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Abstract

We study the behaviour of Newton polygons attached to monic polynomial families over
valuation rings under specialization. Using valuation-theoretic Newton polygon stratifica-
tions together with filtered coefficient modules and admissible filtered free resolutions, we
introduce a derived Newton defect measuring the failure of exactness after passage to as-
sociated graded Newton data. We prove that, under Henselianity, residual coprimality,
torsion-control, and bounded filtered-resolution hypotheses, constancy of the derived New-
ton defect along a specialization implies stability of lifted slope-block factorization type. The
resulting framework provides a filtered-homological refinement of classical Newton polygon
methods and Henselian factorization theory for deformation families over valuation rings.
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1 Introduction

Newton polygons provide a classical method for studying factorization and ramification over
valued fields and valuation rings. In the presence of Henselian hypotheses, slopes and residual
polynomials often control factorization behaviour. However, in deformation families, Newton
polygon data may jump, and the precise homological obstruction to stability is not always
visible at the level of the polynomial alone.

The purpose of this paper is to introduce a valuation-theoretic derived refinement of New-
ton polygon stratification. The word “derived” is used here in the commutative-algebraic sense:
filtered modules, resolutions, and Tor—Ext obstructions. No higher-categorical or spectral alge-
braic geometry machinery is used.

Main contribution

We attach to a family of monic polynomials over a valuation ring a chosen admissible filtered
Newton complex whose associated graded pieces record Newton polygon data. The homol-
ogy of the associated graded augmented complex defines a relative derived Newton defect,
depending on the chosen admissible filtered resolution unless strict filtered comparison data are
specified. Our main theorem shows that factorization stability follows under suitable Henselian
assumptions when the chosen admissible filtered Newton complexes are strictly compared at the
associated graded level; the resulting constancy of the relative defect is therefore used together
with compatible graded Newton-complex data, not as a bare homology isomorphism.



Theorem 1.1 (Main theorem, informal). Let V' be a Henselian valuation ring and let F(T) €
VI[S][T] be a monic polynomial family. Restrict to V-valued specializations o : V[S] — V, so
that the specialized polynomials F,(T') lie in V[T|. Fiz admissible filtered Newton complezes
for the specialized coefficient modules, or assume strict filtered comparison data between the
chosen complexes. If the associated Newton polygon stratification has constant slope data and
the corresponding relative derived Newton defect vanishes, or remains constant, along such V -
valued specializations, then the lifted slope-block factorization type is stable over V[T].

2 Preliminaries on Valuation Rings and Newton Polygons

Definition 2.1 (Valuation ring). Let K be a field. A subring V C K is a valuation ring if for
every v € KX, eitherx € V or =t € V ([5, Ch. VI, §1, no. 2J; [1, Ch. VI, §2, Thm. 1, p. 5];
see also [9, §6, p. 40; §10, p. 71]).

Definition 2.2 (Newton polygon). Let V' be a valuation ring with valuation v, and let
f(M)y=a+a1 T+ +a,T" € V[T, an # 0.
The Newton polygon NP(f) is the lower convex hull of the points
(1,v(a;)), 0<i<nm
([8, Ch. 5, §5.1, pp. 135-134]).

Remark 2.3. Throughout the paper, valuation-theoretic conventions are chosen so that slopes

of Newton polygons correspond to valuations of roots after passing to suitable extensions (|8,
Ch. 5, §5.1, pp. 134-138, especially (C) and (F)]).

3 Newton Polygon Stratifications

Definition 3.1 (Newton polygon stratum). Let V' be a valuation ring with fraction field K,
valuation v, and closed point my . Let A be a V-algebra and let

F(T)=T" 4+ ap1T" '+ +ag € A[T].

For x € Spec A lying over the closed point of SpecV, choose a valuation v, on k(x) extending
the valuation induced by V. For a fized polygon A, the Newton polygon stratum associated to
A is the locus of such valued points (x,v,) for which

NP, (F,) = A.

Thus the stratum is a valuation-theoretic stratum of valued specializations, not an intrinsic
Zariski subset of Spec A without the chosen extension of valuation.

In later statements where the specialized polynomial is required to lie in V[T], we restrict
from arbitrary valued residue-field points (x,v,) to V-valued specializations, i.e. V -algebra maps
o:A— V. For such a specialization we write Fy(T) := (o ® id)(F) € V[T].

Lemma 3.2 (Valuation-wall description of polygon jumps). Let V' be a valuation ring with
valuation v, and let A be a finitely generated V -algebra. Let

F(T)=T" 4+ an1T" '+ +ag € AT

be monic. On the space of valued specializations (x,v,), where x € Spec A lies over the closed
point of Spec V' and v, is a chosen extension of the valuation induced from V to k(x), the New-
ton polygon of I, is determined by finitely many valuation comparisons among the specialized
coefficients.



In particular, Newton polygon data can change only when one of these comparisons changes
status. We use the informal term “valuation wall” to denote loci where one of these defining
valuation comparisons changes status. Thus polygon jumps occur along such valuation walls
determined by coefficient-valuation relations.

Proof. Write
F(T)=T"+a, T" ' +--- + ao.

Let (z,v;) be a valued specialization, with « € Spec A lying over the closed point of Spec V', and
with v, an extension of the valuation induced from V to the residue field x(x). The specialized
polynomial is

E(T)=T" + ap 1 ()T + -+ ag(z) € k(z)[T].

Its Newton polygon is the lower convex hull of the finite set of points
(1, vz(ai(z))) 0<i<n,

where the leading coefficient has valuation 0, and where a coeflicient specializing to zero is as-
signed valuation +o00, equivalently omitted from the lower hull. Hence the polygon is determined
by finitely many comparisons among the values

vz(ao(x)),...,vz(an—1(x)),0.

We now make these comparisons explicit. Fix indices 0 < ¢ < j < n. The segment joining
the coefficient points

(i, vz(ai(z))) and  (j,vz(a;(2)))

can occur as a lower face only if every intermediate coefficient point lies on or above the affine
line through these two endpoints. For each i < ¢ < j, this condition is precisely

(= Dvala(z) = (G — Ovalai(x)) + (€ = D)v(a;(z)).

Equality records that the intermediate point lies on the same face, while strict inequality records
that it lies strictly above the face. Therefore, for every candidate lower convex hull, the cor-
responding polygon type is determined by finitely many valuation inequalities and equalities
among the specialized coefficients.

Since the polynomial has only the finitely many coefficients ag,...,a,—1,1, only finitely
many systems of such comparisons can occur. Consequently, only finitely many Newton polygon
configurations are possible for the family F'. Passing from one configuration to another can occur
only when at least one defining comparison changes status: an inequality becomes an equality,
an equality becomes strict, or a coefficient specializes to zero and therefore acquires valuation
+00.

