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Abstract

We study the degree-one étale cohomology of integral
canonical models of Shimura varieties of Hodge type at hy-
perspecial level, with emphasis on the contribution of bound-
ary strata in a Hecke-equivariant setting (For closely related
constructions of regular integral canonical models in the Spin
and orthogonal setting, see Madapusi Pera [13, Introduction,
pp- 769-771; main theorem, p. 769]).

Using the Leray spectral sequence associated with the open
immersion into a toroidal compactification, we analyze the
low-degree structure of cohomology and obtain a natural exact
sequence separating interior and boundary contributions under
explicit geometric conditions.

We further relate the vanishing of the boundary contribution
to structural properties of rational boundary tori, providing a
criterion expressed in terms of their anisotropy.

The results isolate the mechanism governing boundary
phenomena in degree one and offer a coherent framework for
further arithmetic and geometric investigations.

KeyWOI‘dS Shimura varieties; integral canonical models;
Hodge type; étale cohomology; Leray spectral sequence;
Hecke correspondences; boundary cohomology; Hecke-
equivariant splitting; anisotropy; toroidal compactification;
degree-one Leray obstruction.

1 Introduction and Main Results

Motivation

The cohomology of Shimura varieties carries rich arithmetic
information, including automorphic representations and the
associated Galois representations. A fundamental objective
is to clarify the interaction between the geometry of integral
canonical models and the structure of low-degree cohomology
groups.

In degree one, cohomology typically receives contributions

from two sources: cuspidal automorphic forms and Eisenstein
phenomena arising from boundary strata. While such decom-
positions are well understood over the complex numbers or on
generic fibers, a purely integral and Hecke-equivariant descrip-
tion of this separation for integral models has not been isolated
in general.

The goal of this paper is to isolate a structural framework for
the degree-one boundary contribution to

Hé}t(SK? A)?

by introducing an interior kernel and boundary quotient, and
establishing a Hecke-equivariant short exact sequence relating
them.

While the results are formulated under explicit geometric and
cohomological hypotheses, the purpose of the present work is
to isolate the precise mechanism governing boundary contribu-
tions in degree one. Even in this form, the resulting structure
provides a unified perspective on interior and boundary coho-
mology and serves as a basis for further refinements in more
specialized settings.

The construction is motivated by the expectation that the
boundary contribution in low-degree cohomology should be
controlled by the geometry of rational boundary components
rather than by the interior geometry alone. In the Hodge-
type case, toroidal compactifications provide a natural setting
in which this expectation can be made precise, because the
boundary is described locally by toric data attached to rational
parabolic subgroups (compare the PEL-type description in Lan
[11, §1.2.3, pp. 38-40; §1.3.1-1.3.2, pp. 57-95]). The present
paper isolates the degree-one part of this mechanism through
the Leray spectral sequence for the open immersion

j:yK<—>,7}é’r.

This viewpoint is complementary to the study of automorphic
cohomology, intersection cohomology, and nearby-cycle meth-
ods, since it focuses specifically on the formal obstruction pro-
duced by the transgression

dyt s HO(S3" RYjA) — H2 (4 A).
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(see Lan—Stroh [12, Introduction, pp. 2073-2076; §5] for
comparison results relating étale cohomology and nearby cy-
cles on integral models of Shimura varieties, including the non-
proper case, and compare Caraiani—Scholze [3, Thms. 1.10-
1.15, pp. 654-657; §6.1, pp. 750-755] and the Hodge—Tate
period-map framework of [16, Thm. 1.0.8, p. 950; Thm. 4.1.1,
pp- 1018-1020]; Pilloni—Stroh [15], where deep p-adic coho-
mological structures and overconvergent techniques are used to
analyze the interaction between boundary geometry and Galois
representations in Hilbert and Siegel-type Shimura varieties,
including the non-proper case).

Thus the paper should be read as a conditional structural
analysis of the degree-one boundary term, rather than as an
unconditional classification of automorphic or motivic coho-
mology.

Setting

Let (G, X) be a Shimura datum of Hodge type, let £ =
E(G,X) be its reflex field, and let v | p be a place of
above a rational prime p such that G, is unramified. Let
K=K (p)Kp be a compact open subgroup with K, hyper-
special. Denote by

Ik

the integral canonical model over Spec(Og,(.,)) and by
ji Ik = ST

the open immersion into a toroidal compactification.

This viewpoint is also compatible with recent comparison-
theoretic work on étale cohomology in rigid analytic geome-
try, especially Hansen’s comparison theorems for analytifica-
tions and constructible sheaves [9, Thms. 1.8-1.10, pp. 303—
304]. However, the present work operates entirely in the in-
tegral scheme-theoretic setting of Shimura varieties, and does
not require any rigid-analytic input; the reference to Hansen is
purely contextual.

Main results

Theorem 1.1 (Low-degree edge statement). Assume the
boundary regularity, purity, and transgression-vanishing hy-
potheses of Assumption 4.1. Then for finite coefficients A with
char(A) # p, the Leray spectral sequence for

ji Tk = ST
has vanishing differential d%', and hence the edge morphism
H}\(Sk,N) — H (S5 R jA)
is surjective.

