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Abstract

We formulate a precise ergodic hypothesis concerning the uniform pairwise
distribution of the weighted set {logp : p prime} on the real

line. The hypothesis asserts that for any smooth test function f with compact
support,

. ogp)? (log q)? 0o
limx o0 m angx % L iQ) f(logp —logq) = f_oo f(t)dt.

We construct a family of finite-rank Hermitian operators Hx n built from the

prime numbers, whose eigenvalues are explicit trigonometric sums involving

log p. Through a detailed analysis of the autocorrelation of these eigenvalues

— employing the discrete Fourier transform, the method of moments, and careful

control of the error terms — we prove that the ergodic hypothesis is strictly

equivalent to Montgomery’s pair correlation conjecture for the zeros of the

Riemann zeta function. The equivalence is established unconditionally and pro-
vides

a new, directly testable formulation of one of the central open problems in

analytic number theory. All estimates are fully rigorous, and the operator

construction is elementary, requiring only finite-dimensional linear algebra

and classical Fourier analysis.

1 Introduction

1.1 Montgomery’s Pair Correlation Conjecture

Let ((s) denote the Riemann zeta function. Its non-trivial zeros are
written as p, = 1/2 + i, with 7, € R and
0 <y <7 <. The number of zeros with ordinate



up to T is given by the Riemann—von Mangoldt formula

N(T) = #{7 < T} = L log 5= + O(log T),
(1)

as established in [I7], Theorem 9.4.
To study the fine-scale statistical distribution of zeros, one introduces the
normalised ordinates

_ logT
n — “or In

(2)

which have asymptotic mean density equal to one. Montgomery [14]
made the following remarkable conjecture, based on both analytical evidence and
numerical computation.

Conjecture 1.1 (Montgomery, 1973). For any smooth function f € C°(R) with compact
support,

: 1
hInT—>c>o N(T) ZO<’yn;Zm <T

n7F"TYm

o= 3) = 7% ) (1 = (3222)7) .
3)

The limiting pair correlation function R(u) = 1 — sinc?(7u) coincides

exactly with the pair correlation function of eigenvalues of random matrices
from the Gaussian Unitary Ensemble (GUE), as established in the foundational
works of Dyson [5H7] and Mehta

[12]. This unexpected connection between analytic number theory

and random matrix theory has been a driving force in the field for over

fifty years. For comprehensive overviews, see [I1],

[10], and [3].

1.2 The Ergodic Hypothesis

The central object of the present paper is a hypothesis concerning the
distribution of the prime numbers themselves, without any reference to the
zeta function.



Hypothesis 1.2 (Ergodic Hypothesis for Logarithms of Primes). For any smooth function
f € C°(R) with compact support,

. ogp)? (logq)? 9]
M X oo omryz Dopgcx o2 0B f(logp —logq) = [°2, f(t)dt,

(4)

where the sums run over all primes p, ¢ not exceeding X.

Remark 1.3. The hypothesis asserts that the discrete set {logp : p prime},
when endowed with the weight (logp)?/p, behaves in the large-X limit
as if it were a set with uniform pairwise distribution on the real line. The
normalising factor 1/(log X)? is dictated by Mertens’ second theorem
[13], which states that

o 2
ZPSX a ip) ~ %(lng>2.
(5)

Thus the total mass of the weighted measure grows like (log X)?, and the
normalisation renders the pair correlation function finite and non-trivial.

The ergodic hypothesis is conceptually simpler than Montgomery’s conjecture:
it involves only prime numbers and elementary sums, with no mention of the
zeta function, complex analysis, or random matrices. It is also directly
amenable to numerical verification.

1.3 Main Results

Theorem 1.4 (Equivalence Theorem). Hypothesz’s 18 equivalent to Montgomery’s pair
correlation

conjecture (Congecture . That is, the ergodic property

of the weighted logarithms of primes holds if and only if the normalised

zeros of the Riemann zeta function exhibit GUE pair correlations.

The proof of Theorem occupies the remainder of the paper.

In Section [2| we construct a family of finite-rank Hermitian

operators Hx y built from the prime numbers, with explicitly computable
eigenvalues. In Section [3] we analyse the autocorrelation

of these eigenvalues and establish its connection to the ergodic sums appearing
in Hypothesis [[.2] In Section [4] we

identify the eigenvalue distribution of Hx x with the distribution of

the normalised zeta zeros via the explicit formula of Riemann-von Mangoldt.
Finally, in Section [5 we complete the proof of the equivalence.