These transition conditions are valuation-theoretic conditions on the specialized coefficients.
They should be understood as valuation walls in the space of valued specializations, not as
intrinsic Zariski-closed subsets of Spec A without additional hypotheses. Thus the Newton
polygon is stable as long as the finite system of valuation comparisons remains unchanged, and
any jump of polygon data is forced by crossing one of these coefficient-valuation walls. O

4 Filtered Complexes Attached to Newton Data

Definition 4.1 (Newton coefficient module and Newton filtration). Let

F(T) = zn:am' e V[T),
=0



and let .
E = @ Vei
=0

be the free V -module with distinguished basis eq,...,e,. We use the convention
v(0) := +o0.
The Newton coefficient module of F is the labelled filtered submodule

Mp = @ Vae; CFE,
0<i<n
a; #0
together with the zero-labelled set
Z(F):={i]a;=0}.

For each real number X, define the decreasing Newton filtration by

]:AMF = @ Vase;.
0<i<n
ai3é07 V(a’b)ZA

The indices in Z(F') are not generators of Mp; they are recorded separately as coefficient labels
of valuation 400, equivalently as omitted points in the lower Newton hull. Thus MFp, together
with its filtration and the zero-labelled set Z(F'), is the filtered coefficient datum attached to the
Newton data of F.

Remark 4.2 (Standing finiteness convention for derived Newton data). Throughout Sections 4—
6, whenever the derived Newton complex or the derived Newton defect Dnp(F') is used, we
restrict attention to monic polynomials F for which the Newton coefficient module Mg, with its
Newton filtration, admits a bounded filtered free resolution. All subsequent statements involving
DOnp(F) are made under this standing hypothesis.

Remark 4.3 (Existence convention). The paper does not claim existence of admissible de-
rived Newton complexes for arbitrary filtered coefficient modules over arbitrary valuation rings.
Throughout, all statements involving derived Newton defects are understood only for those monic
polynomials F for which such bounded filtered free resolutions are given or known to exist.

Definition 4.4 (Admissible derived Newton complex). An admissible derived Newton complex
for F' is a bounded augmented complex of filtered free V-modules

C}.T‘ — MF
satisfying the following four conditions.

(a) The augmentation C’% — MF is a filtered surjection and the augmented complex Cy. — Mg
is exact after forgetting the filtration.

(b) Each differential d? : Ct. — C%H and the augmentation are strict filtered morphisms,

namely
d1(CLy N FACILT = q1(FA L)

for every relevant filtration level \, and similarly for the augmentation C% — M.



(c) The associated graded augmented complex
grCp — gr Mp

is generated, in degree zero, by the initial forms of the nonzero labelled coefficient genera-
tors a;e; with a; # 0, while the zero-labelled indices Z(F') are carried as omitted +oo-level
coefficient labels; its higher terms present the syzygies among these nonzero initial forms
in the associated graded valuation module.

(d) The filtration on every free summand of C¥ is induced by assigning a Newton level to
each chosen basis element; equivalently, the associated graded complex is a graded free
presentation of the initial Newton coefficient module gr Mp.

Thus admissibility is not merely a choice of a filtered resolution. It is the requirement that the
resolution be strict levelwise and that its associated graded complex present the initial Newton-
level coefficient relations. The complex is not asserted to be unique. Two choices are regarded
as equivalent only when they are connected by a strict filtered quasi-isomorphism over Mp.

Definition 4.5 (Relative derived Newton defect). For an admissible derived Newton complex
Ct — Mp, the relative derived Newton defect of the pair (F,C},) is

Onp(F;Cr) = H*(gr Oy — gr Mp) .

It measures the failure of this chosen admissible filtered resolution to remain exact after passage
to associated graded Newton data.

When the admissible complex is fized throughout the discussion, we write Dnp(F') for brevity.
This abbreviation is not meant to assert independence from the chosen filtered resolution.

Proposition 4.6 (Interpretation of the derived Newton defect). Let V' be a valuation ring
and let F € V[T be monic. Assume that the Newton coefficient module Mg admits a bounded
filtered free resolution, and let

be one such resolution. Let
grCp — gr Mp

denote the associated augmented graded complex. Then
Onp(F) =0

if and only if the augmented associated graded complex

grCp — gr Mp

1s exact. Fquivalently, passage to associated graded Newton data preserves exactness of the
chosen filtered resolution. In this sense, the filtered resolution is compatible with the Newton
filtration at the level of associated graded objects.

In particular, Onp(F) is precisely the obstruction to exactness with respect to the Newton
filtration after passage from filtered coefficient data to associated graded Newton data.

Proof. By construction, the Newton coefficient module Mp is equipped with its decreasing
Newton filtration, and C}, — MF is a bounded filtered free resolution. Thus each differential

d*: Cf — ot
is filtration-preserving, and the augmentation

C%—)MF



is also a filtered morphism. Passing to associated graded objects therefore gives an augmented
complex of graded V-modules
grCp — gr Mp.

By definition of the derived Newton defect,
Onp(F) = H®*(grCp — gr Mp),
where the homology is taken for the augmented associated graded complex. Consequently
Onp(F) =0

if and only if this augmented associated graded complex is exact.
It remains to interpret this exactness as strictness of the Newton filtration. For each filtration
level A, write
A g q
FCL C Oy

for the corresponding filtered piece. Since d? is filtered, one has
dI(FACL) C FACLH.
The associated graded differential in degree X is induced by
F’\C%/F>’\C% N F)‘C%+1/F>)‘C%+1.
Thus a homogeneous cycle in gr C, is represented by an element z € F ’\C% such that
diz € F>ACL,

Such a cycle is a boundary in the augmented associated graded complex exactly when there
exists y € F)‘C'](‘,{:1 such that
z—di"y € FPACY.

Therefore exactness says that every relation which becomes a cycle at initial Newton level A is
already the initial form of a filtered boundary at the same Newton level.

This is precisely the filtration-compatibility condition described above. Indeed, compatibil-
ity of the filtered resolution with the Newton filtration means that the equality between cycles
and boundaries is compatible with the Newton filtration, not merely after forgetting the filtra-
tion. Equivalently, no element becomes a boundary only after increasing its valuation level. If
such an element existed, its initial form would define a nonzero homology class in the associated
graded complex. Conversely, any nonzero homology class in the associated graded complex is
represented by an initial Newton form of a filtered cycle which cannot be lifted to a boundary
at the same filtration level; this is exactly a failure of compatibility with the Newton filtration
at the associated graded level.

