the relevant intervals, with
95" () = 95" () < Cpre_ ey rmy By fu =],

Let W be any estimator on E3" (7,74 ), clip it to the range

AnOANT)YP <W < hy(AnTi) P,
and define R -

pann . _ QXII(W)
Restricting again to the realized annular subclass
{(P”‘yS’QTvS) 17— < TV(T, 8) < T—‘r} - g?vnn(T—rT-F)’

one obtains ~ 11
‘Darm =TV (r, 5)’ < Cp,67,6+,7'777'+ h;\r |W — Wyp(Pr,s, Qr,s)

~ My
sup E|W — Wp(P,Q)| Zp,a,Coe—reqrrry BN{ oo
(PRIEEF™ (- my) | R \ Nlog N

The squared lower bound again follows from Jensen’s inequality. O

Applying Theorem 5.7 gives

Remark 5.9 (The remaining noncritical issue on one-level exact classes). Theorem 5.8 solves the large-alphabet statistical
problem completely for the powered functional W} on every one-level exact model, and also for W), itself on every fixed
annulus away from zero. Thus, on such exact classes, the only remaining noncritical loss for W), is the singular behavior of
the map t — tY? at t = 0. In particular, when p = 1 the annular restriction disappears and the full minimax law is

By ] MV
"\ NlogN*
5.3 A paired-grid support

Lemma 5.10 (Separated paired-grid support). There exists a constant cq > 0 such that for every h € (0,1/12] one can find
Mh 2 th_d
pairs of points
(@i bi)1<i<ar, C[0,1]°

with the following properties:
() |la: — bi|l2 = h for every i;
(ii) for every i # j and every u € {a;,b;}, v € {a;,b;} one has ||u — v||2 > 5h.

Proof. Let
1
Ly :=|—|.
" {6hJ

For each multi-index k = (k1,...,kq) € {0,..., Ly — 1}¢, define
ap = 6hk, by := ap, + hey.

Because 6hLj, < 1, all these points lie in [0,1]¢. Moreover |lag — bg||2 = h.

If k # £, then in some coordinate r we have |k, — £,.| > 1. If 7 # 1, then every point in the k-pair differs from every point in the ¢-pair
by at least 6h in the r-th coordinate, hence their Euclidean distance is at least 6h. If » = 1, then the first coordinates belong to the sets
{6hk,6hk + h} and {6h¢,6h¢ + h}; the minimal possible distance between these two sets is 5h. Thus every inter-pair distance is at least

5h. Finally My = LZ > cqh~% for a constant ¢g > 0 depending only on d. O

Fix such a support once and for all and write
Sh = {ai7bi 1 S 7 S Mh}.

Definition 5.11 (Paired-grid class). Let Csair denote the class of all pairs (P, Q) € P(Sy)? for which there exist numbers

My,
>0, Y mi=1,
i=1
and imbalances oy, 8; € [—7;,7;] such that
T + oy Ty — oy
P(ai):z2lv P(bi):1217
Q=" ey =" asis<m.

Equivalently, the two measures have the same total mass on each pair {a;,b;}, but may have different within-pair splits.
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5.4 Exact reduction to a discrete L; functional
Proposition 5.12 (Exact pairwise transport identity). Let (P, Q) € CP*", and write

Al-::ai—ﬁi (1§’L§Mh)
Then

My,
Wo(P.QY =03 Al =0 TV(P,Q). (1)

i=1
In particular, on Cgair the transport cost is exactly a scaled discrete Ly functional.

Proof. For each pair 4, the source and target have the same total mass r; on {a;,b;}. Hence the only discrepancy inside that pair is the
signed imbalance
A A
P(a;) — Q(a;) = - P(b;) — Q(b;) =5
If A; > 0, transport the mass A;/2 from a; to b;; if A; < 0, transport |A;]/2 from b; to a;. Doing this independently for all pairs
produces a coupling between P and @ with total cost

2l
Yot =N Al
=1 =1

This proves the upper bound.

For the matching lower bound, fix any coupling 7 between P and Q. If A; > 0, then the point b; has target deficit A;/2, so under =
at least A;/2 mass must arrive at b; from points other than b; itself. Every such source point is at Euclidean distance at least h from b;:
the paired point a; is at distance exactly h, while every point from a different pair is at distance at least 5h by Theorem 5.10. Thus the
contribution of the mass entering b; to the transport cost is at least h?A;/2. The same argument with a; and b; interchanged applies
when A; < 0. Summing over ¢ yields

My,

hP
/Hz —yldn(z,y) > Y 1AL
i=1
Taking the infimum over 7 proves the first equality in (5.1).
For the second equality, note that
My, M,

1 1
TV(RQ) = 3 3 (IP@) - Q] + 1P = QI ) = 3 3 1AM,
i=1 i=1
Substituting into the first equality proves (5.1). |
5.5 Sharp estimation on the critical paired class

Theorem 5.13 (Paired-grid estimator via large-alphabet L1 theory). Let p > 1, let h € (0,1/12], and let C?*" be as above.

Assume that
M,

log My,

N:=nAm2>c and log N < C'log My,

for fized constants ¢,C' > 0. Then there ezists an estimator W,fm, based on the two samples from (P,Q) and the known
support Sp, such that

sup E|/W75air - Wp(P, Q)| < Capec h(

M,, ) 1/(2p)
(PyQ)GC;;air

Nlog N

and

sup E(Wiair - WP(Pv Q))2 < Cap,ec hQ(

My, ) 1/(pv2)
(PvQ) ECEE“T

Nlog N
Consequently, if h = hy is chosen so that My, < Nlog N, then

sup  E|[WP — Wy (P, Q)| Sap b,
(P@ec™r

and o )
sup  E(WPS —W,(P,Q))" Sap by
(P,Q)ecgjv‘r

Proof. By Theorem 5.12,
P— 1/p .
W, (P,Q) = h TV(P,Q)Y/? = h(”%“) for every (P, Q) € CP,

The support Sy, has size Sy, := 2M},. Since the support is known, we may identify P and @) with probability vectors on a known alphabet
of size S}, and invoke the large-alphabet Li-distance estimator of Jiao-Han—Weissman [5, Theorem 6]. That theorem is stated in the
Poisson model, and the standard Poissonization equivalence recorded in [5] transfers the same bound to fixed sample sizes up to absolute

constants. Under the stated regime assumptions, there exists an estimator /L\h such that
Mp,
Nlog N’

~ 2 Sh
sup  B(Ly —[IP=Qlh)" < Cec 5 < Clo
(P,@)ecPair og

Clip Eh to the natural parameter range by setting
Lp =0V Ly A2
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Because |P — Q|1 € [0, 2], this clipping cannot increase squared error. Define

A~ : L 1/ —
W) veg = P28 Cavp g e

Then
ﬁ/}:air = h‘?hl/pv Wy (P,Q) = hV(P,Q)/?,
where V), := Zh/2 € [0,1].
Since z — 21/? is 1/p-Holder on [0, c0),
V7 = VP < [V = VP

Therefore

I o PN M, \1/0CD)
E[WE™ = Wy(P.Q)| < hEIT: — VI'/» < h (BT~ V) Sh(m) .

For the squared risk,
(WP — W, (P.Q)|” < WUy — V7.
If p > 2, then 2/p < 1, so by Jensen’s inequality
~ ~ 1/p M 1/p
BV - VP < (B0 - V) s (e )
Nlog N

If1 < p < 2, then 2/p > 1, but |§h — V] £ 1 because both ‘/}h and V are nonnegative and bounded by 1 after clipping. Hence
[V, — V|2/P < |V}, — V|, and therefore

~ ~ ~ 1/2 M, 1/2
BV, - VP <EV - vi< (B -VE) 5 (Sey)
og

Combining the two cases gives
My, 1/(pv2)
NlogN) ’
Finally, when Mp,,, < Nlog N, the displayed bounds reduce to O(hy) and O(h%)). O

B(WE - W) £ 12

Corollary 5.14 (Large-alphabet exact laws for the paired class). Fizp > 1, a € (0,1), Co > 1, and numbers 0 < 7— < 74 < 1.
Assume that
Na S Mh S CoNIOgN

Then
inf  sup IE‘I/]\ — Wp(P, Q)p‘ Xd,pa.Co I 4 lﬁ’
U (P@)ecreir Nlog N
and o
. e 2 2 h
inf sup  E(U - Wu(P,Q)")” =<apa,co h’ .
U (P,Q)ECEair Nlog N
If
Chrann (7=, 74) 1= {(P, Q) eCy™ - <TV(P,Q) < T+}7
then also
. = M
inf sup IE’W - WP(P,Q)| Xdp.a,Cor,ry 1 /ﬁ7
W (P.Q)ech" (T—.m4) 0g
and u
inf sup E(W = Wy(P,Q))* Zdap.acorrs hQﬁ'
w (P,Q)ecif‘a‘jm(f,,ﬂr) og
Proof. Let

£ [0,1)% = {1,...,2M}}
be any measurable labeling map that sends the support points
ai,bi,...;an, by,
to distinct labels. Because every (P, Q) € Cﬁair is supported on Sy, Theorem 5.12 gives
Wp(P,Q)P = h? TV(P,Q) = h? TV((£n) 4P, ()4 Q)-

Hence Theorem 5.1 with one level yields an estimator fh satisfying

~ My,
sup  E|T, = TV(P, Q)| Sp0.co \| N o
(P.Q)eck™ o8

o 2 Mh
sup E(Th - TV(P, Q)) Sd,p,a,Co Nlog N
(P,Q)ech™r o8

and

Therefore R N
Up := hPTy
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gives the displayed upper bounds for Wg. On the annular subclass, Theorem 5.3 applied with T (P, Q) = TV (P, Q) gives

~ M
sup E[WE™ = Wo(P.Q)| £ by | 5
(PQIECH™ T (r—.m4) °8

h,ann

and M
sup E(W}?m_wp(RQ))Q §h2ﬁ~
(P.QIECKMT (r_,7y) 08
For the lower bounds, define for every pair
r,s € PH{1,...,My})
the measures . s,
Pr,s(ai) = 517 Pr,s(bi) = Ela
Si T .
Qr,s(ai) = 517 Qr,s(bi) = EZ (1 <i < My).

Then (Prs,Qrys) € C;’air, and a direct check shows
TV (Prs,Qrs) = TV(r,s).
Combining this with Theorem 5.12 yields
Wp(Pr,s,Qr,s)? = h? TV(r,s).

Let U be any estimator of W} on C;’air, and restrict it to the embedded subclass

{(Pr,s,Qr,s) :r,s € P({1,...,Mp})}.
Then

~ U
D:=—
hp
is an estimator of TV(r, s) on an alphabet of size M},. Therefore Theorem 5.6 gives

~ [ My
sup ]E|U— Wp(P, Q)p| Zd,p,a,Co NP Nlog N
(P,Q)ecka o8

The squared lower bound follows from Jensen’s inequality.
For the annular lower bound, restrict further to
7— <TV(r,s) < 7y.

Then (Prs,Qr,s) € Pl (r_ 74+), and on this subclass

h,ann
Wp(Pr,37 Qr,s) =h TV(T: 3)1/p'

pair
h,ann

Let W be any estimator on C (7—,74), clip it to

hrl/P <W < hr}/?,

~ 1/ p
B = (T
h

and define

Because the inverse map w — (w/h)P is Lipschitz on [hri/p, hTJlr/p],

’ﬁann - TV(Tv 5)| S CP,T,,T+ h71 {‘//[\/ - Wp(PT,Sa Q’V',S)

~ My,
Sl}p E’W - WP(P7 Q)| Zd,p,a,Co,‘r,,T+ h m
(P,Q)ECP™™ (r_ 7y \/ Nlog

h,ann

Applying Theorem 5.7 gives

The squared lower bound again follows from Jensen’s inequality. O

Corollary 5.15 (Critical paired-grid Euclidean core). Let hy satisfy My, =< Nlog N. Then the class C,Iz;lvir is a genuinely
Euclidean critical-support class of cardinality < N log N on which the minimax target scales are attained:

T1rpair T17pair 2
sup  E[WP — Wy (P, Q)| Sap v, sup  E(WP —W,(P,Q))" Sap nin-
(Pecys’ (PQ)ecy !

5.6 An exact finite multiscale band

The one-scale paired theorem shows that a single critical block is fully solvable. The next result pushes this further in a
genuinely multiscale direction. We show that any fized finite band of adjacent dyadic scales can be realized inside [0, 1]d by
disjoint Euclidean paired supports, and on the resulting class the transport cost splits exactly into a finite sum of scale-wise
discrete Lq functionals. Thus the minimax target is attained not only for one critical block, but for any fixed finite family of
neighboring critical/mesoscopic blocks.

Lemma 5.16 (Finite-band paired support). Fiz an integer L > 1. There exist constants sq,r € (0,1), ca,r, > 0, and ha,r >0
such that for every
h e (07 hd,L]

one can find disjoint axis-parallel cubes
Uo,...,Ur—1 C [0,1)%

each of side length sq 1, with the following property.
For every £ =0,...,L — 1, writing
he := 2°h,
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there exist integers My satisfying
cathy® < My < Cqphy;*

for a constant Cq,1, < 00, and corresponding pairs of points
(ac,isbei)i<i<m, , CUe

such that
(1) llaci = beillz = he for every i;
(i) if i # j, then every point of the i-th pair is at distance at least She from every point of the j-th pair;
(iii) if £ # r, then every point of Uy is at distance at least 10 max(he, hy) from every point of U,.

Proof. Choose L disjoint axis-parallel cubes Up,...,Ur_1 of the same side length sq4 1, € (0, 1); for example, one may partition a corner
of [0,1]% into L disjoint subcubes of side length Sd,I = (3L)’1/’1. Let

h o Sd,L
LT 90 L1
Then for every h < hg 1, and every £ < L — 1 one has
s
hy = 2th < 2%E
120
Translate and scale the construction of Theorem 5.10 inside each U,. Because Uy, has side length sg 1, this yields at least
d
Sd,L . —d
Mg p > Cd( Iy ) =tcq,Lh,

pairs in Uy satisfying (i) and (ii). The matching upper bound My j, < Cdth;d follows from the obvious packing estimate inside a fixed
cube of side length sq ..

Since the cubes Uy are disjoint and their mutual separation is a positive constant depending only on (d, L), shrinking hg r, further if
necessary ensures that the distance between distinct cubes is at least

10 max hy
¢<L—1
for every admissible h. This gives (iii). |
Fix such a support and write
. ¢ .
Shyr = A{aeibei: 0<LSL—1, 1<i< Men}, S;L)L = {agi,bei: 1 <0< Mg}

Definition 5.17 (Finite-band multiscale paired class). Let Cbafd denote the class of all pairs (P,Q) € P(Sp,,1)? for which there exist
numbers

L—-1Mgn
ri >0, Y > =1,
=0 i=1
and imbalances oy ;, 8¢,; € [—7¢,i,7¢,;] such that
T+ Qg Toi — Qg
Plag,;) = U e U P(by;) = Lot — i
2 2
e + B T — B
Qag,;) = %7 Q(be,i) = %

for every ¢ and i. Equivalently, for every individual pair {ag ;, b ;}, the two measures have the same total mass on that pair, while the
within-pair split may differ.

Proposition 5.18 (Exact finite-band decomposition). Let (P, Q) € C;‘f‘fd, and write

Agi =g — Bei-

Then
L—1 Y My p,
W, (P, Q)" = ; o> Z_; Al (5.2)
Equivalently, if
My n
Lu(P,Q)i= > (1P(ars) - Qlacs)| + P(bes) - Qbe.)]).
i=1
then
L1 ,p
Wo(P,Q)" = ) 5 Le(P,Q). (5.3)

£=0

Proof. For the upper bound, transport each pair independently exactly as in Theorem 5.12. If A, ; > 0, move the mass Ay ;/2 from ay ;
to byi; if Ay <0, move |Ag ;|/2 from by ; to ag ;. Because the total mass on every pair is the same under P and @, this produces a
valid coupling between P and ) with total cost

L—1Mgn

Z Z BP |A€,i|.

t o2
=0 i=1
For the lower bound, fix an arbitrary coupling m between P and Q. Suppose Ay ; > 0. Then the target point by ; has deficit Ay ;/2, so

under 7 at least Ay ;/2 mass must enter b, ; from points other than by ; itself. Every such source point is at Euclidean distance at least
hg from by ;: its partner ay ; is at distance exactly hy, every other point of the same scale is at distance at least 5h, by Theorem 5.16,
and every point of a different scale is at distance at least 10 max(hy, hr) > hg. Thus the contribution of the mass entering by ; to the
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transport cost is at least h?Ag’i/Q. The same argument with ay ; and b, ; interchanged applies when A, ; < 0. Summing over all pairs
gives
L—1Mg¢p

A
JUR TR S
£=0 i=1
Taking the infimum over 7 proves (5.2).
Finally,
My p A _A My p
0,1 £,
Lr =Y (|5 +554)) - me

i=1

and substituting this into (5.2) yields (5.3). |

Theorem 5.19 (Exact finite-band multiscale critical law). Fiz L > 1, p > 1, and assume d > 2p. Let h € (0,hq,], let
he = 2°h, and let Cba“d be as in Theorem 5.17. Assume that

h™ d
“ Tog(1/h)

or a sufficiently large constant ¢ = ¢(d,p, L). Then there exists an estimator Wband such that
f ifi y larg 2 Ds

N:=nAm

sup  E|WRT = W (P,Q)| < Caprh,
(P.Q)ecpepd

and 2
sup  E(WRL! ~ Wy(P,Q))" < Capr b,
(P.@)ecppd

Moreover, if in addition
h™*x NlogN,

Cband

then the minimax risks on satisfy the exact law

inf  sup E‘W — W, (P, Q)’ =d,p,L P,
W (P,Q)ecppd

and X 2
inf  sup E(W — Wp(P, Q)) =apr h®.
W (P,@ecppd

Proof. For each scale £, collapse all points outside S, (Z) to a cemetery symbol 4. This defines probability measures ?e,@g on the known
alphabet

Api=8 Ul Al =2Mp +1<ap by
Because P and @ have the same total mass on every pair, they also have the same total mass on the whole ¢-th scale:
My n
PS) =Y i = QS
i=1

Hence the cemetery masses coincide,

Py(xe) = Qq(¢),

[Pe— Qplly = Le(P,Q). (5.4)
Now map each original sample point to its image in A,. For fixed ¢, this yields i.i.d. samples from P, and @e- Since L is fixed and
he = 2%h, the alphabet size satisfies

and therefore

| Al < CaLhy* < Clh h™%,
and by the assumption N > h~%/log(1/h) the large-alphabet regime of [5, Theorems 2 and 4] applies uniformly in £. Thus there exists
an estimator Ly of |[Py — Q|1 such that

—d

sup E(Le —|IPe *62”1) < Cuap,L
(P.Q)ecppd

S (5.5)
Nlog N

Clip each Zg to [0, 2]; this does not increase squared error because the parameter itself belongs to [0,2]. Using (5.4) and Theorem 5.18,
define

L—1
~ BP .
— 0 band 1/p
T ._27@, Whand = TP,
£=0
Then
L—1 hp
P _ LWP, -0
Wo(P.QFP = L IP~ Qull-
=0

We first bound the cost-level error. By Cauchy—Schwarz and (5.5),

~
|

E|Th L — Wp(P,Q)P| <

) “53

~ _ _ 1/2
(E(Le - anl)?)

~
Il
o



L—-1 L—-1 —d/2
P
hz

h 1/2
<cC nt( —t— ) =C —4 .
dp,L Z e(NlogN d’P’L; VNlog N
=0

£=0
Because h~% < Nlog N and hy = 2¢h, this becomes

L—1
E[Th,z = Wp(P,Q)P| < Capr h? Y 2°0=4/D <y ne,
£=0
where the final sum is finite because L is fixed.
Similarly, using (25;01 x0)? < LZ?;; x? and (5.5),
L—1
E|Th, — Wo(PQPIP < CL Y hE(Le — |IPe = Qlln)?
£=0
L—1 B L—1
< Capr Yy " N < Camr b S ot < n,
£=0 (=0

since d > 2p in the supercritical regime and L is fixed.
We now convert from the cost level to the distance level. For the absolute risk, Theorem 5.18 gives Wy (P, Q)P € [0,C)p, ,hP], and
therefore

. ~ 1/p
WP — W, (P,Q)| < (Em,L — Wy (P, Q)”I) < Capih.

For the squared risk, if p > 2, then 2/p <1 and Jensen yields

B(WE - w(PQ)° < (Eﬁh,L — W(P, Q)p|2) l/p < Cap,rh?
If 1 < p < 2, then 2/p > 1, but the bounded cost range implies
[T, = WalP, Q)PP < (Cp,t WP)*/P YT 1, = Wi (P, Q)| < Cp B2 7P| Th 1, = Wip(P, Q).
Hence the absolute cost bound gives
E(WPad — Wy(P,Q))" < € h* PE[Th, L — Wp(P,Q)P| < Capr b

This proves the upper bounds.
For the lower bounds at critical resolution h~% =< N log N, note that Cba“d contains the subclass obtained by placing all mass on the
finest scale £ = 0 and zero mass on every coarser scale. On this subclass, Theorem 5.18 reduces to the one-scale identity

P— 1/p
wy(r.@) = (1252

over a known alphabet of cardinality =< h~% =< Nlog N. By [5, Theorem 3], the minimax squared error for estimating ||P — Q||1 on that
alphabet is bounded below by a positive constant depending only on (d, L). Since the parameter is bounded by 2, this also implies a

positive lower bound on its absolute risk. If W is any estimator of Wy (P, @) on the band class, define

(W a@imy

&~

The map w — 2(w/h)P is Cph~'-Lipschitz on [0,2'/Ph], so on the one-scale subclass
E|L —||P — Q1] < Cph™ 'EIW — Wy (P, Q).
Therefore the constant lower bound for estimating ||P — Q||1 forces

inf sup ]E|W - Wp(P,Q)| Zd,p,L h-
W (P,Q)ecpapd

The squared-risk lower bound then follows from Jensen:

2
sup E(W — W,(P,Q))* > ( sup E|W — W,(P, Q)I) :
(P,Q) (P,Q)

This completes the proof. O

5.7 A maximal packed direct-sum theorem
The finite-band theorem freezes only finitely many neighboring scales. We now push the exact Euclidean decomposition much
further. The next result solves arbitrary finite or infinite families of dyadic scales as long as the active blocks satisfy the
natural Euclidean packing constraint. This is the maximal positive reach of the disjoint-block strategy.

For a base mesh h € (0,1/24], write

he:=2h, 0<{£<Lp:=max{£>0: hy <1/24}.

Lemma 5.20 (Dyadic host-cube packing). There exists a constant 5> € (0,1) with the following property. Let (0)1<j<s
be dyadic side lengths, o; = 2751 such that
J
Z of < KhK,
j=1
Then there exist pairwise disjoint dyadic cubes
V; c[0,1]%,  side(V;) = oy, 1<j<J
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Proof. Choose HgaCk 1/4. For each k > 0, let
ng = #{j: o5 =27F}

anQ kd <

k>0

Then

-~ =

We place the cubes scale by scale, in increasing k (that is, from large cubes to small cubes).
Fix k > 0 and suppose all cubes of side strictly larger than 2% have already been placed. Every previously placed cube of side 277
with j < k occupies exactly 2¢(F=7) level-k dyadic cells. Hence the number of level-k cells already occupied is

. ; 1
anzd(kﬂ) _ 2kdznj2—jd < 1 okd
i<k i<k

But the total number of level-k dyadic cells in [0, 1]¢ is 2F¢, so at least

3 gkd
4
level-k cells remain free. On the other hand,
np2—kd < ZnJQ Jd < 7,
§>0
hence 1
kd
ng < 1 2°¢,

Therefore there are enough free level-k cells to place all ny cubes of side 2~%. Proceeding inductively over k gives the required disjoint
family.

Lemma 5.21 (Packed direct-sum support geometry). There exist constants kq € (0,1) and Cq < oo with the following
property. Let h € (0,1/C4] and let integers

szhENU{O}, 0</{¢< Ly,
satisfy the packing constraint
Lp,
> Menhi < ka. (5.6)
£=0

Then one can construct a finite set
SP = {ar,beit 0<L< Ly, 1<i < Mep} C[0,1]

such that for every active scale £ and every 1 < i < My p:
(i) llaei — bei
(ii) if @ # j, then every point of the i-th pair is at distance at least 5hy from every point of the j-th pair;

(iii) there exists a host cube Vo, C [0,1]¢ such that all points of the £-th scale lie in Vi1, the host cubes are pairwise disjoint
across £, and every support point at scale £ is at distance at least 3he from [0,1]%\ Vi .

Proof. Let

Ap = {EE {0,...,Lh}: MZ,h > 1}.
For every ¢ € Ay, define

1/d

Se,h = 12 M he

Choose a dyadic number oy j, such that
So,n S ogn < 280 p-

Then
> ol <220 Y Mend.
ey ey,
Choose N
Kq ‘= 27d127dn5ac s
where HSMk is the constant from Theorem 5.20. Then (5.6) implies

d pack
E az,hgnd s

LeAy
so Theorem 5.20 yields pairwise disjoint dyadic cubes
Vo,n C [0, 1]d, side(Vg,n) = o¢,n, L e Ny.
For each active £, let Uy j, be the concentric subcube of V; ;, with side length oy 5, /2. Then

1/d

side(Uy,p) = 2 > 6M," " hy.

Inside Uy p, place a translated and rescaled copy of the separated paired-grid construction from Theorem 5.10 with mesh h,. Because
the side length is at least 6M1/ hg, this yields at least My j, pairs satisfying (i) and (ii); we keep exactly My ; of them.

Finally, since Uy j, is concentrlc in Vg 1,

1/d

dist (Ug,n, [0, 1)\ Vo) = hy > Bhy.

Thus every support point of scale £ lies at distance at least 3h, from [0, 1]\ Vi,n- This proves (iii). O

Fix such a support once and for all.
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Definition 5.22 (Packed direct-sum multiscale class). Let CEaCk denote the class of all pairs (P, Q) € P(SSaCk)2 such that for every
active scale £ and every 1 <4 < My j, there exist numbers

Te,i > 0, agi, Bei € [=Te,iyTe,i)s
with
Plag;) = M7 P(by;) = M7
2 2
Qag;) = %ﬁe,a Q(be:) = %%7
and
Ly Mgn
Z Z ros = 1.
=0 i=1

Equivalently, on every individual pair {a¢,;, b ;} the two measures have the same total mass, while the within-pair split may differ
arbitrarily.

Proposition 5.23 (Exact packed direct-sum decomposition). For every (P, Q) € C,‘l’aCk, writing
Ay = o — P,

one has
» Men

Ly
h
Wo(P.QP =3 3 A, (57)
£=0 i=1

FEquivalently, if

My, n
Li(P.Q) = Y (1P(ar) = Qlar)| + [P(bes) = Q)]
then ) 5
Wo(PQP =3 M L(P.Q). 59)
£=0

Proof. As in Theorems 5.12 and 5.18, transport each pair independently: if A, ; > 0, move the mass Ag ;/2 from ay; to by ;; if Ay ; <0,
move |Ay ;|/2 from by ; to ay ;. Because the total mass on every pair is the same under P and Q, this gives a feasible coupling with cost
equal to the right-hand side of (5.7).

For the matching lower bound, fix an arbitrary coupling 7. Suppose A, ; > 0. Then the target point by ; has deficit Ay ;/2, so at least
Ay ;/2 mass must arrive at by ; from points other than by ; itself. Any such source point is at Euclidean distance at least hy from by ;: its
partner ay; is at distance exactly hy; any other point at the same scale is at distance at least 5hy, by Theorem 5.21; and any point
at a different scale lies outside the host cube Vj ;, and is therefore at distance at least 3hy from by ; by Theorem 5.21(iii). Thus the
contribution of the mass entering by ; is at least h?Az,i /2. The same argument with a,; and b, ; interchanged applies when Ay ; < 0.
Summing over all pairs and taking the infimum over 7 proves (5.7).

The identity (5.8) follows exactly as in Theorem 5.18:

My, p

L(PQ) = Y |Agl.
i=1

O

Theorem 5.24 (Packed direct-sum critical law). Assume d > 2p. There exist constants kq € (0,1) and Cq, < co such that
the following holds.
Let h € (0,1/Caqp], let (Mgn)o<e<r, satisfy the packing condition

Ly
Z Mo nh < Ka,
=0
and assume moreover that
Mo, > cah™ (5.9)
for some constant cq € (0, nd}. Then:
(i) the support size obeys
Lp,
#S}I:aCk = QZ MZ,h =d hid;
=0

(ii) if
Nlog N > Cq,h™ %,

there exists an estimator W}f“k such that

sup E}W,faCk — Wp(P, Q)| < Caph,
(P,Q)ECZaCk

and

sup  E(WP™ — W, (P,Q))° < Cap b
(P,Q)echack
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(iii) if in addition
h™% = NlogN,

then the minimaz risks on C}ZaCk satisfy

inf  sup E|W — Wp(P, Q)| =dp h,
w (P,Q)GCZaCk

and A 2
inf  sup E(W — Wy (P, Q)) =ap W’
W (PyQ)eczack
Proof. Set
Ly
1 k
Sp = 5 #S2 = ZMé,h~
£=0
By (5.9),

Sh > Moy 2 R
On the other hand, the packing bound implies
Mg < Iidhzd = Kd27£dh7d,

hence
Lp,
Sy < kah™?@ E 270 <, R
=0

This proves part (i).
For part (ii), fix

2p)
el0,1——).
o ( y

For each scale ¢, collapse all support points outside the ¢-th scale to a cemetery symbol ;. This yields probability measures F[,@g on a
known alphabet of size
Sf,h = 2M2,h + 1.

Because P and @ have the same total mass on every pair, they also have the same total mass on the whole ¢-th scale, so the cemetery

masses coincide and -
1Pe = Qell = Le(P, Q)-
We estimate each L, (P, Q) separately.
Large-alphabet scales. If My p, > N, then Sy < M, p and

log N < a~?t log S¢ 1,

for all large N. The sharp estimator of Jiao—Han—Weissman for unknown (P, Q) on a known alphabet then gives

=~ 2 Mq,p
]E(LZ - LZ(P’ Q)) ,Scx m-

Small-alphabet scales. If My < N, then Sy < N®. Since o < 1, the empirical plug-in/MLE estimator on the alphabet A, satisfies

B(L - L(P.Q)" 5 Tt

for all large N, by the classical L plug-in bound and the MLE risk bound of Jiao-Han—Weissman.

Define
Ln nP Y
pack | e T z-pack . (/pack P
Tpecka=y LT WR = (T
£=0
By Theorem 5.23,
Ly WP
Wo(P.QF =) L Li(P.Q).
£=0

We first bound the cost-level error. By Cauchy—Schwarz,

Lp,
E|TP** —Wy(PQ)P| < %5 E(Le ~ Lu(P,Q)"
£=0

~ 1 1
pack p| < P E P
E‘Th Wp (P, Q) ‘ ~ /NlogN Z fig v/ Men VN P/ Men

£ My >N 0 My p <N

Hence

For the large-alphabet part, use the packing condition:

Ly
ORLAVETED SRRV T ) D B
£=0

£ My, >Ne 0: My >N

Since d > 2p and hy = 2¢h,

Ly Ly

2p—d __ 3 2p—d L(2p—d 2p—d
§ hP~ % =h § 2l@r=d) <, p2p—d
£=0 £=0
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Therefore

: Z hyn/Men S "
T lh Jdp T o ~d,
VNlog N o e E P /NlogN ~%F
My p 2
because N log N > Cdyph_d.
For the small-alphabet part, use /My j < Ne/2,
1 Lp
Z hP My, < N(a—l)/ZZhP <4 N(a—l)/Z.
N (4 he= ¢ ~d,p
N 0: My p <N £=0
Because a < 1 — 2p/d, we have
11—« S p
2 d’

hence
NE@=D/2 — 5(pP)

under the critical relation h=% < Nlog N. Combining the two contributions yields

sup  E|TP*N — Wy (P,Q)P| Sap hP-

(P,Q)ech?ex
The same estimates imply
sup  E(TP — W, (P,Q)P)” Sayp hP.
(P,Q>€Cgack
Now convert to the distance level. Since for every p > 1,
la —b|” < [a” — 0P|,  a,b2>0,
we obtain )
E|WP* — W, (P,Q)| < (E|ﬁ§’“k — W, (P, Q)PD v Sap

and

1/p
2 pack 2 pack 2
E(WP** — W, (P,Q))” < (E (TP — W, (P,Q)P) ) Sap b2
This proves part (ii).
For the lower bound in part (iii), restrict CEaCk to the subclass obtained by setting all masses on scales £ > 1 equal to zero. Then only
the scale-0 pairs remain. By (5.9), this one-scale restriction contains
Mop<h ¢ < NlogN
paired sites, and it is precisely the finite-band class with L = 1. Therefore the lower-bound part of Theorem 5.19 applies and yields
infsupE|W — Wy (P.Q)| Rap by infsupE(W — Wy (P, Q) Zap h*-

Together with part (ii), this proves part (iii). O

5.8 The exact dyadic pair-isolation law
The proof of Theorem 5.24 uses the host cubes only to produce an exact dyadic pair decomposition and the count bound
Mep S h;d. Once these two inputs are available abstractly, the same statistical argument goes through unchanged.
Fix h € (0,1/2], write
he:=2h, 0<{<Lp:=max{{>0: hy <1/2},

and let )
Sk ={acibei: 0<E< Ly, 1<i< Mep} C[0,1)7
satisfy
llae,s — beill2 = he
and

min{||z — acll, |2 = bella} > he Yz € Sy \ {ac, bei}-
Let Ci° be defined exactly as in Theorem 5.22 on this support.

iso

Proposition 5.25 (Exact dyadic pair-isolation decomposition). For every (P, Q) € Cp°, writing

Ae,i = — ﬁe,i, LZ(P, Q) = Z ‘Af,i|7

one has

WP(P7 Q)p =
=0 i=1 £=0

Proof. The proof is identical to that of Theorem 5.23: the upper bound transports each pair independently, and the lower bound uses
only the pointwise isolation property above to show that every deficit at a, ; or by ; must be supplied from Euclidean distance at least
hy.