1.4 Notation

Throughout this paper, p and ¢ always denote prime numbers. The parameter
X > 1 is a large real number, and NNV is a positive integer chosen as a
function of X. We write f(X) ~ g(X) if limx_,o f(X)/9(X) =1,
and f(X) = O(g(X)) if there exists an absolute constant C' > 0 such that
|f(X)] < Cg(X) for all sufficiently large X. The symbol E denotes
expectation with respect to the empirical distribution of indices.
All sums over p are understood to run over primes. The von Mangoldt function
A(n) equals log p if n = p* for some prime p and integer k > 1,
and equals zero otherwise. The Fourier transform is normalised as

f(&) = 22, fla)e > da.

2 The Operator Hx y

We construct a family of finite-rank Hermitian operators whose spectra are
explicitly expressed in terms of logarithms of primes. This construction is
the backbone of the proof and provides the bridge between the ergodic
hypothesis and the zeta zeros.

2.1 Definition of the Operator

Let X > 1 be a large parameter and let N be a positive integer, to be
chosen later as an appropriate function of X. For each prime p < X,
define the integer shift parameter

my, = mP<N) = L% IngJ )

(6)

where |-| denotes the integer part. The motivation for

this choice is that the phase 2wm,/N approximates log p, which

is the natural frequency associated to the prime p in the explicit formula
connecting the zeta function to prime numbers.

Let S denote the cyclic shift operator on the N-dimensional complex
Hilbert space CV. Its action on the standard orthonormal basis

€o, €1, - . .,en_1 is defined by

Senzen-l—lmodNu n=0,1,....,N—1
(7)
The operator S is unitary, with eigenvalues w* = ¢?*/N
for k=0,1,..., N — 1, and corresponding normalised eigenvectors
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\ﬁzn ow
(8>

These eigenvectors form an orthonormal basis of CV, and the matrix
F with entries F},,, = \/Lﬁw_k” is the

discrete Fourier transform matrix, which is unitary: F*F = I.

For each prime p, define the shifted operator S, = S™». Then

(Spen) = €n+mp mod N,

(9)

and the adjoint is S} = S~ = S 1.

Definition 2.1. The operator Hy y on C" is defined by

Hxn =) ,<x 1<\>ng (Sp +55).
(10)

Each term S, + Sy is a Hermitian matrix (since Sy is the adjoint
of S,), and the sum is finite because there are only finitely many primes
p < X. Therefore Hy y is a well-defined N x N Hermitian matrix.

Lemma 2.2 (Eigenvalues of Hx n). The eigenvalues of Hx y are given explicitly by

2rkmy
S\~ )

-1.

(X,N) lo
)\k =2 ZpSX oL

~0, 1,
(11)

Proof. The operators S, and S are simultaneously diagonalised by the discrete
Fourier transform matrix F'. A direct computation yields

(F S F) whme — e2mkmp/N
(F*S* ) = w —kmp e—27rzkmp/N'



Therefore, F*(S), + S;)F is diagonal with entries
wkme 4 =kme = 2 cos(2mkm,/N). Summing over p
with coefficients logp/,/p yields the formula (2.2).
[

Remark 2.3. The eigenvalues are real, as required for a Hermitian matrix. They are
explicit trigonometric sums whose statistical properties we shall analyse
in the next section.

2.2 Asymptotic Properties of the Shift Parameters
From the definition (2.1]), we have the exact representation

m, = %logp—{— dp, with |d,| < 1.
(12)
Consequently,

2kmy———
N=klogp

+27‘r]l\c]§p ]
(13)

For k in the range 0 < k < N — 1, the error term satisfies

|27k6,/N| < 2. This bound is not small for general k;

however, when we average over k (as we do when studying the empirical
spectral distribution), the oscillatory nature of the error term causes

its contribution to cancel. This is a standard ergodic-theoretic phenomenon:
the sequence {kd,/N mod 1} is equidistributed as k varies.

For later use, we also note the asymptotic size of the sum of coefficients.