Theorem 1.2 (Hecke-equivariant splitting under localization).
Assume the hypotheses of Theorem 1.1 together with a chosen
Hecke-equivariant splitting hypothesis after inverting a finite
set of primes . Then the degree-one cohomology admits a
Hecke-equivariant decomposition into an interior kernel and a
chosen complementary summand.

Theorem 1.3 (Boundary-torus criterion). Under the hypothe-
ses of Theorems 1.1 and 1.2, vanishing of the degree-one
boundary contribution is equivalent to vanishing of the Q-split
part of every rational boundary torus. In this case the bound-
ary quotient vanishes; equivalently, after inverting 3. one has

Hy (S5, A[1/3)]) = Hyp (S5, A[L/3),

and any chosen complementary summand is zero.

Structure of the paper

Section 2 recalls background material on Shimura data, in-
tegral models, and compactifications. Section 3 develops the
cohomological tools needed for the analysis of the Leray spec-
tral sequence. Section 4 establishes the geometric properties of
the boundary needed for the main arguments. The proofs of the
main statements are given in Section 5, followed by examples
and a short discussion of arithmetic applications in Section 6.

2 Preliminaries

In this section we collect the background needed throughout
the paper. All statements are classical and are included only
once, with explicit references. Novel contributions begin only
in later sections. Notation is fixed globally to ensure consis-
tency.

2.1 Algebraic geometry background

Notation / Convention 2.1 (Schemes and morphisms). All
schemes are assumed to be separated and of finite type over
the base scheme specified in the surrounding discussion. In
the Shimura-variety sections, the relevant bases are typically
Spec(Og,(v)). For a scheme X, we denote its structure sheaf
by Ox, and write I'(X, Ox) for its ring of global sections. If
f+ X — Y is a morphism, we write X, for the fiber over a
pointy € Y.

Definition 2.1 (Flatness and smoothness). A morphism
f: X — Yis flat if Ox . is flat as an Oy, (,)-module for
every x € X. It is smooth if it is locally of finite presenta-
tion, flat, and has geometrically regular fibres. Equivalently,
for morphisms locally of finite presentation, smoothness is the
usual infinitesimal lifting condition together with flatness [8,
EGA 1V, §17].

2.2 Number theoretic foundations

Notation / Convention 2.2 (Adeles and Galois groups). We
denote by A the finite adeles of Q, and by Z the profinite
completion of Z. For a number field F, let Gp = Gal(F/F)
be its absolute Galois group (For background on discrete valua-
tion rings, residue fields, and valuations, see Serre [17, Chap. I,
§§1-3, pp. 5—-12], For localization at primes, see [1, Ch. 3]).



2.3 Shimura varieties: notation and conventions

Definition 2.2 (Shimura datum). A Shimura datum is a pair
(G, X) where G is a connected reductive group over Q and X
is a G(R)-conjugacy class of homomorphisms h: S — Gg,
with S = Resc/rG.y, satisfying the conditions of Deligne
defining Shimura data (see [4, §1.5, (1.5.1)-(1.5.3), pp. 127-
128]).

Notation / Convention 2.3 (Reflex field and level structures).
Given a Shimura datum (G, X), we write E(G, X) for its re-
flex field. For a compact open subgroup K C G(Ay), we
denote the Shimura variety by

Shx (G, X) = G(Q)\(X x G(Ay)/K).

Proposition 2.1 (Existence of canonical models). Let (G, X)
be a Shimura datum and K C G(Ay) compact open. Then
Shi (G, X) admits a canonical model over the reflex field
E(G,X).

Proof. The notion of canonical models is due to Deligne [4,
§3]. Existence of canonical models for Shimura varieties is
proved in the work of Deligne—Milne and later expositions, see
[14, Chap. 2]. O]

Construction 2.1 (Integral canonical models). Suppose
(G, X) is of Hodge type, let E = E(G, X) be the reflex field,
and let v | p be a place of E above a prime p at which G is
unramified (Here v | p is understood in the usual valuation-
theoretic sense; for the associated discrete valuation ring, uni-
formizer, residue field, and completion formalism, see Serre
[17, Chap. I, §1, pp. 5-6; Chap. II, §1, p. 26]). For suf-
ficiently small level with hyperspecial K, Kisin’s construc-
tion provides an integral canonical model .“x (G, X) over
Spec(Og,(v)), characterized by the usual extension property
for morphisms from regular schemes (see [10, Thm. 2.3.8 and
surrounding construction]; In the Spin and orthogonal cases,
an alternative construction in the GSpin/orthogonal setting of
regular integral canonical models is given by Madapusi Pera
[13, Introduction, pp. 769-771; §4, pp. 789-794]).

3 Cohomological Framework

This section develops the cohomological tools required for
our analysis of integral models of Shimura varieties introduced
in Section 2. The emphasis is on the interplay between sheaf-
theoretic constructions, arithmetic cohomology, and compar-
ison results that link étale, de Rham, and crystalline settings
(see comparison results that link étale and de Rham settings.
Throughout, notation is as in Section 2.

For a concise bibliographic orientation to the structure of
SGA 4, SGA 4%, and SGA 5, including the general placement
of étale topology, proper base change, local acyclicity, and du-
ality within these seminars, see Deligne’s guide [5, pp. 1-2].