Theorem 5.26 (Exact dyadic pair-isolation critical law). Assume d > 2p, and fiz constants K < 0o and co > 0. Then there
exists Ck cy,d,p < 00 such that the following holds.
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If

Lp
ZMz,thi <K and Mo, > coh™,
£=0
then _
#S;LSO XK,cq,d h_d.
If moreover
Nlog N > Ck eo.aph™ %,

there exists an estimator W,*° such that

17iso 1/iso 2
sup  E|Wi® = Wy(P,Q)| < Creouip by sup  E(Wy° = Wy(P,Q))" < Ckeq,ap b’
(P.Q)ecie (P,Q)ecis0
If in addition
h™* =< NlogN,

iso

then the minimax risks on C.° satisfy

. 2 . % 2
inf  sup IE’W — Wp(P, Q)| =K,co,d,p Py inf  sup IE(W — Wy(P, Q)) =K.co.dp h°.
W (p@ecye W (p.@)eci

Proof. The count assumptions imply
M < Kh;® = K2 *p=4

hence
Ln Ln
coh™ <> My < Kh4Y 27 e g n7
=0 £=0

which proves the support-size claim.
For the upper bounds, the proof of Theorem 5.24 applies verbatim once one replaces Theorem 5.23 by Theorem 5.25. Indeed, that

argument uses only the exact identity above and the count bound M, ; < K h;d. Repeating the same large-/small-alphabet split
therefore produces an estimator W}Lso with the stated risks.
For the lower bounds under h~% =< Nlog N, restrict to the subclass with all mass on scale 0. Then

||P—Q||1)1/P

Wy(P.Q) =h( 1

over a known alphabet of size
2Mo 1, X1 eq h~% < Nlog N.

The lower-bound argument from the end of the proof of Theorem 5.19 therefore applies verbatim and yields the claimed absolute lower
bound, and the squared lower bound follows by Jensen’s inequality. O

5.9 A genuinely nested near-critical class

The packed direct-sum theorem still freezes each active scale into disjoint host cubes. We now show that deep laminar overlap
by itself is not the remaining obstruction. For every sufficiently large integer B, there is an explicit B-adic Euclidean class
with overlap depth L + 1, support exponent

2
sB:dJrlogB(le)Td,

and exact minimax law at the natural critical scale h™*B =< Nlog N.
Fix an integer B > 8. Set
Dp:={2,3,...,B—1}x{0,1,...,B—1}*"1, Ap = |Dp| = (B —2)B*",
and

sp:=logg Ap =d+logg (1 — %) € (d—1,4d).

For £> 0, let Xp ¢ := D[B, with X0 := {@&}. For 0 = (01,...,0¢) € ¥p,¢ define

¢
Up 1= B_Z7 Ty 1= ZB_kak € [o, l)d7 Qs = x5 + [O,uz)d.

k=1
Thus (Qs ) is a prefix-nested family of B-adic cells and
S| = A = B*BE.

For every o € ¥ ¢ set

Qs ‘= IIT(;-+ [+]1, bg = ag+ (+1€1, Ty i= ||a(, b(yHg = 41-

Given L > 0, define the nested support
Sy = {as,bs: 0< |o| < L}.

Proposition 5.27 (Laminar separation). Fiz B> 8, L >0, and o € X, with £ < L. Then:
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(i) @o,bs € Qo and
dist(as, 0Qs) > 74, dist(bs, 0Qs) > 1¢;
nest

(ii) every point of SE°T N Qo other than as, b, belongs to a proper descendant of Qo and hence satisfies
2™ > 2 4 2up;

in particular it lies at Euclidean distance at least 6r¢ from both a, and bs;
(iii) consequently every z € SET \ {ao,bo} satisfies

lz—aclla 2 7e, [z —boll2 > re.

Proof. Part (i) is immediate from the definitions: the first coordinate of as is xgl) + iuul, the first coordinate of b, is xgl) + %ue+1, and
every other coordinate equals xg,] ) + iue+1‘ Thus both points belong to @, and each coordinate stays at distance at least %WH =17y
from the boundary of Q..

For part (ii), note that every proper descendant of Q, must first choose a child digit in D, whose first coordinate is at least 2. Hence

(1

the first coordinate of every support point in a proper descendant is at least x ) + 2uy4 1. Since the first coordinates of ay and b, are at

most a:g,l) + %uul, the separation along the first axis is at least

1 3
2u - —u = -u = 6ry.
2+1 2 0+1 2 41 0
For part (iii), if z € Qo, then z is covered by part (ii). If z ¢ Qo, then part (i) shows that both as and bs lie at Euclidean distance at
least ry from the complement of Q. Thus ||z — ac||2 > 7¢ and ||z — b ||2 > 7¢ in all cases. |

Definition 5.28 (The nested laminar class). Fix B > 8 and L > 0. Let C" be the family of pairs (P, Q) of the form

P> (anbuy + e —an)is, ). Q= 3 (Babay + (wo — Bl ).

lo|<L lo|<L

where
we > 0, g we =1, 0 < ag, e < W

Proposition 5.29 (Exact L, representation on the nested class). Fiz B > 8 and L > 0. For (P,Q) € C%‘fsﬁ, define

Le(P,Q) == ) laa = fol.
|o|=¢
Then

L
r

,r,P
FLPQ) = Y S as - fol.

£=0 lo|<L

P
14

WP(P7 Q)p =
Proof. Write Ay := ag — Bo. Transporting |As|/2 units of mass directly along the segment (as,bs) for every o gives the upper bound

"ol
(e}
Wp(P, Q)P < E 7|Aa|-
lo|<L

For the reverse inequality, let = be any coupling of (P, Q). Fix o of length £. If As > 0, then the point b, has deficit Ay /2 under Q
relative to P, so at least Ay /2 units of mass must enter b, from support points different from b,. By Theorem 5.27, every such source
lies at distance at least ry from b,. Hence the contribution to the transport cost is at least rgAc/Q. If Ay < 0, the same argument
with a, and b, interchanged gives the lower bound 77|A,|/2. Summing over all ¢ and taking the infimum over 7 proves the claimed
identity. O

Theorem 5.30 (Genuinely nested near-critical law). Assume d > 2p. Let B > 8 be so large that
sp > 2p.
Then there exists a constant Cp q,p < 00 such that for every L > 1, with

hp,L:=rL= EB_(L-H),
4
the following hold:

(i) the support size obeys
L

H#SET = QZAZB =p A% =5 he’ls
£=0
(i) o
NlogN > Cpaphg’f,

then there exists an estimator Wgezt such that

sup  E|WE — W,(P,Q)| < Craphs,r,
(P.Q)eC

and

~on 2
sup  E(WET - Wy(P,Q))” < Cpaphb.r;
(P.Q)ecyst
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(iii) if in addition
hp'f < NlogN,

then the minimaz risks on CE satisfy

inf sup E|W - W,(P,Q)| <pap hs,1,
W (PQecys

and
. a 2
inf sup E(W—W,(P,Q))” =<paphb.L-
W (P@)ecnest

Proof. Part (i) follows from the geometric-series identity
L
0o L
>y <o
£=0

AL = psBL < =p hg®

2
we (01- *p)
SB
For each scale £, collapse all support points outside the level-£ set

I3
S%,)L =A{ac,bs : |o] =1}

and from

For part (ii), fix

to a cemetery symbol ;. Because P and @ assign the same total mass wo to every pair, they also assign the same total mass to the
whole level £. Thus the collapsed measures Py, Q, satisfy

[[Pe — Qellr = Le(P,Q)
on a known alphabet of size
SZ,B = 2A£B +1 B A% B T’Z_SB.
If AZB > N%, then Sy p Xp AZB and therefore
logN < a tlogSe s+ Op,a(l)

for all large N. The large-alphabet estimator of [5, Theorem 6] then gives
]
AB

E(Le— Le(P, Q)) SBa NogN'

If A% < N¢, then the empirical plug-in/MLE estimator on the alphabet of size Sy g Sp N gives

A(Z
E(L - Li(P.Q)) <5 -

Clip each estimator to the natural parameter range by setting
Zg =0V EZ A 2.

Clipping cannot increase squared error.

Define
L P
FoumY B W= Ti
£=0
By Theorem 5.29,
L

p
r

(PP =Y £ Lo

Therefore

p
E|T. - Wo(P.QP| <Y L\/B(Le - LuPQ) .
£=0

Split the sum into large and small alphabets. For the large-alphabet part,

1 L p—sp/2
P/ AL Sp —— BlsB/2-p) < _B.L he
leogN . A;Na B~ /NlogN yort ~Bdr NTog N SBdp hp
because sp > 2p and Nlog N > CB,d,phgfLB-
For the small-alphabet part, 4 /AZB < N"‘/Q, SO
1 L
P ’ -1)/2 P -1)/2
ﬁ Z Ty ABSN(a )/ ZT‘Z sB,pN(a )/ .
£ A@B<Na =0

Since (1 — a)sp/2 > p, the sampling relation h;°F < Nlog N implies

N2 = oL, ).
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Hence ~
sup  E|Tp 1 — Wp(P, Q)| Sp.ap hl 1
(P.Q)ecyest

The same bound with the square outside follows from

L) 2
~ 2 r ~ 2
_ P L _ 2p
B(Tn s - WoP.@P)" < (30 LB - LdPQ)?) Smap b
£=0
Now convert to the distance level. Since for every p > 1,
u—vfP <P =], w0,
we obtain
o est ~ 1/p
B[ 1y - Wo(P.Q)| < (2[Tas ~ WuP@P|) " Spap hi
and likewise
3 nest 2 - p 2 1/p < 2
E(WES — Wp(P,Q))" < (E(Ts. — Wp(P,Q)") SBiap h3 L
For part (iii), restrict to the subclass in which all masses ws vanish off the finest scale |o| = L. Then Theorem 5.29 reduces to

P—Ql\""
Wo(P.@) = (1E52)
over a known alphabet of cardinality

2A% =B hp'F < NlogN.
By [5, Theorem 3], the minimax squared error for estimating ||P — Q||1 on this alphabet is bounded below by a positive constant
depending only on (B, d). Since the parameter is bounded by 2, the minimax absolute risk is also bounded below by a positive constant.

If W is any estimator of Wp (P, Q) on C]“;’SLt, define

~ W A (21/Pp P
7 %M) _
hp,L

Exactly as in the finite-band lower bound, the map w — 2(w/hp, )P is Cphg,lL-LipschitZ on [0,2Y/Php 1]. Therefore a constant lower
bound for estimating ||P — Q||1 forces

inf  sup  E|W - W,(P,Q)| 25,4 h,L;
W (P.@)ecyy

and
. 2
inf sup  E(W —W,(P,Q)) 2B.dphb 1
W (PQecy
Together with part (ii), this proves part (iii). O

Corollary 5.31 (Nested classes arbitrarily close to the critical exponent). Assume d > 2p and fix € € (0,d — 2p). Then there
exists an integer B = B(d, p, ) and explicit genuinely nested Fuclidean classes C%‘stt such that

nest —s
SB>d*€, #SB,L =B hB,IJ/B’

and whenever
hp'f < NlogN,
their minimax risks satisfy A
inf  sup E‘W—WP(P,Q)’ =B,d,p PB,L,
W (PQecyy
and . )
inf  sup E(W — Wy(P, Q)) =B.dp hB.L-
W (P,Q)ecuest

Proof. Because sp = d+logg(1—2/B) 1 d as B — oo, one can choose B so that sg > d — e. The claim then follows immediately from
Theorem 5.30. O

5.10 Critical laminar universality
The fixed-B theorem reaches every exponent s < d, but it still pays the same corridor factor (1 — 2/B) at every generation.
The explicit accelerating-branch construction shows that this loss can be made summable. The next theorem upgrades
that example to a full universality statement: every Euclidean laminar hierarchy whose corridor losses are summable and
whose generation-wise occupancy remains asymptotically critical already satisfies the sharp minimax law at the full scale
h= (Nlog N)~/4,

Let (B¢)eso be integers with

Bi>8  (£>0),

and let (¢)¢>0 satisfy

<e

IN

2
By

oo

1

57 Z&e < 0.
=0

Set

(1—e0) € (0,1].

o
li
3

£=0
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Fix a depth L > 0 and define
Ug

— <e<L-1).
B, (0<e<L-1)

up = 1, U1 =
We recursively build a laminar family of cubes. Let
Rt = (g}, Tz =0, Qo :=[0,1)%
Given a node o € ;™™ with ¢ < L, choose a set of child digits
D, C{2,3,...,Bi—1} x {0,1,..., B, — 1}*7!

with cardinality

_ 2
(1= 0B < Ay = IDy] < (Be 2B = (1- ) B1. (10
Define i i
Zleirri,crlt = {(O’, ’U) S o€ Ezam,crlt’ v E Do}-

For a child 7 = (o,v) € Elﬁ?crit7 set
d
Tr 1= To + Uet10, Qr :==xr +[0,ues1)".

For every node o € ™" define support points

oy bs € Qb
as follows. If £ < L, set
1 1 1
Ay := T + 1UZ+11, bo :=as, + ZUZ+1€17 Ty = ZWH'
At the deepest level, set
1 1 1
Uy = To + @uLl’ by := ao + @uLel’ rp = ﬁuL.
Finally define
SlLam’C'rit = {as,bo: o€ Ei,am’cm for some 0 < ¢ < L}, hlfm’crit =T = —-up.

32
Proposition 5.32 (General critical laminar separation). Fiz L >0 and o € S™ ™" with £ < L. Then:

(1) ao,bs € Qs and
dist(as, 0Qs) > T4, dist(bs, 0Qs) > 1¢;

(ii) if £ < L, then every point of SlLam’crit N Qo other than as,bs belongs to a proper descendant of Q, and hence satisfies
™ > 2l 4 2uppq;

in particular it lies at Euclidean distance at least 67, from both a, and b, ;
(iii) consequently every z € SP™ '\ {a,, b, } satisfies
lz—acll2=7re,  [lz=boll2 =7
Proof. For ¢ < L, part (i) is identical to Theorem 5.27: the first coordinates of as, b, equal a:f,l) + iu4+1 and z((,” + %W-«-l, while all
other coordinates equal :):E,j) + iu/prl. Hence both points belong to Q, and stay at distance at least ry = %qu from the boundary.

For ¢ = L, the first coordinates of a., by, equal :c((,1> + S%uL and a:((,l) + T16“L7 while every other coordinate equals ac((,” + S%uL. Thus
1

both points again belong to Qo and lie at distance at least r, = g5ur, from 0Qs. This proves part (i).
For part (ii), fix £ < L. Every proper descendant of Q. is contained in some child cube

Qo,v) C Qo with v € Dg.
Since the first coordinate of every v € Dy is at least 2, every support point in a proper descendant has first coordinate at least

905:” + 2upyq-

Since the first coordinates of as, b, are at most xf}) + %uul, the separation along the first axis is at least
1

3
2upyy — St = U1 = 6ry.

For part (iii), if 2 € Qs, then either z = as, 2 = by, or z is covered by part (ii). If z ¢ Qo, then part (i) implies that both as and b,
lie at Euclidean distance at least 7y from the complement of Q.. Therefore ||z — as||2 > ¢ and ||z — bs||2 > 7¢ in all cases. O

Definition 5.33 (The general critical laminar class). Fix L > 0 and a laminar hierarchy as above. Let CIL‘"”’“’C'rit be the family of pairs

(P, Q) of the form
P =" (anbo, + (o =00, ). Q=" (Bo8uy + (wo — B30, ).
where the sum runs over all nodes ¢ with 0 < |o| < L and

we > 0, E we = 1, 0 < oo, B < wo.
o
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Proposition 5.34 (Exact L; representation on the critical laminar class). Fiz L > 0 and a laminar hierarchy as above. For
(P,Q) € Cfm’cr‘t, define

Lzam,crit(]% Q) = Z |Oéa - 6U|'

o_ezleam,crit
Then
- Lo it Mol
Wo(P.Q)" =) 5 L™ (P.Q) =) |~ law = fol,
£=0 o

where the last sum runs over all nodes o with 0 < |o| < L.

Proof. Write Ay := as — Bs. Transporting |As|/2 units of mass directly along the segment (as,bs) for every node o yields
"ol
P < _l9l .
Wo(P.Q)" < —ZH|A,|
o

For the reverse inequality, let 7 be any coupling of (P, Q) and fix a node o at level £. If A, > 0, then the point b, has deficit Ay /2
under @ relative to P, so at least Ay /2 units of mass must enter b, from support points different from b,. By Theorem 5.32, every
such source lies at distance at least r; from b,. Hence the contribution to the transport cost is at least T?AU/Z. If A, < 0, the same
argument with a, and b, interchanged yields the lower bound 7’5|Aa|/2. Summing over all nodes o and taking the infimum over 7
proves the claim. O

Theorem 5.35 (General critical laminar law). Assume d > 2p. There exists a constant Cqpc, < 0o such that for every
depth L > 1 and every critical laminar hierarchy above the following hold.
(i) The support size obeys

#S?m,crit Xd,c* (hlfm,crit)*d'
(ii) If
Nlog N > Cape, (RE™) 7,

then there exists an estimator Wiam’crit such that

7 7lam,crit lam,crit
sup  E[Wy — Wy(P,Q)| < Cape, K™,
(P,Q)Ecl;m'cr‘t

and
sup . ]E(ﬁ Fm,crlt IVP( P, ))2 < Cd,p,C* (h%m,crlt)Z'
(P,Q)eciamerit /

(iii) If in addition
(™) ™" < Nlog N,
then the minimax risks on C’lLam’Crit satisfy

inf sup E‘W — W, (P, Q)| =dpe. hl]jxm,crit7
w (P,Q)Eclfm’crit

and
inf  sup  E(W - Wy(P.Q)" =ape. (™)
w (P,Q)Ecl;m’crit

Proof. For each level £, let )
Mg = [Sf™ (<0< L).

For part (i), the hierarchy construction gives the recursion

My = Z Ay (0<E<L—1).

Gezllam,crit
Since every chosen child cube is one of the Bzi By-adic subcubes of its parent,

My < BEM,.
Starting from Mg = 1, induction yields

On the other hand, (5.10) gives

hence

Moreover, again by (5.10),

1 )
Ag > (1—eg)Bf > 3 81>2  (cezP™t r< L),
so Myy1 > 2M, and therefore
L
My, < Z M, < 2Mj,
£=0



Consequently
L

2, uyd < HSEM O — 2ZM4<4uL.
£=0

lam,crit

Because hj = uy, /32, this is equivalent to

lam,crit _ lam,crit —d
#S) =ae, (P )"

2p)
€10,1—-—
we (012
Slam,crit

lam,crit
I ={as,bo: 0 €Y, }

For part (ii), choose

For each level £, collapse all support points outside

to a cemetery symbol x,. Because P and @ assign the same total mass ws to every pair, the collapsed measures F[,@g satisfy

Pe~Qulls = L™ (P.Q)
on a known alphabet of size
Sy :=2M,; + 1.
If My > N¢, then Sy < M, and therefore
log N < a"llog S, + Oa(1).
The large-alphabet estimator of [5, Theorem 6] then gives
M,
Sdp log N’
If My < N%, then the empirical plug-in/MLE estimator on the alphabet of size Sy < N¢ gives
M,
PN

E(L[ Llam crit (P Q))

]E(Eg _ Llam crlt(P Q)) Nd

Clip each estimator to the natural range by setting
=0V L,AN2
Clipping cannot increase squared error.

Define

P
lam ,crit | [ s 2-lam,crit | (/plam,crit 1/p
E o Lo W = (T )

By Theorem 5.34,
L

D
r .
Wp(p’ Q)P — ?l Lleam,crlt (P, Q)
£=0
For every £ one has
My <u,?, < 2
6= = 32
Hence
M, < 327Pu P2
Set ¢ :=d/2 —p > 0. Because up+1 <wup/8for 0 << L -1,
u, 1 < 8—q(L—£)qu

Therefore

p d/2 _ lam,crit\P—d/2
E /My Sapu = (rf ) :
£=0

Now split the error into large and small alphabets. For the large-alphabet part,
lam,crit p—d/2
(hL ) hlam,crit

\/m Z o/ My Sap /NN Sape. (P )p,

0 My >N
because Nlog N > Cq p ., (hfm’crit)*d.
For the small-alphabet part,
L
1 Z P (a—1)/2 P
] ro/ Mg <N ZT[
N £: My<N© =0

Since rp41 < 1ry/8 for 0 < £ < L —2 and r;, = r,_1/8, the geometric series 25:0 rf is bounded by a constant depending only on p.
Moreover, (1 — a)d/2 > p, so
N(a—l)/2 — O((h%m,crit)p)

under the relation (hlfm’crit)_d < Nlog N. Consequently

Alam,crit lam,crit\P
sup  E|T} — Wp(P, Q)| Sape, (RE™)".
(P Q)Gclam‘cnt
’ L
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Exactly as before,

L
E(j—?}/ﬂm,crit _ Wp(P, Q)p)2 < (Z %\/}E (ZZ _ L}gam,crit (1:,7 Q))2)2 Sd,p,c* (h?m’crit)zp.
£=0

Since |u — v|P < |uP — vP| for every u,v > 0,
%-lam,crit Alam,crit D 1 < lam,crit
E|W; ~ Wyp(P,Q)| < (E|Tf —Wo(PQP|)  Sape, BE™T,

and similarly
%-lam,crit 2 Alam,crit P 2 /v < lam,crit \ 2
E(W; ~Wp(P,Q))" < (E(T} — Wp(P,Q)") Saper (BE™H)7
This proves part (ii).
For part (iii), restrict to the subclass in which all masses w, vanish off the deepest level Zlfm’cm. Then Theorem 5.34 reduces to

) . P— 1/p
Wp(P,Q) :hlfm’cnt(H 2Q”1>
over a known alphabet of cardinality

i\ —d
oMy =g, (RE™) " < Nlog N.
By [5, Theorem 3], the minimax squared error for estimating ||P — Q|1 on this alphabet is bounded below by a positive constant
depending only on d and cx. Since the parameter is bounded by 2, the minimax absolute risk is also bounded below by a positive
constant. If W is any estimator of W,(P, Q) on Cfm’cm, define

2 lam,cri
oAy

lam,crit
hL

The map w +» 2(w/hlLam’CIit)p is Cp(hlfm’crit)_l—Lipschitz on [0,21/phlfm’crit]. Therefore a constant lower bound for estimating
[|P — Q|1 forces

inf  sup  E[W—Wy(P,Q)| Zap.e, BE™,

1%% (P,Q)Ecl;m’cnt

and
2 2 S\ 2
s B W(PQ) Zape, (1)
w (P7Q>€clljam‘cnt
Together with part (ii), this proves part (iii). -

Corollary 5.36 (The accelerating-branch model is a special case). Take

2
By =2 = =273
¢ ) Ee Bg )
and at every node choose all admissible children
Dy ={2,3,...,B,— 1} x {0,1,..., B, —1}*7".

Then the resulting hierarchy satisfies the assumptions above, with

- 2
*x = 11— — > 0.
¢ H( B,_;)
£=0
Hence Theorem 5.35 recovers the explicit accelerating-branch critical-density laminar class.

6 Tree exactness, catalogs, and stochastic envelopes

The packed direct-sum theorem and the laminar theorems show that large genuinely Euclidean subclasses of the critical core
are already solvable exactly once the transport can be frozen either into disjoint multiscale blocks or into explicit laminar
overlap, including an exact critical-density nested class. The next results identify the complementary tree and sparse-cycle
geometry of the discrete Wi core. Every individual Euclidean finite-support instance is already exact on some spanning tree.
More positively, every fixed critical hierarchical tree metric is itself estimable at the sharp O(h) scale, every finite catalog of
dominating such trees satisfies an oracle inequality against its best member, and one may even add a shortcut system of
total tree footprint O(hy/N) without losing the target law. At the same time, the full Euclidean grid transportation norm is
globally captured by dominating random trees only up to a sharp logarithmic factor. Thus the unresolved difficulty is neither
the absence of tree structure nor the impossibility of sparse graph overlap; it is the genuinely macroscopic cycle space of the
unrestricted Euclidean core.

6.1 Pointwise Euclidean tree exactness

Let X C R? be finite. For a function f : X — R with total sum zero, define the Euclidean transportation-cost norm

IFlxcco =f{ Y- Paylle=yla: P20, f= 3 Pu)e:~4)}.

z,yeX z,yeX

If P,Q € P(X) then
Wl(P, Q) = HP - QHTC(X)-
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Proposition 6.1 (Pointwise Euclidean tree exactness). Let X C R? be finite and let f : X — R satisfy ZIEX flz)y=0
Then there exists a spanning tree T on the vertex set X, with edge lengths

) = llu—vlz  (uo € B(T)),
such that

[fllrcc) = Ifllrer)-
In particular, every discrete Euclidean W1 instance is exact on some spanning tree.

Proof. Write
Xy ={zeX: f(z)>0}, X_={yeX: f(y) <0}
By splitting each transport from a positive site to another positive site (and similarly on the negative side), one may restrict without

loss of generality to transportation plans
P: Xy xX_ —][0,00)

satisfying
Y Pay) =@ (@eXs), Y Pay)=-fy) @eX-)
yeEX zeX |
The cost
> Paylz -yl
TEX; yEX

is the objective of a classical transportation linear program. Choose an optimal basic feasible solution P*. Its support graph on the
bipartite vertex set X4 LI X_ is acyclic: if the support contained a cycle, one could perturb P* by the usual alternating-sign cycle flow
and preserve all marginals, contradicting basicness. Hence the support of P* is a forest F.

Extend F' by adding arbitrary edges on X until it becomes a spanning tree 7. Because F' C T, the plan P* is also feasible as a
transportation plan on 7' and has exactly the same cost there, since each used edge xy € F has length [l — y||2 both in X and in T
Therefore

Ifllrey < Nflltex)-
Conversely, for any two vertices u,v € X, the unique path distance dr(u,v) in the tree T satisfies

dr(u,v) 2 [lu—vll2
by the Euclidean triangle inequality. Hence every transport plan on 7" has cost at least its cost in the complete Euclidean metric on X, so
Ifllrey = 1flltex)-
The two inequalities imply equality. O
6.2 Critical hierarchical tree metrics

The pointwise exact-tree proposition becomes statistically useful once the exact tree carries a critical multiscale hierarchy.
We record the abstract tree formula first.
Let X be a finite set and let T be a rooted weighted tree whose leaves are exactly the points of X. Assume that every
nonleaf vertex lies on one of the levels
VO = {p}7 Vla B '7VL5

that every edge joining a vertex in V;_; to one in V;, has the same length r, > 0, and that every leaf lies in V. For v € V; let
A, C X be the set of descendant leaves below v. For P,Q € P(X) define

LT(P,Q): Z|P QA (<e<i),
veVy
and write Wi (P, Q) for the transportation cost induced by the tree metric on X.
Proposition 6.2 (Tree cut formula on a leveled hierarchy). For every P,Q € P(X),

L

Wi'(P,Q) = rL{(P,Q) = ZWZ\P Q(A)].
=1

=1 veVy

Proof. Let

f=P-Q, sv 1= f(Ay) = P(Ay) —Q(Ay)  (vEV, 1<)
For the edge e(v) joining v to its parent, every transport plan on the tree must send net amount s, across e(v), because A, can exchange
mass with its complement only through this edge. Hence every feasible transport on T' has cost at least

Conversely, one can balance the tree recursively from the leaves to the root. If s, > 0, move s, units of excess mass from the subtree
Ay to the parent side across e(v); if s, < 0, move |s,| units in the opposite direction. After performing this on all edges from level L
upward to level 1, every subtree is balanced and the total cost is exactly

This proves equality. O

Theorem 6.3 (Critical hierarchical-tree upper law). Assume d > 2 and fix K < co. There ezists a constant Ci,q < 0o such
that the following holds.
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Let h € (0,1/8] and let Ty, be a rooted weighted tree whose leaves form a known set Xy C [0,1]¢. Assume that Th, has depth
Ly, level sets Vi p, and level lengths ren, satisfying

Te,h

r,n < 1, h<rp,n < 8h, Top1,n < (1 << Ly),

and

Mep = |Ven| < Krpyt (<0< Ly).

If
NlogN > Ck.qh™?,

then there exists an estimator WhT such that

sup IE‘WhT — W (P, Q)| <Ck,ah,
P,QEP(Xp)

and
sup  E(Wi! —win(P,Q))” < Cr.ah®.
P,QeP(X}y)

Proof. For each level £, let
e : Xp = Vo
send each leaf to its unique ancestor at level ¢, and write
Pop = (Lg,p) 4 P, Qe,n = (g,n) Q-

Because the sets (Ay)vev, , partition Xp,

1P = Qealli = Y 1P(A0) = Q(AL)| = L (P, Q).

vEVy h
Therefore Theorem 6.2 gives
Lp,
T
Wi (PQ) = renlIPen = Qenlh-
=1

Choose 9
ae 0,1——-).
(01-3)
For each level £, estimate || Pp,;, — Qg p||1 as follows. If My ; > N<, apply the large-alphabet estimator of [5, Theorem 6] on the known
alphabet V4 ;, to obtain an estimator Ly j satisfying
-~ 2 Mi,h
sup  E(Lep = 1Pon — Qenlh)” Sa e
P.QEP(Xp) Nlog N
If My, < N®, use the empirical plug-in estimator on the same alphabet; the standard multinomial bound gives
g 2 M[’h
sup  E(Len = |Pon — Qenln)” Sa T
P,QeP(Xp)

Clip each estimator by
Lg’h =0V Lé,h A 2.

Clipping cannot increase squared error.

Define
Ly
WE = Z Teh Lg’h.
=1
Then
Lp,
Wl —wh(PQ) = Zre,h (Lé,h — | Pgn — Ql,h”l)-
=1

Hence, by Cauchy—Schwarz level by level,

&

\1)2~

cr oo, - — -
1 — 3 s B s
E|W, — W (P,Q)| E Te h\/E(Llh 1 Pe,n — Qe,n

(=1

For the large-alphabet part,

Ly
1 VK 1—d/2
—_— ron/ Mo p L ——— r .
VNlog N Z RV LR = N Tog N Z th
£: My >N =1
Set
= g 1>0
q:= 3 .

Since 7441, < T4,1/8, one has
—q —q(Lp—8),.—q
Toh <8 T

nsh’
and therefore
Ly Lp,
1—d/2 _ -4 < =0 < pl-d/2
E Te,n E Toh ~d T, n~d h :
/=1 =1
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Thus
hl da/2

1
\/NlogN Z ren/Men Sxi ey VNlog N S

My p2N*

under the hypothesis Nlog N > CK’dh_d.

For the small-alphabet part,
Lp
1 _
7N Z reny/Mepn < N 1)/227"e,h~

&My, <N =1

Because 71,5, < 1 and ror1,5 < 1g0/8,
Lp

ZTé’h S/ 1.
=1
Moreover, since (1 — a)d/2 > 1 and h=% < Nlog N, the logarithmic factor is harmless and
N(a=1)/2 Sd,a he

Consequently

sup  E|W - W/"(P,Q)| <k.ah
P,QEP(Xy)

Exactly the same decomposition gives the squared bound:
Lh

E(W; - W/ (P,Q)) (ZTM\/ (Lew = 1Pen = Qenlln) ) Sk,a h*.

This proves the theorem. O

Corollary 6.4 (Euclidean exact hierarchical-tree classes). Assume d > 2 and let Ty, satisfy the hypotheses of Theorem 6.5.
Assume moreover that its leaf set is X C [0,1]¢ and that the tree metric dominates Euclidean distance:

dr, (z,y) > lz —yll2 (2, € Xn).
Define the Fuclidean exact-tree class
Cu(Th) == {(P,Q) € P(X»)* : Wi(P,Q)=W/"(P,Q)}.
If Nlog N > Ck,qgh™%, then the estimator from Theorem 6.3 satisfies

sup  E|Wy —Wi(P,Q)| Skah,
(P,Q)ECKH(Th)

and
A 2
sup  E(Wy —Wi(P,Q))" Sk h®.
(P,Q)€ECL(Th)
Proof. On Cp(T},) one has W1 (P, Q) = (P Q) by definition, so Theorem 6.3 applies verbatim. O

6.3 Finite dominating hlerarchlcal tree catalogs

The stochastic-tree barrier rules out uniform convex averages of tree norms. A different mechanism remains viable: a nonlinear
minimum over a finite catalog of sharp tree estimators. The next result is an oracle inequality of exactly this type.

Theorem 6.5 (Finite hierarchical-tree catalog oracle inequality). Assume d > 2 and fix an integer K > 1. For 1 <k < K,

let T}(Lk) be a rooted weighted tree on the same leaf set X, C [0,1]%, and assume that each T}(Lk) satisfies the hypotheses of
Theorem 6.3 with constants bounded uniformly in k. Assume also that each tree metric dominates Euclidean distance on Xp:

doow (@ y) 2z =yl (z,y€Xn, 1<k <K).
h

Let W}EM be the estimator from Theorem 6.3 for the metric T;Ek>, and define

For (P7 Q) S P(Xh)2, define the catalog approzimation error
2 cat P . I,[,’l ;Lk) P >
h ( 7@) 1<Hk11<11 { 1 ( 7@) Hl(laQ)} _0

Then )
E|Wi™ — Wi (P, Q)| < AF™(P,Q) + Cr,ah,

and
E(Wi™ — Wi(P,Q))" < 245 (P,Q)* + Cr.a h*.

Proof. Choose k4 € {1,..., K} attaining the minimum in the definition of A?L‘“ (P,Q).
For the positive deviation,

N N . (k)
Wi = Wi(P.Q) S W) —Wi(P.Q) = (W) —w " (P.Q) + A7 (P.Q).

Hence o
E(Wi* —Wi(P,Q)), < A (P,Q) + Cah
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and
E(Wit - Wi(P,Q))] < 285(P,Q)% + Cyh?

by Theorem 6.3.