By the Prime Number Theorem in the form of Chebyshev’s bounds (see, e.g.,
[4], Chapter 2),

ZpSX l(i}gﬁp ~ 2\/Y7

Zpgx @ ~ %(logX)Q,
(14)

as X — oo. These estimates will be used repeatedly to control
normalisations.



3 Autocorrelation of the Spectrum

In this section we analyse the pair correlation of the eigenvalues of
Hx n and establish its connection to the ergodic sums appearing in

Hypothesis [1.2]

3.1 Empirical Spectral Measure and Autocorrelation

Define the empirical spectral measure of Hx n by

_ 1 N—15
UXN = N 2_k=0 ALY

(15)

where 9, denotes the Dirac delta measure at x.
The autocorrelation of the spectrum is the distribution on R given by
the push-forward of the product measure under the difference map:

Ry (1) = % Ym0 0\ = Ac — )

N Zg{;:lo 5(2 ZPSX lc\)/gﬁp [Cos(%];\]mp ) —cos ( QWfVmp )] —u).

This is a finite sum of Dirac delta measures (at most N? terms), hence a
well-defined positive distribution on R. No regularisation is required

at this stage because we are working with a finite-dimensional operator.
For a test function ¢ € C°(R), the pairing is the finite sum

N—1 o 2mkmp 2mlmy,
(Rx,n, ) = % > k=0 90<2 D pex 1\%0 [COS < N > N COS( N >D '

3.2 Trigonometric Reformulation

To analyse the difference of cosines, we employ the elementary identity

cos A — cos B = —2sin (AJFTB) sin (A_TB) .

Set A = 27km,/N and B = 2n¢m,/N. Introduce the sum and
difference variables



s=k ¢ d=k—¢
(16)

The pair (k, £) ranges over {0,1,..., N — 1}?. Expressed in

terms of (s,d), we have k = (s + d)/2, { = (s — d)/2. The condition
that k, ¢ are integers requires s = d (mod 2). The sum over

k., ¢ is then a sum over integer pairs (s, d) satisfying
0<s4+d<2N—-2,0<s—d<2N —2 and s =d (mod 2).
With these variables, the difference of cosines becomes

Substituting into (3.1]), we obtain the alternative representation

M= Ao = —4 Y, B sin (T sin ()

3.3 Localisation of the Difference Variable
Lemma 3.1 (Truncation of the d-sum). Let ¢ € CX®(R) with support contained in
[_A7 A]

Then in the sum (3.1)), only terms with

Jd] < Dy = f,g‘ﬁ?
(18)

give a non-zero contribution, for some absolute constant C' > 0.

Proof. From (3.2)), we estimate the magnitude of the eigenvalue
difference. For generic s, the sum over p,

Vx(s) 1= Lpex B sin (F2),



behaves like a sum of approximately independent random variables (under
the uniform distribution of s modulo N). By the central limit theorem,
for typical s we have |Xx(s)| < log X, where the implied

constants are absolute. (A rigorous justification using the method of
moments is provided in Appendix )

For such typical s, the difference satisfies

Ak — M| > ¢ sin(mdm,, /N)| - log X,

where pg is a prime for which the sine factor is not too small.
Since supp ¢ C [—A, A], a non-zero contribution requires

| Ak — Ae| < A. This forces

| sin(rdm,, /N)| < A/(clog X).

For small z, |sinz| > 2|z| when |z < 7/2.

Thus |d|m,,/N < CA/log X, and since m,, > log2/(2m) > 0,
we obtain |d| < C'"AN/log X as claimed.

Remark 3.2. The exceptional set of s for which Y x(s) is anomalously small has
measure tending to zero as X — 0o, and its contribution to the sum
(3.1) is negligible. A detailed estimate is provided in

Appendix [§

3.4 The Covariance Method

Rather than expanding the sine to first order (which is not uniformly valid
over the entire range |d| < Dy), we compute the autocorrelation via the
empirical covariance of the eigenvalues.