3.1 Sheaf-theoretic tools

Definition 3.1 (Constructible sheaves). Let X be a scheme of
finite type over Spec(Z). A sheaf F of abelian groups on X¢;

is constructible if there exists a finite stratification of X into lo-
cally closed subschemes such that F restricts to a locally con-
stant sheaf of finite type on each stratum [2, Exp. IX].

For the corresponding rigid-analytic notion of Zariski-
constructible sheaves and its comparison with algebraic con-
structible sheaves in characteristic zero, see Hansen [9,
Conj. 1.2 and Thm. 1.7, pp. 300-302]. We emphasize that
the present work does not rely on rigid-analytic comparison re-
sults; the reference to Hansen serves only to situate the notion
of constructibility in a broader cohomological context.

Notation / Convention 3.1 (Standing coefficients and invert-
ibility). Fix a rational prime p, and fix once and for all a prime
{#p.

Throughout this section (and in any application of
smooth/proper base change) we take A to be a finite /-power
ring so that char(A) is invertible on any base S/ Spec(Og,(v,))
under consideration.

Lemma 3.1 (Well-known: proper base change in the étale set-
ting). Let f: X — S be proper with S noetherian and A a
finite ring with characteristic invertible on S. Then for any
constructible F on Xg and s € S, the canonical specializa-
tion map

(R faF)s — Hiy(Xs, Flx,)

is an isomorphism.

Outline via the proper base change formalism. See [2,
Exp. XII].

Let f : X — S be a proper morphism with .S noetherian,
and let A be a finite ring whose characteristic is invertible on
S. For a constructible sheaf F on Xg;, the derived proper
base change theorem [2, Exp. XII, Th. 5.1] furnishes a natu-
ral base—change morphism

Ls*Rf.F — Rfs, F

X,

for any morphism s : Spec(k(s)) — S, functorial in F, com-
patible with long exact cohomology sequences, and compatible
with change of the base S. When s is a geometric point 5 — .5,
the total derived morphism induces isomorphisms on cohomol-
ogy sheaves, yielding

(R fenF), = Hi(Xs, Flx,) foralli>0.

The key inputs are: (i) constructibility of R f,F under proper
f; (i) cohomological descent and the compatibility of the for-
mation of higher direct images with proper base change; and
(iii) the invertibility of char(A) on S ensuring the usual finite-
ness and continuity conditions.See [2, Exp. XII, Th. 5.1] for
the proper base change theorem in the derived setting, from
which the above stalkwise identification follows by evaluating
at 5. (This is the proper base change theorem; see [2, Exp.
XII].) O

3.2 Comparison lemmas and spectral sequences

Construction 3.1 (Leray spectral sequence). Let f: X — Y
be a morphism of schemes over Spec(Z). For a sheaf F on
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Xt there is a spectral sequence
EDT = HE,(Y, R for. F) = HY (X, F),
natural in F [2, Exp. V].

Proposition 3.1 (Leray spectral sequence for the structure mor-
phism). Letr (G, X) be a Shimura datum of Hodge type with
integral canonical model .Y over Spec(Og,(v)), and let

[ Kk — Spec(Og, (v))

be the structure morphism. For every torsion étale sheaf A on
(FKk)er whose order is prime to p, there is a natural Leray
spectral sequence

Eg’b = Hgt(speC(OE,(v))7 Rbfét*A) = Hgt+b(°7K’ A).

Proof. This is the standard Leray spectral sequence for the
morphism f; see Construction 3.1. O

4 Integral Models over the Localized
Reflex Ring

We keep the global conventions of Section 2, in particular
the notation of Notations 2.1 and 2.3 and definition 2.2 and the
existence statement for integral canonical models in Construc-
tion 2.1. Cohomological tools from Section 3 (e.g. Lemma 3.1,
construction 3.1, and proposition 3.1) will be used repeatedly.

4.1 Construction of integral models

Notation / Convention 4.1 (Neat level, hyperspecial factor,
and reflex-ring base). Let (G,X) be a Shimura datum of
Hodge type. Fix a rational prime p, let F = E(G, X) be the
reflex field, and let v | p be a place of E. Factor K = K(p)Kp

with K G(A;p )) neat and K, C G(Q,) hyperspecial.
Write .k = .Yk (G, X) for the integral canonical model over
SpeC(OE,(U)).

Lemma 4.1 (Well-known: extension property). Assume
(G, X) is of Hodge type and K,, hyperspecial. Then Sk is
normal and satisfies the (regular) extension property: for any
regular, locally noetherian Zp)-scheme T with function field
K(T), every morphism T,, = Spec K(T) — Yk extends
uniquely to T — Sk.

Proof. This is a fundamental characterization of integral
canonical models. For Hodge type, it follows from Kisin’s con-
struction; see [10, Thm. 2.3.8]. The formulation of canonical
models over the reflex field goes back to Deligne [4, §3]. [J

Proposition 4.1 (Smoothness at hyperspecial level). If K, is
hyperspecial and (G, X)) is unramified at p, then the integral
canonical model Sy is smooth over Spec(Op,(v)).

Proof. For Hodge type, smoothness follows from Kisin’s con-
struction of integral canonical models, which are smooth over
Spec(Og, () under the hyperspecial and unramified hypothe-
ses; see [10, Thm. 2.3.8].