(B
For the negative deviation, the domination W1(P,Q) < W, " (P, Q) gives
(Wl (P,Q) — Wcat) < max (WT’(‘IC) (P,Q) — W(k>)
’ ho )+ =gk 1 ’ )4

Therefore
SN *®
5 cat L N
E(Wi(P,Q) - W) <Y E[W," (P.Q) - W] < Ciah,
k=1
and, using max ai < E ai,

K
E(Wi(P,Q) - W) <> m(W, (R - W) < Crat®
k=1

Combining the positive and negative parts proves both claims. O
Corollary 6.6 (Approximate catalog criterion). Under the assumptions of Theorem 6.5, let Cr, € P(Xn)? satisfy

sup  APY(P,Q) < Ah
(P,Q)eCy

for some A > 0. Then .
sup E[Wi™ = Wi(P,Q)[ < Caxcah,
(P,Q)eCy

and
sup E(Ws™ —Wi(P,Q))° < Caxah®.
(P,Q)ECH,

In particular, the same conclusion holds on the exact union class

K
Uena®),
k=1

for which A = 0.
Proof. Insert the approximation bound into Theorem 6.5. O

6.4 Sparse shortcut graphs beyond trees
The exact tree classes solve the zero-cycle regime. The next theorem shows that one may add a quantitatively controlled
family of shortcut edges and still retain the sharp critical law. The reason is structural as well as statistical. The tree part still
requires the full large-alphabet machinery of Theorem 6.3, but the cycle correction depends only on the subtree imbalances
along the union of the shortcut paths, and those are ordinary one-dimensional empirical means. Thus a genuinely overlapping
graph geometry becomes tractable as long as the total tree footprint of the shortcuts remains below the critical noise budget.
Fix a rooted weighted tree T with finite leaf set X. For every non-root edge e € E(T), let Ac C X denote the descendant
leaf set below e, and let £(e) > 0 denote the length of e. Write

FOO={f: X >R Y f@ =0}, s(f)=fA)  (feFY).

reX

By the tree formula of Theorem 6.2,

Iflroxcan = Y Ue)lsc(Hl  (f € F(X)).

e€E(T)

Lemma 6.7 (Edge-flow representation of graph transportation). Let H = (V, E,£) be a finite connected weighted graph,
endowed with its shortest-path metric dg on V. Choose an arbitrary orientation e = (et,e™) of each edge. Then for every

fez ),
e = it {3 6 ucl + =Y uelbes =)}

ecE ecE

Proof. This is standard minimum-cost-flow geometry for graph metrics. For completeness we give a direct proof.
Let m be any transport plan for f on (V,dp). For each ordered pair (z,y) € V x V, choose a shortest path vz, in H joining x to y.
Sending the mass m(z,y) along vy produces edge coefficients (u) such that

f = Zue(6e+ - 65*))
ecE
and whose total edge cost is at most
Z m(@,y) d (,y).
z,yeV
Taking the infimum over 7 yields

inf D el < I llrevan)-
ecE
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Conversely, fix edge coefficients (ue) satisfying

F=) ue(er —8.-).

ecE

Replace every edge e = (eT,e™) by the directed arc et — e~ carrying mass (uc)+ and the reverse directed arc e~ — et carrying mass
(ue)—. This yields a nonnegative directed flow on the bidirected graph whose divergence is exactly f.

Repeatedly extract a directed path from some vertex of positive divergence to some vertex of negative divergence, subtracting along
that path the largest amount compatible with nonnegativity. After finitely many steps all divergences are exhausted, and the remaining
directed flow is a nonnegative circulation. Decompose that circulation into directed cycles and discard those cycles. We are left with
directed path flows

Yr Ty = Yr, tr >0,

> (e, =84, = f
D telength(y,) < £e)fuel-

ecE

w(z,y) = Z tr.

i (zr,yr)=(2,y)

such that
and

Define a transport plan on V' x V by

Then 7 transports the positive part of f to its negative part, and because dg(zr,yr) < length(y,) for every r,

> w(@y)du(e,y) <Y telength(y) < D fe)fuel.

z,yeV eckE

Taking the infimum over all feasible edge coefficients (u.) gives
< inf E l(e)|uel,
||f||TC(v,dH) = ) - (e)]uel

which proves the claim. O

Proposition 6.8 (Exact shortcut reduction relative to a rooted tree). Let T be a rooted weighted tree with leaf set X, and
let H be obtained from T by adjoining shortcut edges

g5 ={a;,b5) (1<j<o
of lengths A; > 0. Choose an orientation a; — b; for each shortcut. For every tree edge e, define
€ej = Lipea,, a;¢acy — Lajen., b¢a.y € {—1,0,1}.
Then for every f € F(X),

c

se(f)+ D ces?

Iflreex.an = min § D L)

+ 3 Azl
j=1

c€B(T) j=1
Let
U:= {e € E(T): 3j withe.; # 0}, Len™ (H; T) := Y _ ((e).
ecU
Define
\II = i e e.i”i|l — e i i = ele Uv
m(u) min Zﬁ(e) U —I-ZE,J,Z] [te| +ZAJ|2]| , U= (te)ecv €R
ecU j=1 j=1
Then

Ifllrecx.an) = Iflrex.ar) + Yu ((se(f))eev),
and for all u,v € RY,

U (u) = U (v)| <2 £(e) [ue — e

ecU

Proof. Orient every tree edge toward the root. By Theorem 6.7, the graph transportation norm on (X, dg) is the minimum of

c
D e luel+ Y Nl
j=1

ecE(T)

over all coefficients (ue)ecp(1) and z € R¢ satisfying

f= Z Ue (e + —567)'*‘2%'(5% = 0;)-
j=1

e€E(T)

For fixed z, the tree coefficients must therefore realize the signed leaf function

F=> 70, —6,).
j=1
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On a rooted tree the coefficient on an edge e is uniquely determined by the mass on the descendant side:

we = (£ 30 25060, = 80,)) (Ae) =5e(D) + 3 e
j=1

Jj=1

Substituting this unique choice proves the first formula.
Now split the sum over E(T) into the edges in U and in E(T) \ U. On the latter set every coefficient e, ; vanishes, so

I fllrecxam = Y Ke)lse(H)]+ min § > " £(e)|se(f) + Zl wa
p

e¢dU ecU

Since

I llrexar = Y _Uelse(N+ Y ee)lse()
e¢U ecU
the claimed decomposition with Wz follows.

For the Lipschitz bound, define
P = L(e
nl) = {Z

ecU

c c
ue+zse,jzj +Z>‘]|2J}
j=1 Jj=1

For fixed z, the displayed function is Z £(e)|ue — ve|-Lipschitz in u. Taking the infimum over z preserves the same Lipschitz constant,
hence

(@5 () = P (v)] <Y e) fue — vel.

ecU

() = @) = Y Le)luel,

ecU

Because

the triangle inequality gives

W51 () = Wi (0)] < [®51 () = D ()| + Y €€) [Juel = Joel[ <2 €(e)lue — vel.

ecU ecU

O

Theorem 6.9 (Critical law on exact sparse-shortcut graph classes). Assume d > 2 and fix K < co. There exists a constant
Crk,a < 0o such that the following holds.
Let h € (0,1/8] and let Ty, satisfy the hypotheses of Theorem 6.3, with leaf set

X C [0,1]%.
Let Hy, be obtained from Ty, by adjoining shortcut edges
gin ={ajn,bjny  (1<j<cn)
of lengths X\jn > 0, and let du, be the resulting shortest-path metric on Xn. Assume that
duy, (z,y) > [le =yl (z,y € Xn).
Let Up, C E(Th) be the union of the tree edges crossed by the shortcut system, and define the shortcut footprint

Lenj" := Z L (e)

ecUyp,

If
NlogN > Ck.qh™¢,

then there exists an estimator W{I such that

. Lens®
sup  E|WH —w/n(P.Q)| < Cxah+ C =22
P.QEP(X)) [ ' | VN’

and

R L shy\2
sup  E(Wi — Wi (P,Q)* < Creah? + ¢ LB
P,QeEP(Xy) N

for a universal constant C' < co.
Consequently, on the Fuclidean exact graph class

Ch(Hy) = {(P,Q) € P(X1)" : Wi(P,Q) =W{™"(P,Q)},

the same estimator satisfies
Lens?

sup EWh —Wl(PQ) <Cth+C
(PQ)EC ) | | VN’

and

. L sh\2
sup  E(W —Wi(P,Q))* < Crah® + C%.
(P,Q)€ECK(Hp)
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In particular, if
Len;" < AhV/N ,

then -
sup E’Wh — Wi (P, Q)‘ < Caxk,ah,
(P,Q)ECHL(Hp)

and
sup  E(WH —Wi(P,Q))* < Caxah’.
(P,Q)ECH (Hp)

Proof. Let WhT be the estimator from Theorem 6.3. For every tree edge e € Up, let Ac C X} denote the descendant leaf set below e
and define
se,h(P7 Q) = P(Ae) - Q(Ae)» ~§e,h = Pn(Ae) - Qm(Ac)
By Theorem 6.8,
H T
W (P,Q) = Wy (P,Q) + W ((se.n(P,Q))ecrr, )
where Wy, is the shortcut correction functional associated with (Hp,Ty). Define the estimator
W;{{ = W{{ + Uy, ((§e,h)eeUh)~
By the triangle inequality and the Lipschitz bound from Theorem 6.8,
Wi — Wi (P,Q)| < [Wil =W (PQ)| +2 ) ta(€) [5en = 5en(PQ)L-
ecUp,

For every e € Uy,

Elde,n — 5e,0(P,Q)| < /E(e,n — se,n(P,Q))2 < N71/2,
because Py (Ae) and Qm (Ae) are Bernoulli averages with variances at most 1/(4n) and 1/(4m). Therefore
Lenih

W —wi(p,Q)| <E|WI —w(P,Q)|+2

Applying Theorem 6.3 yields the absolute-risk bound.
For the squared risk, use

2
(Wi —wi(p.Q)* <2(W} - wln(P,Q)* +8( > (@) sesn = sen(P, cz>|) :
ecUyp,
By Cauchy—Schwarz,
2
(Z () [, = sen(P, Q)\) < Leni™ Y " n(e) (Gen — sen(P Q)2
ecUy ecUyp

Taking expectations and using
E(Se.n = se,n(PQ)? < N7
for every e € Uy, we obtain

R 2 (Lensh)2
B(D 6@l —sn(n.Q)) < RS
ecUp,
Combining this with Theorem 6.3 proves
(Lenih)2

E(WH — W™ (P.Q))" < Ckah® +8

and the stated bound follows after absorbing constants.
On Cp(Hp) one has Wi (P, Q) = Wth (P, Q) by definition, so the same estimates apply verbatim. If Lenzh < Ah+/ N, the shortcut
term is at most a constant multiple of h in absolute loss and of h2 in squared loss. O

Corollary 6.10 (Growing shortcut counts are still critical). Under the assumptions of Theorem 6.9, suppose that every
shortcut joins two leaves of Tr. Then

N

Ch
sh
Leni" <)~ dr, (ajnbin) < = en.
Jj=1

Consequently, if

Ch S Ah\/ﬁ,
then .
sup IE’WhH - W1(P,Q)‘ <Caxkah,
(P,Q)ECHL(Hp)
and

sup  E(Wil = Wi(P,Q))° < Caxcah’.
(P,Q)€EC(Hp)

Proof. For any leaf x of T},

Ly, oo 8
dry, (z, root) = Zrl,h < ZS_(Z_I) =
=1 =1

because 71,5, < 1 and rp41,, < 7o /8. Hence any two leaves satisfy
16
dTh (CE, y) S 7

Summing over the shortcuts gives the bound on Lenih, and the risk statement follows from Theorem 6.9. O
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Remark 6.11 (What remains beyond sparse shortcut overlap). Within the present tree-plus-shortcut framework, Theorem 6.9
solves every exact Euclidean class whose total shortcut footprint is O(hv N). Since h < (N log N )71/ 4. this already allows

VN = NY27 Y (10g N) /2

shortcuts of bounded tree length. Thus the unresolved core is not merely the presence of cycles. It is the genuinely macroscopic
cycle space in which overlapping reuse occurs on a footprint much larger than the empirical N ~1/2 fluctuation scale.

6.5 A sharp stochastic-tree envelope law
We now freeze the support to the regular Euclidean grid

G :=m {1,...,m}* c[0,1]% |G| = m®.
Write .7 (G, ) for the vector space of all real functions on G,, with total sum zero. For any metric p on G, let

Il fllmc(Gom.p

denote the transportation-cost norm induced by p. When p(z,y) = ||z — y||2, we abbreviate this as

1 fllrc(Gm)-

Lemma 6.12 (Transfer of the grid Li-distortion barrier to the Euclidean metric). Assume d > 2. Then there exists cq > 0
such that every embedding of the normed space

(F(Gm), |- lIre@m))

into L1 has distortion at least
cqlog|Gml.

Proof. Let p1 and p2 denote the ¢1 and Euclidean metrics on Gy,. For all z,y € Gy,
p2(z,y) < p1(z,y) < Vdpa(z,y).

By monotonicity of transportation-cost norms under pointwise comparison of ground metrics,

I (G, pa) < NFITC(Gmp1) S VANFITC(Grpe)  VF € F(Gm).

Therefore an embedding of the Euclidean transportation-cost space into L; with distortion D would induce an embedding of the

¢1-grid transportation-cost space into L1 with distortion at most v/d D. The lower bound of Gartland—Ostrovskii-Rabani—Young for
d-dimensional grids then gives

VdD > clog |Gm|
for a universal constant ¢ > 0. Absorbing v/d into the constant yields the claim. O

If 7 is a tree metric on G, then the transportation-cost norm on (Gy,,7) is Li-embeddable: if T is a weighted tree
realizing 7 and A. C G, denotes one side of the leaf partition induced by deleting an edge e € E(T*), then

Iflrc@nn = D, (&) [F(Al-
e€E(T,)

Consequently, if p is a probability distribution on tree metrics on G,,, the averaged envelope

No(f) = / 1 fllroic, m dur)

is again an Lj;-embeddable norm, as an Li-direct integral of tree norms.

Theorem 6.13 (Sharp stochastic-tree envelope law). Assume d > 2. Then there exist constants cq,Cq > 0 such that the
following holds for every m > 2.
(i) There exists a probability distribution p., on tree metrics T on G, such that

||Zl'—y||2 ST(£7Z~/) Vx,ye Gm:
and

/ #(@,9) dpin(7) < Calog |G| 2 —yll2  Va,y € Gon.

Hence
[flltcGm) < Num (f) < Calog|Gm| || fllrc@c,n YV € F(Gm).

(ii) Conversely, let p be any probability distribution on tree metrics T on G satisfying
for p-almost every . If for some D > 1 one has

Nu(f) < Dlfllrc@n — VFe F(Gm),

then
D > cqlog |Gl

Therefore the optimal stochastic-tree/L1 distortion of the Euclidean grid transportation-cost space is

O4(log |Gm)).
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Proof. For part (i), apply the theorem of Fakcharoenphol-Rao—Talwar [4] to the finite metric space (Gm, || - ||2). It gives a probability
distribution g,, on dominating tree metrics 7 such that

lz—yll2 <7(z,y)  and /T(r,y) dpm(7) < Cqlog |Gml [lz — yll2

for all x,y € Gp,.
Fix f € #(Gm) and choose an optimal transport plan 7y for || fllTc(q,,)- For every tree metric 7,

llrci@nn € Y @7 y),

z,YyEGm

Integrating over p,, and using Fubini’s theorem yields

MGESSY Wf(m,y)/r(:c,y)dum(f)

z,yEGm
< Calog|Gm| Y (@, y)lle —yl
z,YyEGm
= Cqlog|Gm| || fllrc(Gm)-

The lower bound
1fllrc(Gm) < Num (£)

is immediate from the pointwise domination 7 > || - ||2.
For part (ii), the same domination implies

Ifllrcian) S Nul(f)  Vf e F(Gm).
By the discussion preceding the theorem, N, is Li-embeddable. Therefore
lfllrc(@m) < Nu(f) S DIfllrecm)
gives an embedding of (F(Gm), || - llrc(a,,)) into L1 with distortion at most D. Applying Theorem 6.12 yields
D > cqlog|Gm)-

O
Corollary 6.14 (Convex-combination barrier for Li surrogates). Assume d > 2. Let Nu,..., Nk be norms on % (Gnm) such
that
[fllrc@n) < Ne(f)  Vf € F(Gm), VE,

and assume each Ni embeds isometrically into Ly. If weights w1,...,wx > 0 with Zi{zl wy = 1 satisfy

K

Zwka(f) <D fllrcen — Vf € F(Gm),

k=1
then

D > cqlog |G-

In particular, no convex combination of finitely many tree norms or packed direct-sum L1 models can approximate the full
Euclidean grid transportation norm with distortion o(log|Gm|).

Proof. The norm
K
N(f) = wiNe(f)
k=1

is L1-embeddable and dominates || f||Tc(q,,)- Hence
Ifllrc@n) <N < DIfllrc@m)
for all f, and Theorem 6.12 yields the conclusion. O

Theorem 6.15 (No exact or bounded-distortion difference-linear L skeleton on the full Euclidean grid). Assume d > 2. Let
L>1,let A,..., A >0, and let
A F(Gm) = RM  (1<i<L)

be linear maps. If for some D > 1 one has

L

1l < 3 MllAeflh < Dl fllecny V€ Z(Gu),
=1

then
D > cqlog |G-

In particular, no exact representation of the form

L
1flrc@m = Y AellAcfln

=1

can hold along the full asymptotic grid sequence m — oo.

Proof. Define
®: F(Gp) —» RM1+ ML, B(f) ;= (MALS, ..., ALALS).

42



Then .
o)l = AellAcf.
=1

Therefore the assumed two-sided bound yields an embedding of the normed space
(F(Gm); - lrcem))
into €¥1+"'+M" C L; with distortion at most D. Applying Theorem 6.12 gives
D > cqlog|Gm]-
The final claim follows because cglog |Gm| — co as m — oo. O

Corollary 6.16 (No exact same-map TV skeleton on the full Euclidean grid). Assume d > 2. Let m¢ : Gy — {1,..., My}
and ¢ > 0 for 1 < ¢ < L. If for some D > 1 one has

Wi(P,Q) <Y MTV((m) 4P, (m0)4Q) < DWi(P,Q)  VP,Q € P(Gm),

=1
then
D > cqlog |Gl
In particular, there is no exact representation
L
Wi(P,Q) = > MTV((me)4P, () 4Q)  VP,Q € P(G)

=1
valid for all sufficiently large m.
Proof. For each ¢, let

Ap: F(Gm) — RMe
be the linear aggregation map defined by
AH) = Y f@), 1<r<Me

TE€Gm: mp(z)=r
Then for every P,Q € P(Gm),
TV((m0) P, (r) Q) = 3 14¢(P ~ Q1.
Hence the assumed representation is exactly of the form covered by Theorem 6.15, after absorbing the factor 1/2 into the weights A\p. O

7 Multiscale polynomial debiasing on transport trees

The preceding tree results were stated for exact Euclidean subclasses. The next theorem is stronger in a different direction: it
solves, for every pair of laws on the full leaf set, the complete multiscale tree transportation functional with the same N log N
critical gain. This is the cleanest model in which the lower-bound scale, the diagonal empirical width, and the large-alphabet
bias correction all coexist. It also clarifies a key point for the Euclidean problem: diagonal centering alone is not the whole
mechanism. One must combine centering with polynomial large-alphabet debiasing at every active scale.

Let X be a finite set equipped with a nested sequence of partitions

AO = {X}aA17-~~7AJ7

where every atom of A;41 is contained in an atom of A;. For P € P(X), write P; for the push-forward of P to the finite
alphabet Aj;,
Pj(A) = P(A), AcAj

For p > 1 define the additive p-cost tree functional

J

Ty (P,Q) =Y 277 P = Qilh

j=1

and the associated root functional
W, s (P, Q) = Tps(P, Q7.

For p =1, ¥, is exactly the transportation distance on the rooted tree whose edge from level j — 1 to level j has length 277,
For p > 1, it is the same cut-additive tree transport with edge cost 277, followed by the natural p-th root.

Theorem 7.1 (Complete multiscale polynomial tree law). Let d > 2p. Fiz A < co. Assume that
A <A2¥, 1<j<

and let hy =277, If
NlogN > Ah3%,

then there exists an estimator %1,,1, based on two independent samples of size N, such that

sup E|%, 5 — Tp,J(P, Q)| <Caap hfj,
P,QeP(X)
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and

sup E ‘ (%p’ 1/p W, s (P, Q)‘ < Cadphy.
P,QEP(X)

Proof. For each level j, the samples induce two empirical samples from Pj,Q; on the alphabet A;, whose size is

M; = | Ay < A29.

(o3

If M; > N, use the large-alphabet Li-distance estimator of Jiao—-Han—Weissman on Aj;; after clipping to [0, 2], denote it by /L\]-. We
use the consequence

Choose

My

E P; — 6.1
(T 17 = Qi) % o (6.1)
If M; < N, use the empirical plug-in estimator, again clipped to [0, 2]; then the standard multinomial inequality gives
M,
E(L; — ||P; — < —L < NeTL 6.2
wp (L~ 17— @h)* 5 < (62
Set
J
TP’J = Z 2_pJL]
j=1
Then
N J o ,71/2
B[3 - T (PQ)| <> 277 [B(E - 17 - ilh)’]
For the large-alphabet levels,
< C4(NlogN) -1/2 o(d/2=p)j
\/ Nlo N < CalNlog Z
3 M >N
Since d/2 — p > 0, the last sum is dominated by its terminal scale:
J
Zg(d/Z—p)j Sap 2042700
j=1
Using 27 = h;l and Nlog N > Ah;d,
—1/25(d/2—p)J
(Nlog N)~1/22(d/2=0)] <\, hP.
For the small-alphabet levels, (6.2) gives
Z 2—pi y(a=1)/2 < Cp N(a=1)/2
JiMj<Ne
The choice of « implies (1 — a)/2 > p/d. Since h;d <a NlogN, the logarithmic factor is harmless and
N<a71)/2 <Ad p h?.
Combining the two estimates proves the powered bound.
Finally,
/P —bY/P| < ja —b|YP,  a,b>0.
Hence, by Jensen’s inequality,
~ 1/p ~ 1/p
B|(%))" - Wu(PQ)| <B|(F), - 5a(P.@)
= 1/p
<[E|Ts -5 (PQ)|] " Sh
O

Corollary 7.2 (Sharpness on the complete dyadic tree). Let A; be the dyadic partition of [0, 1]d up to level J, restricted to
its 247 terminal cells, and assume
o\ log N.

Then

infsup E ‘Qﬁ — W, (P, Q)‘ =d.p 277

W PQ
and, equivalently,

inf sup E ‘% —%,(P, Q)‘ <aqp 2P

T PQ

Proof. The upper bound is Theorem 7.1. For the lower bound, choose inside every dyadic parent at level J — 1 two children and perturb
mass only between those two children. All coarser partition marginals agree, while the level J term satisfies

s (P,Q) =277 ||P; — Q.

The family contains a large-alphabet Li-distance problem over M < 247 < Nlog N symbols. The Jiao—Han—Weissman lower bound
gives a constant lower bound for estimating | Py — Q|1 in this regime. Multiplication by 27?7 yields the powered lower bound. The
root lower bound follows by restricting to alternatives for which ||P; — @ s||1 is bounded above and below by fixed positive constants, so

that the map ¢ — t1/? has derivative comparable to one on the relevant interval after factoring out 2777, O
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Theorem 7.3 (Raw centering misses the logarithm on a tree level). Let d > 2p, and set
hn = (Nlog N)~ /4,

For the complete dyadic tree functional above, let TV be the levelwise four-sample centered plug-in estimator obtained by
replacing every |P; — Q|1 by

PO 1, ~ = 1 ~ ~
175 = Qslls = 5P = Pill = 511Q5 — @l
Then there are dyadic levels jn, with 29N < N, and laws Py, Qn such that
W, (Px, Q) < NV,
but
‘IE‘S"*W — Tp.5(Pw, QN)‘ Zap NP/
Consequently
‘Fﬁmw —%p,s(Pn,Qn)
hn (Qﬂp,J(PN,QN) + hN)pi1

Thus exact diagonal cancellation without polynomial large-alphabet debiasing does not recover the N log N improvement, even
on a completely solved multiscale tree model.

— 00.

Proof. Choose jy so that

k‘N = |AjN| = ]\77
and take Py, Qn to differ only inside level-jn atoms, with all coarser masses equal. It is enough to work on the alphabet of level j .
Choose signs o; € {—1,1} with El o; =0, and fix a small constant a € (0,1/10). Put

._1+a0'i ._17ao'i
bi = kN s qi = kn .
Then
lp — qllr = 2a.

Consider the scalar Poissonized version with N/kx — A € (0,00). For one coordinate with o; = 1, the centered absolute-value
contribution converges after multiplication by N to

1 ! 1 !
Ba(a) = E|Xy — Y| - SEIXs — X4| - SEYV- - Y/,

where
Xy, X, ~Poi(A(1 +a)), Y_,Y! ~ Poi(A(1 — a))

are independent. The same limit holds for o; = —1 by symmetry. The function B (a) is analytic near 0, satisfies By (0) = 0, and is even
to first order: B/ (0) = 0. Indeed, interchanging a and —a swaps the two independent coordinates in the first absolute value and swaps
the two diagonaf\ terms. Hence
Bx(a) = Ox(a®)  (alO0).

Taking a > 0 sufficiently small gives

2a — By(a)| > a.
The usual de-Poissonization changes the expectation by o(1) after summing over ky < N coordinates. Therefore the level-jn centered
plug-in estimator of ||p — ¢||1 has an expectation bias bounded below by a positive constant depending only on a and the bounded ratio
N/kn.

All other levels are arranged to have identical coarser masses, so the displayed single-level bias contributes to the tree functional with

weight 27PIN | Since 2%N < N,

9—PIN = N—P/d

Moreover

Tp,s (P, Qn) = 27PN, 0, 5(Py,Qn) = 27N < N7Y/4.
Finally,
-1
hn (mp,J(PmQN) + hN)p = (Nlog N)~VaN=(=D/d = N=P/d(1og N)~1/4,
which is smaller than N~P/¢ by a diverging logarithmic factor. O

Remark 7.4 (Consequence for the Euclidean finite LP). The obstruction in Theorem 7.3 does not disprove a special Euclidean
centered-curvature identity. It does show that such an identity, if true, cannot be a generic consequence of diagonal
cancellation for high-dimensional transportation norms. A robust proof of the unrestricted Euclidean theorem must contain
an N log N-type polynomial debiasing mechanism comparable to Theorem 7.1, either explicitly at multiscale cuts or implicitly
inside a debiased Kantorovich LP regularization.

8 Dual compression and annular completion

The tree construction of Section 6 compresses the Euclidean transport norm through a special family of hierarchical metrics.
We now pass to the semi-discrete dual itself. This produces a broader positive mechanism: for a bounded cost on a finite
known support, a maximum over any feasible dual catalog is statistically cheap, and the only price of allowing many candidate
phases is a y/log K/N factor. Low-dimensional continuous dual manifolds are equally admissible after discretization. Applied
to the annular linearizations from Section 4, this turns the unresolved supercritical core into a concrete dual compression
problem.

8.1 Finite dual catalogs

Let X :=0, 1]‘17 let Y C X be finite, and let
c: XxY =R
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be a bounded measurable cost. For P € P(X) and R € P(Y), define

well(P,R)

T.(P,R):= inf /c(ac,y) dr(z,y).
By Kantorovich duality,
TP R) =sup{ P+ Rg: f5X SR, g:Y 5 B, (@) +9(y) < clayy) Yiwp) .

A finite dual catalog for c is a finite family .
A = {(fr, gr) te=1

of dual-feasible pairs,
fo@) +gr(y) <clzy) (wed, yeY, 1<k <K).

Given samples
iid. iid.

Xy,..., X, R~ P, Yi,...,Yn '~ R,
write . .
1 1
P, = — ox,, Ry i = — Oy, N :=nAm.
nE X; mzl Y; nAm
i= j=

For every catalog element define the empirical dual score
bk = Pnfk + ngka

and the catalog estimator

T := max Dkg.
1<k<K

The corresponding population score is
Dk(P, R) := Pfr + Rgk,

and the catalog approximation gap is

A (P,R) := T.(P,R) — max Dy(P,R) > 0.
1<k<K

Lemma 8.1 (Finite dual-catalog maximal inequality). Assume

[felloo < B, llgrlle =B (1 <k <K).
Then
log(2K)
_ _ < o\
E max (Pn = P)fx + (Rm — R)gk| < CB N
and log(2K)
2 > log
— _ < e\
E max (Pn— P)fx+ (Rm — R)gs| <CB T
for a universal constant C < oo.
Proof. For each k define
Zy = (Pn = P)fi + (Rm — R)gy-
Since
fu(Xi) = Pl {7§ @} 9x(Y;) — Rgr c {7§ @}
n n ’ n ’ m m’ m ’
Hoeffding’s inequality gives, for every u > 0,
w2
P(|Zk| > <2 —_—— ).
124] = w) < 2exp( i

Taking the union bound over 1 < k < K yields

u2
P Z| > <2K —_ ).
<1g}casxK| Bl 2 u) - eXp( 8B2(n~1! +m—1))

Since n~! 4+ m~1 < 2/N, there is a universal constant co > 0 such that

N 2
IP( max | Zg| ZU) SQKGXP(—CO - )
1<k<K B2
Set .
Mg = Z|, = ———1/log(2K).
= B A = o)
Then
S e}
log(2K
]EMK:/ P(szu)du§u0+/ 2Ke 0N /B% gy < OB LEV )
0 wg

for a universal constant C. Likewise,

Bl oo
log(2K
EMj = 2/ uP(Mg > w)du < u +4K/ ue= 0N /B gy < € B2 Li\/ ).
0 U,

0
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Theorem 8.2 (Dual-catalog oracle inequality). Let o7 = {(fx,gx)} -, be a finite dual catalog for c satisfying
[felle < B, lgrlle <B (1 <k < K).
Then for every P € P(X) and every R € P(Y),

E|Tw — T.(P,R)| < Aw(P,R)+ C B %,
and los(2K

E(Tw — Te(P,R))” < 2A4/(P,R)* + C B? %,
for a universal constant C' < oco.

Proof. For each k write

Dy, := Dy (P, R) = Pfr + Rgy, Dy := Pn fi + Rmgr, Zy, == Dy — Dy,.

By dual feasibility,
Dy <Te(P,R) (1<k<K).
Hence . . .
Ty —Te(P,R) = max Dy —Tc(P,R) < max (Dp— Di) < max |Zg]|
1<k<K 1<k<K 1<k<K

Choose ky attaining the maximum in the definition of A g (P, R). Then
Te(P,R) — Toy <Te(P,R) — Dy, = Ay (P,R) + (Dy, — Di,) < Ay (P,R) + | max | Z |-

Therefore N
|Tes = Te(P,R)| < Ay (P, R) + max |Z],
1<k<K

and also )
(Ter = To(P,R))” < 2A4(P,R)* +2 max [Z[*.
1<k<K

Now apply Theorem 8.1.
Corollary 8.3 (Approximate K-phase families). Under the assumptions of Theorem 8.2, let C C P(X) x P(Y) satisfy

sup A (P,R) < A
(P,R)eC

for some A > 0. Then

. log(2K
sup E|Tw —T.(P,R)| < A+CB M,
(P,R)cC N
and lo(2F
sup E(Tw — T.(P,R))* < 24 + C B log(2K)
(P,R)€C N

In particular, if A =0, then every exact K-phase family is estimable at rate
log K
N

Proof. Insert the uniform approximation bound into Theorem 8.2.

up to constants depending only on the envelope bound.

8.2 Low-dimensional dual manifolds
The previous theorem is finite. A continuous dual family can be reduced to this situation by a net argument.

Theorem 8.4 (Parametric dual compression). Let © C [-R, R]? and let
{(fo,90) : 0 € ©}
be a family of dual-feasible pairs for c. Assume
[follo < B, llgollc <B (6 €0),
and suppose that for some L > 1,
1fo = forlloo +llgo — gorlloe < LIIO —0'[lc (0,0 € O).
Define
Ao (P, R) :==Tc(P,R) — Zlelg{l’fe + Rgo} > 0.
Then for every e € (0, 1] there exists an estimator T@,E such that

qlog(1 + 2RL/)

E|Te. —Te(P,R)| < Ae(P,R) +e+CB - 7
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and

E(To. — T.(P,R))> < 2(Ae(P, R) + ) + C B? qlog(1 +2RL/e)

N )
where C < oo is universal.
Proof. Choose an foo-net
N:CO
of mesh e/L. Since ® C [—R, R]?, one may choose it so that
2RL\ 1
[Nz < (1 + —) .
€
Apply Theorem 8.2 to the finite catalog
e :={(fo,90) : 0 € Ne}.
For any (P, R) and any 6 € ©, choose 0. € N with
10 —bcllo <e/L.
Then
[Pfo — Pfo.l <llfo — fo.llo,  |Rgo — Rgo.| < llgo — go. lloos
hence
|Pfo+ Rgo — Pfo. — Rgo. | <e.
Therefore
Ay (P, R) < Ae(P,R) +e.
Since SR
tog (210t ) < glog(1+ 227 ) + log2,
€
Theorem 8.2 gives the stated bounds after absorbing log 2 into the constant. O

Corollary 8.5 (Feature-compressed semi-dual weights). Let 11,...,1%¢:Y — [—1,1] and fir Ro > 1. For 6 € [—Ro, Rol?,
define

q
90(y) := ;ebwbw), fo(@) = min(e(z,y) = go(y)).
Then each (fg,g0) is dual-feasible for c. If |c(z,y)] < Cc on X XY, then
”g@Hoo < qRo, ||f9H00 < C. + qRo,

and
1fo = forlloo + llge — gorlloe < 24160 = 0| .

Consequently, if a class C C P(X) x P(Y) satisfies

sup Ae(P,R) < A,
(P,R)eC

then for every e € (0,1] there exists an estimator with

\/ qlog(1 + 4qRo /<)

sup E|T' —T.(P,R)| < A+e+C(Ce+qRo) = :

(P,R)eC

and an analogous squared-error bound.

Proof. Dual feasibility is immediate from the definition of fy. The envelope bounds follow from |gg(y)| < ¢Ro and
—Cec —qRp < f9(3~7) < Ce¢ + qRo.
Finally, ,
llge — gorlloc < |6 — 8'[lo,
and since minima are 1-Lipschitz with respect to the sup-norm perturbation of the family being minimized,
lfo = forlloo < llgo — gorlloo < qll6 — 6|l co-
Apply Theorem 8.4. O

8.3 The full semi-discrete box: removing the discretization logarithm
The net argument in Theorem 8.4 is sharp for a generic g-parameter family, but it is not sharp for the full semi-discrete
family itself. If the support Y is fixed and finite, the exact support-weight box has entropy dimension M := |Y| in the sup
norm, and this removes the additional log(1/¢) loss coming from a crude e-net of the parameter space.
Fix

Y ={y,....,ym} C X,

and define the oscillation scale
Dy(¢)i= | max sup|e(a,ya) = c(z,ys)].