Hence the vanishing of

H*(grCp — gr Mp)

is equivalent to exactness compatible with the Newton filtration of the filtered resolution. In
this sense Dnp(F') measures the obstruction created by hidden filtered extension terms: cycles
and boundaries may coincide after forgetting the Newton filtration, but fail to coincide at their
initial Newton levels. Therefore ®np(F') = 0 if and only if passage from filtered coefficient data
to associated graded Newton data introduces no new homology. O

Remark 4.7 (Dependence on the admissible filtered resolution). The graded module

H®*(gr Cp — gr Mp)



is attached to the chosen admissible filtered resolution Cy. — Mp. In this paper, no intrinsic
independence statement is claimed for arbitrary bounded filtered free resolutions.

If two admissible filtered resolutions are connected by a strict filtered quasi-isomorphism over
Mp, then their associated graded augmented complexes are quasi-isomorphic, and hence they
define canonically isomorphic graded homology modules. Thus all subsequent uses of Dnp(F')
are to be read as Onp(F;Cy) for the fixed admissible filtered Newton complex under consider-
ation, unless strict filtered comparison data identify the defects attached to different admissible
complezes.

Remark 4.8. This definition is intentionally homological rather than higher-categorical. It
records the failure of Newton filtration data to be exact after passage to associated graded objects.
The invariant is used relative to the chosen admissible filtered Newton complex, or under strict
filtered comparison data when two such complexes are compared.

Proposition 4.9 (Slopewise decomposition under a split slope refinement). Let V' be a valuation
ring and let F € V[T] be monic. Suppose that the Newton polygon of F' decomposes into pairwise

distinct slope blocks
A(F)=A1U---UA,.

Assume that the residual polynomials attached to the distinct slope blocks are pairwise coprime.
Suppose moreover that the chosen admissible filtered Newton complex Cy — Mp admits a slope-
compatible splitting after passing to associated graded objects:

T T
ng};%@ng}’Ai, ngp’E@ngF,Ai,
i=1 i=1

and that the augmentation gr Cy — gr M respects these direct sum decompositions. Then
T
DOnp(F) = @QNP,Ai (F).
i=1

Proof. Under the stated slope-compatible splitting, the augmented associated graded Newton
complex decomposes as a finite direct sum of augmented complexes:

T

(gr C% — gr Mp) = @ (gr Cha, — 8r Mra,).
=1

Taking homology commutes with finite direct sums. Hence
T
H®(grCp — gr Mp) = @H'(ng};’Ai — gr MFp,).
i=1

By definition, the left-hand side is ®np(F'), and the i-th summand is Dnp a, (F). Therefore
T
Dne(F) 2 P Drpoa, (F).
i=1

The residual coprimality hypothesis motivates and, in classical Henselian Newton settings, of-
ten supplies such slope separation; the formal conclusion used here is the stated split slope
refinement. O



5 Henselian Factorization and Stability

Lemma 5.1 (Henselian lifting of factorization). Let V' be a Henselian valuation ring and let
f € VI[T] be monic. If the reduction of f admits a coprime factorization, then this factorization
lifts uniquely to V[T].

Proof of Lemma[5.1 Let m be the maximal ideal of V', and write
feV/m)|r]

for the reduction of f. Suppose that _ _
f=9gh
with g, h € (V/m)[T] monic and

(@, h) =1 in (V/m)[T].

Choose arbitrary monic lifts gg, hg € V[T]iof 7, h, respectively. Since the reductions of gy and
hg are coprime, there exist polynomials @, b € (V/m)[T] such that

ag+bh=1.
Lifting @, b to a,b € V[T, we obtain
ago +bhg =1 (mod m).

Thus g and hg are comaximal modulo m.

The Henselian property of the local ring V, in the form of Hensel’s factorization lemma
(10, Thm. 4.1.3(3)—(4), pp. 87-88] ; see also [3, Thm. 44.4, pp. 189-190]), now applies to the
approximate factorization

f = goho (IHOd m)

Since f is monic and the two reduced factors are coprime, Hensel’s factorization lemma gives
monic polynomials g, h € V[T ([2, Thm. 8.3, p. 55]) such that

f =gh, g=go (modm), h=hy (modm).

Equivalently, o
9=, h = h7

so the prescribed coprime factorization of the reduction lifts to V[T7.
It remains to check uniqueness. Suppose that

[ =g1h1 = g2h2
are two monic factorizations in V[T lifting the same reduced factorization:
g=0=9  h=h=h

Because g and h are coprime, the Henselian lift of the idempotent decomposition determined

by (g, h) is unique. Hence the two lifted factors must coincide:
g1 = g2, hy = ha.

Thus the coprime factorization of f lifts uniquely to a monic factorization of f over V[T]. [



Remark 5.2 (Associated graded valuation algebra). For a wvaluation ring V with valuation
filtration {F AV}, we write

gr, (V) =P FV/F>V
A

for the associated graded valuation algebra. Initial forms and residual polynomials are always
understood relative to this associated graded construction. We write inNp(f) for the associated
graded initial form of f determined by the Newton filtration.

Lemma 5.3 (Newton-Hensel lifting from slopewise residual data). Let V' be a Henselian valu-
ation ring with valuation v, and let f € V[T] be monic. Suppose that the Newton polygon of f
decomposes into slope blocks

A(f)=A1U--UA,

with horizontal lengths n;. For each block A;, let p; be the corresponding residual polynomial in
the graded valuation algebra after the usual normalization of that face.

Assume that the p; are pairwise coprime and that the associated graded Newton initial form
admits a slopewise factorization

inxp(f) =p1---pr

compatible with the face normalizations and the degrees n;. Then there exist monic polynomials
fi € VT such that

f=rhh- I deg fi = ni,
and the Newton polygon and residual polynomial of f; are precisely those prescribed by A; and
Pi-
Moreover, the factorization is unique among monic factorizations with the same normalized
resitdual slope data.

Proof. 1t is enough to treat two slope blocks; the general case follows by iteration. Let the two
blocks have slopes A1 and Ag, horizontal lengths ni,ns, and residual polynomials p1, p2, with
(p1,p2) =1 in the appropriate graded residual polynomial ring.

Write the two endpoint vertices of the face A; as

(aiv ai)v (b’hﬂz)a n; = b’L — Gy,
and let its slope be —pu;, so that

i f
M=

Choose a valued algebraic extension (Kj;,v;) of the fraction field K = Frac(V') and an element
m; € K; with v;(m;) = p;. Let V; be the valuation ring of K; extending V', and replace it by its
Henselization Vih. The Henselization of a valuation ring is again a valuation ring with the same
value group (see [3, §43, Ex. 4, p. 188]). Since V is Henselian, the embedding V — V/* is local
and valuation-preserving on K.