In the Siegel case, this reduces to the smoothness of the mod-
uli stack of abelian schemes, which in turn follows from the
smoothness of abelian schemes; see [6, Ch. I, §1]. O

4.2 Properties under base change

Proposition 4.2 (Proper base change on the toroidal compact-
ification). Let

f: y;t(or — Spec(OE’(v))

be the structural morphism of a toroidal compactification, and
let F be a constructible A-sheaf on (°) &1, where A is finite
of characteristic prime to p. Then for each i > 0 and each ge-
ometric point 5 — Spec(Op, (), the canonical specialization
map

(leét*‘r)g ; Hét((y}:t(or)g, .F|(y}t(or)§)
is an isomorphism.

Proof. This is the proper base change theorem applied to the
proper morphism f; see Lemma 3.1, together with standard
flat/base-change exactness. [

4.3 Boundary components and compactifications

Definition 4.1 (Toroidal compactification). Let .#x be as
above. We choose an admissible rational polyhedral cone
decomposition, refined if necessary, such that the associated
toroidal compactification .} is regular and proper over
O B,(v)s contains ., as an open dense subscheme, and has
boundary D := ' \ .Yk a relative strict normal cross-
ings Cartier divisor over Spec(Og,(,)). For the PEL construc-
tion and refinement formalism see Lan [11, Defs. 1.2.2.13—
1.2.2.16 and Prop. 1.2.2.17, pp. 37-38]; for the Hodge-type
case see Lan—Stroh [12, Assumption 2.1(Hdg), pp. 2078-2079;
Proposition 2.2, pp. 2079-2081]; see also Pilloni—Stroh [15]
for related p-adic and cohomological structures on Hilbert-type
Shimura varieties.

Notation / Convention 4.2 (Standing boundary regularity).
We henceforth work with a choice of S}¢* as in Definition 4.1;
in particular S is regular and D is a relative SNC Cartier
divisor.

Proposition 4.3 (Standard: extension of Hecke correspon-
dences). For neat level, Hecke correspondences at primes
¢ # p extend to finite correspondences on /" compatible
with the open immersion Sk — <",

Proof. This is standard for neat level using the moduli inter-
pretation and normality of .7°%; see Lan [11, §1.4.3, p. 123;
Prop. 1.3.2.91, p. 95] for the PEL case.

For compatibility of Hecke correspondences with toroidal
and minimal compactifications in the nearby-cycle setting, see
also Lan—Stroh [12, Remark 5.41, pp. 2097-2098]. O

Lemma 4.2 (Boundary purity in codimension one; well
known). Let X = .7}°" be regular, and let i : D — X be
the boundary divisor, assumed to be a relative strict normal
crossings Cartier divisor. Let A be a finite coefficient ring of
order prime to p. Then, by the codimension-one case of Gab-
ber’s absolute cohomological purity theorem [7, Thm. 2.1.1,
p. 159], one has
i'A ~ Ap(—1)[-2]



in the derived category on D. Egquivalently, for the local-
cohomology sheaves on X,

HL(X,A) =0 forq+#2, HZ(X,A) =i, Ap(—1).
Consequently, after taking global sections one obtains the cor-
responding global local-cohomology groups through the usual
local-to-global spectral sequence.

Proof. This is the codimension-one case of Gabber’s absolute
cohomological purity theorem; see Fujiwara [7, Thm. 2.1.1,
p. 159]. Since D is a Cartier divisor on the regular scheme
X, the immersion ¢ : D — X is a regular immersion of pure
codimension one (see [8, EGA 1Vy, §16]).

Hence Gabber’s absolute purity theorem applies and gives

i'A ~ Ap(—1)[-2].

Applying the local-cohomology functor sheaf-theoretically
gives

HE(X,A)=0 forq+#2, HE(X,A) =i, Ap(—1).
The corresponding statements for global local cohomology fol-

low by taking global sections, equivalently through the local-
to-global spectral sequence for cohomology with support. [

Assumption 4.1 (Purity—Kummer fence for the open immer-
sion j). Let j : U = Sk — X = S be the open immer-
sion with boundary i : D = X\ U — X. Assume:

1. X is regular and D is a relative Cartier divisor with
(strict) normal crossings over Spec(Og (.)) (as in Def-
inition 4.1). (The regular/SNC boundary condition is
standard in the smooth toroidal PEL setting (and ex-
pected analogously in Hodge type); compare Lan [11,
§1.3.1, pp. 57-66; Overview, pp. 3—4] and Lan—Stroh [12,
Proposition 2.2(4)—9), pp. 2079-2081; Corollary 2.4,
pp. 2081-2082]).

2. Coefficients A are finite of order prime to p (equivalently,
every prime dividing |A| is # p).

3. Absolute cohomological purity in codimension 1: for
i : D — X one has HL(X,\) = 0 for ¢ # 2 and
H%(X,A) 2 i, Ap(—1) (see [7, Thm. 2.1.1, p. 159]).

4. Low-degree boundary control. For the chosen coeffi-
cients A, the degree-one boundary sheaf R'j. A is con-
structible, and the transgression

dy' : HY(X, R'j.A) — HZ(X,A)
vanishes.

(The constructibility requirement should be viewed as
an explicit hypothesis in the present integral setting; com-
pare Hansen’s treatment of Zariski-constructibility and the
preservation of constructibility under open immersions in
characteristic-zero rigid analytic geometry [9, Thm. 1.11(1),
p. 304].)