Also write

By (c) := [l + Dy (c).

For a weight function g : Y — R, let
fo(x) := min(c(z,y) — g(v)).

yeY

Then (fg,g) is dual-feasible for c.

48



Lemma 8.6 (Exact oscillation-bounded normalization). For every P € P(X) and every R € P(Y),

T.(P,R) = sup {Pfg + Rg},
9€Gy

where
Gy = {g Y =R oglym) =0, [lglle < DY(C)}'

Proof. Fix any g : Y — R and set f := f;. Define
(C(x’ y) - f(I)), Yy e Y.

inf

TEX

Because f(z) < ¢(z,y) — g(y) for every (z,y), we have g(y) < g(y) for every y € Y. Moreover, for every z € X and every y € Y,
3(y) < c(z,y) — f(2),

hence

f(z) <elz,y) — a(y)-

f(2) < f(z).
fa(x) < fo(@) = f(2).
ffl = fg~

Pfs +Rg=Pfy+ Rg > Pfy + Rg.
Thus the full dual supremum may be restricted to pairs of the form (fg,g) with

9(y) = inf (c(z,9) = fo(@))-

Taking the minimum over y gives
On the other hand, since § > g pointwise,
Therefore

Consequently

For such a normalized g, fix y,z € Y. Since
fo(@) < clx,2) —g(z) VzeX,
we obtain
c(z,y) — fq(x) > g(2) + c(z,y) — c(z, 2) Vr e X.
Taking the infimum over x yields
— > inf - .
9(y) —9(2) 2 inf, (c(z,y) = e(x, 2))
Interchanging y and z gives
9(y) — 9(2) < sup (e(z,y) — c(x, 2)),
reEX
hence
lg(y) — 9(2)| < Dy (c).
Now subtract the constant g(yas) from all coordinates. The dual value is unchanged because
fg—a(x) = fg(z) +a and R(g—a)=Rg—a (a € R),
S0
Pfg—a+ R(g—a) = Pfg+ Ry.
After this centering we have g(yas) = 0 and therefore
llglloe < Dy (c).

This proves the claim. O
Lemma 8.7 (Entropy of the full semi-discrete box). Let

Fy = {fg B¢ IS gY}~
Then for every e € (0, Dy (¢)],

2D
logN(a, Gy, |l - ||oo) < (M- 1)10g(1 + %)7
and -
log N(g, Fy, || - [lso) < (M — 1)1og(1 i %)
Moreover,
I fglleo < By (c) (9 € Gy),
and

1fo = farllo <llg—d'lle (9,9" € Gy).

Proof. The set Gy is an (M — 1)-dimensional ¢o.-box of radius Dy (c) after fixing the coordinate g(yps) = 0. Hence it admits an e-net
in || - |l of cardinality at most
2D M—1
(1 n Y(C)) .

£

This proves the first entropy bound.
For the envelope bound, since |¢(z,y)| < ||¢||e and |g(y)| < Dy (c),

—By(¢) < c(z,y) —g(y) < By(c)  V(z,y) €X' XY,

and therefore
Il fglloe < By (c).
Finally, for every z € X,

0(@) = Fyr (@) = [mi () = ) — min () = ') | < o = o'l
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because the minimum is 1-Lipschitz with respect to uniform perturbations of the family being minimized. Hence
Ifg = forlloo < llg = ¢'lloo-
The second entropy bound follows by transporting any e-net of Gy through the map g — fg. O

Proposition 8.8 (Empirical process control on the full support box). Define

Zx := sup |( P)fql, Zy = sup |(Rm — R)g|.
FIS% 9€Gy
Then
EZx < C By (c) % EZ% < C By(c)? %
and
M M
EZy < Dy(c)\/ —,  EZy < Dy(c)* —,
m m

for a universal constant C < co.

Proof. For Zx, symmetrization gives

n
1
EZx <2E sup 7ZUifg(Xi)
g€y I

where (0;)1<;<n are i.i.d. Rademacher signs independent of the data. Conditionally on X1, ..., X,, Dudley’s entropy integral bound

(see, e.g., [12, Chapter 2]) and Theorem 8.7 yield
c 2By (c)
< ﬁ/ \/logN(u,fy,Lz(Pn)) du
0

1 n
Es sup |— E oifq
c\/ 2By (e / 2Dy c)

geEGyY I T
Since Dy (¢) < By (c), the Change of variables u = 2By c)s gives

log(l + ”%Y(C)) du < 2By(c)/ log(1+ s—1)ds < C By (c).
0

EZx < CBY(C),/M,
n

For the second moment, changing one observation X; alters every empirical average P, f; by at most

20 fylloe _ 2Bv(e)

Therefore

n n
hence changes Zx by at most 2By (c)/n. By the bounded-differences variance bound,
B 2
Var(Zx) < C By(o)”
n

Combining this with the first-moment estimate yields

EZ% = Var(Zx) + (EZx)* < C By (c)®

SE

For Zy-, write

g

Ag = Rm({ya}) — R({ya}) (1<a<
Because every g € Gy satisfies g(yps) = 0 and |g(ya)| < Dy (c),

M—-1
Zy = sup ‘Z 9(Ya)Aa

).

M-1
=Dy (©) Y |Adl.
a=1

9EGY
a=1
Hence, by Cauchy—Schwarz,
M-—1 1/2
EZy < Dy (c)VM —1 (Z ]EAﬁ) .
a=1

Since (Rm({ya}))? | is multinomial,

M M 2
S Eaz= Lo Rl 1
@ m ~m
Therefore
[ M
EZy < Dy(c)y/ —-.
m
Similarly,
M-—-1 2 M-—-1 M
EZ2 =D 2E< A) <D M—1) EA2 <D =
2 =Dy(92E( ) I8dl) < Dy(9?( > v (0 =
a=1 a=1
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Theorem 8.9 (Exact support-box compression for the full semi-discrete dual). Define

Ty = sup {Pnfg + ng}.

gEGyY

Then for every P € P(X) and every R € P(Y),

E|Ty — Te(P, R)| < C By (c)

PE

and
E(Ty —T.(P,R))* < C By (c)?

=S

where C' < oo 1s universal.
Proof. By Theorem 8.6, the population value satisfies
Te(P,R) = sup {Pfg + Rg}.
9gEGy

The map
g— Pfs+Rg
is continuous on the compact box Gy, so let g, € Gy attain the supremum. Then

Ty = Te(P,R) < sup {(Pn = P)fg + (Rm — R)g} < Zx + Zy,

9€Gy
and also R
Te(P,R) =Ty < (P —Pu)fg, + (R— Rm)9x < Zx + Zy.
Therefore N
’TY - Tc(P’R)} <Zx +Zy,
and

(Ty - T-(P,R))” < 22% +273.
Apply Theorem 8.8 and recall that N =n A m. O

Corollary 8.10 (Geometry-free known-support law for W,). Let p > 1 and let Y C [0,1]* be fived with |Y| = M. Then
there exists an estimator Wy such that

o M\ 1/2p)
sup E|Wy — W, (P, R)| < Cd,p(ﬁ) ,
PeP([0,1]9), REP(Y)
and y
. M\ 1/p
sup E(Wy — W, (P, R))” < cd,p(—) :
PeP([0,1]4), REP(Y) N
In particular, if h € (0,1] and
M < caqp Nh?P,
then )
sup E|[Wy — W,(P, R)| < Cayh,
PeP([0,1]9), REP(Y)
and ) )
sup E(Wy — W,(P,R))” < Cap h*.

PeP([0,1]4), REP(Y)
Proof. Apply Theorem 8.9 to the Euclidean cost
c(z,y) = llz —ylls-
On [0,1]% x [0, 1]¢,
lelloo < dP/? and Dy (c) < dP/?,

SO
By (c) < 2dP/?.

. M
supE|Ty — Wy (P, R)?| < Capy| =
P,R N

) M
supE(Ty — Wp(P, R)P)? < Cup o
P,R N

Thus there exists Ty with

and

Set . -
Wy = (Ty)/7.

Since the map u — ul/? is 1/p-Holder on [0, 00),

Wy - Wo(P,R)| < | Ty - Wo(P,R?|".
Hence
N . 1/p M\ 1/ (2p)
E|Wy — W, (P, R)| < (]E|Ty — W, (P, R)P|) < Cd’p<ﬁ> ,
and Y y
o . P M P
E(Wy — W,(P,R))? < (IEI(TY — Wy(P, R)p)Q) < Cap (W) .
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The final claims follow immediately when M < cdypNhQP.

Corollary 8.11 (Annular support-size law). Assume p > 1. Let Y C [0,1]% be fized with |Y| = M, and let
C. C{(P,R) € P([0,1]") x P(Y) : t/2< W,(P,R) <2t}

for some t € (0,1]. Then there exists an estimator Wy such that
N _ M
sup E|Wi — W, (P, R)| < Capt' P4/ =,
(P,R)€Cy

and Y
sup E(W, — Wp(P,R))* < Cap >
(PR)EC, N
In particular, in the supercritical notation of this paper, if
M < cap Nyt >,
then )
sup E|W, — Wy(P, R)| < Capw,
(P,R)eCy
and
A 2 2
sup E(W, — W,(P,R))” < Capni.
(P,R)€C
Proof. Let Ty be the cost estimator from Theorem 8.9 for
C(J?,y) = ”x - y”ga
and set Wy := (Ty)i/p. By Theorem 3.1, on the annulus C¢,
Wi — Wy (P, R)| < Cpt' 7P| Ty — Wy (P, R)”|.

Taking expectations and using the cost estimate from Theorem 8.9 gives

. | M
sup E|W; — Wp(P,R)| < Capt' P4/ —.
(P,R)€Ct N

Squaring the same pointwise inequality yields
N 2 . 2
E(Wi — Wp(P,R))” < Cpt> P E(Ty — Wyp(P, R))",
so the squared bound follows from Theorem 8.9. The last display is immediate when M < cd7pN1712Vt2p_2.

8.4 Completion of the annular core
We now return to the supercritical problem. Fix p > 1, d > 2p, let

hn =< nn = (Nlog N)~ /4,
and let Gy, be the critical grid from Section 4. For ¢ € [nn,rn,p], recall the linearized transport value
lin
Ttvp = Tcltiynp

lin

i is a bounded cost on [0,1]% x [0,1]%. Restrict its second argument to the critical grid:

from Theorem 4.3, where ¢
e [0,1]Y x Gy — R
Theorem 8.12 (Annular completion via dual catalogs). Assume p > 1 and d > 2p. Let
C. C{(P,R) € P([0,1]") x P(Gny) : t/2 < W,(P,R) <2t}
for some t € [nn,TN,p|. Suppose there exist constants Ao, A1, Bo < 0o and a finite dual catalog
o ={(" 5"
for the linearized cost c?f; such that
11100 < Bo, g oo < Bo (1< k < Ko,

sup Ag?t (P,R) < Aonn tp_l,
(P,R)EC:

and
log(2K;) < Ay N t™ 2.

Then there exists an estimator Wt such that

sup E’Wt - Wi(P, R)| < Clp,Ao,A1,Bo TN,
(P,R)€ECy
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and
A 2
sup E(Wt — Wp(P7 R)) < Cd,p,Ao,AlyBo 7712\7-

(P,R)€Cy
Proof. Apply Theorem 8.2 to the bounded cost c?fl‘, and the finite catalog «%. This yields an estimator Ty satisfying
N . log(2K;
sup E|Ty — THE(P, R)| < Aonnt? ™! + CBo log(2Kr)
(P,R)€Cy N
and lon(2K
. ) 2
sup  E(Ty — TI3(P,R))” < 243034272 + CBSM.
(P,R)EC, N
Under the entropy budget on K,
log(2K¢) 1 log(2K+) 2 2p—2
TS AN P77, TSAlnth .
Therefore N i
sup E‘Tt _Tt,lg(Pv R)| < CA(),Al,BO N tp717
(P,R)€C:
and )
sup ]E(Tt - Ttlf;‘(P, R)) < Cag,Ay,Bo Nar t2P 72
(P,R)EC:
Now apply the fixed-annulus completion theorem Theorem 4.4. O

Corollary 8.13 (Annular completion via low-dimensional dual manifolds). Assume the setup of Theorem 8.12. Suppose that
for the linearized cost c}g‘f; there exists a parameter set Oy C [—R, R]? and a dual-feasible family

{(1,9) - 0 € ©4}

such that
187 lloc < Bo, g5’ lle < Bo  (6€ ),
157 = 15 oo + 195" = 95 lloe < LG = 'lloc (6,6" € ©0),

and )

sup Alér; (P,R) < Aonn P~ 1.

(P,R)E€C;
If moreover
2RL 2 2

then there exists an estimator W, satisfying

sup E|Wi — Wy (P, R)| < Cap,a0,41,80,R,0 1N,
(P,R)€Cy

and

A 2
sup E(W: — Wy(P,R))" < Cap,a9,41,80,7,L M-
(P,R)ECt

Proof. Apply Theorem 8.4 with

e :=nntP L
The complexity assumption ensures that the resulting cost estimator satisfies the hypotheses of Theorem 4.4, so the same annular
completion argument as in Theorem 8.12 applies. O

Corollary 8.14 (Critical W5 phase families on the one-sided grid). Assume d > 2 and let
hn = (Nlog N)~ /4,

Let
Cn CP([0,1]Y) X P(Ghy).

Suppose there exist constants Ao, A1, Bo < 0o and a finite dual catalog
K
A = {(fr, g6) 20

for the FEuclidean cost ;
e, y) =lz—yll2  (z€[0,1]% yeGny)

such that
[ fxlloo < Bo, llgrlloo < Bo (1 <k < Kn),
sup Ay (P, R) < Aohn,
(P,R)eCy
and
log(2Kn) < AINhA.
Then

sup  E[W — Wi(P,R)| < Cag.a4,50.a hn,
(P,R)eCN
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and
A 2
sup  E(W —Wi(P,R))” < Caga,,80.a hx
(P,R)eCN

In particular, every exact Kn-phase family is sharp whenever
Ky < exp(ecNhy) = exp(ch_Q/d(log N)_Q/d)

for a sufficiently small constant ¢ = ¢(d, Bo) > 0.
Proof. Apply Theorem 8.2 directly to the W; cost. Under the entropy budget,

I 2K 1 2K
Boy 7og(N N) < b, Bgiog(N ~) Sk,

which gives the claim. O

8.5 The full one-sided semidual class already has full critical entropy

Corollary 8.14 shows that an O(hx) phase approximation of entropy O(Nh% ) would be statistically sufficient on the one-sided
critical grid. The next theorem shows that such a route cannot proceed by globally covering the full semidual potential class
itself. After anchoring at a single grid point, the full one-sided semidual class is already O(h)-dense in the entire normalized
Lipschitz ball and has metric entropy of exact order h~¢ at scale h.

Fix a dyadic mesh h = 277 and a distinguished grid point z, € Gj,. Define the anchored one-sided semidual class

File) = {fo=fo—folz) s 9:Gn R, folw) = min (llz = ll2 = 9(v),
and the anchored Lipschitz ball
Lip, (2.) := {f:[0,1]" = R: Lip(f) <1, f(z:) = 0}.

Proposition 8.15 (McShane saturation of the full one-sided semidual class). Every element of Fi(z.) belongs to Lip, (z.).
Conversely, for every f € Lip;(2«), if
9r() = —fly) (Y eGn),

then
fgf (2:)=0
and
0< fo, (@) = fl@) < Vdh  (z€[0,1]").
In particular,
sup inf || —uljs < Vdh.
f€ELipy (24) ue}'}sld(z*)

Proof. For every y € G}, the map

z— [lz—yll2 — 9(¥)
is 1-Lipschitz on [0, l]d. Hence f4, being the pointwise minimum of such functions, is also 1-Lipschitz, and the same is true for
fg = fg — fg(2+). Since fq4(zx) =0, we obtain

]:iszd(z*) C Lipy (2)-

Now fix f € Lip; (z«) and set gs(y) := —f(y). Then

fo;(@) = min (o = yll2 + F())-

Because f is 1-Lipschitz,
fW) +llz—yl2> f&)  (z€[0,1]% y e Gn),

fos () = f(=).

hence

On the other hand, taking y = g (x) gives
for (@) < llz = an(@)ll2 + flan (@) < |z — an(@)ll2 + f(2) + [z — qn(@)|l2-
Since
Vd

o= an(@)ll2 < - b,

we obtain

foy (@) < f(z) + Vdh.
Finally, at * = z. we may choose y = z, and use f(z+) =0 to get
0 < fo;(2x) < lzw — 24ll2 + f(2) = 0.
Thus fg;(2«) =0, 50 fg, € _%Zd (z+) and the uniform approximation bound follows. |

Lemma 8.16 (Large packings inside the anchored Lipschitz ball). There ezist constants rq,cq € (0,1) depending only on d
such that the following holds. For every z. € [0,1]% and every r € (0,74, the class Lip,(2«) contains functions

fioooos fm

tisfui
satisfying M > explen—)

and
[fa— follo =7 (1<a<b< M)
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Proof. For each coordinate 1 < i < d, define

i =

[1/16, 3/16], (z4)i > 1/2,
[13/16, 15/16], (2<); < 1/2.
Let

d
Qs = HI
=1

Then Q. C [0,1]?, has side length 1/8, and
5
dist(zx, Q%) > 6
Assume r < 1/128. Inside each interval I; choose the arithmetic progression

1
Ai:{ai+4rk:0§k§mr—l}, my = {—J,
32r

where a; = 1/16 or 13/16 according to the definition of I;. Then every point of
Ay :=A1 X XAy C Qs

is at distance at least 4r from every other point of A, and

|As| =mi > cqr™?
for a constant c¢q > 0 and all sufficiently small 7. Enumerate A, = {z1,...,20m, }-
For each 1 < j < My, define the tent function
¢j(@) = (r— = - Zj||2)+ (x € [0,1]%).
Bach ¢; is 1-Lipschitz, satisfies
¢j(z) =0

because dist(zx,Q«) > 5/16 > r, and the supports are pairwise disjoint because the centers are 4r-separated while each support has
radius r.
For every binary vector o = (01,...,00:,) € {0,1}*0 define

Mo
fo = Z 0;d;.
j=1

Since the supports of the ¢; are disjoint and the tents are nonnegative,

fa - maX(Oyal(z)lu s 7UM0¢M0)1
hence f, is 1-Lipschitz as a maximum of 1-Lipschitz functions. Also fs(2+) =0, so
fo € Lipl(z*).
If o # 7, choose j with o; # 7;. At the point z;, all tents except ¢; vanish, so
[fo(25) = fr(zj)| = loj — 7| $5(2;) =T
Therefore
Ilfo = frlloo =

Taking all 20 choices of o gives
M :=2Mo > exp(cdr7d)7
after changing cgy if necessary. This proves the claim for r < ry := 1/128. O

Theorem 8.17 (Exact h™¢ entropy law for the full one-sided semidual class). Fiz

A>g.

Then there exist constants cq,a,Ca,a,hq,a € (0,00) such that for every dyadic
h € (0,hq,al

and every z, € Gp,
caah™" < 10gN(F (), Ab, | - [l ) < Caah™".

Proof. For the lower bound, apply Lemma 8.16 with
r:=2(A+Vd)h.
For h < hg 4 this satisfies r < rg4, so there exist
fi,--- far € Lipy (24)
with
M > exp(cd’Ahfd)
and
lfo = folloo 2 2(A+Vd)h  (a#b).
By Proposition 8.15, for each a there exists _
uq € F3d(z4)
such that
l[ta = falloo < Vdh.

Hence, for a # b,
lua — uplloo > [Ifa = folloo = llta = falloo = llup — folloo = 2Ah.
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Therefore fid(z*) contains a 2Ah-packing of cardinality at least exp(cd’Ah’”l)7 which implies
tog A 4 (20), Al |l ) > caa B,

For the upper bound, let

'y
be the nearest-neighbor graph on G}, and fix a spanning tree T}, of I'j, rooted at z,. Since |G| = h~9, the tree T}, has exactly h=% — 1
edges.
Set

p:=2A—+vd>0.
For each u € fid(z*) and each y € G}, let ay(y) be the nearest multiple of ph to u(y). Then

ph
lau(y) —u(y)l < o= (y € Gn),
and since u(z«) = 0, we may take
ay(zs) = 0.
If y, z € G}, are neighbors in I'p, then ||y — z||]2 = h and w is 1-Lipschitz, so

[u(y) — u(2)| < h.
Therefore
law(y) — au(2)] < Ju(y) — u(2)| + lau(y) — u(¥)| + lau(z) — u(z)| < (1 + p)h.
It follows that for each oriented edge e = (y, z) of T},
au(y) — au(z)
ph

is an integer whose absolute value is bounded by

1+p71.

Hence each edge increment admits at most
La.a :22’71+p71—‘ +1

possible values. Because ay(zx) = 0, the whole rounded array a, : G, — R is determined by these edge increments, so the number of
possible arrays satisfies

7d_ _
/| <L}, 7' < exp(Caah™)

for a constant Cgq 4 < co.
For each admissible array a € &7},, define the piecewise-constant function

va(z) == a(qn(z))  (z €[0,1]%).

Ifue .}N'Zd(z*) and a = ay, then

(@) = 00@)] < fua) — (e ()] + ulan (@) — awlan(@)] < L0+ 2% = an
Thus the family {vq : a € #,} is an Ah-cover of j-:zd(z*) in || - ||co, and therefore
1og/\/(ffbd(z*),Ah, Il ) < Caah™
This proves the theorem. O

Corollary 8.18 (No low-entropy global phase cover on the full critical one-sided grid). Assume d > 2 and let
hn =< (Nlog N)~ /4,
Fix
Vd

A> X2
>2

and choose any z.,n € Gpy. Then
log./\/(]-tﬁfv(z*,N),AhN, H : Hoo) =q4,4 Nlog N.

Consequently, any global O(hn) approximation of the full one-sided semidual class by a finite family of candidate phases
requires
Kn > exp(cq,aN log N)

for some cq,.4 > 0. Moreover, if
{ug : 6 € [-R, R]"}

is an L-Lipschitz family in || - || and its (Ahn /2)-neighborhood covers

f}sl(lj\] (Z*,N),

then

ARL
log(1+ 285N 5 o Nlog N
4 Og( +AhN) = €d,a 108

for a constant cq,.a > 0. In particular, the low-entropy regime of Corollary 8.14 cannot be reached by globally covering the full
critical one-sided semidual class itself.

Proof. The entropy statement is Theorem 8.17 together with
hy? < Nlog N.
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The lower bound on Ky is immediate.
For the parameterized claim, let
Ahn
2L

TN ‘=

An ry-net of [-R, R]? in || - ||oo has cardinality at most

2R\ 1 4RL\ 1
1+ 2) = (1+—) .
TN Ahpn
Because the map 6 — ug is L-Lipschitz, the image of this parameter net is an (Ahy /2)-net of the family {up} in || - ||oc. By the covering
hypothesis, it follows that

Fd (zen)
(1 N 4RL )q
Ahn /)

4RL
qlog(l + m) > cd,AhEd = cqg,aNlogN.

admits an Ahpy-cover of cardinality at most
Applying Theorem 8.17 yields

Finally,
Nh3 = N'=2/4(log N)=2/4 = o(Nlog N),
so the entropy budget required by Theorem 8.14 is exponentially smaller than the entropy of a global O(hy) cover of the full one-sided
semidual class. O

Proposition 8.19 (Empirical-process saturation on the full one-sided semidual class). Fiz a dyadic mesh h = 277 and
2« € Gp. For P € P([0,1]%) and i.i.d. X1,..., XN ~ P, write

L&
Py = i 25&
i=1

and
Zn(P) := sup |(PN — P)u|.
ueF5d(z4)
Then almost surely
Zn(P) > Wi(Pn, P) — 2v/d h.
Consequently, there exists a constant cq > 0 such that

sup EEn(P)>cq N4
PeP([0,1]9)

whenever
h<ecg N4,
In particular, at the critical mesh hn < (N log N)fl/d, the raw empirical supremum over the full one-sided semidual class
still fluctuates at the plug-in scale N~/¢.
Proof. By Kantorovich—-Rubinstein duality,
Wi(Py,P)= sup (Py—P)f= sup [|(Px—P)f|,
f€ELipy (24) fELipq (24)

because f € Lip; (z4) implies —f € Lip;(z+). Fix € > 0 and choose f. € Lip; (z«) such that

(PN — P)fg Z Wl(PN, P) —E&.
By Proposition 8.15, there exists

ue € Fpl(z4)
with
lue = felloo < Vdh.

Since the signed measure Py — P has total variation norm at most 2,

|(Px = P)(uc — £2)| < 2Vdh.
Therefore

En(P) > (Py — P)uc > Wi(Py, P) —¢ — 2Vdh.

Letting € | 0 gives

En(P) > Wi(Py, P) — 2Vdh.

For the lower bound on the expectation, choose N points
21,...,2n €[0,1]¢

with pairwise separation at least ¢;N~1/¢ and define

=1

1 N
Py = Z(szj.
j=1

If K; denotes the empirical count of z;, then

N
1
TV(Pon, Po) = 5 E |K; — 1],
=1
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and every unmatched unit of mass must move by at least cgN~1/¢. Hence
Wi(Po,n, Po) > caN =4 TV(Py v, Po).

By symmetry,

1 1 1 1\V

IETV(PO7N,P0):§IE|K1—1|2gP(K1:O):7 1—-— >c

for a universal constant ¢ > 0 and all N > 2. Thus

EW1(Po,n, Po) > C/dN_l/d~
Combining this with the deterministic inequality above yields

EZ), (Py) > ¢,N~Y% — 2v/dh.

If h < cgN~1/? with ¢q4 sufficiently small, the right-hand side is bounded below by a positive constant multiple of N~1/¢. Taking the
supremum over P proves the claim. O

Remark 8.20. Theorem 8.17 and Proposition 8.19 do not solve the one-sided critical problem by themselves. What they do
show is that two of the most natural global routes are impossible on the full class: a global O(hx) semidual phase cover
already has entropy exp(©(N log N)), and the raw empirical supremum over the full semidual still lives at the plug-in scale
N~Y4 Any eventual critical-rate estimator on the full one-sided grid must therefore exploit a subtler value-estimation
mechanism than either global phase covering or raw empirical optimization.

9 Continuum lifts and coarse quantization
We now pass from solved discrete models to continuum classes. The exact critical classes of Section 5 were originally
formulated on finite Euclidean supports. We show that the same statistical content survives under arbitrary unresolved
microstructure inside known O(h) blobs. This produces genuinely continuum, and even absolutely continuous, critical classes
with the same minimax laws.

For any statistical class € C P([0,1]%)?, write

)

M;bn.(€) :=inf sup E|W —W,(P,Q)
W (P.Qee

M, (@) ==inf sup E(W - W,(P,Q))".
W (P,Q)ec

Definition 9.1 (Blob lift of an atomic class). Fix h > 0, k > 0, a finite anchor set
§={z1,...,2m} C [0,1]%,

and pairwise disjoint measurable blobs
Bi,...,By C [0,1)¢
such that
z;j € By, sup ||z — zjll2 < kh for every 1 < j < M.
zEB;

Let
M
U = U B]'.
j=1

For a probability measure P supported on U, define its coarse quantization

M
TP = ZP(Bj)ézj.
=1

For every class € C P(S)?, define its blob lift
Lrns(® = {(P.Q) € P+ (TsPTsQ) € ¢,
and its absolutely continuous blob lift
2 (@) = {(P, Q) € Lnnn®): PQ< dac}.
Lemma 9.2 (Coarse quantization costs only O(h)). In the setting of Theorem 9.1, every P € P(U) satisfies
Wp(P,TsP) < kh.
Consequently, every (P,Q) € Ln,x,8(€) obeys
|W,(P,Q) — W, (T'sP,T'5Q)| < 2kh.

Proof. For each j, couple every point € Bj; to the anchor z;. This produces a coupling between P and I's P whose transport cost is at
most

/ o — 215 dP(@) < (xh)?.
Hence W, (P, I'gP) < kh. Applying the triangle inequality twice gives
|Wo(P,Q) = Wp(TsP,T5Q)| < Wy(P,TP) + Wp(Q,T'5Q) < 2xh.
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Theorem 9.3 (Exact coarse-quantization equivalence). In the setting of Theorem 9.1, for every atomic class € C P(S)? one
has
M3 (€) = 26k < M3 (Lnw,5(€)) < Mo (€) + 2rh,
and 1
3 M3, (€) — 4s°h® < M3, (Lnoes(€)) < 2 M3, (€) + 85°R°.

Proof. We begin with the upper bounds. Fix € > 0 and choose an estimator WS on the atomic class € such that
sup E|Ws — Wy(u,v)| < M355,(€) +e,
(p,v)ee

and 9
sup E(Ws — Wp(,v))" < My (€) +e.
(p,v)ee

Now let (P, Q) € L, ,5(€). Because the blobs are pairwise disjoint and known, every raw sample point determines its blob index.
Replacing each sample in B; by the anchor z; therefore yields a measurable pair of anchor samples distributed exactly as i.i.d. samples
from

I'gP and I'rQ.

Apply W to these anchor samples, and denote the resulting statistic by Wi. Then
E|Ws - Wy(TsP,T5Q)| < M35, (0) +e,

and similarly for the squared risk.
By Theorem 9.2,

|Wp(P,Q) — Wy (TP, T5Q)| < 2xh.

Hence R
E|Ws — Wp(P, Q)| < Mi%5,(€) + & + 26h.

For the squared risk, write
Wi — Wp(P,Q) = (W5 — W, (TsP,T5Q)) + (W (TP, T5Q) — Wy (P,Q))
and use (a + b)? < 2a2 + 2b? together with Theorem 9.2 to obtain
E(Ws — Wp(P,Q))" < 2(M3%,(€) + <) + 8x7h7.

Taking the supremum over (P, Q) and then letting ¢ | 0 proves the upper bounds.
For the lower bounds, fix any estimator W on the lifted class L}, .., 5(€). Choose arbitrary probability measures

Aj € P(Bj), 1<j< M,
and define the thickening operator
M
T() =Y nlzh X, nePES)
j=1
By construction,
LT (p) = 1,

hence
(T(). T(v)) € L e5(€)  for every (u,v) € €.
Now suppose we observe atomic samples

i.i.d. i.i.d.
Dy Zn K, Ta, T R

for some (p,v) € €. Conditionally on these samples, replace each occurrence of z; by an independent draw from A;. The resulting

randomized samples

217”'7271» flvanm
are i.i.d. from T'(p) and T'(v). Define the induced atomic estimator

Wg := W(Zl,‘..,gn;fl,“.,fm).
Then - -
E|Ws — Wy (T(n), T(v))] < sup  E|W - W,(P,Q)|.
(P,Q)ELY, 1, B(C)
Applying Theorem 9.2 to T'(n) and T'(v) gives
| W (T(1), T(v)) = Wy (1, v)| < 25h.

Therefore - .
E’WS—WP(M,II)‘ < sup E’W—WP(P,Q)’—FQR}L.
(P,Q)ELR 1t,8(T)
Taking the supremum over (u,v) € € and then the infimum over 1% yields

MEDS(€) < MEYs (L, 8(€)) + 25h,

which is the desired absolute-risk lower bound.
For the squared risk, the same construction gives

E(Ws — Wy(u,v))" < 2 sup E(W — Wo(P,Q))” + 8x%h7.
(P,Q)ELY 1,B(E)

Taking the supremum over (u,v) and then the infimum over w proves

M58 (€) < 2 M3 (Lhw 5(€)) + 8K7A2,
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equivalently

1
M:L?m (‘C}I,K,B(C)) > 5 Msl?m(c:) — 4r2h2.

O

Corollary 9.4 (Absolutely continuous blob lifts). Assume in addition that every blob Bj; has positive Lebesgue measure.
Then
Mon (@) = 26k < Moy (L35 5(€)) < Motw (€) + 25k,
and
1

5 Mt (€) — 46°h* < My, (L3, 5(€)) < 2 M3%,.(€) + 85°R°.

Proof. The upper bounds follow immediately from
hor,B(€) C L, w,8(€)
and the upper half of Theorem 9.3. For the lower bounds, choose

N o= B gy
|B;]

Then every thickened measure T'(p) = Z]. u({z;})A; is absolutely continuous, so

(T(0), T(v)) € L3, 5(€)  for every (u,v) € €.
Repeating verbatim the lower-bound reduction from the proof of Theorem 9.3 gives the claim. O

Corollary 9.5 (The exact critical laws survive on genuinely continuum classes). Assume d > 2p. For each Euclidean
realization constructed in Section 5, choose k > 0 smaller than the corresponding bottom-scale separation constant and select
pairwise disjoint positive-measure blobs around the support points, each contained in the Fuclidean ball of radius kh around its
anchor at the finest scale h of the class. Then, under the same sample-size hypotheses as in the parent theorems, the following
absolutely continuous blob lifts satisfy the same exact minimax laws as their atomic ancestors:

(i) the finite-band lift of C}Z?Ed from Theorem 5.19;

(i) the packed direct-sum lift of C>** from Theorem 5.24;
(iii) the dyadic pair-isolation lift of CE° from Theorem 5.26;

(iv) the nested near-critical lift of Cg‘fsﬁ from Theorem 5.30, with class scale hp,r;
(v) the critical laminar lift of Cy™ ™ Rt

In each case,

from Theorem 5.35, with class scale

M < h, ML, < h?
with h understood as the intrinsic finest scale of the parent theorem. Thus every exact atomic critical class solved in Section 5

has a genuinely continuum, indeed absolutely continuous, counterpart with the same sharp law.

Proof. Each parent class listed above already satisfies an exact atomic law of order h and h? by the cited theorems. The geometric
constructions in Section 5 place the support points at mutual separation comparable to the finest active scale, so for sufficiently small
fixed k the required disjoint positive-measure blobs exist. Applying Theorem 9.4 to each parent class yields the same upper and lower
rates on the corresponding absolutely continuous lift. O
10 Partition lifts and full-support critical classes

The blob-lift theorem of Theorem 9.3 still localizes the variable mass to a sparse union of microregions around the atomic
anchors. At the critical scale there is a more global continuum mechanism. If the anchor set genuinely tiles the cube at mesh
h, then one may forget the exact point locations and retain only the coarse cell masses on a full partition of [0, l]d. The next
results make this precise and turn the one-scale paired core into a full-support continuum model.