For the face A;, form the normalized polynomial

Fi(Y) =7 ST7% f(mY),

retaining the terms whose exponents lie between a; and b;. The terms on the face have valuation
0, while all terms strictly above the face have positive valuation. Hence reduction modulo the
maximal ideal of V;h gives precisely the ordinary residual polynomial p;(Y"). Thus the slopewise
factorization in gr, (V')[T] becomes an ordinary coprime factorization modulo the maximal ideal
of the Henselian valuation ring Vih.

Applying Lemma over V;h gives a unique monic lift of this normalized residual factoriza-
tion; compare the valuation-theoretic lifting formalism and root-extension invariance for lifting



polynomials [6 Def. 1.B, p. 2650; Thm. 1.1, p. 2650]; [4, Prop. 2.3, pp. 111-113; Thms. 1.1-1.2,
p. 109], as well as the corresponding prolongation criterion controlling the number of exten-
sions, ramification indices, and residual degrees [7, Thm. 1.1, pp. 324-325]. The lifted factor
has coefficients whose valuations lie on or above the prescribed face, with initial form equal to
Pi-

Undoing the substitution 7' = ;Y and the endpoint normalization gives a factor over K;[T]
whose Newton polygon is the prescribed face A;. Because the construction is characterized
uniquely by the monic factor with the prescribed normalized residual data, it is invariant under
automorphisms of the valued extension K;/K preserving K. Consequently the coefficients are
fixed by descent and lie in K[T]. Since the original polynomial f is monic with coefficients in
the valuation ring V', and the descended factor has coefficients integral over V', the integrally
closedness of valuation rings gives coefficients in V' (see [1, Ch. VI, §2, p. 6] and see also [2]
Thm. 10.3, p. 73]). Hence the factor belongs to V[T].

Repeating this construction for the pairwise coprime residual factors pq,..., p, gives

f=he

with deg f; = n;, with Newton polygon supported on A;, and with residual polynomial p;.
Uniqueness follows because, after the same normalization over Vih, any two such monic factors
give the same ordinary Hensel lift; hence they coincide after descent to V[T7. 0

Proposition 5.4 (Slope separation criterion). Let V' be a Henselian valuation ring and let
f € V[T] be monic. Suppose that the Newton polygon of f decomposes into distinct slope blocks
and that the corresponding residual polynomials are pairwise coprime.

Assume moreover that the associated graded initial Newton data admit a compatible coprime
slopewise factorization in the graded valuation algebra. Then f admits a corresponding factor-
ization in V[T7.

Proof. Let
A(f)=A1U---UA,

be the decomposition of the Newton polygon into distinct slope blocks, and let p; denote the
residual polynomial attached to A; after the usual normalization of that Newton face. By
hypothesis the residual polynomials

PLy-- s Pr

are pairwise coprime, and the associated graded Newton initial form admits a compatible slope-
wise factorization

innp(f) = p1--- pr-

This is not an ordinary factorization modulo the maximal ideal of V. Rather, it is a fac-
torization in the associated graded valuation algebra. Therefore one cannot apply Lemma [5.1
directly at this stage. The necessary passage from graded Newton data to an ordinary Hensel
problem is precisely the content of Lemma [5.3} each slope block is first normalized by the val-
uation dictated by its face, the residual factorization is then read modulo the maximal ideal in
that normalized problem, and ordinary Hensel lifting is applied only after this reduction.

Applying Lemma gives monic polynomials fi,..., f, € V[T] such that

f=hffr

where deg f; is the horizontal length of A;, the Newton polygon of f; is supported on 4A;, and the
residual polynomial of f; is p;. Hence f admits the asserted factorization over V[T'] compatible
with the slope decomposition. ]

10



6 Derived Factorization Stability

Definition 6.1 (Torsion-controlled associated graded coefficient modules). Let V' be a valuation
ring with valuation filtration and let
R:= gl"V(V)

be its associated graded valuation algebra. Let M be a Newton coefficient module with Newton
filtration, and write

ng:@gr)‘M.
A

We say that gr M is torsion-controlled if, for every nonzero homogeneous element r € R,
multiplication by r is injective on each graded Newton piece gr* M occurring in the chosen
associated graded Newton complex.

For two filtered Newton coefficient modules My, M7 equipped with a strict graded comparison

ngO 1> nglv

we say that the pair is torsion-controlled if both gr My and gr My are torsion-controlled in the
preceding sense and the comparison identifies the corresponding graded Newton pieces, slope-
block summands, and residual factor submodules. Equivalently, no nonzero homogeneous class
in any relevant graded Newton piece becomes killed by a nonzero homogeneous element of gr,, (V')
during the comparison.

Theorem 6.2 (Derived Newton stability theorem). Let V' be a Henselian valuation ring and
let
F(T) e VIS|IT]

be a monic polynomial family. Let
og,01: V[S] —V
be two V -valued specializations, and write
Fo (T) == (05 ®id)(F) € VI[TT, j=0,1

Assume that the corresponding valued specializations lie in the same Newton polygon stratum.
Assume:

(i) the slope decomposition of NP(F,,) and NP(Fy,) is identical;
(i1) the residual factor polynomials remain pairwise coprime;
(71i) admissible filtered Newton complezes in the precise sense of Definition
C}UO — Mg, , Cf%l — Mg, ,
are fized together with a strict filtered comparison quasi-isomorphism
®:Ck,, — Ck,,

compatible with the Newton coefficient modules and inducing an isomorphism of associated
graded augmented Newton complezes

gr®: (grCf, —erMp, ) e (erCk, — grMp,).

Moreover, this comparison respects the slope-block decompositions and the residual factor
data attached to the common Newton polygon;

11



(iv) under this strict graded comparison, the induced map on relative derived Newton defects
is the homology map of the above isomorphism of associated graded augmented Newton
complexes:

Onp (Foo; CF, ) = One(Foy; Ok, )-

Thus the constancy of Onp is not used as a bare isomorphism of graded homology modules,
but as a consequence of compatible identification of the associated graded Newton complexes
themselves;

(v) the associated graded coefficient modules gr Mp,, and gr Mp,, , together with their strict
graded comparison, are torsion-controlled in the sense of Definition |6. 1.

Then F,, and Fy, admit compatible lifted factorizations over V[T] with identical slope-block
degree data.

Proof. Let
F(T) e VIS|[T]

be the given monic family, and let
og,01: V[S] =V
be the two V-valued specializations. By definition,
Foi(T) = (05 ®id)(F) € VI[T], j=0,1.