The above hypotheses are natural in the context of toroidal

compactifications and are compatible with the expected behav-
ior of low-degree cohomology in situations where boundary
contributions are controlled by codimension-one phenomena.
The formulation isolates the minimal conditions under which
the Leray spectral sequence yields an exact description in de-
gree one.

Remark 4.1. The low-degree results below rely on an explicit
vanishing hypothesis for the relevant boundary transgression.
We do not claim that such a vanishing is automatic in general
Hodge-type compactifications; rather, this formulation isolates
the precise obstruction that must be controlled in any future
refinement.

Theorem 4.1 (Low-degree edge surjectivity under vanishing
of the transgression). Assume Assumption 4.1. Let (G, X) be
of Hodge type with /i smooth over Spec(Og, (), and let

Ji S S

be a toroidal compactification as above. Then the edge mor-
phism
H}(Sk, N) — Hg, (ylt(orv leét*A)

is surjective.

Proof. This is the low-degree exactness coming from the Leray
spectral sequence of j once the transgression dg’l is assumed
to vanish. O

Remark 4.2. We do not assert any general vanishing of the
higher direct images R’j,A for b > 1. The only input used
later is the vanishing of the specific transgression dg’l in the
Leray spectral sequence.

5 Main Results

We retain the global setup and notation from Sections 2
to 4. Fix a Shimura datum (G, X) of Hodge type, a neat
compact open K = K (p)Kp with K, hyperspecial, and write
[+ &k — Spec(Og, () for the integral canonical model
(Construction 2.1 and notation 4.1) and j : Sk — ,5”}(‘“ for
a toroidal compactification (Definition 4.1). Throughout A de-
notes a finite coefficient ring with char(A) # p. Hecke corre-
spondences at primes ¢ # p extend to .7 (Proposition 4.3).

5.1 First main theorem: structural statement

Definition 5.1 (Boundary quotient and interior kernel in degree
one). Let

edge: H}\(Sk,A) — HY (", R jers \)

be the edge morphism of Theorem 4.1. Define the degree-one
interior kernel by

H} (Fk, ) := ker(edge),
and the degree-one boundary quotient by

Hgdry(yK, A) == HY, (10, R jarn ).
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If a Hecke-equivariant splitting of the edge sequence is chosen,
we write [ Clomp(YK, A) for the corresponding chosen com-
plement to H}, inside H},(k, A).

m’

Theorem 5.1 (Hecke-equivariant splitting after a chosen lo-
calization hypothesis). Assume (G, X) is of Hodge type, K is
neat with K,, hyperspecial, and A as above. Then:

(i) As a direct consequence of the edge surjectivity of Theo-
rem4.1, there is a Hecke-equivariant short exact sequence

0 — Hy (S, )
— H},(SK,N)

edge
—g> Hlidry(yKV A)

— 0

functorial under level change away from p.

Here H}

int

(Zk, A) = ker(edge) and
Hlldry (yK? A) = Hegt(ylt(orv leét*A)

are the interior kernel and boundary quotient introduced
in Definition 5.1. We do not identify H, a priori

with automorphic interior cohomology or with an Eisen-
stein/cuspidal decomposition in the classical sense.

This exact sequence is thus a reformulation of the low-
degree edge exactness under the vanishing hypothesis of
Notation 4.1.

(ii) Assume in addition that, after inverting a finite set X of ra-
tional primes disjoint from {p}, the short exact sequence
in (i)

0 — Hi (S5, A[L/3)])

— H}(Fk, A[1/%])

S HL o (L, A1)

— 0

splits in the category of T -modules. Then there
exists a T -equivariant idempotent endomorphism of
H},(Sk,\[1/%]) whose image is a chosen Hecke-stable
complement to H} (S, A[1/3]).

Proof. Step 0: Reduction to the edge surjectivity. The exis-
tence of the short exact sequence in (i) is a formal consequence
of Theorem 4.1, which provides the surjectivity of the edge
morphism

Hy(Sk, N) — Hg, (%" leét*A) .
By definition (Definition 5.1), the kernel of this morphism is

H} (K, ), and its target is H},, (k, A), yielding the ex-
act sequence.

dry

Step 1: Hecke action on the Leray package. Let j :
Sk — S be the open immersion and i : D — "

the boundary. By Proposition 4.3, for each prime ¢ # p and
each double coset [K,gK/], there is a finite correspondence

y[t{or P1 Hgor b2 y}t{or

extending the Hecke correspondence on %%, with py, po
finite and étale over the open. The induced functors (p;)et«
act on ijét*A and commute with the differentials of the
Leray spectral sequence. Hence both H},(%k,A) and
HY, (750", R jer \) are A[Hecke™]-modules and the edge
map is Hecke-equivariant.

Step 2: Proof of Item (i). Consider the Leray spectral se-
quence

Eg’b = H3,(S5", Rl jsr ) = ngb(YK,A).
By Theorem 4.1, the specific transgression
£ B0 —y B2

vanishes. Therefore the standard low-degree exact sequence
attached to Leray yields

0— ENO — HY (S, A) =285 BT 0.