Lemma 10.1 (Critical paired support with covering partition). There exist constants 0 < cq < Cyq < 00 such that for every
h € (0,1/Cq] one can find
My =4 hd
pairs of points
(@i, bi)1<i<m, C [0,1]°

with the following properties:

(i) |lai — bill2 = h for every i;

(ii) for every i # j and every u € {a;,b;}, v € {a;,b;} one has

l[u—wvll2 > 7h;

(iil) every = € [0,1]% satisfies
diSt(l‘, {a1,b1,..., anMy, , th}) < Cyh.

Consequently, if Hflair = {C, : u € Si.} denotes the Voronoi partition of [0,1]% induced by the anchor set
Sh = {0,17 bl, ey ijvjh’, bzuh},

then every cell C., satisfies
cah® < |Cu| < Cah?, diam(C,) < Cyh.

1
=|—|=<nt
mp [ShJ )

and for each k = (k1,...,kq) € {0,...,my — 1}¢ define the center

Proof. Choose an integer

ck = (8hk1 +4h, ..., 8hkq + 4h).
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Set
h h
ag 5:Ck*5617 by, = ck+§el.
Writing M, := mg, we have M}, <4 h—®. Property (i) is immediate.

If k # £, then ¢, and ¢, differ by at least 8h in some coordinate. Hence every two anchors belonging to distinct indices remain at
Euclidean distance at least 7h, which proves (ii).

For (iii), let = € [0, 1]d. Choose k so that each coordinate of ¢j is one of the grid centers nearest to the corresponding coordinate of x.
Then |z, — ci | < 8h for every r, hence

llz — cxlla < 8Vdh.
Therefore h 1
dist(z, Sp) < flo = exlla + 5 < (s\/&+ §)h,

which proves (iii) after enlarging Cjy.
Now let u € Sy, and let C, be its Voronoi cell. Because every point of Cl, is no farther from u than from the nearest anchor, (iii) yields

Cu C B(u,Cgh),

hence diam(Cy) < 2Cyh and
|Cul < |B(u,2Cqh)| <a h®.

On the other hand, (ii) implies that the open ball B(u, 7h/2) contains no other anchor. Therefore Cy, contains B(u, 7h/2) N[0, 1]%, whose
volume is bounded below by cgh¢ after decreasing cq if necessary. This proves the cell-volume lower bound and completes the proof. [

Corollary 10.2 (Exact critical law for the one-scale paired core). Assume d > 2p and choose the paired support from
Theorem 10.1. If
h™* =< NlogN,

then .
inf sup E[W —W,(P,Q)| <ap b,
W (PVQ)Eczair

and X 2
inf  sup E(W — Wy(P, Q)) =ap h°.
w (P,Q)Eczair

Proof. The upper bounds follow from Theorem 5.13, because
My, <q h~% =< Nlog N.

For the lower bounds, Theorem 5.12 gives

o\ A
Wp(P,Q):h(%) T (e

on a known alphabet of size
Sp, 1= 2Mj, <q h~% =< NlogN.
By [5, Theorem 3], the minimax squared error for estimating ||P — @Q||1 on that alphabet is bounded below by a positive constant
depending only on d. Since the parameter range is contained in [0, 2], the absolute minimax risk for estimating ||P — Q||1 is also bounded
below by a positive constant.
If W is any estimator of W, (P, Q) on Ciair, define

~ i 1/p p
7. 2(%) .

The map w — 2(w/h)P is Cph~-Lipschitz on [0,2'/Ph], so on the paired class
E|L—||P - Qlh| < Cpoh™'E|W — W, (P, Q).
Therefore the constant lower bound for estimating ||P — Q|1 forces

inf sup E‘VV — Wy (P, Q)| Zd,p h-
W (p,@)ech™r

The squared lower bound follows from Jensen’s inequality. O

Definition 10.3 (Partition lift). Let S = {z1,...,2zp} C [0,1]¢, let
H:{Cl,...,CM}

be a measurable partition of [0, l]d into positive-measure cells with z; € C; for every i, and write
M
Pl = Zp(ci)azi (P € P(0,1]%)).
i=1

For an atomic class € C P(S)?, define its partition lift by
@ = {(P@ e Po.yn?: (P ecl.
If |C;| > 0, we write Ug, for the normalized Lebesgue measure on C;.
Theorem 10.4 (Exact partition-lift equivalence). Let € C P(S)? be an atomic class as in Theorem 10.8, and assume that
diam(C;) < kh 1<i<M)

for some k > 1. Then
Mon (@) = 26k < Moy, (L57(€)) < Mibe (€) + 25k,
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and
% i (€) = 4k%h? < M, (L5(€)) < 2 M3, (€) + 8k°h 7.
Proof. Let (P,Q) € L}Eﬁart(@. Coupling each point to the anchor of its cell yields
Wp(P, P < kb, Wp(Q,Q") < ih.
Hence
|W (P, Q) — Wy (P, Q™) | < 2xh.
Now fix € > 0 and let Wat be an estimator on the atomic class € satisfying

sup E|War — Wy ()| < Mi55,(€) + .
(p,v)ec

Given raw samples from (P, Q) € Eﬁart (€), map each observation to its cell index. The resulting label samples are i.i.d. from (P, QM) € ¢.

Running Wat on these labels therefore gives

sup E|War — Wp(P, Q)| < M2%,(€) + £ + 2h.
(P,Q)ELY (¢)

Letting € | 0 proves the upper absolute bound.
For the lower absolute bound, fix any estimator Wpart on E%a“(@. For (u,v) € €, define the canonical partition lifts

M M
i SN SR
i=1 =1

Then (,v) € [,[r)f"rt (¢) and
|I/Vp(u7 v) — Wp(p, u)‘ < 2kh.
Given atomic samples from (u, ), we may simulate raw samples from (ﬁ, ;) by replacing every observation z; with an independent draw
from Ug,. Applying Wpart to the simulated raw samples yields an atomic estimator W;t with
EM,V’W;t = Wp(p, V)’ < E;’;‘Wpart - Wp(/l;)’ + 2rkh.
Taking the supremum over (u,v) € € and then the infimum over Wpart gives
M (@) < MES, (L (©)) + 2nh,

which is the desired lower absolute bound.
For the squared upper bound, use
(a +b)? < 242 + 202
with
a:Wat_WP(anQH), b:WP(PH:QH)_WP(PvQ)v
and then optimize over atomic estimators. For the squared lower bound, the same argument with the canonical lifts gives

M3 (€) < 2 My, (L04(€)) + 8k7R2,
which rearranges to the claimed lower bound. |
Proposition 10.5 (Background-stable paired core). Let u € P(Sk) and A € [0,1). Define

Chne = {(Au F(1=NP, du+(1-0Q): (P.Q) e Cgair}.

Then

pair pair
Ch,/\,u g Ch ’

and for every (P,Q) € CP*" one has
Wp(Mu+ (1= NP, M+ (1-N)Q) = (1 - X" W,(P,Q).
If moreover h™% < Nlog N, then

inf sup E|W — W, (P, Q)| <apa b,
w (P’,Q’)Ecpair

h,\,u
and N 2
inf sup E(W — Wp(P,7Q/)) =ap b2
W Qneck
Proof. Let

P =Xu+(1- NP, Q = u+(1-1Q.
Write (r;, o, B;) for the pair parameters of (P, Q). Then

P'(a;) + P'(b;) = Q'(ai) + Q' (b:) = A(ulai) +u(b)) + (1= N,
so (P',Q') € Cgair. Moreover
Pl(a;) = Q'(ai) = (1= A (Plai) = Q(ar)),  P'(bs) — Q' (bs) = (1= X)(P(bs) — Q(by)),
hence

[P =@l =1 =NIP-Qli.
By Theorem 5.12,

h
Wy, Q)P = TP = @'l = (1 = N [P = Qlls = (1 = N Wy(P,Q),
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which proves the exact scaling identity.
For the upper bounds, simply note that
pair pair
Ch,,)\,'u, ce
so Theorem 10.2 implies
bs i i 2
M (CPR,) Sap he Mida (CR,) Sap b
pair
h,\u
by an independent sample from w with probability A. The resulting samples have the same law as samples from (P’/,Q’) € C

For the lower bounds, let W be any estimator on C . Given samples from (P, Q) € Czair, independently replace each observation

pair

h\u®
Therefore R R
W= (1-2N"PWw
is an estimator on C}‘zair with
Epq|W* = Wp(P,Q)| = (1= N)"YPEp: o |W = W, (P, Q).
Taking the supremum over Cﬁair and then the infimum over W yields
MR (CRR ) > (- N PAL (),
and similarly ' '
MES (CEE,) > (1= 02/ M3S ().
Now apply Theorem 10.2. O

Corollary 10.6 (Background-stable annular phase law on the paired class). Fizp>1, o € (0,1), Co > 1, A € [0,1), and
numbers 0 < 7— < 74 < 1. Assume that
N® < My < CoNlogN.

Let uw € P(Sh), and define

c,‘;f*;f;f““(p,u) = {(,\u + (1 =NP, du+(1-M)Q) : (P,Q) € CP - < TV(P,Q) < u}.

Then
. = / ! Mh
inf sup IE|W - Wp(P',Q )| =d,p,a,Co,\, 7,74 hM’
W e )
and M,
. . 2
inf sup E(W =W, (P, Q") =dp.a.conr s hQWhN-
W (Pr.Q)ech I (v ry) ¢
Proof. Set
=01 =-Nr, =1 N7
If

P =X u+(1-NP, Q = u+(1-MQ,
then Theorem 10.5 gives
Wp(P', Q") = (1= N)"? Wy (P,Q)
and
TV(P,Q") = (1 -\ TV(P,Q).
Hence . .
CRUTann (- 1y C CPUT (e 7)),

pair
ch,ann

(7", 7/_) therefore yields the desired upper bounds.

— +
For the lower bounds, let W be any estimator on Cra™ (v, 7). Given samples from (P, Q) €

Applying Theorem 5.14 to the annulus
Cg?;fm (t—,7+), independently

replace each observation by an independent sample from u with probability A\. Exactly as in the proof of Theorem 10.5, the resulting
samples have the same law as samples from

(P, Q") == (Au+ (1= NP, du+ (1 -XN)Q) € ChY (7, 7y),
and
Wp(P,Q') = (1= NP W, (P,Q).
Therefore R R
W= (1-2N"PWw

Cpair

is an estimator on Cp
,ann

(7—, 74+) satisfying

Epo|W* = Wp(P,Q)| = (1= X)VPEp: o

W — W, (P, Q)|

Cpair

hoan (r_,74) and then the infimum over W gives

Taking the supremum over

MED(CREEem (re 7)) > (1= NP MR (CRr (7)),
and similarl
y e Cpair,ann > (1—2\ 2/p 54 Cpair
n,m\~p X\ u (7—*77_4-) = ( ) n,m h,ann(’r*’7—+) .

Now apply Theorem 5.14. O

Corollary 10.7 (Full-support paired continuum core). Assume d > 2p, fix X € (0,1), and let TI?*" = {C,, : u € Sp} be the
partition from Theorem 10.1. Set
up(u) :=|Cul, u € Sy,

so that up € P(Sn). Define the full partition lift

Spair,full | ppart pair
Ch)\ T l:npair (Chﬁ\vuh)'
h
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If
h™% = NlogN,

then
inf sup E|W — Wy (P,Q)| <apx h,
w (P’Q)E'cviz;i\r,full
and
it sup E(W - Wo(P,Q))" =apn b2
w (P’Q)egzzf;r,full

Moreover the canonical cell-uniform class

upsntt = {(Z (un(u) + (1 = N PW)Uc,, Y (Aun(u) + (1= Q) Ue,) : (P,Q) € cga“}

u€eS) uESH
consists of piecewise-constant absolutely continuous measures with full support on [0, 1]d, satisfies the pointwise lower bound

92 A
and obeys the same exact minimaz law.

Proof. Because diam(Cy) < Cgh by Theorem 10.1, Theorem 10.4 yields

M5 (™) = M (e, ) + Oalh),
and similarly for the squared risk with error Og4(h?). Now apply Theorem 10.5.

For the canonical class, the same upper bound is obtained by running the coarse-cell estimator on the cell labels. For the lower bound,
the proof of Theorem 10.4 uses exactly these canonical lifts, so the same comparison applies. Finally, on each cell C,, the density of a
canonical lift equals

P(u) Q(u)
A+ (1= or A+ (1= s
aren V.l
hence is at least A. Because Hzair partitions the whole cube, every such density has full support. O

11 Contiguous full-support critical shells
The exact continuum classes obtained so far arise from partition or blob lifts of atomic configurations that still retain some
explicit geometric separation. We now show that the critical (N log N )_1/ 4 Jaw already survives on a genuinely contiguous
full-support continuum model whose fine cells fill the whole cube and touch along faces everywhere. The first result gives an
exact critical class for every p > 1; the second broadens this to a much larger touching-cell shell class in the special case Wi.
11.1 A contiguous split-shell core for every p > 1
Fix a dyadic level J > 1 and write

hi=2""7.

For each parent cube

R =

T

d
[a‘T‘7a7‘ + Qh] c DJ—L
=1

define its left and right slabs
R™ :=RnN{x1 <a1+h}, Rt :=Rn{z1 > a1+ h}.

Both slabs have volume
|Ri| _ Qd_lhd.
Definition 11.1 (Contiguous split-shell class). Fix A € (0,1). Let C;p/l\it be the class of all pairs (P, Q) of the form
1 1-—
ReDy 1
1 1-—
0= 3 (P st I ug),
ReD ;1

where
ar,Br €1+, 1= (REDys_1).

Equivalently, on every parent cube R both measures are uniform on the two adjacent half-slabs R*, have the same total parent mass
P(R) = Q(R) = 2%n,

and the slab densities satisfy
A< frfe<2-2A

pointwise on [0,1]%.
Proposition 11.2 (Exact transport identity on the contiguous split-shell core). Let (P, Q) € ij’)l\it and let p > 1. Then
hP
Wo(P,Q) = 0 TV(P,Q) = & |P ~ Q.
Equivalently,

IP— Gl

Wp(PaQ):h( 2
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Proof. Write

mpR = 2dhd, AR = CMR—BR (RGD‘],l).
Then the discrepancy on the two slabs inside R is
A A
P(R7) - Q(RT) = =R, P(RY) - Q(RY) = - 2R,

For the upper bound, if A > 0 move the mass mrAR/2 from R~ to RT by the translation = + x + hey; if Ar < 0, use the inverse
translation from RT to R~. This preserves the transverse coordinates and moves every transported point by Euclidean distance exactly
h. Doing this independently on every parent cube produces a coupling with total cost

> wmaElow v )
ReDy_1
Hence
Wp(P, Q)P < h? TV(P, Q).
For the reverse inequality, let 71 (z) = z1 be the first-coordinate projection. Since w1 is 1-Lipschitz,

Wp(P,Q) > W ((m1)4 P (m1) 4Q).
Now (71)% P and (71)4Q are one-dimensional piecewise-uniform measures on the dyadic intervals
Iy = la1,a1 + h), I}; = [a1 + h,a1 + 2h)

with the same paired masses mg(l & ar)/2 and mg(1+ Br)/2. Because the total mass on every parent interval I, U I;{ agrees for the
two projected measures, the monotone one-dimensional optimal transport acts independently on each parent interval, moving exactly
mpg|ARr|/2 units of mass across a distance h. Therefore

Wy ((m)# P, (m1)#Q)" = Z hP % =h? TV(P,Q).
ReDjy_4

Combining this with the projection lower bound gives

W,(P,Q)P > h? TV(P, Q).
Together with the upper bound, this proves equality. O
Corollary 11.3 (Exact critical law on the contiguous split-shell core). Assume d > 2p and fix X € (0,1). Let h = 277 satisfy

h™* =< NlogN.

Then )
inf  sup E’W - Wp(P7Q)| Xd,p,A hsy

w split
(P,Q)eCTy

and A )

inf  sup E(W — Wy (P, Q)) =ap b

W (p.ecsht
Proof. Map each observation to its slab label (R,+). This produces samples from a known alphabet of size

Sy :=2|Dy_ 1| =2"TU"Dd <, h=% < Nlog N.
By Theorem 11.2,

IP—Qll1\"? li
Wi(P,Q) = (-0 ((P.@) ecTl),

where ||P — Q|1 is computed on that known finite alphabet. The sharp large-alphabet Lj theory of [5, Theorem 6 and Theorem 3],
together with the same clipping and transformation argument used in the proof of Theorems 5.13 and 10.2, therefore gives the upper
and lower bounds N
inf  sup  E|W - Wp(P,Q)| <apa h,
W (pQec
and
. % 2 2
inf sup IE(W — Wp(P, Q)) =d,p,x b7
W (P.yecP
O

Corollary 11.4 (A contiguous full-support lower-bound core for the unrestricted problem). Assume d > 2p and fix A € (0,1).
Let h < (N log N)fl/d‘ Then even on the subclass of absolutely continuous piecewise-constant measures on [0, 1]d with full

support and pointwise density bounds
A S f7 g S 2— Aa

the minimaz risks for estimating W, (P, Q) are bounded below by

iI}fsupE‘W — Wy (P, Q)| Rdp h,
W

and
. A 2
inf supIE(W — Wp(P, Q)) Zd,pA h.
W
Proof. This is immediate from Theorem 11.3, since Cip;\it is such a full-support bounded-density subclass. O

11.2 The full one-step martingale shell for

The split-shell class keeps only one left/right mode inside each parent cube. We now allow the entire child configuration
inside every parent cube, while retaining the same parent masses and the same global full-support positivity.
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For each fine dyadic cube Q € Dy, let Ug denote the normalized Lebesgue measure on Q.

Definition 11.5 (One-step dyadic martingale shell). Fix X € (0,1) and write h =277, Let C3P¢!! consist of all pairs

P:ZPQUQ7 Q:Z‘IQUQy

QEDy QeDy

such that
M <pgiaq < (2-NrT (QEDy),

ZPQ: ZQQZthd (REDy_1).

QCR QCR

Equivalently, both measures are positive piecewise-constant densities on the whole cube, every parent cube carries the same total mass
for the two measures, and the average density on each parent cube is exactly one.

and

Cshell

Lemma 11.6 (Haar-shell localization and coefficient comparability). Let (P,Q) € C3'\", write

P = fdx, Q = gdr,
and let
uQ :==pqg—qqe  (Q€Dy).

Then f — g belongs to the single tensor-Haar shell at level J — 1. More precisely, for every parent cube R € Dy_1 and every
nontrivial Walsh sign
e € {0,1}"\ {0},

let Yr,e be the standard L?-normalized tensor-Haar wavelet on R. Then

f—g= Z ZBR,EZ/JR,ey

RED;_q e#£0

and there exist constants 0 < cq < Cyq < oo such that

ca@) N N ul< Y Y IBrel < Cah)? YT Y ugl.

ReD;_1 QCR ReDy_1 e#0 ReD;_1 QCR

Equivalently,
> 1Brecl =<a 2h) 2 |[P = Q]|
R,e

Proof. Because P and @ assign the same total mass to every parent cube R € Dj_1, the piecewise-constant function f — g has zero
average on every such parent cube. Hence it lies in the direct sum of the nonconstant tensor-Haar modes on those parent cubes, which
gives the stated expansion.

Fix one parent cube R and label its children by

Qo (R), o€ {0,1}4.

Write
UR,0 *= UQ,(R)> uR = (UR,0)ocqo,1}¢ € R,
Since the parent masses agree,
Z UR,o = 0.
oe{0,1}d

For the standard tensor-Haar wavelets on R, one has
Bre=IRITY? Y (—1)uge (e #0).
oe{0,1}d

Thus the vector (Br,c)e20 is obtained from ug by applying the Walsh-Hadamard transform and restricting to the nonconstant
coordinates, then multiplying by |R|~1/2 = (2h)~%/2. On the zero-sum subspace

Ey = {vede : ng =0},

o

this linear map is invertible. Since F4 has fixed finite dimension depending only on d, all norms on E4 are equivalent; in particular there
exist constants ¢4, Cy > 0 such that

callurlle; < 202N " IBr.el < Calluglle,
e#0
Summing this over all parent cubes R proves the claim. O

Proposition 11.7 (The one-step shell is equivalent to fine-grid Li at scale h). Fiz A € (0,1). There exist constants
0 < cax < Cqn < 00 such that for every (P, Q) € leffn,

carxh||P = Q1 < Wi(P,Q) < Caxh||P—Ql.

Equivalently, el
Wi(P,Q) =ax h|P=Qlh  ((P,Q) eChy").

Proof. Write P = fdx and Q = gdz. By construction,
A< fig<2—A
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Since f — g occupies only the single tensor-Haar shell at level J — 1, [9, Theorem 3] gives

a2 UTN2m U2 N Mg, | <W(P,Q) < €Yy 27N A2 N Mgy ),
R,e R,e

Now apply Theorem 11.6. Because
9= (I=Dg=(J=1)d/2(9p)=d/2 _ 9p,

the previous display becomes
caxh||P = QI SWi(P,Q) < Caxh|IP = Q1

after adjusting constants. O

Theorem 11.8 (Exact critical law on the contiguous one-step Wi shell). Assume d > 2 and fix A € (0,1). Let h =277

satisfy
h™% = Nlog N.

Then the minimax risks on Cj{‘f“ obey

inf  sup ]E‘W — Wi(P, Q)| =g h,
W (pQ)ecsish

and A )
inf sup E(W — Wi (P, Q)) =d A K2
W (p@ecshit
Proof. For the upper bound, map every observation to its fine dyadic cell label in D ;. This yields samples from a known alphabet of size
My :=|Ds] =279 <h 9 < NlogN.
By [5, Theorem 6] there exists an estimator EJ of ||P — Q|1 on that alphabet with

~ 2
sup E(LJ*||P7Q||1) < Cqgx,

(P.Q)ecs!
hence ~
sup  E|Ly—||P = Q1| < Ca,n.
(PQ)ecsst
Set

el 4T,
Then Theorem 11.7 yields
Wihell Wi (P, Q)| < h|Ly = IP = QI | + Cax b,
and therefore R
sup  E|[W5! — Wy (P,Q)| < Canh.
(PQ)ecs!

Squaring the same pointwise bound gives

~ 2
sup  E(WS' —Wi(P,Q))" < Caxh’.
(P,Q)ecshsh

For the lower bounds, observe that the split-shell subclass
lit hell
e C o,
Therefore Theorem 11.3 with p = 1 implies
inf sup E[W-Wi(P,Q)|>inf sup E[W-Wi(P.Q)Zan h,
W (P,Q)ecshel W (P.@ech

and similarly for the squared risk. O

12 Overlapping local smoothing and smooth critical lower cores
The partition lifts of Section 10 preserve exact critical laws because the underlying cell label remains directly observable
from the data. The next theorem shows that lower bounds are much more robust than upper bounds: any known Markov
smoothing whose transport radius is O(h) can change W, only by O(h), so every critical lower-bound core survives even
under heavily overlapping local regularization.

For a statistical class € C P([0,1]%)?, write

Mo (@) :==inf sup E|[W —W,(P,Q)
W (P,Q)ec

I

M3, (€) :=inf sup E(W — Wy (P, Q))2
W (P,Q)ecC

Theorem 12.1 (Critical lower bounds survive overlapping local smoothing). Fixp > 1, h > 0, and k > 0. Let K be a

Markov kernel on [0,1]? such that
1/p
sup (/ ly — =I5 K(w,dy)> < rh.
z€[0,1]4

For a class € C P([0,1]%)?, define its smoothing image

K¢ = {(K#P, K4Q): (P.Q) e c}.
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Then every (P, Q) € P([0,1]%)? satisfies
|W, (K4 P, K4Q)

Consequently, .
My (KE) >

and 1
M (K€) > 2

Proof. Fix P € P([0,1]%). The measure

ﬂp(dm, dy) =

is a coupling between P and K4 P. Therefore

Wp(PvK#P)pS/Hy*x\@ﬂp(d%dy)=

hence

— Wy(P,Q)| < 2kh.
MZY%(€) — 2kh,
M2 (€) — 4K°h%.

P(dz) K(z,dy)

/ (/ lly ng(w,dy)) P(dz) < kPhP,

Wp(P, K4 P) < kh.

The same argument gives

Wp(Q, K4Q) < kh.

By the triangle inequality,
Wp(KyP, KxQ) < Wy(KuP, P)+ W)y
and symmetrically
Wp(P,Q) < Wp(
This proves the pointwise perturbation bound.
Now let W be any estimator on K €. Given raw samples

X1,...,Xn ~ P,
generate conditionally independent smoothed samples
X; ~ K(X;,),
Then
X1, X K K, P,
Hence

W= W()?l, .
is an estimator on €. For every (P, Q) € €,
W= Wy (P,Q) < [W*

Taking expectations gives

(P, Q) + Wp(Q, K4 Q) < Wp(P, Q) + 2rh,

K4P K4Q) + 2kh.

Ylv"'7YmNQ7

Y

Y; ~ K(Yj,

Vi, Yo K KLQ.

-~7)?n7)71a~-~7}7m)

— Wy(K4 P, K4Q)| + 26h.

E|W? — W, (P, Q)| < E|W — Wy(KuP, K4Q)| + 2xh.

After taking the supremum over (P, Q) € € and then the infimum over W,
M25,(€) < M3Y3 (K Q) + 2wh,

which rearranges to the stated lower bound.
For squared loss,

(W8 — Wy (P,Q))* < 2(W*

Taking expectations, suprema, and infima as above yields

2
— Wp(KuP, K4Q))™ + 8k2h2.

M3 (€) < 2 M3%,, (KE) + 8x%R2,

hence 1
Miqm(KC) > 3

M3, (€) — 4k?h2.

We now turn this abstract principle into an explicit smooth lower-bound core. Fix once and for all an even bump

1/) € Ogo((_lv 1))7 w

For € > 0 and z,y € [0, 1], define the one-dimensional reflect
1 y+2m
k<1) = — (7
< (z,y) E _ Y E

meZL

and in dimension d set
d

ke (o, y) = [ [ #E° 509,

j=1

Let K. denote the associated Markov operator,

(K.D)y) = /

[0,

>0, /w(u) du = 1.
R

ed kernel

—x 1 2m—y—=x
)Jrzgw( € )’
meZ
z,y € [0,1]%

ke(z,y) f(x) dx.

1]d

Lemma 12.2 (Reflected smooth local kernel). For every e > 0, the kernel K. satisfies:
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(i) ke is symmetric and doubly stochastic:

/ ke(z,y)dy =1 and / ke(ey)de =1 (a,y€[0,1]");
(0,14 (0,14

(i3) for every x € [0,1]%,
supp Ks(m7 ) - Boo(mag)7

hence

1/p
sup (/Ily—wll’z’Ke(%dy)) <Vde (p>1)
]d

z€f0,1
(iii) if f € L>=([0,1]%), then K.f € C>([0,1]*) and for every multi-index o,
10" K=flloe < Caape™" [IFloc;
() if m < f < M almost everywhere, then
m<K.f <M everywhere on [0,1]%.

Proof. Let r : R — [0, 1] be the standard reflection map

w — 2k, u € 2k, 2k + 1],
r(u) = €z,
2%k +2—u, ue[2k+1,2k+ 2]
and write
R(Ul, s ,'U,d) = (T(ul)7 s ar(ud))‘
If Z=(Z1,...,Z4) has product density

d
o(2) = [ [ vz0).
j=1
then K. (z,-) is exactly the law of
R(z+¢Z).

Indeed, in one dimension the preimages of y € [0, 1] under r are precisely
{y+2m, 2m —y: meZ},
which gives the stated formula for kél); taking products yields the d-dimensional density formula.
Because supp ® C [—1,1]? and R is coordinatewise 1-Lipschitz with R(z) = x for = € [0, 1]¢, one has
[R(z +e2) —zlloo <
almost surely. This proves the support statement and therefore
|R(z+eZ) — z||2 < Vde

almost surely, giving (ii).
For (i), fix z € [~1,1]¢. For each coordinate, the map

x; = r(x; +ezj)
is an interval exchange with slopes =1 and hence preserves Lebesgue measure on [0, 1]. Therefore the product map

x — R(x +¢€2)

preserves Lebesgue measure on [0, 1]%. Averaging over z shows that K. preserves Lebesgue measure, i.e.
/ kg(ac,y)da:: 1 (ye [07 l}d)'
[0,1]4

Similarly, f ke(x,y) dy = 1 because ke is a Markov kernel by construction. The symmetry

kf(xhy) = ki(yv x)

is immediate from the explicit formula and the evenness of .
For (iii), the density formula shows that for fixed x only finitely many image terms contribute to k¢ (z,y), uniformly in (z,y).
Differentiating under the integral sign,

0K f(y) =/ Oy'ke(z,y) f(x) dz.
[0,1)4
Each derivative of order |a| brings a factor e~lel, while the summed image kernel remains uniformly integrable. Hence

sup / 109 ke (2, )| dz < Co g,y 1%,
y€[0,14 J[o,1)@

which yields the claimed bound.
Finally, (iv) follows from positivity and doubly stochasticity: if m < f < M, then

Kef(y) = /ks(x,y) f(z)dz

is a convex combination of values in [m, M]. |
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Corollary 12.3 (A smooth full-support lower-bound core at the critical scale). Assume d > 2p and fiz X € (0,1). Let
h=2"" satisfy h¢ < Nlog N.

For T > 0, define the smoothed split-shell class
ij),l\i,:w = {((K-rh)#R (th)#Q) . (P,Q) € C;]:');it}v

Then:

(i) every member of ij’/{if;w consists of C°° probability densities f,g on [0,1]¢ with full support and pointwise bounds

AL f,g<2 =)

(it) for every multi-indez o,
10° Fllse + 10%glloe < Caap,r B~

(i) there exists 1o = To(d,p, A) > 0 such that for every T € (0, 70],

inf sup E’W - Wy(P, Q)| Rdpar b,
W p@ee it
and R 2
inf sup E(W — Wy(P, Q)) Zapar b

w split,oco
(P)ec\

i
Proof. Let (P,Q) € Cif)/\lt, say
P = fdz, Q=gdx.
By definition of the split-shell class,
A< f,g<2=Xx  on[o,1]%
Applying Theorem 12.2 with € = 7h yields the smoothness, full-support, pointwise bounds, and derivative bounds in (i)—(ii).
For the minimax lower bounds, Theorem 12.2 gives

1/p
sup (/ lly — :c||12' Kop(z, dy)) < Vdrh.

lit
k=VdT and ¢ = Cj{")\l ,

Therefore Theorem 12.1 applies with

yielding
lit, lit
MEbs (CR0) > Mihs, (CRY) — 2VdTh,
and 1
lit, lit 2,2
Mt (CFN5°) 2 5 Ml (CTN") — 4d 7202,
By Theorem 11.3,
M, (C?]I,)Alt) XapA My (CZI,)Alt) =ap b

Choosing 79 = 710(d, p, A) > 0 sufficiently small makes the subtractive terms harmless, proving (iii). O

We can sharpen the same conclusion from C to real analyticity by replacing the compactly supported bump kernel with
the reflected Gaussian heat kernel.

For t > 0, let

1 —Uu
oi(u) == W e/ 0 (u € R),

and define the one-dimensional reflected heat kernel on [0, 1] by
W (2,y) =Y ¢y —a—2m)+ > ily +2 —2m).
MmEZ mez

In dimension d, set
d

ho(z,y) = [[ 2V @som), =y €01,

j=1

and let H; denote the associated Markov operator,
D))= [ e @)
[0,1]4

Lemma 12.4 (Reflected Gaussian heat kernel). For every t > 0, the kernel H; satisfies:
(i) he is symmetric, strictly positive, doubly stochastic, and real analytic on [0,1]% x [0,1]%;
(ii) if f € L>=([0,1]%), then Hyf is real analytic on [0,1]% and, for every multi-index a,

10“He flloo < Carat™ ™12 || flloc;
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(iii) for everyp > 1,

1/p
sup </|y—f€||§Ht(x7dy)) < CapVt;

z€[0,1]4
() if m < f < M almost everywhere, then
m< Hef <M everywhere on [0, l]d.

Proof. Let r : R — [0, 1] be the reflection map from the proof of Theorem 12.2, and let
R(u1,...,uq) = (r(u1),...,7(uq)).
If G=(G1,...,Gq) ~ N(0,2t 1), then H¢(z,-) is exactly the law of
R(z+ G).

Indeed, in one dimension the preimages of y € [0, 1] under r are precisely

{y+2m, 2m —y: meZ},
and summing the Gaussian density over those preimages gives the formula for hil).
Because r is 1-Lipschitz and r(xz) = = on [0, 1], we have

Rz + G) — z|l2 < [|Gll2

almost surely. Therefore
1/p 1
P
sup (/ lly — =13 Ht(a:,dy)> < (BIGIE) " < Cap Vi,
x

which proves (iii).
For (i), fix g € R?. For each coordinate, the map
xz; — r(x; +9g5)
preserves Lebesgue measure on [0, 1]; hence so does
z — R(z+g)

on [0,1]%. Averaging over G shows that H; preserves Lebesgue measure, i.e.
/ hi(z,y)dz =1 (y€[0,1]%).
[0,1]4

Since ht is a Markov kernel, also
/ meydy=1  (oe 0,19
[0,1]4

Symmetry is immediate from the explicit series. Strict positivity follows because every Gaussian term is positive. Moreover, for every

pair of multi-indices «, 3, the series defining 8;‘85ht (z,y) converges absolutely and uniformly on [0, 1]d x [0, l]d. Indeed, Gaussian
derivatives satisfy bounds of the form

6 ()] < ABFRIETR2 /) (weR, k> 0),
for universal constants A, B > 0. Summing the exponentially decaying lattice tails over m € Z therefore gives
sup \aggaght(x, y)| < Aq BLZQHI’BI al gre=Uel+18D/2,
z,y€0,1]4
By the standard derivative criterion, h is real analytic on [0,1]% x [0, 1]¢.
For (ii), each derivative of order k of ¢¢ has the form
k) _ 4—k/2 u
6w =2 () duta
¢ (w) 7 (u)

for a polynomial Py. Hence, for each k > 0,

sup Z ’85@(1} +x— 2m)| < C tk/2,
@,y€[0,1] “ 7=
Taking products over coordinates gives
sup / |05 i (z,y)| do < Cqqt™ 172,
yel0,1]4 Jio,1)d

Therefore

8O‘Htf(y)=/ Oy hi(z,y) f(x) de
0,1

and )
[0°He flloo < Carat ™12 | flloo-

The sharper factorial derivative bound proved above shows that H¢ f is real analytic as well.