Thus the specialized polynomials really are polynomials over the same valuation ring V', so the
later Henselian lifting and factorization arguments take place in V[T'], not merely in residue-field
polynomial rings attached to residue-field specializations.

Because the two valued specializations lie in the same Newton polygon stratum, Defini-

tion 3.1 implies that
NP(F,,) = NP(Fy,).

In particular, the valuation inequalities defining the lower convex hull remain unchanged
under specialization. Hence the two specializations possess identical slope decompositions:

A(F,) =A1U---UA, = A(F,,)).

The horizontal lengths and slopes of the blocks therefore coincide for the two fibers.
For each slope block A;, let

Pi,oo s Pi,o1

be the corresponding residual factor polynomials. By assumption (ii), these residual factors
remain pairwise coprime throughout the specialization. Consequently the associated graded
initial forms of Fy, and F,, admit compatible coprime decompositions:

inNP(FO’j) = pl,a‘j e pr,a-j, ] = O, 1.

Since the slope data are identical, the degrees and valuation ranges of the corresponding residual
factors agree.
Now consider the fixed admissible filtered Newton complexes

CFGO—>MFJO, CFD’l —>MF01.
By Definition

Onpe(Foy; CF, ) = H*(gr O, — et Mp, ) (7 =0,1).

12



Assumptions (iii)—(iv) give more than an abstract isomorphism of the homology modules ®np (Fp, )
and Onp(F,,). They provide a strict filtered comparison of the chosen admissible Newton com-
plexes whose associated graded map identifies the entire augmented graded Newton complexes:

(erC,, — er Mg, ) = (er Ck, — gr Mp, ).

This identification is compatible with the common slope-block decomposition and with the
residual factor polynomials. Hence the cycles, boundaries, extension classes, and gluing maps
appearing in the associated graded Newton complexes are transported blockwise from o to o1,
rather than merely having isomorphic total homology.

Therefore no new associated graded Newton-complex obstruction can appear between the
two specializations: any obstruction class, residual relation, or filtered gluing datum at oy is
the image under the strict graded comparison of the corresponding datum at oy.

By Definition the torsion-control hypothesis in assumption (v) means that no nonzero
homogeneous class in any relevant graded Newton piece is killed by a nonzero homogeneous
element of gr,(V), and that the strict graded comparison identifies the corresponding slope-
block and residual-factor submodules. Hence specialization cannot introduce hidden graded
torsion or valuation collapse inside the coefficient pieces while preserving only the combinatorial
shape of the Newton polygon. Therefore the associated graded slope decompositions remain
compatible with the filtered structures of the specialized coefficient modules.

By Proposition[5.4] the pairwise coprimality of the residual factors together with the common
slope decomposition produce compatible graded factorizations of

Iy, and Fy,.

Since V is Henselian, Lemma lifts these graded factorizations uniquely to factorizations in
V[T]. The slope blocks, their multiplicities, and their residual data coincide for both special-
izations, and the strict graded comparison of the associated Newton complexes, together with
torsion control, guarantees that no additional splitting, merging, extension, or residual gluing
obstruction is introduced during specialization.

Consequently the lifted factorizations of Fy, and F;, have the same number of factors, the
same degrees, and the same slope distribution. Therefore the two specialized polynomials admit
compatible lifted factorizations over V[T| with the same number of slope-block factors, the same
block degrees, and the same slope distribution. In particular, under uniqueness hypotheses for
the lifted factorization data, the factorization type is preserved. O

Theorem 6.3 (Invariance under strict unramified base extension). Let V' C W be an unramified
extension of Henselian valuation rings in the following strict filtered sense: the value group is
unchanged, the residue extension is separable, and, for every filtered module occurring below,
the natural maps

FAN @y W — FANN @y W)

are isomorphisms for all relevant filtration levels . Let F' € V[T] be monic. Assume that Mp,
with its Newton filtration, admits a bounded filtered free resolution, and that the graded pieces
occurring in the associated graded Newton complex are W-flat, or equivalently have vanishing
higher Tor -terms after tensoring with W. Then

Onp(F @y W) =2 Dnp(F) @y W.

Proof. Let

be a bounded filtered free resolution of the Newton coefficient module Mpg. Since W is a
V-algebra, tensoring with W gives a bounded filtered complex

C;:@VW—)MF(X)VW

13



Because each term of C}. is filtered free over V, the base-changed complex remains filtered free
over W.

By the strict filtered unramified hypothesis, the value group is not enlarged and the relevant
Newton filtration is preserved after base change. Thus, for every filtration level A, the canonical
comparison map

FAMp @y W — FN(Mp @y W)

is an isomorphism. The same strictness assumption applies to the filtered terms of C. Conse-
quently passage to associated graded objects commutes with this base change:

gr(Cpr ey W) = (grCr) @v W, gr(Mp @y W) = (gr Mp) @y W.

Under these strict compatibility assumptions, the residual initial forms and slope blocks are
transported without introducing new ramification or new graded filtration levels. Therefore no
additional ramification or filtered-extension term appears in the associated graded augmented
complex.

Now consider the graded homology of the base-changed augmented complex:

Hgr(Cp @y W) — gr(Mp @y W)).
Using the preceding compatibility isomorphisms, this becomes
H*((gr C3 — gr Mp) @y W).

By the assumed W-flatness, equivalently the vanishing of the relevant higher Tor" -terms,
homology commutes with extension of scalars:

H*((gr Cy — gr Mp) @y W) = H*(gr Cp — gr Mp) @y W.

By Definition
H'(ng]'; — ngF) = @NP(F).

On the other hand,
H*(gr(Cy @y W) — gr(Mp @y W)) = Dxp(F @v W).
Combining the previous identifications yields
Onp(F @y W) = Dnp(F) @y W,
as required. ]

Proposition 6.4 (Functoriality under filtered morphisms). Let V. — W be a morphism of
valuation rings compatible with the valuation filtrations, and let F € V[T] be monic. Assume
that Mg, with its Newton filtration, admits a bounded filtered free resolution. Assume that the
Newton filtration on M is transported to the Newton filtration on Mpg,w. Then there is a
natural morphism of graded modules

QNP(F) Ry W — QNP(F KRy W)

If, moreover, tensoring with W is exact on the graded pieces occurring in the Newton filtration
and the filtered-quotient comparison maps are isomorphisms for all relevant filtration levels,
then this morphism is an isomorphism.

14



Proof. Let

be a bounded filtered free resolution of the Newton coefficient module. Thus each term C% is
a filtered free V-module and each differential

d?: L — O

preserves the Newton filtration.
Since W is a V-algebra, tensoring degreewise with W produces a bounded complex

Cr v W — Mp @y W.