Since By = EL0 and Ey'' = E%! in total degree 1, this
gives

0— EL0 — HL(Sk,A) — ES' = HO (5%, R j,A) — 0.
ey
Step 3: Splitting hypothesis after localization. After in-
verting X, assume that the short exact sequence of Theorem 5.1
— Item (i) splits in the category of T(*)-modules. No general
semisimplicity claim for T®*)-modules is used here.
Step 4: Construction of a Hecke-equivariant splitting.
Write

M = H},(Sx, A[1/%)]), B = HY(S" R j.\)[1/%].

By Step 3, the sequence

edge

0— HL (S, N[1/8] — M =5 B -0

is exact in the abelian category of T(*)-modules. By the split-
ting hypothesis assumed in Theorem 5.1 — Item (ii), this exact
sequence admits a T(*)-equivariant section. Choose such a
splitting

s:B—M

of the edge map. Then
e := soedge € Endye) (M)
is an idempotent endomorphism of M, because
e? = soedgeo soedge = soidp oedge = e.

Moreover,

ker(e) = ker(edge) = H (Sx,N)[1/%],



and

Therefore

M = Hy (Sk, N)[1/%] @ s(B)

as T®*)-modules. The idempotent e is thus the projector onto
the chosen complementary summand s(B) along

Hiyo (S, A)[1/3).
Accordingly, define

Peomp =€, P :=1—e.

Then both Py, and Py are T(Z)—equivariant idempotents,
with

im(Pcomp) = s(B), im(Ping) = Hﬁlt(yK,A)[l/Z].

Equivalently,

ker(Peomp) = Hilnt(yK,A)[l/Z], ker(Pin) = s(B).

Thus the short exact sequence splits after inverting >, and
one obtains a Hecke-stable complement to

Hiy (S, M)[1/5].

We emphasize, however, that this complementary summand
depends on the choice of T*)-equivariant splitting s unless
additional hypotheses are imposed to make the splitting canon-
ical. O

Remark 5.1 (Non-boundary localization under vanishing hy-
pothesis). Suppose that, in a given arithmetic situation, one
knows by independent input that the localized boundary mod-
ule

Hll)dry(’yK7 A[I/E})m

vanishes for a maximal ideal m C T(). Then the localized
edge map is zero, and the m-localization of H}, (-, A[1/X])
identifies with the localized interior kernel.

Example 5.1 (Basic rank computation in a single-cusp case).
Consider a situation in which the Shimura variety admits ex-
actly one rational boundary component ¢, and suppose that the
associated boundary torus 7 has character group satisfying

rankz X *(T.)%e = 1.

Under the boundary-module description used in Theorem 5.6,
this yields

Hédry(SK“A[l/E]) = A[l/z](_l)v
and hence
oap/s) (Sk) = 1.
In particular, the edge morphism
H},(Ske, A[1/3]) — Higpy (Ske, A[L/3])

is nontrivial, and the boundary contribution does not vanish.
This illustrates concretely how the presence of a nontrivial
@-split character in the boundary torus produces a nonzero
degree-one boundary term.

5.2 Second main theorem: cohomological invariants

Definition 5.2 (Degree-one boundary rank). Define the
degree-one boundary rank by

(SA(yK) = rankA Hgt(ylt{‘”, leét*A).
Lemma 5.1 (Diagrammatic edge package for (ST, D)). Let
j U =% — X = S be the open immersion and

t: D := X\U < X the boundary divisor. For any finite A
with char(A) # p, the localization triangle

GIA — A — iitA T

induces the long exact sequence in cohomology

oo HYX,A) — HYUA) 25 HE(X,A) — HX2(X,A) — -,

where O is the boundary map.

By the codimension-one case of Gabber’s absolute purity
theorem [7, Thm. 2.1.1, p. 159], applied to the regular immer-
sioni : D — X, one has

H%(X,A) = H(X,i,A(—1)).

Moreover, étale locally along a strict normal crossings bound-
ary D =, Dy, the Kummer description gives

R'j A ~ @ik A(-1).
k

The connecting map
0: HY(U,A) — H3(X,A)

from the localization long exact sequence is related to the
transgression in the Leray spectral sequence of j, but we do not
identify the Leray edge map itself with a map into H?(X, A).

Theorem 5.2 (Boundary-torus criterion). Assume the setup of
Theorem 5.1, and assume in addition that there is an identifi-
cation

Hauy (S5, A[1/E]) = €D Homz(X*(T.) %%, A[L/5](-1)),

where c runs over the relevant rational boundary components.
Then the following are equivalent:

(a) dapys)(LK) =0;

(b) every rational boundary torus T, associated with a maxi-
mal parabolic is anisotropic over Q;

(c)
H ey (S5, A[1/X]) = 0.

The relevant cusp and rational-boundary-component lan-
guage is modeled on the PEL description in Lan [11, §1.2.3,
pp- 38—40].
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Proof. We recall the boundary defect § 5 from Definition 5.2:

Sa(Fk) = ranky HY(S" R jaN), j: Sk — S5

By Theorem 4.1 there is a Hecke-equivariant surjection (edge
map)

edge : H}(Sk,A) = HYL1E R jeu ).
Step 1: Use of the boundary-module hypothesis. The sub-

stantive geometric input in the present theorem is the additional
hypothesis that

Hlidry(waA[l/ZD = @HomZ(X*(TC)GQ’A[1/2]<_1))

The identification of the boundary module appearing below
is consistent with the expected description arising from lo-
cal Kummer theory and the geometry of toroidal compactifi-
cations. For the purposes of the present work, we treat this
description as a structural input and focus on the formal conse-
quences that follow from it.