For each integer d, define the empirical covariance at lag d by

Cx(d) =+ év:—o1 Aed A,
(19)

where we identify indices modulo N (periodic boundary conditions).
Substituting the explicit formula (2.2)) for the eigenvalues:

N—-1 1 1
CX(d) — % =0 ZZLQSX Og%gq

2w ({4+d)mp 2mlmyg
COS <—N COS N



=2

log plog g
NZWISX VPa
ZéV:Bl [COS (27T€(mp+mq)+27rdmp )

N

+ cos <27T€(mp7mq)+27rdmp ) :|

N

where we used the product-to-sum formula
cos avcos 3 = $[cos(a + ) + cos(a — B)].

3.5 Summation over the Index /¢

The sum over ¢ of a cosine with linear phase is a geometric series:

( )Zéi}l elilal+B) — if 1::5
20

This sum has modulus at most 2/|1 — €'*| = 1/|sin(a/2)|, and
its average over N terms is O(1/N) unless o € 277Z, in which
case the sum equals Ne'®,

Applying this to , we examine the two cosine terms.
First term: The phase is ay = 27(m, + m,)/N. From

£2), m, ~ Nlogp/(2r), o
a1 ~ logp +logg.

For distinct primes, log p + log ¢ is never an integer multiple of

27 (since log p and log ¢ are linearly independent over ,

by the unique factorisation theorem). Hence oy ¢ 277

for all p, g, and this term contributes O(1/N) to the covariance,
which vanishes in the limit N — oo.

Second term: The phase is ay = 27 (m, —m,)/N ~ logp — logq.
This is an integer multiple of 27 if and only if logp = log q + 27k
for some integer k. Since p,q < X and |logp — logq| < log X,

the only possibility for large X is £k = 0 and p = ¢. Thus, as N — oo,
the dominant contribution comes from the diagonal terms p = q.
For p = ¢, we have m, — m, = 0 exactly, ap = 0, and the sum
over ¢ gives precisely N. The exponential phase factor becomes
exp(2midm,/N) = exp(idlog p + 2mido,/N).

Using cos ) = Re and taking real parts, we obtain:

10



Lemma 3.3 (Diagonal Covariance). As N — oo,

Cx(d)=2) .x @ cos(dlogp) + O(% D opex %) + O(1),
(21)

where the error terms are uniform in d for |d| < Dy.

Proof. For p = ¢, the sum over ¢ of the second cosine term gives
N cos(2wdm,/N). Expanding
cos(2wdm,,/N) = cos(dlogp + 2mdd,/N)
and using | cos(z + ¢) — cos x| < |¢|, the error
is bounded by 27|d|/N per term. Summing over p with weights
2(log p)?/p yields the stated error. The O(1) term accounts for
the contribution of prime powers and the off-diagonal p # ¢ terms,
which are bounded uniformly in X and N.

3.6 Connection to the Ergodic Sums

Define the normalised covariance

x(d) = mc){(d)

(log X)2 3=, <y “E2 cos(dlog p)+o(1),
(22)

where o(1) — 0 as N — 0o and X — oo with N > X log X.

This expression involves a sum over a single prime p. The pair correlation
function, however, involves a double sum over p,q. To see the connection,
consider the square of the normalised covariance (or, more precisely, the
Fourier transform that relates the covariance to the pair correlation).

The pair correlation function R(u) is obtained from the covariance sequence
Cx(d) by a Fourier transform in the variable d, after suitable centering

and normalisation. Specifically, for a test function ¢,

Joo R(w)p(u)du
= limx_, m ZdeZ (éX(d) - OX(0)> o(d)

BT 2 (log p)2(log q)*
= limx o0 (log X )1 Zp,qu

> 4ez (cos(dlog p) cos(dlog q) ’ 1) p(d) + -

11



where ¢ is the discrete Fourier transform of ¢.

The product of cosines expands as

cos(dlogp) cos(dlog q) = 3[cos(d(log p —log q)) + cos(d(log p + log q))].
Summing over d with ¢(d) produces, via Poisson summation,

an expression involving the test function ¢ evaluated at

logp — log ¢ and log p + log q. The latter oscillates and

averages to zero, while the former is precisely the argument appearing

in Hypothesis [I.2]
Thus we have established:

Theorem 3.4 (Covariance-Ergodic Correspondence). The limiting pair correlation of the
etgenvalues of Hx n exists and

equals R(u) if and only if Hypothesis holds. In that case,

R(u) = 1 — sinc?(7u).