By hypothesis, the valuation filtration on V is compatible with the valuation filtration on W,
and the Newton filtration on My is transported to the Newton filtration on

Mpgyw.

Consequently the tensor product complex inherits a natural filtered structure: for every filtration
level A,
FMNCE @y W) :=Im(FCL oy W — CL @y W).

Because the differentials on C}. are filtered, the induced differentials on C} ®y W are also
filtered. Hence
Cry W — Mpey W

is a filtered augmented complex resolving the transported Newton coefficient module.
Passing to associated graded objects gives augmented graded complexes

grCp — gr Mp and gr(Cr @y W) — gr(Mp @y W).

Functoriality of tensor product with respect to filtered quotients produces a canonical morphism
of augmented graded complexes

(grCp — gr Mp) @y W — (gr(Cp @y W) — gr(Mp @y W)).

Explicitly, in filtration degree A, the map on the resolution terms is induced from the natural

morphisms
FACY, FMNCOL @y W)

—_— W — L .
F>ACT Sv F>MNCL oy W)

The corresponding map on the augmented coefficient term is induced by
F Mp FNMp @y W)
—_— W — .
g Y FAMp @y W)

Compatibility of the valuation filtrations guarantees that these maps are well-defined and com-
patible with the graded differentials and augmentations. Therefore they assemble into a mor-
phism of augmented graded complexes.

Applying homology yields canonical morphisms

Hi(grCp — gr Mp) @y W — H(gr(Ch @v W) — gr(Mp @y W))
for every degree g. Collecting these morphisms over all degrees gives

H*(grCt. — gr Mp) @y W — H*(gr(Cy @v W) — gr(Mp @y W)).
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Now, by Definition [£.5]
H.(gI‘C}.: — ngF) = @NP(F).

Moreover,

H'(gr(C} KRy W) — gr(MF KRy W)) = QNP(F KRy W),

because the tensor-product complex is a filtered free resolution of the transported Newton
coefficient module over W. Hence we obtain the natural graded morphism

QNP(F) KRy W — QNP(F KRy W)

It remains to prove the final assertion. We now assume not only that tensoring with W
is exact on the graded pieces appearing in the Newton filtration, but also that the canonical
filtered-quotient comparison maps

F
F>ACE

FA(C% ®y W)
F>MNCL oy W)

Ry W —

and
FAMp FNMp @y W)

—_— W —

Fary oY F>2NMp @y W)
are isomorphisms for all relevant ¢ and A. Under this strictness hypothesis, the canonical
morphism of augmented graded complexes

(erCp — grMp) @y W — (gr(C} Qy W) — gr(Mp Qv W))

is an isomorphism of complexes. Since tensoring with W is exact on the graded pieces, homology
commutes with tensor product:

H’((ng’l’; — gr Mp) @y W) = H®(grCp — gr Mp) @y W.
Using again the definition of the derived Newton defect, this gives
Onp(F) @y W 2 Dnp(F @y W).

Therefore the functorial morphism constructed above is an isomorphism under the combined
hypotheses of exactness on the graded Newton pieces and strict compatibility of the filtered
quotients with base change. O

7 Examples

Example 7.1 (Quadratic family over a discrete valuation ring). Let V' be a discrete valuation
ring with uniformizer 7, valuation v, fraction field K, and residue field k = V/(w). Consider
the monic quadratic family

Fy(T) = T* + a(s)T + b(s) € V[s][T].

For a specialization s = sg, the Newton polygon of Fs, is the lower convex hull of the three
points

(0,v(b(s0))),  (Lv(a(so))),  (2,0).
Set
a=wv(a(s0)),  B=wr(b(s0)).
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The middle point (1, ) lies on or below the line segment joining (0, 5) and (2,0) precisely when

p
<t
“=73
Thus three boundary regimes must be distinguished.
First, if
p
a> =,
2

then the middle point lies strictly above the lower convexr hull. The Newton polygon has one
face, namely the segment from (0, ) to (2,0), of slope
_B
5"
In this case both roots, after passage to a suitable valued extension, have the same valuation
B/2. The Newton filtration on the coefficient module
MF,

s

, = Vb(so) ®Va(so) ®V

has one dominant slope contribution. The associated graded Newton complex therefore has only
one slope block, and no slopewise splitting is forced by the polygon alone.
Second, if

a=—,

2
then the middle point lies on the same line segment from (0,3) to (2,0). In this case the
Newton polygon has one face with an interior lattice point, or equivalently one slope occurring
with horizontal length two. It should not be counted as a genuinely two-slope decomposition.
Third, if

<3
¢S 3
then the middle point is a genuine vertex of the lower convex hull. The Newton polygon has two
distinct slope blocks:

0,8) — (1, a), (1,a) — (2,0).

The corresponding slopes are
a—0 and — a.

Equivalently, the predicted root valuations are
8-« and Q.

If these two distinct slope blocks have coprime residual polynomials, then the associated graded
initial form decomposes into two coprime linear slope factors. When V is Henselian, Proposi-
tion lifts this graded decomposition to an actual factorization in V[T.

This example shows concretely how the comparison between

2v(a(s)) and v(b(s))

controls the slope decomposition of the Newton polygon. The equality case is a boundary case: it
gives one face with an interior lattice point, not two distinct slopes. Hence the quadratic family
already exhibits the basic stratification phenomenon: inside one stratum the slope data remain
constant, while crossing the wall

2v(a(s)) = v(b(s))

may change the associated graded Newton complex and therefore the derived Newton defect.
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Example 7.2 (Change of associated graded Newton data when the middle coefficient changes
filtration level). Let V' be a discrete valuation ring with uniformizer m, and consider

Fy(T) = T? + 7sT + 72 € V[s][T).
For a specialization s = sqg, the relevant valuation data are
v(n?) = 2, v(msg) = 1+ v(sp), v(l) =0.
Hence the Newton polygon is determined by
(0,2), (1,14 v(s0)), (2,0).
If so is a unit, then v(sg) = 0, and the middle point is
(1,1).

This point lies exactly on the line joining (0,2) and (2,0). The Newton polygon has a single slope
repeated twice, namely slope —1. Equivalently, the lower hull has one face with the interior lattice
point (1,1); this is not a two-slope decomposition. Thus both roots have predicted valuation 1,
and the associated graded initial form is governed by

T? + 5T + 1

after dividing by the appropriate power of m.
On the other hand, if so € (w), then v(sg) > 0, and the middle point

(1,14 v(sp))

lies strictly above the line from (0,2) to (2,0). The Newton polygon again has the segment from
(0,2) to (2,0), but the middle coefficient no longer contributes to the same associated graded
initial form. In the associated graded coefficient module, the class of the middle coefficient has
moved to a higher filtration level.