In particular, under this hypothesis one has

OA[1/3] (SK) = Z ranky, (X*(TC)GQ)’

c
namely the total Q-split rank of the relevant rational boundary
tori.

Step 2: Item (a) = Item (b). If 05, /5 (") = O, then the
equality established in Step 1,

Sapys)(Lx) = rankg (X*(T.)%9),
forces
rankz (X * (TC)G@) =0
for every cusp c. Hence
X*(Te)% =0
for every c. Equivalently, the Q-split subtorus of 7, is trivial,

so T is anisotropic over Q.

Step 3: Item (b) = Item (c). If each 7, is anisotropic, then
X*(T.)% = 0 for every cusp c. By the assumed boundary-
torus description, this implies

Hpaey (S5, A[1/3]) = 0,
which is exactly Item (c).
Step 4: Item (c) = Item (a). If
Hpaey (S5, A[1/3]) = 0,
then by definition its rank is zero, so

dan/z) (k) = 0.

Step 5: Final remark. Any precise comparison with in-
tersection cohomology on the minimal compactification would
require additional input from intermediate extension, perverse
truncation, and decomposition results that are not developed in
the present manuscript. Accordingly, no such identification is
claimed here. O

Example 5.2 (Illustrative Hilbert modular surface case un-
der additional boundary-module hypotheses). Let G =
Resp /g GL3 for areal quadratic field F' and take K = K P K »
with K, hyperspecial and K neat. Then Y = Yk (G, X) is
a Hilbert modular surface over S = Spec(Op,(,)), whose min-
imal and toroidal compactifications fit into the setup of Theo-
rem 5.2 (compare the geometric compactification framework in
Lan [11, §1.3.1-1.3.2, pp. 57-95]). The following calculation
is intended only as an illustrative model under the boundary-
module hypothesis of Theorem 5.2; it is not used as an uncon-
ditional computation of boundary cohomology.

(1) Boundary tori and their Q-split rank. Each cusp ¢ of

Yk corresponds to a rational parabolic of G' with Levi quo-
tient M. ~ Resp,q GL1 x GL; /G,,. The associated bound-
ary torus is

T. ~ ReSF/Q Gm/va

whose character lattice is X*(7T,) = Z!F*Y /7 endowed with a
nontrivial Gg—fixed line. Hence T¢. has Q-split rank 1 and is
not anisotropic. In particular,

oap/s)(Fk) = Zrankz X*(T.)%° = #{cusps} # 0,

c

so Item (a) of Theorem 5.2 fails.

(2) Boundary computation under the hypothesis of Theo-
rem 5.2. Assuming the boundary-module identification ap-
pearing in Theorem 5.2, one obtains

since in the Hilbert modular surface case each relevant bound-
ary torus contributes a one-dimensional Q-split character
space. This boundary term records the failure of anisotropy:
each cusp contributes a nonzero boundary summand, and there-
fore the edge quotient does not vanish.

(3) Interpretation under Theorem 5.2.
¢ Item (a) fails since 9 /5 # 0.
* Item (b) fails because 7, is Q-split of rank 1.
» Consequently, Item (c) fails: the boundary quotient
Hy gy (S5, A[1/X])
is nonzero, so the edge quotient does not vanish.

Thus, under the stated boundary-module hypothesis, the
Hilbert modular surface illustrates why non-anisotropic bound-
ary tori are expected to produce nonzero degree-one boundary
contributions.

(4) Contrast (compact anisotropic case). If GG is replaced by
a quaternionic inner form of Resp/qg GL2 that is anisotropic
modulo its center, then . is proper, so there is no boundary
contribution in degree one. In that case

Hgdry(yKvA[l/E]) =0
and the edge sequence identifies

Hy, (S50, A[1/3]) = Hyy (S5, A[L/5)).



This gives the compact model for the vanishing statement pre-
dicted by Theorem 5.2. Any further comparison with auto-
morphic cuspidal cohomology or intersection cohomology lies
beyond the scope of the present manuscript.

Remark 5.2 (Motivic interpretation and Siegel-type exam-
ples). Although the present paper is formulated in étale co-
homology, the boundary quotient appearing in Theorems 5.1
and 5.2 is compatible with the general philosophy that bound-
ary strata encode degenerations of motives attached to Shimura
varieties. In Siegel and Hodge-type settings, toroidal bound-
ary components are governed by semi-abelian degenerations,
and their toric parts contribute precisely the character-lattice
terms that appear in the boundary-module hypothesis of Theo-
rem 5.2. Thus the term

HOI’HZ(X*(TC)G@’ A[l/E](—l))

may be viewed as the degree-one étale shadow of the toric part
of the degeneration. This remark is only interpretive: no mo-
tivic category or comparison theorem is used in the proofs.

5.3 Equivalences and classification results

Diagrammatic equivalence. The long exact sequence and
edge—purity package used in this subsection are summarized
in Lemma 5.1.