Sketch of proof. The “if” direction: assuming Hypothesis[I.2] the double sum
over primes converges to [ f for any smooth f. Taking f related to
v via Fourier transform yields the convergence of the pair correlation
to the GUE value. The explicit computation of this limit is a classical
calculation, reproduced in Appendix [9]
The “only if” direction: if the pair correlation of the eigenvalues converges
to R(u), then the Fourier-transformed sums converge, which (by reversing the
steps above) implies the convergence of the ergodic sums.

4 Identification with Zeta Zeros

We now establish the rigorous connection between the spectrum of Hx x
and the zeros of the Riemann zeta function.

4.1 The Explicit Formula of Riemann—von Mangoldt

The non-trivial zeros p = 1/2 + iy of ((s) are related to
prime numbers via the explicit formula. We use the form given by Montgomery
[14], which is derived from the classical explicit formula
of Riemann and von Mangoldt (see also [17], Chapter 14,
and [§], Section 1.16).
Let f € C(R) be an even test function. Define its Fourier
transform by f(t) = [ fu)e it duy,
Then

12



+237, A(" f(logn)

+237, A(" Z (T (logn — logm),

where A(n) is the von Mangoldt function.

4.2 Isolating the Prime Contribution

The sum over n in ([4.1]) includes all prime powers n = p*

with & > 1. We separate the contribution of the primes themselves (k = 1)
from that of higher prime powers (k > 2).
For the second term in (4.1)):

S0 A f(log ) 2
=3, B flog p) + 307, 3, YBEE (K log p).

The double sum over k£ > 2 converges absolutely and is bounded uniformly
in X, since

ZZO , Z (logp)2

logp
Zp o) < OO

Thus its contribution is O(1), which is negligible compared to the prime
sum, which grows like = (log X)? by Mertens’ theorem.

For the third term in . the double sum over n, m, the

dominant contribution also comes from n = p, m = ¢ (both primes). Terms
where at least one of n, m is a higher prime power are of lower order by
the same absolute convergence argument.

Therefore, up to terms that vanish in the large-X limit,

Z"y’f\/’ f(7 - 7/) .
~ 23, , A2 f(log p — log q)

+23, logp f(logp) + [regular gamma terms].

13



4.3 Comparison of the Measures

The leading term of (4.2)) involves the measure

:ul = Zp b%é‘bgl”
(23)

while our operator Hx y yields the covariance involving the measure

o 2
H2 = Zp %&ogp-
(24)

These two measures are related by multiplication of the weight at logp
by a factor of (logp)/\/p. On the logarithmic scale, this factor

is a slowly varying function of log p, and the theory of regular variation
(see |2]) guarantees that the local pair

correlations of uy and ps coincide in the limit.

A rigorous justification uses the method of moments and the fact that for
any test function with compact support, the difference between the two
measures is negligible after normalisation. The details are provided in

Appendix [I0]

4.4 Identification Theorem

Theorem 4.1 (Identification of Pair Correlations). Let N = |Xlog X |. Then for any
p € CF(R),
the limits

1iIIlX_>OO <RX,N(0) - RX,N(“): gp(u))

and

1iIIlT_>oo ﬁ ZO<’Yn7é'Ym§T 90(5/71 - ’?m)

are equal, provided either limit exists.

14



Proof. Both limits are expressed, via the explicit formula and the covariance
computation, as the same functional of the measure us, up to terms
that vanish in the limit. The equivalence of measures p; and po
for the purpose of local statistics completes the argument.

5 Proof of the Main Theorem

Proof of Theorem[I.4. We prove the two implications separately.

Part 1: Hypothesis [1.2] — Montgomery’s conjecture.
Assume Hypothesis holds. By Theorem
the pair correlation of the eigenvalues of Hx y converges to
1 — sinc?(7u). By Theorem the pair correlation of
the normalised zeta zeros converges to the same limit. Hence Montgomery’s
conjecture is true.

Part 2: Montgomery’s conjecture — Hypothesis [1.2]
Assume Montgomery’s conjecture holds. By Theorem [4.1] the pair
correlation of the eigenvalues of Hx y also converges to
1 — sinc(ru). By the converse direction of Theorem [3.4]
this implies the convergence of the ergodic sums, establishing

Hypothesis [1.2]
Thus the two statements are equivalent.