This produces a genuine filtered phenomenon. The ordinary degree of the polynomial remains
2 throughout the family, and the endpoint coefficients still determine the same outer segment.
However, the associated graded Newton complex changes because the middle coefficient enters a
different filtration degree. Equivalently, the coefficient module

Mp,, = V@ V(rsg) @V

has different graded pieces according as sg is a unit or is divisible by .

Thus the specialization from a unit value of s to a non-unit value of s can preserve the
superficial shape of the polynomial while changing the filtered coefficient data. The derived
Newton defect is designed precisely to detect this failure of filtered exactness after passing to
associated graded objects. Therefore this family illustrates why Newton polygon data alone are
not sufficient in deformation problems: one must also control the homological behaviour of the
Newton filtration.

Example 7.3 (A fully worked filtered Newton-complex computation). Let V = k[[rn]], with its
m-adic valuation, and let
F(T)=T?+«T + % € V[T

The Newton coefficient module is

Mp = V7T260 @ Vmwer ® Ves.

18



Its Newton levels are 2,1,0, respectively. Consider the following filtered free presentation of the
initial Newton coefficient data:

where
O% = Vg @ Vi, ® Vas, CL=0,
and
e(xg) = 7T260, e(x1) = meq, e(xg) = ea.
Assign Newton levels

f(.To) = 2, é(l‘l) == 1, f(l‘g) =0.

With these levels, € is a strict filtered isomorphism from C% onto M. Hence the augmented
filtered complex is exact after forgetting filtrations and is strict level by level.
Passing to associated graded objects gives

gr C% = kT @ kT1 ® kT, gr Mp = kn2eq @ k7eg © kez.

The associated graded augmentation is

gr(e)(@o) = m2eq,  gr(e)(@) =7er,  gr(e)(T) =3

Therefore gr(e) is an isomorphism. Since C’I:Eﬂ = 0, the associated graded augmented complex is

0— grC% glr—(e)>ngF — 0,

and this complex is exact. Consequently
Onp(F;Cr) = Ho(gr Cp — gr Mp) = 0.

This is the simplest admissible case: the Newton filtration is perfectly compatible with the
chosen filtered free resolution, and no hidden associated graded homology appears. Thus the
derived Newton defect vanishes by a direct computation, not merely by an abstract appeal to the
definition.

Corollary 7.4 (Persistence of slope-block factorization type along a Newton stratum). Let V'
be a Henselian valuation ring and let F(T) € VI[S]|[T] be a monic polynomial family. Restrict
to V-valued specializations o : V[S| — V, so that F,(T) € V[T]. Suppose that these V -valued
specializations are parametrized by a Newton polygon stratum. Suppose that:

(i) the slope decomposition remains constant along the stratum;

(ii) the residual factor polynomials attached to the distinct slope blocks remain pairwise co-
prime;

(11i) admissible filtered Newton complezes in the sense of Deﬁm’tion are fized along the stra-
tum, or are identified by strict filtered quasi-isomorphisms, and the corresponding relative
derived Newton defect is constant along the stratum;

(iv) the relevant Newton coefficient modules satisfy the torsion-control hypotheses of Theo-

rem [6.2.

(v) the relevant Newton coefficient modules admit bounded filtered free resolutions and satisfy
the torsion-control hypotheses of Theorem [6.3.

Then the lifted slope-block factorization type is constant along the stratum: the number of slope-
block factors and their degrees remain unchanged.
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Proof. Let sg and s be two specializations in the given Newton polygon stratum. By assumptions
(i)—(iv), the hypotheses of Theorem apply to the pair F,(T') and F(T'). Hence the two
specialized polynomials admit compatible lifted factorizations over V[T] with the same slope-
block degree data. Therefore the slope-block factorization type is constant along the stratum.
This conclusion is deliberately weaker than irreducibility persistence. Irreducibility does not
follow merely from constancy of slope data, residual coprimality, and vanishing or constancy of
the derived Newton defect unless one adds a separate hypothesis excluding any nontrivial lifted
slope-block factorization. O

8 Counterexample(s)

Example 8.1 (Necessity of the coprimality hypothesis). Let k be a field of characteristic dif-
ferent from 2, let
V = k[[r]]

with its m-adic valuation, and consider the one-parameter family
F.(T) = (T —n)* +m3c=T? — 2¢T 4 7*(1 + 7wc) € V[(][T].
For every specialization ¢ = cy € V, the relevant Newton points are
(0, v(7%(1 + 7ep))), (1, v(—2m)), (2,0).
Since 2 € V* and 1 + meg € V™, these are
(0,2), (1,1), (2,0).

Thus the Newton polygon is constant throughout the family: it is the single line segment of slope
—1.
The associated slope-one residual polynomial is obtained by writing T = 7Y and dividing by
2
e

1 2F.(rY) = (Y — 1) + 7e.

Modulo w, this gives
R(Y) = (Y —1)%

The residual factorization is therefore not coprime: the two residual linear factors coincide.
Now compare two specializations. For ¢ =0, one has

Fo(T) = (T — 7)?,

so the polynomial is reducible, indeed a square of a linear factor. For ¢ = ¢g € V>, the
discriminant is
A = (=27)? = 4m*(1 + mep) = —4mco.

Since v(Ac) = 3 is odd, A is not a square in the fraction field of V. Hence Fr,(T) is irreducible
over V[T].

Thus the Newton polygon remains constant, and the slope is unchanged, but the factorization
type changes from a repeated linear factor to an irreducible quadratic. The failure is exactly the
failure of residual coprimality: Hensel lifting cannot separate two residual factors which have

already coalesced in the associated graded residue algebra. Therefore the coprimality condition
in [Theorem 6.3 is essential and cannot be omitted.
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Example 8.2 (A cubic polynomial with separated Newton slopes). Let V' be a discrete valuation
ring with uniformizer m, residue field k of characteristic different from 2, and valuation v(m) = 1.
Consider

F(T) =T+ 7T + n° € V[T).

The nonzero coefficient points are
(0,5), (1,2), (3,0).
The lower convex hull has two segments:
(0,5) — (1,2), (1,2) — (3,0).
Their slopes are respectively
-3, —1.

Thus the Newton polygon predicts one root of valuation 3 and two roots of valuation 1, after
passage to a suitable valued extension.
The first slope block has horizontal length 1. To compute its initial form, set T = m3Y and
divide by 7. One obtains
T OF(EY) =Y + 1+ 71Y3.

Modulo w, the residual polynomial of the slope —3 block is
Ri(Y)=Y +1.