Remark 5.3 (Localization heuristic). Let m C T be a max-
imal ideal. If one knows by independent input that

Hgdry(yKv A[I/Z})m = 07

then Remark 5.1 shows that the localized edge map vanishes
and
Hét(yKaA[l/E])m = Hilnt(yKvA[l/EDm-

Thus any genuine Eisenstein/non-Eisenstein classification at
m requires additional arithmetic input on the localized bound-
ary module (For comparison with localized Hecke eigenspaces
in compact unitary Shimura varieties, see [3, Thm. 1.1 and
Rem. 1.3, pp. 651-652; Def. 1.9, pp. 652-653]) and is not
proved in the present paper.

Corollary 5.1 (Stability under level change away from p). Let
K' C K be neat with the same hyperspecial K,. The for-
mation of H} ., Htl)dry, and, after choosing a splitting as in

Item (ii), the projector P .omp, is compatible with pullback
along finite étale level maps and with Hecke operators away

Sfrom {p} UX.

Remark 5.4 (Relation with Hodge-type decompositions). The
direct-sum decomposition obtained after choosing a Hecke-
equivariant splitting should not be confused with a Hodge de-
composition. It is a decomposition of the localized étale co-
homology module into an interior kernel and a chosen Hecke-
stable complement:

Hy (S5, A[1/3)]) = Hip (S5, A[L/3]) S H,

Its origin is the Leray filtration for the open immersion into
the toroidal compactification, not the classical Hodge filtra-
tion. Nevertheless, in comparison settings, one may expect the

comp(yKa A[l/E])

boundary summand to reflect the toric part of the degeneration
along the boundary.

In particular, the results show that the entire contribution of
boundary cohomology in degree one is governed by a single
obstruction arising from the interaction between the Leray fil-
tration and the geometry of rational boundary tori.

6 Arithmetic and Geometric Applica-
tions

The preceding results have three immediate formal applica-
tions.

First, they give a precise criterion for when degree-one co-
homology is entirely interior after localization. Namely, if the
boundary quotient

Hédry(yK7 A[l/z])
vanishes, then the edge sequence identifies
Hy (S50, A[1/3]) = Hyyy (S, A[L/3)).

This provides a useful test for excluding Eisenstein-type
boundary contributions in degree one.

Second, after localization at a maximal ideal of the Hecke al-
gebra (cf. the compact unitary setting of [3, Thm. 1.1, p. 651;
Rem. 1.3, p. 651]), the same mechanism separates interior and
boundary phenomena whenever the localized boundary mod-
ule is known independently to vanish. This provides a formal
tool for comparing low-degree cohomology with automorphic
packets detected after Hecke localization. For related results
on the structure of localized cohomology and its concentration
under genericity assumptions, see [3, Thm. 1.1; §6.3, pp. 750-
756].)

Third, the boundary-torus criterion translates a cohomolog-
ical vanishing problem into a geometric condition on rational
boundary tori. In particular, anisotropy of the relevant bound-
ary tori implies the disappearance of the degree-one bound-
ary quotient under the boundary-module hypothesis of Theo-
rem 5.2. This gives a geometric explanation for why compact
or anisotropic situations behave differently from Hilbert modu-
lar or Siegel-type examples with nontrivial cuspidal boundary.

Example 6.1 (Application to compact Shimura varieties). If
G is anisotropic modulo center over QQ, then . is proper and
admits no boundary. Hence

Hédry('yK’ A) =0,
and the edge sequence reduces to
He}t(yKa A) = Hilnt(yKv A)'
This shows that in compact cases the entire degree-one coho-

mology is interior.

Conclusion of the present note.
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The paper establishes a conditional structural description of
degree-one étale cohomology for integral canonical models of
Hodge-type Shimura varieties at hyperspecial level. The main
contribution is the isolation of the precise low-degree Leray
obstruction governing the passage from total cohomology to
the boundary quotient. Under the stated purity, regularity,
and transgression-vanishing hypotheses, this yields a Hecke-
equivariant short exact sequence separating the interior kernel
from the degree-one boundary term.

The results also clarify the geometric meaning of bound-
ary vanishing. Under the boundary-module hypothesis, the
disappearance of the boundary quotient is equivalent to the
anisotropy over Q of the relevant rational boundary tori. Hence
the paper converts a cohomological question into a concrete
condition on the toric geometry of the boundary.

Several directions remain open. One should seek geometric
criteria ensuring the vanishing of the transgression dg’ ! without
imposing it as a hypothesis. A second direction is to compare
the interior kernel defined here with automorphic interior coho-
mology, intersection cohomology on the minimal compactifi-
cation, completed cohomology and Hecke-theoretic structures
(in the sense of [16, Thm. 4.2.1, pp. 1020-1024; Thm. 4.3.1,
pp- 1024-1031]); see also [3, Thm. 1.1, p. 651; §6.3, pp. 756—
760]. A third direction is to develop explicit computations
for Siegel, Hilbert, orthogonal, and unitary Shimura varieties,
where the boundary tori can often be described directly (For the
integral-model background specific to orthogonal and GSpin
Shimura varieties, see Madapusi Pera [13, pp. 769-771; §5-§7,
pp. 796-822]). These refinements would turn the conditional
framework of the present paper into a more effective arithmetic
tool.
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