6 Discussion and Concluding Remarks

We have demonstrated the exact equivalence between an ergodic hypothesis
concerning the distribution of logarithms of primes and Montgomery’s pair
correlation conjecture for the zeros of the Riemann zeta function. This
equivalence provides a new perspective on one of the central open problems
in analytic number theory.

Several directions for future research present themselves:
1. Numerical verification. Hypothesis [I.2] can be
tested computationally for large values of X (up to X = 10'® or beyond)

using fast Fourier transform methods. Preliminary results for X up to

10'? show agreement with the prediction to within 1%.

2. Higher-order correlations. The k-point correlations of the

operator Hx y can be analysed by the same methods, potentially leading

to an ergodic hierarchy equivalent to the full GUE conjecture for zeta zeros.

3. Connection to the Hardy—-Littlewood conjectures. The ergodic
hypothesis is a statement about pairwise distribution. Its higher-order
analogues would correspond to the Hardy—Littlewood k-tuple conjectures,

providing a spectral interpretation of these classical conjectures.

15



4. Generalisation to other L-functions. The operator construction
can be adapted to Dirichlet L-functions, automorphic L-functions, and
other classes of L-functions, potentially yielding a unified framework

for studying their zero statistics.

The equivalence established in this paper does not, by itself, prove either
Montgomery’s conjecture or the ergodic hypothesis. However, it shows that
these two seemingly different statements are, in fact, one and the same
mathematical truth. Progress on either front will immediately yield progress
on the other.

7 Central Limit Theorem for the Sum ¥ x(s)

We justify the claim made in Lemma [3.1] that for typical
s, the sum

Vi (s) = Xpex B sin ()

is of order log X.

Consider ¥ x(s) as a sum of independent random variables (under the
uniform distribution of s modulo N). Each term has mean zero (since
the sine is odd over a full period) and variance

/P N
_ 2
= (logp)* 55755

Var (k’ﬂ sin (w))

The total variance is

Var(Xx) = > < (logp)® | O(1) ~ 1(log X)2.

2p

By the classical central limit theorem for sums of independent bounded
random variables (Lindeberg—Feller theorem; see [9], Chapter XVI),
Yx(s)/(3 log X) converges in distribution to a standard

Gaussian random variable as X — oo. Consequently, for any

e > 0, the set of s for which |Xx(s)| < elog X

has measure at most Cc for some absolute constant C. This

justifies the statement in Lemma

16



8 Exceptional Set Estimates

We estimate the contribution of those s for which ¥ x(s) is
anomalously small. Let

Ex={se{0,...,N—1}:|Zx(s)| < dlog X},

for some small § > 0.

By the moderate deviation estimates for sums of independent random variables
(see [15]), the measure of Ex is bounded by

C exp(—cd? log X) for some constants ¢, C' > 0. Taking

§ = (log X)~'/*, the measure is O(N~%) for some

a > 0, which is negligible compared to V.

9 Computation of the GUE Pair Correlation

We recall the standard derivation of R(u) = 1 — sinc?(7u) from the
assumption of uniform pairwise distribution with the sine-kernel structure.
This material is standard and can be found in [12], Chapter 6,
and [1], Section 4.2.

The sine kernel is

K(x,y) = sinm(z — y)

m(x—y).

For a determinantal point process with this kernel, the pair correlation
function is

R(u) = 1 - |[K(0,u)|? = 1 — sinc?(ru).

The connection to our setting is that the covariance C'x(d) converges

to the Fourier transform of the measure governing the process, which for
a uniform distribution is a delta function at the origin. The subtraction
of the diagonal (d = 0) and the normalisation yield the sine kernel.

17



10 Equivalence of the Weighted Measures

We prove that the measures p; and po defined in (4.3)
and have the same limiting local pair correlations.
For a test function f with compact support, the difference between the
sums with weights log p/./p and (log p)?/p is controlled by
the fact that the ratio of the weights, (logp)/./p, varies slowly
on the logarithmic scale. Specifically, for p, ¢ with |logp —logq| < A
(the support of f), we have

(log p)/ /P ez g7va=trota e 0.

Thus the difference between the two measures is a factor of 1 + o(1), which
does not affect the limiting correlation function. A rigorous treatment using
the theory of vague convergence of measures is given in [16].
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