For the second slope block, set T = Y and divide by the valuation level ™ corresponding
to the segment from (1,2) to (3,0). Then

T 3F(nY) =Y3 +Y 4 72
Modulo w, this gives
Y34+Y =Y(Y%+1).

For the segment from (1,2) to (3,0), the residual polynomial is defined by retaining the terms
whose coefficient points lie on this segment and then normalizing by the left endpoint (1,2).
Equivalently, after normalization by the left endpoint (1,2), the face polynomial associated to
the segment is

YV34Y =Y(Y?2+1),

and the endpoint factor'Y records the left endpoint of the face rather than an additional residual
factor. Hence the residual polynomial attached to the length-two slope block is

Ro(Y)=Y?+1.
If Ry and Ry are coprime in k[Y], equivalently if
R2(_1) =2 7& 07

then the residual slope factors are pairwise coprime. This is why the assumption chark # 2 is
convenient here.
Under this coprimality condition, [Proposition 5.4 gives a factorization

where
degG; =1, deg Gy = 2.
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The Newton polygon of G is supported on the slope —3 block, while the Newton polygon of Go
1s supported on the slope —1 block. In particular, the factor G1 carries the root valuation 3, and
G carries the two root valuations equal to 1.

At the level of the Newton coefficient module,

Mp=Vr®aVrlaV,

the two slope blocks define two associated graded pieces: one generated by the endpoint data
on (0,5) — (1,2), and one generated by the data on (1,2) — (3,0). The residual coprimality
condition makes these two pieces independent in the assoctated graded category. Thus the as-
sociated graded Newton complex splits into slopewise complexes, and the derived Newton defect

decomposes as
Onp(F) = Dnp.a, (F) © Dnpe,a, (F).

This example therefore illustrates the precise mechanism behind the slope separation criterion:
separated slopes identify the possible valuation ranges, while residual coprimality is what converts
this separation into an actual factorization over V[T).

Example 8.3 (Failure without Henselianity). Let k be a field of characteristic different from
2, and let

with its t-adic valuation. Then V is a discrete valuation ring, but it is not Henselian. Consider
f(T)=T? - (1+1t) € V[T).

The coefficient points are
O,v(1+1), (20

Since 1 +t € V>, one has v(1 +t) = 0. Hence the Newton polygon is the single horizontal
segment from (0,0) to (2,0). Thus both roots, if they exist, are predicted to have valuation 0.
Modulo t, the polynomial becomes

M) =T*-1=(T-1)(T+1) €k[T].

Because char k # 2, the two residual factors T —1 and T+ 1 are coprime. Therefore the residual
factorization is exactly of the type that Hensel’s lemma would lift over a Henselian valuation
Ting.
However, no such lift exists in V[T|. Indeed, a factorization into two monic linear factors
would have the form
T? — (1+1t) = (T —u)(T +u)

for some u € V, and hence would require
uw? =1+t

Equivalently, 1+t would have to be a square in the fraction field k(t). But 1+t is not a square
in k(t): its divisor has a simple zero at t = —1, hence contains a valuation of odd order. A
rational square has even order at every discrete valuation. Therefore

VIt k),

and so f(T) is irreducible over V[T.

This example shows that stable Newton polygon data and coprime residual factorization do
not by themselves imply factorization stability. The missing ingredient is precisely Henselian-
ity. In the Henselianization of V', the two simple residual roots 1 and —1 lift uniquely; in the
non-Henselian ring k[t]), the residual roots exist but the actual lifted roots do not. Hence the
Henselian hypothesis in|Lemma 5.1|, |Proposition 5.4}, and|Theorem 6.4 is structurally indispens-
able.
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Example 8.4 (A filtered model pathology when torsion control fails). Let V' = k[[n]]. The
following is a filtered model illustrating the kind of pathology excluded by the torsion-control
hypothesis. It is not asserted here to arise from a displayed polynomial family. Consider a
filtered subquotient of the form

Qs =VaxdVy/(ry — sz),

with filtration levels chosen so that x and y contribute to two fired Newton slope blocks. For
s € VX, the relation Ty = sx identifies the two generators only after a shift in valuation.
For s = 0, the relation becomes my = 0, so the associated graded coefficient module acquires
m-torsion.

The Newton polygon can remain unchanged because the valuations of the visible coefficients
defining the lower convex hull are unchanged. The residual slope factors may also remain co-
prime, since their initial forms still lie in distinct slope components. Nevertheless, the associated
graded coefficient module is no longer flat in the Newton filtration: a torsion class appears in
one graded piece and produces an additional homology class in the associated graded Newton
complex.

Thus the polygonal and residual data alone do not detect the failure. The obstruction appears
only after passing to the filtered resolution and then to the associated graded complex. This is
exactly the phenomenon excluded by the torsion-control hypothesis in[Theorem 6.9 Hence that
hypothesis is not merely technical; it prevents hidden valuation collapse inside the graded Newton
pieces.

9 Comparison with Classical Newton Polygon Theory

Classical Newton polygon methods control possible valuations of roots and often imply factor-
ization after Henselian lifting. The present construction adds a homological layer: it records
whether the filtration induced by the Newton polygon behaves exactly under deformation. Thus
the derived Newton defect is not a replacement for Newton polygon theory, but a refinement
designed to detect factorization instability in families.

10 Conclusion

We introduced derived Newton polygon stratifications over valuation rings and proved a factor-
ization stability theorem under Henselian, residual coprimality, and torsion-control hypotheses.
The central point is that the derived Newton defect is not merely an auxiliary homology group:
by [Proposition 4.6] it is the obstruction to exactness compatible with the Newton filtration after
passing from filtered coefficient data to associated graded Newton data.

Relative to classical Newton polygon theory, the construction preserves the valuation-theoretic
core of the subject. Slopes, residual polynomials, and Henselian lifting still provide the factor-
ization mechanism. The new ingredient is the filtered homological layer, which detects whether
these Newton data remain exact in deformation families. This is why the framework is natu-
rally compatible with classical work on valuation prolongations, lifting, and factorization over
Henselian rings.

From the deformation-theoretic viewpoint, the derived Newton defect measures hidden ex-
tension and torsion phenomena that may remain invisible to the polygon alone. The examples
above show that residual coprimality, Henselianity, and torsion control each remove a distinct
obstruction to factorization stability.

Several directions remain open. One may study ramified extensions of valuation rings,
higher-rank valuations, finer defect filtrations, connections with Berkovich or non-archimedean
geometry, and algorithmic factorization criteria based on computable associated graded Newton
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complexes. These directions remain within commutative algebra and valuation theory and do
not require spectral or higher-categorical machinery.
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