Finally, (iv) follows exactly as in Theorem 12.2: positivity and double stochasticity imply that H; f(y) is a convex combination of
values of f. O
Corollary 12.5 (A real-analytic full-support lower-bound core at the critical scale). Assume d > 2p and fix A € (0,1). Let

h=2"" satisfy h¢ < Nlog N.

For >0, define
et = { (He2)# P (o) #Q) + (P.Q) € CIA ).
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Then:

(i) every member of Cip)l\it;“’ consists of real-analytic probability densities f,g on [0,1

bounds

]d with full support and pointwise

)\Sfaggz_)H

(i) for every multi-index o,
0% Fllos + 19%glloc < Caar h™';

(iii) there exists 7o = 1o(d, p, A) > 0 such that for every T € (0, 70],

H}f sup E|W - WP(P7 Q)| zdypyk,ﬂ' h/a

w split,w
(P)ec\™

and
inf  sup  E(W - Wy(P,Q)° Zapar b’
W p@ecyite

Proof. Let (P,Q) € CP, say
P = fdzx, Q =gdx.
By definition,
A< f,g<2—X  on]0,1]%

Applying Theorem 12.4 with ¢t = (7h)2 gives the analyticity, full-support, pointwise bounds, and derivative estimates in (i)—(ii).
By Theorem 12.4,
1/p
sup (/ Ily - 95”5 H(‘rh)2(x7 dy)) < Od,p Th.
xT

k=CqpT and ¢ = coPlit

Hence Theorem 12.1 applies with

JA
so . )
Mbs (CPIN) > M5, (CRY) = 2C prh,
and
My, (CR5) > %Mi?m (CPNY) —acg r2h2.
Now use Theorem 11.3 and choose 19 = 70(d, p, A\) > 0 sufficiently small. |

Corollary 12.6 (Exact target-scale law on a real-analytic full-support critical neighborhood). Assume d > 4 and p = 2. Fix
A €(0,1), 7> 0, and let Cq 2 denote the constant from Theorem 12.4(iii). Choose

L>1+42CgT.
Let
h=2" satisfy h™% = NlogN,
and define the real-analytic critical neighborhood
P=fdz, Q=gdx, N\< f,g<2— )\, Wa(P,Q) < Lh, }

“aa(L) =1 (P, :
Iar (L) {( 9 0% flloo + 10%gllse < Cavar K11 Vau

where Co 4, 15 the derivative envelope from Theorem 12.5(ii). Then

inf sup E|W — Wa(P,Q)| <ax L b,
W (P,Q)eAy | (L)

and ) )
inf sup E(W — W2(P,Q))” <ax -z h*.
W (PQ)eAy | (L)

Proof. Because )
Iar(L) C uJC\rr,li,zfx(L)v

the upper bounds follow immediately from Theorem 14.2.
For the lower bounds, let

lit,
(P,Q) € Copite,

P’ = (Hirpy2)# P Q" = (Hrny2)@Q
for some (P,Q) € C;p;\it. By Theorem 12.5(i)—(ii), the pair (P’, Q') satisfies the pointwise and derivative bounds defining A%, _(L).
Moreover, Theorem 12.4(iii) gives

say

Wa(P,P') < Cqath, Wa(Q, Q") < Cqath,
while Theorem 11.2 with p = 2 yields
W2 (P,Q) < h.
Hence
W (P, Q") < Wa(P', P) + W2 (P, Q) + W2(Q,Q") < (14 2C427)h < Lh.
Therefore

cj?ff;“ C A%, (L)

72



Applying Theorem 12.5 now gives

inf  sup  E|[W-Wa(P,Q)| Zanrr b
W (PQ)eAy | (L)
and )
inf  sup  E(W-Wa(P,Q) Zansh?
W (P,Q)eAy , (L)
Combining with the upper bounds proves the claim. O

Remark 12.7 (Regularization alone cannot remove the critical hardness). The class of Theorem 12.3 is genuinely smooth
and has full support, but its derivative bounds naturally scale like h~1%! with the critical mesh size. Thus this result does
not contradict the faster minimax laws known on fized smoothness classes; rather, it shows that the critical lower-bound
mechanism survives every known local regularization whose displacement radius is only O(h). In particular, pure smoothing
of the hard full-support core cannot by itself close the unrestricted problem.

13 Scale-local blocks and fixed-depth towers

The one-step shell theorem of Section 11 already shows that the critical (N log N )71/ 4 Jaw survives on a broad touching-cell
full-support continuum model. We now isolate the underlying mechanism. What matters for the universal upper law is not a
special left /right split, but the fact that all discrepancies are confined inside blocks of Euclidean diameter O(h) on the critical
mesh. Exact additive decomposition is subtler: it does hold under a genuine inter-block cost gap, but it fails in general
without such a gap. This section proves the universal upper result on arbitrary local block partitions, the exact critical law
on broad active-block families, and an explicit exactness criterion for genuinely separated local decompositions.
13.1 Atomic block-local models on the critical grid
Fix a dyadic level J > 1 and write
hi:=2""7

For every fine dyadic cube C' € Dy, let z¢ denote its center, and set

Zy = {Zc : CEDJ}, |ZJ‘ :2Jd:h_d.

Distinct points of Z; satisfy
lzc—zorlle =k (C#C).

Definition 13.1 (A-local block partition and atomic block-local class). Fix A > 1. An A-local block partition of Zj is a partition
By={B1,...,Bm}

such that
diam(By) < Ah 1<r<M).

For such a partition, let GIJ’IOC(%J) be the class of all pairs

(u,v) € P(Z5)*
satisfying
w(Br) =v(Br) 1<r<M).
Equivalently, all transport discrepancy is confined inside blocks of diameter at most Ah.

Proposition 13.2 (Block-local atomic transport is sandwiched by fine-grid L1). Let B be an A-local block partition of Z;.
Then for every (p,v) € €5°°(B,) and every p > 1,

B TV (1,v) < Wy, ) < (AR)” TV (1, v).

Equivalently,

— 1/p _ 1/p
() g, ) < an( 2 20)

Proof. For the lower bound, first match the common mass
nwAv
at each atom at zero cost. The remaining unmatched mass has total amount
vl
2

and every unit of it must move from one grid point of Z; to a different grid point. Since distinct points of Z; are at Euclidean distance
at least h, every such unit pays cost at least h?. Hence

WP(AU‘? V)p Z hP TV(:U': l/)'

For the upper bound, fix one block B;.. Because j(By) = v(Br), the positive and negative parts of (1 — v)|p, have the same total
mass. Thus one may couple the excess of p inside B, to the deficit of v inside B, using only pairs of points belonging to B,. Every such
pair has Euclidean distance at most diam(B;) < Ah, so the cost incurred inside B, is at most

(AR)? TV (ulB,.,v|B,.)-

TV (u,v)

)

Summing over all blocks gives
M

Wy, )P < (AR STV (uls,.,v15,) = (AR TV (u,v),

r=1

which proves the claim. O

Theorem 13.3 (Critical upper law on arbitrary local block partitions). Fiz A > 1 and p > 1. Assume that

h™* =< NlogN.
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Then for every A-local block partition B of Zj, there exists an estimator

Tir-bloc
J,A
such that o
sup  E[W2SE° — Wy(u,v)| < Cauph,
(u.v)yeetioe(ss ;)

and o ) )
sup E(W25° — Wp(p,v))” < Caaph’.
(mv)yeehloc(s ;)

Proof. Since the support Zj is known and has size
|Z;] =h™% < NlogN,
the large-alphabet two-sample L; theory of Jiao—-Han—Weissman [5, Theorem 6] yields an estimator EJ of ||u — v||1 such that
~ 2
sup  E(Ly—|lu—vlh) <Ca
(,v)EP(Z 1)
Clip to the natural parameter range:
— Ly

Ly:=0VL;A2,  V;: S el V) =TV () € [0,1]

Define
V/[\/lec = h\/}Jl/p,
By Theorem 13.2,
BV ()P < Wy(,0) < ARV ()P () € €5o°(B,)).
Therefore
[WHSE = Wy ()| < R [VP = V()P + (A= DRV (u,0) /2.
Since V(u,v) € [0,1] and « — /P is 1/p-Hélder on [0, o0),

[WHSE = Wy (p,v)| < R [V = V()P + (A = D

Taking expectations and using Jensen’s inequality gives
~ ~ 1/(2p)
B[ = Wyu)| < (B = Vn)B) T 4 (A= Dh < Caaph
For the squared risk,
~ 2 ~
|WHSe — Wy ()| < 202|Vy = V()PP + 2(A - 1)%R2.

If p > 2, then 2/p < 1, so Jensen gives

1/

o~ —~ P
E[V) — V()PP < (EWJ Vv u)P) < Cuyp

If 1 <p< 2 then 2/p > 1, but |§J — V(u,v)| <1, hence
Vi = V()PP < [Vy = V(p,v)l
and so
- =R 1/2
E[Vy = V(p,v)*/P < (E\VJ ~Vin, u)P) < Cy.

Thus in all cases )
E(WYSe — Wy (u,v))” < Caaph?.

13.2 Continuum block-local lifts
For every fine cube C' € Dy, let Uc be the normalized Lebesgue measure on C'.

Definition 13.4 (Continuum block-local lift). Fix A € (0,1) and let B ; be an A-local block partition of Z ;. Define ESIC)’\C(%J) to be

the class of all pairs
P = chUa Q=chUc,
CeDy CeD,

such that
ARt < poige < (2= MR (CeDy),

ch*: Z(IC 1<r<M).

zc€Br zo€Br

and

Equivalently, the measures are positive piecewise-constant full-support densities on the whole cube, and all discrepancy is confined inside
blocks of diameter O(h).

Corollary 13.5 (Continuum block-local upper law). Fix A > 1, A € (0,1), and p > 1. Assume that
h™* =< NlogN.

Then for every A-local block partition By of Z;, there exists an estimator

—.

bloc,cont
WJ,A,)\
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such that

sup  E[WSSM — Wo(PQ)| < Caaph,
(P.Q)ELYS(B)

and

o 2
sup  E(W7ES = Wp(P,Q))" < Caaph’.
(PQ)ELYS (B )
Proof. Let
II; :=Dy

be the fine dyadic partition and let

eloc(By) € P(Z)°
be the atomic block-local class from Theorem 13.1. By construction,

£Y85(B.) € LB (€50 (),

where the anchors are the cell centers z¢ and every cell of IT; has diameter at most v/dh. Therefore Theorem 10.4 and Theorem 13.3
imply
MERS (£59(B)) < Mty (€5°9(B,)) +2Vdh < Caaph,

n,m n,m
and similarly
My (£585(B)) < 2 My (€5°°(B)) +8dh? < Caaph®.
|
13.3 Many active local blocks force the exact critical law

The universal O(h) upper law above is sharp on a much wider class of local partitions than the fixed-depth tower examples
alone. The only ingredient needed for the lower bound is a positive-density supply of genuinely movable microscopic blocks.

Definition 13.6 (Nontrivial block count). For an A-local block partition
By ={B1,...,Bu}

of Zj, define
K>o(By):=#{1<r<M: |Br| >2}.

Thus K>2(%Bs) counts the blocks that contain at least two distinct grid points and hence allow nonzero within-block transport.
Proposition 13.7 (Separated repeated microscopic pairs). Fiz A > 1. There exist constants Ta,a > 0 and a finite set

Va,a C 74 \ {0}
such that the following holds. Let Bj = {Bi,...,Bum} be an A-local block partition of Zy, and let

K := K>2(B,).
Then there exist a vector v, € Va,q and a subcollection

Z.C{r: |B,[ 22}
with
|Zi| > Ta,a K
such that for every r € I, one can choose points
ar,br € By

satisfying

b, —ar = huvy,

and the selected blocks are pairwise separated in the sense that
dist(B;, Bs) > 4Ah (r#s, r,s €1,).

Proof. Let
Va,a = f{veZ\{0}: |v]2 < A},
which is finite. For every nontrivial block B,, choose two distinct points z,,y,r € By. Since x,,y, € Zj, one has
Yr — Ty = hvp for some vy € V4 q-

By the pigeonhole principle there exists v« € V4 4 and a subcollection

Jx C{r: |Br| 22}

such that K
FAEE-
T Vadl
and every r € J, contains a pair (ar, br) with
by — ar = h .
Now build a graph on the vertex set J, by joining r # s whenever
dist(By, Bs) < 4Ah.

We claim that this graph has degree bounded by a constant depending only on A and d. Indeed, fix r € Jx and choose any z, € By. If s
is adjacent to 7, there exist x € B, and y € B, with
|z —yll2 < 4Ah.

Since diam(B;.),diam(Bs) < Ah, every point of By lies within distance at most 6Ah of z,. Because distinct blocks are disjoint subsets
of the critical grid Z;, each adjacent block contributes at least one distinct grid point inside the Euclidean ball

B(zr,6Ah).
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The number of grid points in that ball is O4 4(1), so the graph degree is bounded by some constant D 4 4 < co.
Every finite graph of maximum degree D4 4 contains an independent set of size at least

| T |
Dyqg+1
Let Z, be such an independent set. Then for distinct r, s € Z,
dist(By, Bs) > 4Ah,

and
1

Z|>—— K
= (Daa+DVal

This proves the claim with

1
TA,d: O

" (Daa+DVaal

Theorem 13.8 (Exact critical law for arbitrary local partitions with many active blocks). Assume d > 2p, fix A > 1, and let
h™* =< NlogN.

Then for every co > 0 there exists Ca,dq,p,c, < 00 such that the following holds. If B ; is an A-local block partition of Z;
satisfying
K>5(Bs) > coh™,
then .
inf sup IE|W — Wp(u, V)| = A,d,p,co Py
W (up)eehloe(s ;)

and . ) )
inf sup E(W — Wp(u, 1/)) =A,dpeo B -
W (u,v)eehloc(s )

Proof. The upper bounds are exactly Theorem 13.3.

For the lower bounds, let
K :=K>3(%B;).
By Theorem 13.7, there exist a vector vy € Z% \ {0} with
1< Jlos]l2 £ A4,
and a subcollection
T.={1,..., M}
of nontrivial blocks such that
My > 744K Za,d,0 b7 < NlogN,
each block B; contains points a;, b; with
b; —a; = hvy,

and the selected blocks satisfy
dist(B;, B;) > 4Ah (3 # 4)-

For distributions r = (m)i\i"l and s = (si)?i*l on the alphabet {1,..., M.}, define atomic measures on Z; by
Ty ER
PTys(ai) = 517 PT,S(bi) = 517
Sq T .
Qr,s(ai) = 5’ Qr,s(b;) := 5 (1<i< My,
and set all remaining masses to zero. Then P, s and Q. s are probability measures, and for every selected block B;,
Ti + Si

Pr,s(Bi) = Qr,s(Bi) = %

Hence
(Pr,s,Qr,s) € C}}IOC(%J)~
‘We next compute the exact transport cost on this embedded subclass. Let
dy = ||vk||2 P
Inside block B; the only discrepancy is
ro— 8
Pr,s(ai) - Qr,s(ai) = %7 P’r,s(bi) - Qr,s(bi) = -

Transporting this imbalance directly between a; and b; for each ¢ yields the upper bound

Wp(Prs, Qr,s)? < df TV(r,s).

For the matching lower bound, fix any coupling 7 between P, s and Qr s. If r; > s;, then the target atom b; has deficit (r; — s;)/2.
Under 7, that much mass must therefore arrive at b; from points other than b; itself. The source atom a; lies at distance exactly d«
from b;, whereas every atom belonging to a different selected block lies at distance strictly larger than

4Ah > dy,

because the selected blocks are pairwise 4Ah-separated and each block has diameter at most Ah. Therefore at least (r; — s;)/2 mass
pays cost at least d¥ in order to supply b;. The same argument with a; and b; interchanged applies when s; > 7;. Summing over i gives

T — 84

2

/Hz —ylly dr(z,y) > df TV(r,s).

Taking the infimum over 7 yields the exact identity

Wy (Pr.s; Qr.s)P = d2 TV(r, s) = df@.
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Thus estimating W), on the block-local class is at least as hard as estimating

TV(r,s) = Ir =5l ’23”1

for two unknown distributions on an alphabet of size
M, < Nlog N.
By the large-alphabet minimax lower bounds of Jiao—Han—Weissman [5, Theorem 3 and Theorem 5|,
-~ 2
inf supE(T —TV(r, s)) ZAd,co 1-
? T8

Since TV(r, s) € [0,1], clipping implies the corresponding absolute minimax risk is also bounded below by a positive constant.
Now let W be any estimator on @3106(%J), and define on the embedded subclass

7o (O\/W/\d*)p.
dy

The map w — (w/d4)P is (p/ds)-Lipschitz on [0, ds], so on the embedded subclass,

Sap hE|W = Wy(Prs, Qrys)

E‘f— TV(r, s)‘ < dﬂE‘W — Wp(Pr,s,Qr,s)
*

Since the left-hand side has minimax lower bound bounded below by a positive constant, we obtain

inf sup E‘W — Wp(, l/)’ 2 A,d,p,co P
W (u,v)eehloc(s 5)
Finally,
2
(ir}f sup IE|W — Wp(u, V)D <inf sup IE(W — Wp(u, V))27
W (uv)yeehloe(s ;) W (uv)yeehloe(s ;)
so the squared-risk lower bound follows as well. O

Remark 13.9 (Scope of the active-block criterion). Theorem 13.8 shows that the exact critical law does not rely on any
dyadic hierarchy, laminar organization, tree structure, or sparse-shortcut description. At the critical mesh, it is enough that a
positive fraction of the h~™% =< N log N microscopic blocks contain some movable pair of grid sites. In that sense the exact
target-scale theory now covers arbitrary bounded-diameter local partitions with macroscopic active-block count, far beyond
the previously isolated shell and fixed-depth tower subclasses.

13.4 Fixed-depth contiguous dyadic towers
The most concrete consequence is a genuinely broad contiguous full-support family that strictly extends the one-step shell
world.

Definition 13.10 (Fixed-depth dyadic tower). Fix an integer L > 1, a dyadic level J > L, and X € (0,1). Let 77 1, consist of all pairs

P:ZPCUC7 Q:ZQCUCH

CeDy CeDy

such that
At <poige < (2= MR (CeDy),

ch: ch:2thd (ReDy_1).

CCR CCR

Equivalently, P and @Q are positive piecewise-constant densities on the critical fine grid, the average density on every level-(J — L) coarse
cube is exactly one for both measures, and all discrepancy is confined inside the descendants of each such coarse cube.

and

Corollary 13.11 (Exact critical law on fixed-depth contiguous towers). Assume d > 2p, fix L > 1 and X € (0,1), and let
h=2"" satisfy h™* =< Nlog N.
Then

inf sup E{W —Wp(P,Q)
W (P,Q)ETs L A

Xd,p,L,x b,

and . 9
inf sup E(W — W, (P, Q)) =d,p, LA h?.
W (P,Q)ETs L A

Proof. For every coarse cube R € Djy_p let
Br:={2¢c: CCR, CeDy}CZy;.
The family
%(]7[‘ = {BR: RE'D‘],L}

is a block partition of Z;. If z¢, zo» € Bpr, then both points lie in R, so
llzo — zer |2 < diam(R) = Vd2Fh.
Hence B 1, is A4, 1-local with
Agr = Vdar.
By definition,
Troa € ﬁg}ic(%J,L)’

so the upper bounds follow from Theorem 13.5.
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P
piecewise constant on Dy, satisfies the same pointwise density bounds, and has equal mass on every parent cube in D ;_1; summing those
parent equalities over the descendants of any R € Dj_y, yields the level-(J — L) block equalities required in Theorem 13.10. Therefore

For the lower bounds, note that the split-shell class from Theorem 11.1 is contained in 77 1, . Indeed, every member of C

Cj?iit CTrrx
Applying Theorem 11.3 gives

inf  sup  E[W-W,(P,Q)|>inf sup E|W-Wy(P,Q)| Zapnxh
W (P,Q)ET L A w (p,(;))ecff’l;t

and similarly for the squared risk. Combining this with the upper bound proves the claim. O

Corollary 13.12 (The one-step contiguous shell is critical for every p > 1). Assume d > 2p, fiz A € (0,1), and let
h=27" satisfy h¢ < Nlog N.

Then .
inf  sup E}W — Wy(P, Q)| Xd,pa h,
W (p@ecssh

and X 2
inf  sup E(W — Wp(P, Q)) =ap .
W (pecys!

Proof. When L = 1, the block condition in Theorem 13.10 reads

Y po=> ac=2n"  (ReDy),

CCR CCR

which is exactly the defining parent-mass condition in Theorem 11.5. Hence
Traa=Cyslh
Apply Theorem 13.11 with L = 1. O

13.5 A sharp exactness criterion for separated local blocks

The universal upper law of Theorem 13.3 and the exact critical law of Theorem 13.8 do not rely on any exact additive block
decomposition. Nevertheless there is a natural sharp sufficient condition under which such a decomposition does hold: a
strict inter-block cost gap. The next proposition isolates this mechanism on the critical grid.

Proposition 13.13 (Exact block decomposition under a strict separation gap). Let By = {B1,...,Bn} be an A-local block
partition of Zj such that
dist(Br, Bs) > Ah (r#s).

Then for every (u,v) € €5°°(B ),
Wo(p, )" =Y Tol(u,v),

where

Touv)=  inf / la — gl dr (2,)
WTGH(#‘B,,.aVlBT) B, xB,

is the blockwise optimal transport cost on B;.
Proof. For the upper bound, choose for each r an optimal blockwise coupling
m € ll(ulB,,v|5,)
attaining T, (u,v). Since the blocks are disjoint and
w(Br) =v(By)  (1<r<M),

the sum
M

= E T
r=1

M

Wil v)? < Tolu,v).

r=1

is a coupling between p and v. Hence

For the reverse inequality, fix any coupling = € II(u, v). For r # s, let
mys := m(Br X Bg).

Because p(Br) = v(Br), one has for every r

Zmrs = M(Br) — Myr = V(B'r) — Myr = str-

S#T S#T

Thus the off-diagonal block-flow matrix (st)r?gs is a nonnegative circulation.
Assume first that some off-diagonal mass is present. Choose r; with
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Since the off-diagonal flow is divergence-free, every visited block that receives positive off-diagonal mass also emits positive off-diagonal
mass. Following positive outgoing edges and using finiteness of the block set, we obtain a directed cycle

Ty — 12— =T —T1
such that
Mrir;yq >0 1<i<k),
with the convention 741 :=71. Set
A= min Mriripq > 0.
1<i<k
For each i, choose a subcoupling

o; <7, X By,

of total mass A. Define finite measures on B, by
o = (pry) 40y, Bi = (pra)#0i-1,
where og := 01. Both «; and ; have total mass A, so there exists a coupling
7; € (s, Bi)

supported on B;, X By, .
Now define
k

k

! ::W—Zai +Zn.
=1 =1

Because the incoming and outgoing cycle marginals match blockwise, n’ is again a coupling between u and v. Moreover, at least one

off-diagonal block mass vanishes in 7/. The cost removed from the cycle is at least

k
ZA dist(Bry, Bryyy )P > kA(AR)P,
i=1
whereas the cost added inside the blocks is at most
k
Z A diam(By, )P < kA(AR)P.

=1

/Hx*yHgdﬂ'(ﬂc,y)S/Ilw*yl\gdﬂ(%y)

Repeating this cycle-elimination step finitely many times, we arrive at a coupling

Hence

m € (u,v)

with
T(Br x Bs) =0 (r #s)

and
/ lle = yl§ dr(z,y) < / lz = yll5 dn(x, y).

Therefore every coupling 7 has cost at least that of some within-block coupling. But any within-block coupling decomposes as

M
%:Z%Tv o € U(ulp, vB,),
r=1
S0
M M
/ e~ yllf di(a,y) = ) / o =yl die(a,9) 2 Y Tolusw).
r=1 By X By r=1
Taking the infimum over 7 yields the reverse inequality
M
Wi 0)? 23 To(s,v).
r=1
Combining both bounds proves the claim. O

14 Quadratic bounded-density theory
We now specialize to p = 2 and d > 4. Let

ny = (Nlog N)~'/4, v = N~V (log N)/4.

14.1 Weighted negative Sobolev geometry
For a density a satisfying 0 < m < a < M < oo, define the weighted negative Sobolev norm of a zero-mean distribution u by

uf 21,0 := sup {2/cpu/a|Vgo2}.
PEH1(0,1]4) /R

The unweighted norm is denoted ||u||—1.

Proposition 14.1 (Bounded-density comparison). Let P = fdx and Q = gdz satisfy

0<m< f,g <M <oo.
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Then
VmWa(P,Q) < |If —gll-1 < VM W2 (P, Q).
Proof. For the upper bound on W5, use the linear interpolation p; = (1 —t)f + tg. Since ps > m, the Benamou—Brenier formula and the
time-independent solution of
Opt +V-3j=0
give
Wa(P,Q) <m™'/2||f — g -1.
For the reverse inequality, take the displacement interpolation (p¢, v¢) between P and Q. The standard L displacement-convexity

bound gives ps < M. Since
1 1
f—g:—/ 8tptdt:/ V~(ptvt)dt,
0 0
duality and Cauchy—-Schwarz imply

1 1 1/2
If —gll-1 < / 10t ptll -1 dt < VM/ </|vt|2m> dt = VM W2(P,Q).
0 0

O

The comparison is only multiplicative. It is sufficient inside a ball of radius O(nn), because an O(1) relative error is still an
O(nn) absolute error.

14.2 Critical cone

Let Jn be dyadic with Ay = 277V < ny, and let I1;, be conditional expectation on dyadic cells. For a cell-constant density
difference u, let @), be the usual cross-fitted unbiased quadratic estimator of

MLy (f = 91124

in the Neumann spectral basis up to frequency h]_vl. Explicitly, if (ex, Ax) are Neumann eigenpairs and 0 < Ax < h]_vz,

2
u
w = /ek<f—g>, Mo (F = )21y = n

—2
Ap<hy

and Q\JN replaces u; by the product of two independent unbiased coefficient estimates.
The variance calculation is standard:

5 s (f = D)2y, PA
E(Quy — Ty (f = 92 10y)" € =55 + 5

Because hy* < Nlog N and d > 4, the second term is o(hf).

Theorem 14.2 (Target upper bound on the bounded-density critical cone). Fiz 0 <m <1< M < oo, L < o0, and d > 4.
On
UV (L) == {(P,Q) : P = fdz, Q = gdz, m < f,g < M, W2(P,Q) < L},

there is an estimator /W?ﬁ,“t satisfying

sup E[WX™ — Wa(P, Q)| Sam.m.L 1N
uSrit(L)

and e
i 2 2
sup E(WN™ = Wa(P,Q))* Sam,m,L -
usEit(L)

The rate nn is minimax sharp on this class when L > 1.
Proof. Project P,Q to dyadic histograms P"N Q"~N. By Theorem 2.1,

Wa (PN, Q") < (L + Cq)hy.
Their densities remain in [m, M]. By Theorem 14.1,

My (f = 9ll-1 Sm.ma,z b
The variance display above gives

ElQuy — My (f = 921 nyl S hi-

Thus \/(Q.sy )+ estimates the truncated H~! norm to O(hy), and the multiplicative comparison plus quantization error converts this
into O(hp) error for Wa(P, Q).

For the lower bound, embed the Niles—-Weed—Rigollet split-cell alternatives in the bounded-density cone: on each dyadic cell pair, put
densities A and 2 — X, with XA € (m,1) and 2 — A < M. Their Wa-distance is O(hy), and the induced Li-alphabet has size Nlog N.
Theorem 5.1 gives the lower bound. O

14.3 Far annulus
Let Ty = Wa(Px,Qn)? The quadratic cost is smooth, and the Manole-Niles-Weed smooth-cost theorem gives [8]

sup E|fN — Wa(P, Q)Q\ <d N™2/4,
P,QePy

Changing one observation changes fN by at most d/N, hence

Var(ﬁv) S(i Nﬁl.
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Sinced > 4, N~ ! = o(N*‘l/d)7 and therefore

supE(Tn — Wa(P,Q)?)? <g N~
P,Q

Theorem 14.3 (Far-annulus plug-in law). Assume d > 4. If Ty > 0, then

N*Q/d
sup  E[Wa(Pn,Qn) — W2(P,Q)| Sa :
Wa(P,Q)>7N ™

In particular, for every fized ¢ > 0,
sup  E|Wa(Pn,Qn) — Wa(P,Q)| Se.a 1,

Wa(P,Q)>ecyN
and the squared risk is O(nk).
Proof. Write T = W2(P,Q)2. On W2(P,Q) > 7,
Ty =T

TN

[W2(Pn,QnN) — Wa(P,Q)| <
Taking expectations gives the first bound. The special case follows from
N7y = .

The squared-risk assertion is identical using the second moment estimate for fN —T. O

Corollary 14.4 (Two-zone bounded-density theorem). For d >4, fited 0 < m <1< M < oo, L < 00, and ¢ > 0, the target
upper bound O(nn) holds uniformly over all bounded-density pairs satisfying either

Wa(P,Q) < LN

or
Wa(P,Q) > cyn.

The remaining bounded-density gap is the logarithmic strip
Ny < Wa(P,Q) < Yn.

15 Weighted quadratic strip theorem

The flat H~! norm is the wrong tangent metric away from the uniform density. The correct tangent norm at a background
density p is generated by
L,=-V-(pV).

This section proves that the weighted geometry does close a genuinely non-flat part of the quadratic strip.

15.1 Smooth small-deformation class
Fixd>4,0<m<1<M<oo,and A< 0. Let hy < nn. Define Sy (A, m, M) to be the set of pairs (P, Q) such that:

(i) P=pdz withm < p <M and ||pllc2 < 4;
(ii) the Brenier map from P to @ has the form
T =1d 4v, v =V,
with 7([0,1]%) € [0,1]%, I + Dv = 31, and
[ollc2 < At t:=Wa(P,Q);

(iii) the distance lies in the intermediate strip
hny <t <9n.

The condition ||v]|¢z < t excludes oscillatory microscopic rearrangements; those are already handled by the critical-cone
theorem at scale hy, and they are the source of the hard unrestricted critical grid.

15.2 Weighted tangent expansion
Lemma 15.1 (Weighted tangent expansion). For (P,Q) € Sy (A, m, M), let Q@ = gdx and w = p — q. Then

‘||u||2—l,p - WQ(Pa Q)2| S CA,m,]\/I,d WQ(Pa Q)S

Proof. Put t = Wa(P,Q) and v = V. Since T' = Id v is the Brenier map,

t2:/|v|2pdm.

Ts = Id +sv, ps = (Ts)#(pdx),
and let ws(Tsxz) = v(z). The curve (ps, ws) satisfies the continuity equation

asps +V. (Ps'ws) =0.

1
u:pfq:V-/ pPsWs ds.
0
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Let Js = psws. In Eulerian variables,

_ ples(y))v(zs(y))
Js (y) - det(I + sDU(il?s(y))) ’

The assumptions ||v||o2 < At, m < p < M, and ||p||c2 < A imply, for all sufficiently large N,
[Js = pvllpz < Camonrat®  (0<s<1).
Indeed z5(y) —y = O(t), v(zs(y)) — v(y) = Ot?), p(xs(y)) — p(y) = O(t), and det(I + sDv) = 1+ O(t), while ||v|| 2 < M~1/2¢. Hence
w=V-(p)+r=—Lyp+r, |Irll-1,, < Cam.arat®

The last bound follows from the representation r» = V - F with ||F|| 2 < Ct? and the dual definition of || - ||—1,,.
Since

Ts = Ts_l(y)~

” - LP’IZ]”%l,p = /p|V1/J|2 = t27

we obtain ) ) ) 3 4
[ll2y,, =] < 2tlirll—1,0 + ]2, < CFF + Ct*.
The diameter bound ¢ < v/d absorbs the last term. O

15.3 Spectral weighted estimator
Let (ex, Ak)r>0 be the Neumann eigenbasis on [0, l]d, witheo =1, Ao =0,and 0 = Xo < A1 < X2 < ---. Put
An = hy', In :={k>1: M <AXY, Dy :=|In| < hy® < Nlog N.

For a weight a satisfying m/2 < a < 2M, define
AN(a)kg = /aVek -Vepdx, k.l e In.

For u=p —q, set un = (fuek)kEIN and
En(u,a) := uyAn(a) tuy.

The estimator uses three independent data blocks. A pilot block from the P-sample constructs a clipped density estimate p
satisfying
m/2 < p<2M.

Two further independent blocks estimate un:

Wk =— 3 aX)-— 3 e), r=12

T e
i€BX ieBY
Then define
A~ ~ T 1~ AW A~
By = (@) Av@ad, W = (B

Lemma 15.2 (Weighted quadratic variance). Conditionally on the pilot p,

~ 2 N E h4—d
E {(EN - Bx(u,9)) p} < Camnr (Nx‘@ 4 ]f;2> .

Proof. Write B = An(p)~!. Conditional on the pilot,
o) —un+&,  r=1,2

where £1, &2 are independent mean-zero vectors. For every vector z = (zi),
2

C C
Var(zTen) < = || Y men| = L=l
keln L2
Since m/2 < p < 2M,
m ..
An(p) = = diag(\e),  [IBllop < Cina,

and
Te(B?) < Cma Y Ay” Sam by
Ap<hy?
by Weyl’s law, because d > 4.
Expanding
En — En(u,p) = u\ Béa + &] Bun + €] B
and using independence gives
~ C C
E[(Exy — En)?|p] < NULB%N +3 Tr(B?).
Since ||Bllop < C,
u;BluN < CuI,BuN = CEN(u,ZD‘
The claim follows. O

Lemma 15.3 (Pilot stability). If a,b € [m/2,2M], then
|En(u,a) — En(u,b)] < Cm,umlla — bl En(u,a).
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Proof. The quadratic forms satisfy
[An(a) = AN (b)| < [la — bl / |Vo|?

on every vector ¢ € span{ey : k € In}. Since Ax(a) = (m/2) f |V|?, the forms An(a) and Ax(b) are relatively within Cp|la — b||oc-
The same is true for their inverses by the order-reversing property of positive matrices, giving the asserted bound. O

Lemma 15.4 (Galerkin truncation). For (P,Q) € &Gn (A, m, M),

|EN(U’7 p) - ||uH2—1,p| S CA,m,M,d WQ(Pa Q)Qh?\f

Lot = u, /(15:0.
Huuil,p:/plwﬁ

The Galerkin value En (u, p) is the same variational problem restricted to

Vi = span{eg : A\ < h]_\,Q, k>1}.

Proof. Let ¢ € H'/R solve

Then

By Galerkin orthogonality,
0< lluly, = En(u,p) < Conrinf [l =913
YEVN

Neumann elliptic regularity for the uniformly elliptic operator L,, with p € C2 and m < p < M, gives

9l 2 < Cam,aallull 2.
Taking 1 to be the Neumann spectral projection of ¢ onto Vi,

inf (¢ — ¥ll31 < ChY[I¢ll52 < ChYJlull
PEVN
Finally the smooth-deformation expansion in the proof of Theorem 15.1 yields ||u||p2 < Ca m av,dW2(P, Q). The claim follows. O

Lemma 15.5 (Pilot availability). If p ranges over a fized C*-ball and m < p < M, then there is a clipped pilot estimator p,
constructed from an independent block of P-samples, such that

~ h _
SupIP’(Ilp plloc > CdN) <N
p TN
for all sufficiently large N.

Proof. Use a boundary-corrected kernel or wavelet projection estimator with bandwidth by = N—1/(4+d)  The standard sup-norm
bound over a fixed C?-ball is

—~ log N
1P = pllso = O <b?V +y ) ) = Op((log N)/2N~2/(4+d)) |
Nbd,

This is o((log N)~2/%). Since

BN _ (log =214,

YN

the displayed high-probability statement follows after increasing the constant and clipping to [m/2,2M]. O

Theorem 15.6 (Weighted strip upper theorem). Assume d > 4. On the smooth small-deformation strip Sn(A, m, M),

sup I[‘I|/I/I7]‘(,Vgt —Wa(P,Q)| < Cam,m,a b,
(P,Q)ES N (A,;m,M)
and -
sup E(WNE — Wa(P,Q))° < Cammahx.

(P,Q)ES N (A,m,M)
Proof. Let t = Wa(P,Q), so hy <t < vyyn. Work on the pilot event
0= plloe < Chy /yN-

The complement has probability O(N~19) and contributes negligibly because all distances are bounded by V.
By Theorems 15.1, 15.3 and 15.4,

|En (u, p) — 82| < |En(u,p) — En(u, p)| + | En(u, p) = Jull2y | + [[ul2y,, — ¢
h
<2 4 o?n?, + ot
IN
Since t < vy and 712\, =o(hn),

h
N2 <hnt, 23 <hnt, £ < A%t =o(hyt).
N
Therefore
|En (u, p) — t?| < Chyt.

Next, Theorem 15.2 and En (u, p) < 2 yield

R I
E[ENEN(U7@||P]SC(\/N+ N >
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Because hy vV N — oo for d > 2,

t
—— < Cthy.
VN © N

p2-d/2 loa N
N = by o = o(hd) < olhnt),

ElEN - t2| < Chyt.

Also h;\,d = Nlog N, so

as t > hy. Thus

Finally,
~ En — 2
W (En)+ =t < %

so the absolute risk is O(hy). For squared risk we use the same denominator and the second-moment version of the preceding estimate.
The deterministic part contributes Ch2t?. The stochastic part is bounded by

2 hy
cl= .
<N+ N2

— 1 h47d
E(\/(E —t?2<Cc(hE+—=—+-2L_).
(\/ (En)+ -1 < <N+N+N2h§\]

Dividing by t2, and using t > hy, gives

Because hg,d = NlogN and d > 4,

4-d
1 _ 2 N _ ;2 logN _ 2
N o(hy), N2h2, =hy N o(hyy)-
Thus the squared risk is O(h%)). (]

Corollary 15.7 (Smooth non-flat quadratic three-zone law). Let d > 4. On bounded-density pairs satisfying either
W2(P,Q) < L,
or
(P,Q) € 6n(A,m, M),
or
WQ(P7 Q) 2 CYN,

there is an estimator with absolute risk O(nn) and squared risk O(nk).
Proof. Use the critical-cone estimator in the first region, the weighted estimator in the smooth strip, and the empirical plug-in estimator

in the far annulus. A standard sample-splitting threshold using j“\N = Wa(Pn,Qn)? separates Wa < ny from Wa > v with negligible
error; in the overlap one may take the minimum of the three risks. The bounds are those of Theorems 14.2, 14.3 and 15.6. O

16 Why the unweighted strip method is false

The new weighted theorem is not cosmetic. The unweighted critical H ' energy has the wrong tangent metric at non-uniform
densities.

Proposition 16.1 (Failure of unweighted H ™! in the strip). Assumed > 4. Fizr 0 <m <1 < M < oo, and let hy =< nn.
There are smooth densities fn,gn with

m < fn,gn <M, v < Wa(fvdz, gndz) < yw,

such that ) )
1Ty (f3 = gw)|12 1 = Wa(fnde, gvda)?| O
Wg(dew,gNdx) hN ’
Proof. Take
pa(z) =1+ acos(rz1), p(z) = cos(mz1), v =V,

with @ > 0 small enough that p, € [m, M]. Let
T: = Id +ew, Qe = (Te)#(padx).

For small e, T is the Brenier map and
2

WQ(padyc,Qs)2 = g2 / \v|2pada: = 52%.
The density g of Q. satisfies
pa— e = €[~V (paVp)] + O(c?)
in C!, and
—V - (pa V) = 72 cos(rz1) + an? cos(2mx1).
Therefore the unweighted H 1 energy is

w2 a’r?
lpa —aell2, =& (2+ 3 ) + o(e?).

2

The excess a’?m2e2 /8 is precisely the metric mismatch. Choose

EN X YN
Then Wy < v, while the deterministic discrepancy divided by Wahpy is of order

IN (log N)?/% - .
N
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Dyadic projection at mesh hy changes the smooth H—! energy by 0(5?\,)7 so the same conclusion holds for I, ,, (fn — gn)- O

17 Finite critical-grid LP: active faces and debiasing criteria

The exact skeleton results solve many critical Euclidean subclasses because their LP value is already a weighted L; functional.
The full grid problem is harder because the active Kantorovich face may change across a large and highly degenerate family.
This section records three finite principles which are independent of continuum regularity. Each is proved directly at the level
of the critical grid.

17.1 The normalized dual polytope
Let G C [0,1]¢ be finite and let c(x,y) = ||x — y||5. For r,s € P(G),
T(r,s) := Wy(r,s)? = min Z (T, Y) Moy

well(r,s)
z,yeG

The dual form is
T(r,s) = sup Z GaTa + Z Yysy ¢
(@¥)€De | 1ea e

where
Da = {(¢, 1) € R xR : ¢, + 1, < c(z,y) Va,y € G}.

Since (¢ + al,v — al) gives the same objective, we fix a root o € G and normalize by ¢, = 0. Let

D¢ = {($,%) € Di : dag = 0, [[¢]loo + ¥l < 4d”/?}.

Lemma 17.1 (Bounded normalized dual potentials). For every r,s € P(G),
T(r,s)= sup {{¢,7) + (¥,s)}.

(¢,9)eDY

Proof. Let (¢,1) be any feasible dual pair. Replacing (¢, ) by (¢ — ¢zo 1,9 + ¢zy1), we may suppose ¢o, = 0. Feasibility gives

Py < czo,y) < dP/2.

For any z,y
. bu < c(z,y) — by

Taking y = xo and using 1z, < dP/? bounds ¢, above by 2dP/2 after replacing ¢ by the largest feasible c-transform associated to ¢.
The same c-transform normalization gives
by = inf{e(z,y) - 62}

Since ¢ € [0, dp/2]7 the oscillations of ¢ and v are bounded by dP/2. With ¢z, = 0, both sup norms are bounded by a universal multiple
of dP/2. Truncating to the displayed compact set therefore does not change the dual value. O

17.2 Finite dual catalogs
Suppose X1,..., Xy ~rand Yi,...,Yy ~ s. For a dual pair a = (¢,v¢) € D%, write

Lalrys) = (6) +(0,8),  La=

N L&
$(Xi) + 5 D v(Yi):

i=1 i=1

Theorem 17.2 (Finite dual-catalog theorem). Let Gn C [0,1]? be a grid of mesh hy =< (Nlog N)~*?. Let Ay C D¢, bea

finite catalog and let ex > 0. Assume that for every (r,s) in a class Cxy C P(Gn)?,

0<T(r,s) — max Lu(r,s) <en.

acAN

Then the estimator

T = .
# =
satisfies
T log(2
sup E[T{ — T(r,5)] < en + Caypy) 2EEAND
(r,s)eCN N
and
T log(2
sup  E(T{ —T(r,5))* < Cap [giv n OgUAM} ‘
(r,s)eCn N
Consequently, if
en SRY, log |An| < Nh3P,

then W} is estimable on Cn to powered accuracy O(h%;). On any annulus Wy(r,s) > Thy, the distance W), itself is estimable
to accuracy Or p(hN).

Proof. For every (r,s),

< sup |Lq — La(r,s)|.
ac AN

max Lq — max Lg(r,s)
acApn a€AN
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By Theorem 17.1, the summands in /L\a — Lg are uniformly bounded by Cy ;. Symmetrization and Massart’s finite-class inequality give

~ log(2
E sup |La — La(r,s)| < Cap M.

a€AN N
The same inequality with bounded differences, or integration of the corresponding sub-Gaussian tail, gives

~ log(2
E sup |Lq — La(r, s)|2 < Cdpr.

a€AN N
Combining these bounds with the deterministic catalog approximation gives the absolute and squared-risk estimates for T'. If T' = W;
and Wp(r,s) > Thy, then
[ul/? —o/P| < Crphy Plu — v

whenever u, v lie in a fixed bounded interval and v > (7hy)P. Thus powered error O(h%;) gives distance error O(hy). |
Corollary 17.3 (Active-face margin regime). In the setting of Theorem 17.2, suppose the catalog is exact on Cn,

T(r,s) = max Lq(r,s),
a€ AN

and for every (r,s) € Cn there exists an active a.(r,s) € Ax such that

log(2
La, (r,s) —max Lq(r,s) > 4Cq,p M.
aFay N
Then the empirical maximizer over An selects an active face with probability at least 1 — exp[—clog(2|An|)], and the resulting
value estimator has absolute risk

log (2| An])

Oa,p N

In particular, it attains the critical powered target whenever log |An| < Nh%’.

Proof. The same finite-class concentration used in Theorem 17.2 gives

—~ log(2]|A
sup |[La — La(r,s)] <2Cq,p 7g( AN 1)
a€AN N

with the stated probability after increasing the constants. On this event the displayed margin prevents any inactive catalog element from
overtaking a.. The value bound is then the fixed-potential empirical mean bound, and the expectation follows by adding the negligible
failure contribution.

17.3 A Richardson debiasing criterion for the full grid

The full grid cannot be solved by a small catalog unless the optimal dual geometry is compressible. A different route is to
regularize the LP value and cancel the deterministic regularization bias. The next theorem is purely finite-dimensional and
identifies the exact quantitative assumptions needed for a critical-grid proof.

Let Tx(r, s) be a family of computable regularized LP values, indexed by A > 0, and let fA denote its plug-in or debiased
empirical version based on the two samples.

Theorem 17.4 (Richardson criterion for critical-grid debiasing). Assume d > 2p, hxy = (Nlog N)™Y¢, and Gy is the
critical grid. Suppose that for all r,s € P(Gn) and all sufficiently small X the following two estimates hold with constants
independent of N,r,s:

T\(r,s) =T(r,s) + bi(r,s)\ + Rx(r, s), |Ra(r, )| < AN?,
and R i )
E|T> — Ta(r,s)| < B (N /24 m) :
Define
ﬁ{}'mh = QT\/\N/gff,\N, AN = hlf\,/Q.
Then

sup BTN —T(r,s)| Sapap WY
r,s€P(GN)

Consequently the critical-grid LP powered value is estimable at the target scale. On annuli Wy(r,s) > Thy, this gives Wp-risk
Or.a,p(hn).

Proof. By the assumed expansion,
QT)\/Q 7T)\ —-T= QR)\/Q - RA,

hence

A
12T /2 — Th — T| < 5,\2 + AXZ <4 N2

The stochastic part obeys
E\fzfx}lch = 2Ty /2 = Tan ) S 2ETx 2 — Ty /2l HE[Thy — Tyl

1
<Cp(N1/2 —)
S B( +N)\N

With Ay = hz;v/Q, the deterministic term is A%, = h%;. Since d > 2p,

N2 = o(hR),
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and
1 1

2oLy
p/2 NP
NAn NRE/

because N h%’/ 2, oo, which follows from d > 2p. Therefore the total powered risk is O(hlj’\,). The annular conversion from powered risk
to distance risk is the same mean-value argument as in Theorem 17.2. O

Remark 17.5 (Connection with recent debiased LP theory). Recent fixed-alphabet work on debiased Gaussian estimators for
discrete optimal transport and general linear programs constructs two-tuning-parameter cancellations of regularization bias
and proves centered Gaussian limits for random LP solutions [7]. Theorem 17.4 is not a restatement of those fixed-dimensional
results; it is the growing-alphabet target theorem that their method would have to satisfy uniformly when |Gn| =< N log N.
The theorem shows that a first-order regularization expansion plus the displayed sampling bound is already enough to close
the supercritical minimax upper bound.

18 Localized dual geometry and contact certificates

The preceding finite-catalog theorem uses the size of a single global catalog. This is too crude for the full Euclidean grid: the
global semidual class at mesh h has entropy of order k=%, whereas the critical statistical budget is only

NA? =< N'72#/(1og N) 722/,

A genuinely new route must use the fact that most dual potentials are not competitive for a fixed pair (r, s). This section makes
that principle quantitative. It gives a proved localized replacement for the global catalog criterion and exact contact-defect
identities which turn near-optimality of a dual potential into a geometric restriction along an optimal plan.

18.1 Gap shells for support-function estimators
Let G C [0,1]¢ be finite and let A C D be a finite dual catalog. For a = (¢,) € A, write

La(rys) = (6) 4 (,s), La= 0 3 6(X0) + 1 (%),

Assume throughout this subsection that the catalog is exact on a class C:

T(r,s) :== Wp(r,s)? = max Lq(r, s) ((r,s) €C).

acA
For (r,s) € C define the deterministic gap
Aq(r,s) :==T(r,s) — La(r,s) > 0.
For a target powered accuracy € > 0, set
A_i(r,s5e) :=={a € A: Ay(r,s) < e},

and, for j > 0, | |
Aj(h 8;6) = {a cA:2¢< Aa(r, S) < 2”15}.

The next theorem says that the empirical maximum needs only controlled entropy of the near-optimal gap shells, not controlled
entropy of the entire catalog.

Theorem 18.1 (Gap-peeling dual theorem). Let B < oo and suppose

[6lloc + [¥llec < B (a=(¢,9) € A).

There exist constants co, Co € (0,00), depending only on B, with the following property. If for every (r,s) € C
log(2|A,1(r,s;e)|) < coNe*
and, for every j > 0 with A;(r, s;e) # @, _
log(2|Aj(r, 8; 5)|) < co2Y Né?,
then the estimator N R
TA:=max L,
acA

satisfies

sup E|f,4 —T(r,s)| < Coe.
(r,s)€C

The same assumptions give

sup E(fA —T(r,s))* < Coe®.
(r,s)€C

Proof. Fix (r,s) € C and abbreviate Ay = Agq(r, s). Let
g 1= Ea — Lq(r, s).

For every a, Z, is a centered average of two bounded empirical means, and Hoeffding’s inequality gives

N 2
P{|Za| > u} < 2exp(—“>
Cp

with Cp < oo depending only on B.
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The lower deviation is localized on the active shell. Indeed, choose ax € A with A,, = 0. Then

T—TA<T—TLa, =—Za, < sup |Zal.
a€A_1

By the finite-class maximal inequality and the first entropy assumption,

~ log(2|.A_
BT~ Ty < 0y [ 84D < o

The second moment is bounded in the same way.
For the upper deviation,

fA — T =max{Z, — Aa}.
acA

On A_1 this is at most

e+ sup |Zal
acA_1
On Aj, j >0, it is at most
sup Zg — 2e.
a€A;

By the entropy assumption and the choice of co(B), the expected supremum on A; is at most 29=2¢. The sub-Gaussian tail of the
supremum gives

E( sup Zq, — 27e <Cp 2jaexp(—cB 22jN82).
aG.Aj +

The number of non-empty shells is at most O(log(B/¢)), because all dual values are bounded. In the supercritical applications
Ne? = Nh%’ — 00. Enlarging Cp to cover the finitely many small N, summing over j > 0 yields
E(T4 —T), < Ce.

The squared bound follows by integrating the same tail estimates and using that all values are uniformly bounded by B. Combining
upper and lower deviations proves the theorem.

Remark 18.2 (Why this is stronger than a global catalog). The global theorem log | A| < Ne? is the special case in which
every shell is bounded by the critical budget. Theorem 18.1 allows exponentially more potentials at large deterministic gap,
because a potential which loses by 27¢ needs a 27e-sized statistical fluctuation to matter. This is exactly the statistical
mechanism missing from a global entropy attack on the full Lipschitz or semiconcave dual class.

18.2 The contact-defect identity
The preceding theorem is useful only if one can control the entropy of near-optimal dual shells. The next identity converts
this question into transport geometry. Let

Sla’Cka(x7 y) = C(:C7y) - ¢I - wy (CL = (¢7 w))
For a € D% this slack is nonnegative on G x G.

Lemma 18.3 (Contact-defect identity). Let r,s € P(G), let ms be any optimal coupling for T(r,s), and let a = (¢,) € DZ.

Then
T(r,s) = La(rys) = Y (e(2,9) = du — vy ) 7a(,y).

z,yeG

Consequently, if a is §-optimal, then for every T > 0

m{(z,y) : slackq(z,y) > 7} < é
T

Proof. Because 7, has marginals r and s,

La(r,s) = (6x +1y)m(@,).

z,y
Since 7, is optimal,

T(r,s) = Z c(z,y)me(z,y).
z,y

Subtracting gives the identity. The Markov estimate follows from nonnegativity of the slack. O

The identity says that a near-active potential must almost satisfy complementary slackness on most of the optimal transport
graph. Thus a proof of the full critical-grid theorem can be sought through the following finite geometric statement: for every
optimal plan on the Euclidean grid, the class of c-concave potentials with small average contact defect has gap-shell entropy
at most O(2% Nh3F) at gap 27h%,.

18.3 Finite contact certificates

We isolate a certificate version which is fully proved and directly usable. For K € N, let 3 = {(z¢, y¢)}—; C G x G. Given
T > 0, say that 3 (7,¢)-determines a dual family U C DE at (r,s) if whenever a,b € U satisfy

|¢a(@e) — do(@e)| + [alye) = vo(ye)| <7 (1 <L<K),

then
|Lqo(rys) — Lp(r,s)| < e.

This definition is deliberately operational: it asks that the objective value of every near-active dual potential be controlled by
its values on finitely many contact points.
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Proposition 18.4 (Contact-certificate catalog). Let U(r,s) C DY be a family of dual potentials which contains at least one
optimizer. Suppose that there is a data-independent collection of possible certificate sets

3a = {(l’a,e,ya,e)}f:hﬂ [e RS [N7

such that for every (r,s) € C at least one 3o (Tn,en)-determines U(r, s) at (r,s). Assume also that all potentials in U(r, s)
are bounded by B. If

log |In| + KN log(l + TE) < Nev,
N

then there is a finite catalog estimator with risk O(en) on C, provided each (r,s) € C admits an en-optimal potential in

U(r,s).
Proof. Fix a certificate index «. Quantize the 2K values
{#(2a,0)s ¥(Ya,e) 1 1 < LS Ky}

on a grid of mesh 7y inside [— B, B]. For this «, the number of possible quantized traces is at most

2B 2K N

(+3)

TN

For every trace cell and every «a, choose one feasible representative dual potential if the cell contains a member of

U U(r,s),

(r,s)eC
and choose nothing otherwise. This produces a data-independent catalog with logarithmic size bounded by
2B
log|In|+2KNlog(14+ — ).
N

Now fix (r,s) € C and choose an index o whose certificate set determines U(r, s). Let a, € U(r,s) be en-optimal. The quantized
trace of ax has a representative a in the catalog whose trace differs from that of a,. by at most 7y at every certified coordinate. The
determining property gives

|La(r,s) — La, (r,8)] < en.
Therefz)re ;he catalog has deterministic dual loss at most 2e x5 on (r, s). The entropy assumption and Theorem 17.2 give the statistical
risk O(en).

18.4 Mass-contact net theorem
The previous proposition is useful only when a small contact certificate exists. The next theorem proves one such certificate
from a geometric property of an optimal plan. It is intentionally finite and non-asymptotic.

Let Lq, := pd®~Y/2. Every c-concave potential for ¢(z,y) = ||z — y||5 on [0,1]% is La,,-Lipschitz in each variable after
taking a c-transform normalization, because

le(z,y) — c(@’, y)| < Lapllz -2’2
and similarly in y.

Theorem 18.5 (Mass-contact net certificate). Let G C [0,1]* be finite, let U(r, s) be a family of normalized c-concave dual
potentials bounded by B, and let 7, be an optimal plan between r and s. Suppose that for some pairs

3 = {(ze, ye) e
there is a set A C G x G with
m(A) > 1-¢
such that every (z,y) € A is within product distance p of some certified pair:

. B B -
121%1[{(“96 ell2 + lly = yell2) < p

Then 3 (t,¢)-determines U(r, s) at (r,s) with
€ =27+ 2Lqp + 4BC.
Proof. Let a = (¢a,a) and b = (¢p, ) belong to U(r, s), and assume their certified traces differ by at most 7 in the sense of the

definition. Since 7, has marginals 7, s,

La(r,5) = Ly(r,s) = > _{(da = 90)(@) + (Yo — 1) (9)} 7 (2,1).
T,y

For (z,y) € A, choose £ with
lz = zellz + lly — yell2 < p.
The Lipschitz bounds give
[(#a — @) (2)] < |balze) — Po(2e)| + 2Lapllz — zell2,

[(Ya — ¥) (V)] < 1alye) — ¥o(ye)l + 2La,plly — yell2-
Hence the integrand on A is bounded by 27 +2Lg4 ,p. On A€ it is bounded by 4B. Integrating with respect to mx gives

‘La(ﬂ 5) - Lb(rv S)I <27+ 2Ld,pp +4B¢.

O

Corollary 18.6 (Critical law for sparse mass-contact plans). Let Gn be the critical grid, My = |Gn| < Nlog N, hy =<
(Nlog N)™'4, and ey = h%,. Let Cx C P(Gn)? be a class such that for every (r,s) € Cn there is an optimal plan admitting
a mass-contact net with parameters

Kn, PN SEN, (N Sen,
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and such that

M
Kn log(%) < NE?V.
N

Then W} is estimable on Cn with powered risk O(en), and W), is estimable with risk O(hn).
Proof. Let U(r, s) be the full normalized c-concave dual class with a fixed anchor. Since 0 < ¢ < dP/2 this class is uniformly bounded by
a constant By, and contains a Kantorovich optimizer. Use Theorem 18.5 with 7y < €. The data-independent collection Iy consists

of all Kny-tuples in Gy X G, so
10g|IN| S 2KN logMN.

The entropy condition in Theorem 18.4 is therefore implied by the displayed assumption. The proposition gives the powered risk bound,
and the passage from powered risk to Wp-risk uses

[ul/P — P < ju — o|V/P, u,v > 0.
O
Remark 18.7 (What this proves and what it does not). The theorem solves critical-grid classes whose optimal transport
contact mass is concentrated near Ky edges with K below the statistical budget N h%’, up to logarithms. It does not solve
the full Euclidean grid, because a generic optimal plan may have a contact set of size comparable to |Gn|. Its value is that the

obstruction is now geometric and measurable: the only remaining hard cases are those whose near-contact set has genuinely
high metric complexity at powered resolution h%;.

19 Graph certificates and low-complexity Monge laws

The localized contact estimates control near-active dual potentials by recording their values on finite contact sets. A sharper
mechanism is available when the contact set itself has a low-complexity description. For value estimation one does not need
to enumerate every optimal dual potential. It is enough to exhibit one feasible dual certificate whose slack is small on most of
an optimal primal plan.

This section converts that observation into finite and continuum theorems. The resulting distribution classes may have
arbitrary source law and full ambient support; the low-complexity object is the transport graph, the Monge map, or the dual
certificate, not the density.

19.1 Finite high-mass tight graph certificates
Let G C [0,1]% be finite and c(z,y) = ||z — y||5. For a normalized feasible dual pair a = (¢,) € DE, define

SlaCka(Iv y) = C(l’, y) - ¢93 - d)y = 0.
If HC G x G and a > 0, say that a is a-tight on H when
slackq (z,y) < ((z,y) € H).

Theorem 19.1 (High-mass tight graph catalog). Let Gy C [0,1]% be a finite Euclidean grid and let Hn be a finite family of
subsets of Gn X Gn. Suppose that for every H € $Hn one has chosen a normalized feasible dual pair ap = (¢u,vu) € D%N.

Let Cn C P(Gn)?. Assume that there are numbers an,(n > 0 such that for every (r,s) € Cn there exist H = H(r,s) € Hin
and an optimal coupling m, € Il(r,s) satisfying

m(H)>1- N, an is an-tight on H.

Then the finite-catalog estimator

N N
~ 1 1
9 ) § .
Tyi= s\ § Zﬂ onlX)+ 5 — wH(YZ)}

~ log(2
sup E|TH —T(r,s)| < Cu,p aN+§N+\/M .
(r,s)eCn N

The analogous squared-risk bound is

satisfies

sup E(T\f?] —T(r, s))2 < Cap ((aN + CN)2 +
(r,s)€ECN

log(Zlszvl))
~ :

Consequently, on the critical grid hy =< (Nlog N)~Y/4, 4f
an+ v ShE,  loglHin| S NAY,

then W} is estimable on Cn with powered risk O(hY;), and W, is estimable with risk O(hn).
Proof. Fix (r,s) € Cy and choose H, m, as in the assumption. Since ay is feasible,
Lay (r,8) < T(r,s).
Conversely, using the optimal plan 7y,
T(r,s) — Lay (r,s) = Z slackq g (z, y) 7 (2, y)

z,y

< anmy(H) + supslacka, (z,y) m (HC).
T,y

For apy € D%N, the potentials are bounded by 4dP/?2 and 0 < ¢ < dp/2, hence the slack is bounded by a constant Cg ,. Thus

0 S T(Tv S) - LﬂH (rv S) S an + Cd,pCN~
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The catalog Ay = {ag : H € Hn} therefore has deterministic approximation error at most Cy p(an + (). The same symmetrization
and finite-class bound as in Theorem 17.2 gives the two powered-risk estimates. The passage from powered risk O(hzj\,) to distance risk
O(hy) follows by clipping the powered estimator to [0, dP/2] and using

[ul/P — P < ju — o|/P, u,v > 0.
O

Remark 19.2 (Diagonal sign cubes versus graph certificates). At the diagonal r = s, the optimal dual face is enormous, as
proved in Theorem 25.1. Nevertheless T'(r, ) = 0 has the single graph certificate H = {(z,z) : © € Gy} and the single dual
pair (0,0), which is exactly tight on H. The obstruction is therefore not the existence of many optimal potentials; it is the
absence, in the unrestricted problem, of a uniformly low-entropy family of tight graphs or an analytic centering that makes
such a family unnecessary.

19.2 Continuum dual catalogs
Let

D ={(¢,9) € L¥([0,1]")" : ¢(2) + ¢(y) < [lw =y} for all z,y}.
For a = (¢,%) € D, write

N N
~ 1 1
La(P,Q) = /¢dP+ /wdQ, Lo= 5 D 0(X) + 5 > w(Y,
i=1 i=1
Theorem 19.3 (Continuum dual-catalog theorem). Let Ax C D be finite and assume
[¢lloc + [¥llc < B ((¢, %) € An).

Let C € P([0,1]%)2. If for every (P,Q) €C
0 S WP(PyQ)p — max Lﬂ(PyQ) S EN,
ac AN

then

log(2
sup E| max L — Wy(P,Q)| < en + Cipy | E2AN]),
(P,Q)ec  a€AN N

The corresponding squared-risk bound is

sup [E(max Lo — Wo(P,Q)P)* < Cp | ex + log(2lAn1) .
(P,Q)eC a€An N

Proof. The deterministic error is the displayed approximation error. For the stochastic part,

< sup |La — La(P,Q)|.
a€AN

max La — max Lq(P,Q)
a€ApN aCAN

The summands are uniformly bounded by B. Symmetrization and Massart’s finite-class inequality give the first-moment bound, and
integration of the same bounded sub-Gaussian tail gives the second-moment bound.

An infinite certificate class is handled by a sup-norm net. If A C D is B-bounded and Ay is a dn-net in
oo ((6,9), (&',4") = 16 = ¢'lloc + [ — ¢'[| o0,

then replacing A by Ay costs at most dx in deterministic dual value. Hence the theorem applies whenever
on ShY, log N(0n, A, doo) SJNh?Vp.

19.3 Cyclically monotone Monge dictionaries

Let ¢(z,y) = ||z — y||5. A Borel map S : [0,1]% — [0,1]¢ is c-cyclically monotone if for every finite set 1,. ..,z and every

permutation o,
m m
Z (@i, Swi) < Z c(xi, SToy)-
i=1 i=1

Equivalently, the graph of S is contained in the c-superdifferential of a c-concave potential. Thus there are dual feasible
functions (¢s,¥s) such that
¢s(x) +Ps(Sz) = c(z, Sx) for all .

Theorem 19.4 (Arbitrary-source Monge dictionary). Let Sy = {So : 0 € On} be a finite family of c-cyclically monotone
maps from [0, l]d to itself. For each 0, choose a bounded dual certificate (¢o,9) satisfying

¢o(z) + 1o (Soz) = ||z — Sez|}  (z €[0,1]),

and suppose
[¢ollcc + [[Y6llc < B (0 € OnN).

Let
C(Sn) ={(P,Q) : Q = (So)P for some 0§ € On}.
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Then

satisfies
sup  E|TN — W,(P,Q)"| < Cs log(2IOn])
(PQ)EC(SN) N
In particular, if d > 2p, hy = (N log N)fl/d, and
log [On| < N,

then W,(P, Q) is estimable on C(Sn) with risk O(hn), uniformly over all source laws P.
Proof. If Q = (Sg)# P, the coupling (Id, Sp) P is optimal by c-cyclical monotonicity. The chosen certificate is tight on its graph, hence

Wp(P,Q)p=/H$*Sel‘||§dP($)=/¢0dP+/we dQ = L(pg,14) (P Q)

Thus the deterministic approximation error in Theorem 19.3 is zero for the catalog indexed by ©p. The displayed risk bound follows.
The final statement uses N~=1/2 < Chfv in the supercritical regime after the allowed entropy factor, and then uses u — ul/?. O

Corollary 19.5 (Translation laws with arbitrary source). Assume p > 1. Let T C [—1,1]* be compact and consider all pairs
Q=(zx—z+t)xP, teT,
for which the translated support remains in [0, 1]d. Then the critical rate O(hn) holds uniformly over this class for every
d > 2p.
Proof. For h(z) = ||z||5, Fenchel’s inequality gives
hz—y)>u-z—u-y—h*(u).
For a translation Six = = + t, choose uy = Vh(—t). Then equality holds whenever y = z + ¢. Hence
be(x) =ur -z,  Puly) = —ur -y —h7(ue)
is a bounded certificate on the unit cube. Since p > 1, t — u¢ is continuous on the compact set 7, and the certificate class has metric
entropy
log N (8, {(¢¢, 1) : t € T} doo) Sa,p,7 log(1/9).

Taking 6y < h?\,, this entropy is o(Nh?f) because d > 2p. The net version of Theorem 19.3 proves powered risk O(hf\,), hence root risk
O(hn).- O

Corollary 19.6 (Affine Brenier dictionaries for W2). Let p=2. Fiz 0 < k < K < 0o and let A be a compact parameter set
of affine maps
Sap(x) = Az +b, A=AT, kI<A<KI,

mapping the relevant source supports into [0, 1]d. Then the critical rate O(hn), hy = (N log N)fl/d, holds uniformly over all
pairs
Q= (SA,b)#P, (A, b) €A,
with arbitrary source law P, whenever d > 4.
Proof. Let
1
uap(x) = §xTAac +b-x.

The map Sap = Vug,p is cyclically monotone because w4 p is convex. For the cost c(z,y) = ||z — y||g,

e = yll3 = ll=lI3 + lyll5 — 22 -y > [lz]13 + [[y]13 — 2uap(z) — 2uf 4 (v),
with equality when y = Vuyg () = Sa 2. Thus

dap(@) = )3 —2uap(@),  pap) = lyl3 - 2ul ,(y)

is a dual certificate. On [0,1]% and under the spectral bounds on A, these certificates are uniformly bounded and Lipschitz in the
finite-dimensional parameter (A, b). Their metric entropy at radius 8 is Og, s, x (1og(1/6)). The net-catalog theorem with §y < k3 gives
powered risk O(h%;), hence Wa-risk O(hn). O

Theorem 19.7 (Smooth Brenier certificate classes). Let p =2, d >4, and hy = (N log N)fl/d. Let 31 be a class of convex
functions u on a neighbourhood of [0, l]d such that S, = Vu maps the relevant source supports into [0, l]d. Assume that the
associated certificates

$ul(@) = )3 —2u(@),  Puly) = llyl3 — 2" ()

are uniformly bounded and satisfy
10g N (8, { (¢, ) s u € U}, doo) < C67Y*  (0<6<1)

for some ¢ > 0 and

s> 24
d—4’
Then

supsupE [Wy — Wa(P, (Vu)4 P)| < hn
ueid P
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for the dual-catalog estimator built from a deo-net at radius 6n < h3 . In particular, a uniformly convex C**2-bounded Brenier

class with ¢ = d satisfies the target rate whenever
2d

> -1

Proof. For every u, the graph of Vu is cyclically monotone and the displayed Fenchel certificate is tight on that graph. The metric-entropy
hypothesis at oy =< h?v gives

S

log N (8,8, dos) S By 29" = (Nlog N)2¢/ (D).,
The condition s > 2¢/(d — 4) is equivalent to
2q 4

P -
sd d

and therefore
h 9 = o(NRY).

The continuum dual-catalog theorem gives powered risk O(hZ;). Taking square roots gives Wa-risk O(hy). The last assertion follows
from the classical Kolmogorov—Tikhomirov entropy bound flgr C'%-balls and the stability of the Legendre transform under uniform
convexity and bounded C*t2 norms.

19.4 Finite mixtures of graph certificates
The graph-certificate theorem also handles finite unions of low-complexity Monge graphs. This is useful for piecewise transport
where no single global formula describes the whole plan.

Corollary 19.8 (Piecewise cyclically monotone graph dictionaries). Let Gy be the critical grid and let YJ%) be a finite family
of subsets of Gn X G, each equipped with a feasible dual certificate which is exactly tight on that subset. Let YJEVK) be the

family of all unions of at most Kn members of 55& for which there exists a single feasible dual certificate exactly tight on the
union. Consider the class Cf\,m of grid pairs admitting an optimal plan supported on some H € ﬁsvm. If

Ky log|93| S NhY,
then W} is estimable on C](\,K) with powered risk O(hY), and W, is estimable with risk O(hx).

Proof. For every admissible union H, choose one feasible certificate exactly tight on H. Since every pair in CE\,K) has an optimal plan
supported on such an H, Theorem 19.1 applies with any = {y = 0. The number of admissible unions is at most

Kn
D 1N 1 < (R + 1o Y,
k=1

and the displayed entropy condition absorbs the harmless log(Kn + 1) term. O

Remark 19.9 (Interpretation). The exact Li-skeleton results solve classes where the value decomposes into many independent
one-dimensional nonsmooth functionals. The graph-certificate results solve a different regime: the value is certified by
a small-description optimal graph, even when the source law has full N log N-dimensional complexity. The unrestricted
Fuclidean grid may contain transport graphs of much larger description complexity; those cases are precisely where centered
curvature or growing-alphabet LP debiasing is still needed.

20 Smooth and low-dimensional semidual phases

The previous section gives a local entropy principle. We now prove a concrete positive theorem from it: the target rate holds
whenever the relevant semidual potentials belong, up to O(h%;) dual loss, to a smooth or low-dimensional phase class whose
metric entropy fits inside the critical budget. This is a genuine extension of the exact Li-skeleton results. It does not assume
that the transport value is itself a total-variation norm; it uses the Kantorovich dual directly.

20.1 Metric entropy of smooth phase classes

Let s > 0 and R > 1. For a compact set U C R, write H%(U) for the ball of real-valued functions on U with Hélder norm at
most R, with the usual interpretation s = k + «, k € No, a € (0, 1]. The following elementary entropy bound is sufficient for
the critical-grid estimates.

Lemma 20.1 (Hoélder phase entropy). Let U C [0,1]7. For every ¢ € (0,1),
_ 2
log N (8, Hx(U), || - [loe) < Cirs.r 8 Q/slog<5) .

The same bound holds for restrictions of H%([0,1]?) to any finite subset of U.

Proof. Choose a mesh £ < ((5/R)1/S on [0,1]9. On each mesh cube, approximate a function by its Taylor polynomial of degree |s] at
the cube center. The Hélder remainder is O(R¢*) < §/4. The number of coeflicients per cube depends only on g, s, each coefficient is
bounded by R, and quantization with mesh a fixed multiple of § after the natural derivative scaling gives at most

exp{Cyq,s,rRE 11og(2/0)}
possibilities. Since £~9 < §~9/% the asserted bound follows. Restricting to a finite subset cannot increase the covering number. O

20.2 Critical theorem for smooth semidual phases
Let G C [0,1]% be the critical grid,

hy = (NlogN)"'/?  |Gn| =< NlogN,

and set
en = h%.
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For g : GN — R, define the c-transform
fo(@) == min {[lz —yllF —g(y)}, = €GCn.
yeGN

The pair (fg,g) is dual-feasible.
Definition 20.2 (Smooth semidual phase). Let s, R > 0 and A < oo. A class Cy C P(Gp)? is called (s, R, A)-smooth-semiphase if for
every (r,so) € Cn there exists g« : Gy — R such that:
(i) g« is the restriction to Gy of a function in H% ([0, 1]9);
(ii) g«(yo) = 0 for a fixed anchor yg € Gn;
(iii) the semidual pair (fg, , g«) is Aey-optimal:
0 < T(r,s0) = {{fg.,7) + (95, 50)} < Aen.

Theorem 20.3 (Critical law for smooth semidual phases). Assume d > 2p. Let Cx C P(Gn)? be (s, R, A)-smooth-semiphase.
If

pd
d—2p’

then there exists an estimator T\N such that

sup  E[Tn — Wy(r,50)"| < Capos,ria hi,
(r,50)ECN

and
sup  E(Tw — Wy(r,50)")* < Cap,s,r,4 h3F.
(r,s0)ECN

Consequently /I/I7N = (fN)i/p satisfies

sup  E|Wn — Wy(r,s0)| < Cap,s,r,a hn,
(r,50)ECN

and the analogous squared-risk bound O(h%).
Proof. Let
ON 1= chfv

with ¢ > 0 sufficiently small. By Theorem 20.1, the anchored smooth phase class admits a Jxy-net Gy in the sup norm satisfying
log |G| < Ca,s,r 65" log(2/0n) < Ch "/ log(1/hw).

The condition s > pd/(d — 2p) is equivalent to

d
&<d—2p.
s

Since h;\,d =< NlogN,
—d+2p

NR?P < N
N log N

Therefore )
log [n | = o(Nh2P).
For each g € Gy, include the feasible dual pair (fg,g) in the catalog. The map g — fy is 1-Lipschitz in the sup norm:

lfg = falloo < llg — Glloo-
Hence if g, is the Aen-optimal phase from Theorem 20.2 and § € Gy satisfies ||gx — §lloco < dn, then

{{fg.,m) 4 (g, 50)} = {{fg,7) + (3, s0)}]
< N fou = folloo +1lgx — Glloo < 20N

Thus the catalog approximates the true semidual value to error (A+42c)en. Since the catalog entropy is o(Nh?\f) = O(NE?V), Theorem 17.2
gives the powered absolute and squared-risk bounds. The passage from powered risk to distance risk uses

[ul/P — oMP| < ju — o|/P (u,v > 0).
For squared distance risk, apply Lyapunov’s inequality:
P ~ ~ 1/p
E[Wy — Wp|? <E[Ty — WE|?/P < (BITy — WE?) " S hd.
O

20.3 Low-dimensional phase families
The smoothness threshold in Theorem 20.3 concerns the intrinsic dimension of the semidual phase, not necessarily the ambient
dimension. This matters because the known lower-bound mechanism is already low-dimensional inside a high-dimensional
cube, and because many transport maps have potentials depending on a small number of features.

Let ®n : Gy — [0,1]? be any fixed feature map. A semidual phase has feature dimension g if

9(y) = 9(®n (y))
for some g : [0,1]7 — R.

Theorem 20.4 (Critical law for low-dimensional smooth phases). Assume d > 2p. Let ¢ < d, s, R, A > 0, and suppose
Cn C P(Gn)? has the following property: for every (r,s0) € Cn, there exists

9-W) = 3(®n(y),  gr € HR([0,1]%),
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anchored at yo, such that (fg,,g«) is ARX,-optimal. If

Prq
d—2p’

s >

then W} and W, are estimable on Cn at powered accuracy O(h%;) and distance accuracy O(hn), respectively.
Proof. Repeat the proof of Theorem 20.3, but cover H%([0,1]%) rather than #%([0,1]¢). The entropy is
o(h;”‘”s log(l/hN)) .
The condition s > pq/(d — 2p) is exactly the condition that this entropy be o(Nhif). The c-transform remains 1-Lipschitz with respect
t0 ||g — glloo, so the same catalog proof applies. O

Corollary 20.5 (Smooth spiked semidual classes). If the optimal semiduals of a critical-grid class depend, up to O(hY;) dual
loss, on q < d linear coordinates and have C° norm uniformly bounded with

pq

s>d72p7

then the class satisfies the sharp target upper bound O(hy) for Wp.
Proof. Take & to be the projection onto the g-dimensional coordinate subspace and apply Theorem 20.4. O

Remark 20.6 (Relation to smooth-cost plug-in theory). Smooth-cost empirical OT results control the stochastic error of the
empirical optimizer when a fixed smooth dual phase is already present. Theorems 20.3 and 20.4 use a different mechanism: a
smooth phase class is compressed into a finite semidual catalog of entropy below the critical statistical budget. This is why
the theorem remains meaningful at the critical grid scale, where the full unsmoothed semidual class has entropy of order h;\,d
and is much too large.

21 Higher-order debiased regularization criteria

The finite LP may also be attacked without a small dual catalog. The idea is to replace the nonsmooth Kantorovich value T'
by a smooth regularized value T), estimate T, and cancel the regularization bias. Theorem 17.4 gave the first-order version.
This section records the higher-order form needed for serious growing-alphabet work. The statements are deterministic once
the displayed analytic estimates are verified.

21.1 Regularization-bias Richardson cancellation

Let Th(r, s) be a family of regularized values. Fix an integer K > 1 and distinct positive numbers qo, ..., gx. Let wo,..., wk
be the unique Richardson weights satisfying

K

K
Swe=1, > wql=0 (1<j<K).
£=0

£=0
The weights depend only on K and the chosen g;’s.
Theorem 21.1 (Higher-order Richardson criterion). Assume that for all r,s € P(Gn) and all sufficiently small A,

K
Tx(r,s) =T(r,s) + Z b;(r, s)/\j + Ri+1,2(7, 8),

j=1
with
‘RKJ,.LA(T, S)| S A)\K+1.

Assume also that empirical estimators fA satisfy

sup E|T\ — T (r, 8)| < Sn(N).

8

Then
K
T/SK) = Z we Tg,x
=0

satisfies

(K K
sup E[T) — T(r,5)| < Ci.q [AA oy QA Sn(qeN) | -

r,s

Proof. By the defining moment equations for wy,
K K K

K
ZwZquA :T“I‘Zb])\J ngqz +Z’szK+1,q£)\ :T+OK’Q(A>\K+1).
£=0 j=1 £=0 £=0

The stochastic term is bounded by

K
Z [wel B[ Ty, x — Tgpal;
=0

which gives the claim. O
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21.2 Sampling-bias jackknife

Regularization is only one source of bias. A smooth plug-in estimator has a sampling bias whose leading terms may scale
with the alphabet size. The next criterion is the finite-sample version of the von Mises/jackknife cancellation needed in the
Critical;grid problem.

Let F,, be an estimator of a smooth functional F'(8) from n observations, where 6 ranges over a finite-dimensional simplex.

Suppose ny = |ayn], 0 < ap < -+ < ag <1, and let vo, ..., vk solve
K K
ZUg:l, zyga[j:O (1<j<K).
=0 =0

Theorem 21.2 (Finite jackknife criterion). Assume that uniformly over 0
K
EoFo = F(0)+ Y _a;(0)n 7 + Rics1n(0),  |Rir1,n(0)] < Ay~ 50,
j=1

and R N
Eg‘Fn — Ean| < VN(TL).

Construct independent subsample estimators ﬁ,ﬁ? and set

K

jack | -

Flack . — E v B,
=0

Then

sup Eo| FI** — F(0)| < Ck.a [ANn_(K+1) + max Vn(n)
0 0<I<K

Proof. The proof is identical to Richardson cancellation. Ignoring integer parts first, the equations defining v, cancel every power
n=J,1<j < K, because n;] = azjn*j. Integer rounding changes ne_J by O(n=7~1), which is absorbed into the Ry 1,n term after
enlarging Apx. The stochastic part is controlled by the triangle inequality and the displayed deviation bound. O
21.3 The combined finite target

The two cancellation mechanisms can be composed. A regularized LP estimator for the critical grid should be judged against
the following concrete target, not against an informal statement that “debiasing is needed.”

Corollary 21.3 (Combined debiasing target). Let hy = (Nlog N)~"% en = h%,, and |Gn| < Nlog N. Suppose there are
reqularized empirical estimators Tx,, for which:

(i) Th =T+ Z]K:1 biN 4+ ONEFY) uniformly;
(ii) after a K’'-th order sample jackknife, the centered stochastic error is O(en);
(iii) the remaining sample-bias remainder is O(en);

(iv) one can choose AN with )\§+1 <en.

Then the critical-grid powered value is estimable with risk O(en), and hence W), is estimable with risk O(hn).

Proof. Apply Theorem 21.2 to the estimator of each Tj,x,, , then apply Theorem 21.1. The four assumptions make every term O(en).

The powered-to-distance conversion is the same as in Theorem 20.3. O

Remark 21.4 (Why plain regularized plug-in is not enough). For smooth functionals on an M-point simplex, second-order
sampling bias typically contains a trace term of size comparable to M/(NA), where A is the regularization curvature scale.
At the critical alphabet size M < N log N, this term is far too large if A is chosen small enough to make the deterministic
regularization bias O(h%;). Thus the essential missing step is not the existence of a regularization, but a uniform high-
dimensional cancellation of its trace bias. Theorems 21.2 and 21.3 state the exact form in which such a cancellation would
close the problem.

22 Root accuracy and scale-adaptive powered loss
The preceding finite criterion was deliberately stated in the stronger powered form

ET -T|ShS, T=Wp,

because this is the cleanest sufficient condition near the diagonal. It is, however, stronger than the root-distance risk actually
required by the minimax problem. This distinction matters for a full solution: far from the diagonal, estimating W} to order
h%; is wasteful. The correct global powered target is scale-adaptive.

Throughout this section h € (0,1), T > 0, w = T*/?, and T is any real estimator. We write W = (f)i/p.
Lemma 22.1 (Powered-to-root deterministic inequality). For every p > 1 there is Cp < 0o such that, for all T > 0, all
h €(0,1), and all real S,
EEd

S Cph‘i’Cp W

‘(S)i/z’ _ Tl/p

Consequently, if
E|S — T| < AR(T"? 4+ h)P~*,
then
E|(8))/7 T/

< Cy(1 4 A)h.

96



Proof. Let w=TY? and u = (S)i/p. If w < 2h, then
[u—w| <u4w < [uP — wP|MP + 2w < |S — TP + 4h.
Since al/P < h + ah!~P for a > 0, this is bounded by
_ 1-p ‘S_T|
Cph+ Cp|S —T|h < CpthCpi(w—&-h)P—l‘
If w > 2h and u > w/2, the mean-value theorem gives
P — we| EREy
—1 < Cp -1
wP (w + h)P

If w > 2h and u < w/2, then |S —T| > (1 — 27 P)wP, and hence

lu —w| < Cp

T| |S —T|
1 <Cp

(w+ h)p=1"

S —
lu—w| <w < Cp |
wP—
The expectation bound follows immediately. O

Theorem 22.2 (Scale-adaptive critical-grid criterion). Let Gn C [0,1]% have mesh hy < (Nlog N)™Y?, and set
Tn(r,s) = Wy(r,s)?, wn (r,s) = Wy(r, s).
Assume that an estimator T\N, based on N samples from each of r,s € P(Gn), satisfies the adaptive powered risk bound

E|TwN — T (r, s)|

rs€P(GN) hy (wN(?“7 s) + hN)p_1 B

Then

sup | (Fw)/? = Wy(r,s)
r,s€EP(GN)

< Cychn.

By Theorem 2.2, the same conclusion on the critical grid implies the unrestricted continuum upper bound

inf  sup  E[W = W,(P,Q)| Sap (Nlog )™/,
W P,QeP([0,1])

Proof. Apply Theorem 22.1 with S = j“\N and T = Ty (r, s), uniformly over r, s. The continuum implication is exactly the quantization
and lifting theorem proved in Section 2. O

Remark 22.3 (Why this correction is important). The powered target h%; remains the right target on the diagonal Wy (r, s) < hn.
On the annulus W,(r,s) < a > hy, the root-risk problem only requires powered accuracy hya?~'. A full proof should
therefore be judged against the adaptive denominator in Theorem 22.2, not only against the stronger uniform A%, denominator.

23 Four-sample centering and the finite curvature defect

The full Euclidean grid cannot be solved by a purely uncentered empirical supremum over near-active dual potentials. The
diagonal » = s already has a huge optimal dual face, and the empirical maximum over that face is precisely the N —l/d plug-in
bias. The next statistic removes that diagonal width before any geometric localization is attempted.

Let G C [0,1]¢ be finite and ¢(z,y) = ||z — y||5. Write

T(r,s) = Wp(r,s)’ = min Z co(x, y)Tay.

well(r,s)
z,yeG

Let
oy~
T, 7,5,8

be four independent empirical measures, where 7,7 use N samples from r, and 5,5 use N samples from s. Define the
centered powered statistic

~ ~ 1, .~ 1, .~

TV =T(F,3) — iT(r,?’) - ET(S,fS\I).
In applications one clips it to [0, dr/ 2], but clipping is immaterial for the estimates below. Its deterministic bias is the centered
curvature defect R

In(r,s) :=ETN" — T(r,s).

Lemma 23.1 (Exact diagonal cancellation). For every r € P(G),

In(r,r)=0.

Equivalently,

o~

BT, 7) — %]ET(?, "y~ %ET(?’,?”) — T(r,r) = 0,

where all empirical measures are independent copies from r.
Proof. If r = s, then the three random variables
T(r.s), T@Er), TGS
have the same distribution. Therefore their expectations cancel with coefficients 1, —1/2,—1/2. Since T'(r,r) = 0, the claim follows. O
Lemma 23.2 (Universal bounded-difference variance). Let D = diam(G). For all r,s € P(G),
Var (ﬁ\cftr) < C’#D%.
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Consequently, in the supercritical regime d > 2p, for the critical mesh
hn = (Nlog N)~ /4,
one has
R 1/2
(Var T,\C;tr) = o(h%,).
Proof. The map (a,b) — T'(a,b) is DP-Lipschitz in each marginal with respect to total variation:

|T(a,b) —T(a’,b)| < DP TV(a,a’).

Indeed, keep the common part of a and a’, and move only the excess mass; the latter has total mass TV(a,a’), and every unit of mass
costs at most DP. Replacing one observation in an empirical measure changes that empirical measure by total variation 1/N. Hence

changing one of the 4N observations changes ’j"\]f,tr by at most Cp DP/N. Efron—Stein gives

~ 1 CpD?* _ C,D?%
ctr p P
Var(TN ) < 5(41\/) <
Finally,
N—1/2

= NP/4=1/2(10g NYP/¢ 5 0

N
because d > 2p. O

Theorem 23.3 (Centered curvature criterion for the full minimax law). Assume that for the critical Euclidean grids Gn
there is a constant C' such that r
sup ‘ N(T7 3)| — <C. (CC)
rs€P(GN) hy (Wp(r, s)+ hN)

Then the clipped centered estimator
117 ctr 7 ctr p/2 /p

satisfies
sup  E[WE™ — Wy(r,s)| Sap.c hn.
r,s€P(GN)

Consequently, (CC) implies the full unrestricted continuum upper bound

inf  sup  E[W — W,(P,Q)| Sap (Nlog N)~V/<.
W P,QeP([0,1]4)
Proof. By Theorem 23.2,
E |75 — BT | < CapN ™% < Caphly < Caphny (Walros) + hy)” .

Together with (CC), this gives the adaptive powered risk bound of Theorem 22.2. Clipping cannot increase the distance to T'(r, s) €
[0, dp/Q}. The grid-to-continuum implication is Theorem 2.2. O

Remark 23.4 (What centering does and does not prove). The original finite LP problem asks for an estimator. Theorem 23.3
gives a sufficient route: if the signed deterministic curvature defect satisfies

ET(,3) — %IET(?,?’) - %ET(E,E’) —T(r, s)
—0 (hN (W, (r, s) + hN)’H) ,

then the full upper bound follows. However, Theorem 7.3 shows that raw diagonal centering is not, by itself, a universal
N log N-gain mechanism for transport LPs. Thus the displayed curvature inequality should be viewed as a special Euclidean
possibility, not as a generic consequence of centering. The robust finite-grid target is adaptive polynomialized LP debiasing;
centering is one component of that target because it annihilates the diagonal width and gives N ~1/2 gtochastic fluctuations.

24 Finite curvature calculus for the centered statistic

The centered statistic isolates a deterministic curvature defect. This section records the finite-dimensional calculus behind
that defect. The point is not that the Kantorovich LP is globally smooth; it is not. Rather, any proposed full proof must
show that after the diagonal self-noise has been subtracted, the remaining nonsmoothness has only critical size. The following
identities make this requirement explicit.
Let
T(a7 b) = Wp(a7 b)p7 a, b € p(G)a

and let
Ug :={ueRY: (u,1) =0}

be the tangent space of the simplex. For r € P(G), write
¥, = diag(r) —rr '

If 7 is the empirical law of N samples from 7, then

EF-r)=0, E[F-r)®F-r) =15
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Definition 24.1 (Local smooth chart). Let (a,b) € P(G)?, let p > 0, and let || - ||« be a norm on Ug. We say that T has a
C3(M, p, || - ||+)-chart at (a,b) if there is a C3 function

Fap:Ug xUg—R

such that
Fyp(u,v) =T(a+u,b+v)

whenever a 4+ u,b+ v € P(G) and
lull« + llvll« < p,
and such that 3
sup  [|D°Fyp(w,v)llx,0p < M.
lull«+llvll«<p
For three base pairs (r, s), (r,r), and (s, s), define the formal centered trace curvature
An(r,8) == Tr(D? F.5(0,0)5,) + Tr (D3 F 4(0,0)5)

- % Tr([DF,,(0,0) + D3, F - (0,0)] ;)

1
= 5 Tr([D11Fe,6(0,0) + D3 Fl,5(0,0)] ) ,
whenever the three charts exist. Notice that no mixed derivative appears, because the two empirical measures in every term
are independent.

Theorem 24.2 (Finite von Mises identity for centering). Assume that T has C*(M, p, || - ||+)-charts at (r,s), (r,r), and (s, s).
Let
Zp=7—1, Z.=7 —r, Z;=5—s, Z.=5 —s

be independent empirical fluctuations. Let € be the event on which all pairs of fluctuations appearing in
(ZT‘7ZS)7 (Z"‘7Z7/“)7 (257Z;)
have || - ||«-sum at most p. Then
1
In(r,s) = W.RN(T, s)+ Rn(r,s),
with
|Rn(r, 8)| < CME|(|Zr ]« + 1 Z6ll-)* + (120 ]I+ + 1 Z2]])°

SCAREAEARY
+ CdP2 P(E°).
Proof. On the chart event, Taylor expansion at the origin gives
Fa’b(U, V)= Fa,b(07 0) + DlFayb(O, 0)[U] + Dy F, (0, 0)[V]
+ 5 DA Fu (0,00, U) + D3aFap(0,0)[U, V] + 5 D3aFap(0,0)[V, V] + Remg (U V),

where 5
[Remg (U, V)| < CM (U]l + [[V]]+)°.

Taking expectations with U, V' independent empirical fluctuations eliminates the first-order terms and the mixed second-order term. The
remaining second-order expectations are

1
ED?, F, 5(0,0)[Za, Za) = ¥ Tr(D} Fy p(0,0)Z0),

and similarly for the second marginal. Applying this expansion to (r,s), (r,7), and (s, s), with coefficients 1, —1/2, —1/2, gives the trace
term. Outside the chart event, all three transport costs are bounded by dP/2, giving the displayed tail contribution. O
Corollary 24.3 (Stable-face centering). Suppose that, in neighborhoods of (r,s), (r,r), and (s,s) of || - ||«-radius p, the
Kantorovich value is affine on each of the three neighborhoods. Then fn(r,s) =0, M =0, and

[T (r, s)| < CdP/2 P(E°).
In particular, if

c -1

P(E) S hwv (Wi (rys) +ha)"

then the centered estimator achieves the critical root rate on this stable-face class.

Proof. On an affine chart all second and third derivatives vanish. The conclusion is the previous theorem. O

Corollary 24.4 (Trace-curvature sufficient condition). Assume the hypotheses of Theorem 24.2 on the critical grid and

suppose
AN (7, s c
B O N L ME[UZ0ll 4 1Z01)° + (2ol + 12202 + (12l + 1Z200°] + a2/ 2B(E°)

is bounded by
Chy (Wp(r, s) + hN)p_l
uniformly over a class Cn C P(GN)QA Then the clipped centered estimator satisfies
sup IE|WAC;" — Wy(r,s)| S hy.

(rs)eCn
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Proof. The displayed condition is precisely the centered curvature bound (CC). Apply Theorem 23.3. O

Remark 24.5 (Interpretation). For a genuinely stable LP face, centering leaves no bias except the probability of leaving the
face. For the quadratic smooth-density theory, the same identity becomes the weighted H ! trace calculation in Section 15:
the chart is not affine, but the trace difference is controlled by elliptic regularity and cross-fitting. For the unrestricted
Euclidean grid, the obstacle is exactly to prove that the nonsmooth charts left after diagonal centering have trace curvature
no larger than the adaptive critical scale.

25 A diagonal obstruction to uncentered localized contact entropy

The localized contact method of Section 18 remains useful for structured subclasses, but it cannot be the full proof without
centering. The reason is not technical: the full diagonal already violates the entropy budget required by the uncentered
gap-peeling theorem.

Let Gy C [0,1]% be a grid with separation hy and cardinality mxy < hy* < Nlog N. Let un be the uniform law on G y.
Normalize dual potentials by ¢,, = 0 only after the construction; the normalization changes no packing statement in the
quotient by constants.

Theorem 25.1 (Exponential diagonal near-face). Fiz p > 1. There exist constants a,c > 0, depending only on d,p, such
that the optimal dual face for T(un,un) =0 contains a set Sy of feasible dual pairs with the following properties:

|Sn| > exp(emn),
every a = (¢,1) € Sy satisfies
La(uN, UN) = 0,

and distinct elements of Sy, after quotienting by additive constants, are separated by at least ahk; in the Lo (Gn) norm of the
first potential. In particular, at powered accuracy ey = h%;, the near-active dual shell at the diagonal has metric entropy at
least cmy .

Proof. Choose 0 < a < 1/4. For each sign vector o € {—1,1}CN | set
¢g = ah¥ o4, pg = —ahfios.
If © =y, then ¢7 + ¢ =0 = c(z,z). If x # y, grid separation gives c(z,y) = ||z — y||5 > hY;, while
b5 + vy = ahli (0w — oy) < 2ahR; < hE, < c(z,y).

Thus each pair is dual feasible. Moreover,

Ligo poy(un,un) = my' Z%’ +my' ng =0=T(un,un),
xT xT

so all these pairs are optimal. By the Varshamov—Gilbert bound, there is a subset of {—1, l}GN of size at least exp(cmpy) whose
Hamming distances are at least my /4. After quotienting by constants, two such sign fields remain separated by a constant multiple of
h’;v in £oo: otherwise all coordinate differences would be nearly constant, which is impossible when two sign fields disagree and agree on
positive fractions of sites. This gives the claimed packing. O

Corollary 25.2 (Failure of the uncentered contact-entropy route). The uncentered gap-shell entropy hypothesis of Theo-
rem 18.1, with ey = h%;, cannot hold uniformly on the full Euclidean critical grid.

Proof. At the diagonal (un,un), Theorem 25.1 gives a near-active shell with entropy at least
empy < c¢Nlog N.
The budget in Theorem 18.1 is
Ne3 = Nh3P =< N1=2P/d(10g N)~2P/d,
which is o(NN log N) because d > 2p. Hence the required entropy inequality fails by a polynomial factor. O
Remark 25.3 (What survives). This obstruction does not invalidate the contact theorems proved earlier. It says exactly where
they must be used: after a centering, margin, mass-contact, smooth-phase, or skeleton reduction has removed the diagonal

sign cube. The old conjecture that raw localized contact entropy alone proves the unrestricted theorem is therefore removed;
the viable full route is the centered curvature inequality (CC) or an equivalent growing-alphabet LP debiasing theorem.

26 The central finite theorem equivalent to the unrestricted law

The unrestricted continuum problem has now been reduced to a finite adaptive theorem on the critical Euclidean grid. The
paper proves that theorem on several large families: exact Li-skeletons, complete additive tree transports, sparse-shortcut
geometries, catalog-compressible dual phases, low-dimensional dual manifolds, smooth semidual phase classes, sparse mass-
contact plans, active-face margin classes, smooth quadratic tangent classes, and continuum lifts of the critical lower-bound
cores. The two obstruction theorems identify what is still missing. The diagonal sign-cube theorem rules out a naive entropy
bound on the uncentered near-active dual class. The tree-level obstruction rules out raw four-sample centering as a generic
replacement for large-alphabet debiasing. A full proof must therefore combine diagonal cancellation with polynomial or
regularized LP debiasing at the active Euclidean scales.

Problem 26.1 (Adaptive critical Euclidean grid LP). Let Gx C [0,1]¢ be a grid of mesh
hn = (Nlog N)~*/4, |G| < Nlog N.
Given two independent samples of size N from arbitrary laws r,s € P(Gn), construct an estimator ’IA“N of
Tn(r,s) : = Wpy(r,s)?

such that N
E[Ty —Tn(r,s)|

sup T
rseP(Gn) by (Wp(r, s) + hw)

< oo. (AGrid)
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By Theorem 22.2, a positive answer to (AGrid) gives the unrestricted continuum upper bound

inf  sup  E[W = W,(P,Q)| Sap (Nlog N)~'/%.
W P,QeP([0,1])

Conversely, the finite grid is a subclass of the continuum problem, and the local diagonal theorem shows that this is the
correct scale at the diagonal. Thus the missing upper bound is not a continuum approximation issue; it is the adaptive
estimation theory of one growing-alphabet Euclidean Kantorovich LP.

The work above leaves three precise routes.

(i) Polynomialized multiscale LP debiasing. The complete tree theorem proves that the correct logarithmic gain is obtained
by estimating each active cut discrepancy with a large-alphabet polynomial L; estimator. The Euclidean analogue
would decompose the Kantorovich value, up to O(hy (W, + hn)P™!), into a controlled family of signed cut, contact,
or flux discrepancies and apply the same polynomial debiasing to those discrepancies. This is the most robust route
because it survives the raw-centering obstruction.

(ii) Regularized LP Richardson debiasing. Prove uniform growing-alphabet versions of the expansion and sampling bounds
in Theorem 17.4 or Theorem 21.3, at alphabet size N log N, with enough orders of debiasing to match the adaptive
denominator in (AGrid). This would realize polynomial debiasing implicitly through the regularized LP value.

(iii) Special Euclidean centered curvature. Prove the stronger signed curvature bound

ET(,3) — %ET(?,?’) - %ET(?,?’) —T(r,5)| Sap b (Wy(r,5) + h)" (CGrid)

By Theorem 23.3, this would solve (AGrid). The tree obstruction shows that such a proof cannot rely only on scalar
diagonal centering; it would have to exploit genuinely Fuclidean cycle geometry or hidden polynomial cancellation in
the Kantorovich LP.

Conjecture 26.2 (Adaptive polynomialized Euclidean LP debiasing). For every d > 2p, the adaptive critical-grid bound
(AGrid) holds uniformly over r,s € P(Gn).

Conjecture 26.3 (Uniform growing-alphabet regularized LP debiasing). There exists a regularized/debiased estimator of
the critical-grid Kantorovich LP wvalue satisfying the adaptive powered risk criterion of Theorem 22.2 uniformly over all
r,s € P(GN).

Either conjecture implies the full high-dimensional minimax upper law. The matching lower law is the Niles—Weed—Rigollet
large-alphabet mechanism, already realized inside the paired-grid and tree lower cores.

Conjecture 26.4 (Sharp supercritical minimax law). For every d > 2p,

inf  sup  E|[W — W,(P,Q)| =4, (Nlog N)~/<,
W P,QeP([0,1]4)

and
inf sup E(W — W, (P, Q))? =a,, (N log N)~%/4.
w P.Q
The key advance in the present reduction is that the missing theorem is now finite, adaptive, and falsifiable by explicit
multiscale tests. It cannot be replaced by uncentered entropy, unweighted H ! geometry, or raw centering. It must reproduce,
inside the Euclidean Kantorovich LP, the same N log N polynomial debiasing that is fully proved for the dyadic additive tree
transport in Theorem 7.1.

A Structural limitations of insufficient routes

Several tempting routes are insufficient as proofs of the unrestricted minimax theorem. The manuscript keeps only the parts
that are either proved, converted into explicit finite criteria, or recorded as obstructions that prevent the same mistake from
reappearing.

A.1 Convex-function entropy

A global covering argument for the full quadratic dual class cannot close the critical logarithm. The invalid exponent (d —1)/2
belongs to Hausdorff entropy of convex bodies, not to uniformly bounded convex functions. Bronshtein’s theorem for convex
functions gives the exponent d/2:

log N(F.e, | - lloo) Sa ™2

Dudley’s integral at exponent d/2 yields the smooth-cost plug-in scale N ~2/4 for W, not the critical scale h3, = (Nlog N )_2/ 4,
Therefore this route is useful for the far annulus but not for the critical finite-grid LP.

A.2 Unweighted H ! geometry

The unweighted H ' method is valid at the flat background but false at non-uniform densities. Theorem 16.1 gives a
smooth one-mode counterexample where the deterministic tangent-metric mismatch is larger than the target strip accuracy.
Consequently all quadratic strip arguments must be genuinely weighted or must use a different centered finite-LP mechanism.

A.3 Raw diagonal centering

Four-sample centering is useful because it annihilates the diagonal empirical width and leaves only N ~1/2 stochastic fluctuations.

It is nevertheless not a complete large-alphabet debiasing method. Theorem 7.3 gives a single-scale obstruction inside a
completely solvable tree model: at alphabet size < N, the scalar absolute-value bias remains of constant order, and the
corresponding transport scale is N -1/ 4 whereas the target scale is (Nlog N )71/ 4. Thus any full Euclidean proof based on
centering must contain additional polynomial or regularized LP bias cancellation.
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