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Abstract

This work constructs a new formalism for the 3D Navier-Stokes equations based
on polycentric geometry and types of duality. It is shown that:

• the velocity field is a harmonic network of intertwined spheres,

• pressure is the universal proportion of a point within the system,

• viscosity is an inversion symmetry,

• the nonlinear term is a polycentric code,

• the existence and smoothness of solutions are reduced to the theorem on
unique encoding.

An exact duality is established between:

• the physical space R3 with a metric,

• the space of states S (a system of spheres),

• the space of solutions R (types of duality).

The result is that the condition for global solvability of the 3D Navier-Stokes
equations is formulated as a criterion for the completeness of a polycentric
system.

1 GEOMETRICAL MODEL OF THE FLOW

1.1 Space as a Polycentric System

Definition 1.1 (Polycentric Space). Let S = {S1, . . . , Sm} be a polycentric system in R3

(definition from the work "Sphere"). Each sphere Si has a center Oi and a radius Ri.

Remark 1.1 (Physical Interpretation). • Oi is a computational node,

• Ri is the radius of influence of the node,

• Si is the region where the node dominates,

• I =
⋂
int(Si) is the interaction region.

All definitions from the work "Sphere" are transferred without changes.
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1.2 Velocity Field as a Harmonic Network

Definition 1.2 (Velocity Field). For any point P ∈ I and each sphere Si, we define

λi(P ) =
|OiP |
Ri

∈ (0, 1),

the universal proportion. The velocity vector at point P is

u(P ) =
m∑
i=1

αi(P ) ·
−−→
OiP

|OiP |
· λi(P ),

where αi(P ) are weight coefficients determined by the harmonic structure of the network.

Alternatively,
u(P ) = ∇Φ(P ),

where Φ is a potential constructed as a harmonic function on the polycentric system.

Remark 1.2. • λi(P ) ∈ (0, 1) ensures boundedness of the velocity,

• the direction
−−→
OiP/|OiP | is radial flow from/towards the node,

• the sum over all spheres gives a superposition of fields.

1.3 Pressure as the Universal Proportion

Definition 1.3 (Pressure). The pressure p(P ) at a point P is defined as

p(P ) =
1

m

m∑
i=1

1− λi(P )

λi(P )
· ρi,

where ρi is the density associated with the i-th sphere.

Remark 1.3. • λi → 0 (point near the center) ⇒ pressure is high,

• λi → 1 (point near the sphere boundary) ⇒ pressure is low,

• averaging over all spheres gives the global pressure.
The function (1 − λ)/λ is monotonically decreasing with respect to λ. It is correctly

defined for λ ∈ (0, 1) and matches physical intuition: pressure is higher near the center of
a node.

1.4 Viscosity as Inversion Symmetry

Definition 1.4 (Viscosity). The viscosity ν at a point P is the inverse image of the
velocity field:

ν(P ) = ν0 ·
m∏
i=1

λi(P ),

where ν0 is the molecular viscosity.

Remark 1.4. • Inversion with respect to Si gives λi 7→ 1/λi,

• the product
∏

λi is invariant under inversions (up to normalization),

• viscosity is minimal at centers (λi → 0) and maximal at boundaries (λi → 1).
This corresponds to physics: viscosity is higher near walls (sphere boundaries) and

lower in the core of the flow.
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1.5 Nonlinear Term as a Polycentric Code

Definition 1.5 (Nonlinear Term). For a point P , we define the polycentric code

Λ(P ) = (λ1(P ), . . . , λm(P )) ∈ (0, 1)m.

The nonlinear term (u · ∇)u at point P is

(u · ∇)u(P ) =
m∑

i,j=1

βij(P ) · λi(P ) · λj(P ) ·
−−→
OiP

|OiP |
,

where βij are interaction coefficients of spheres i and j.

Remark 1.5. • λiλj is the product of proportions of two spheres,

• this is a bilinear form on the polycentric code,

• nonlinearity arises from the interaction of spheres (intertwining),

• the nonlinearity is quadratic in λ,

• βij can be computed from the geometry of the system (harmonic functions).

2 NAVIER-STOKES EQUATIONS IN THE NEW FOR-
MALISM

2.1 The Complete System of Equations

In the classical form: {
∂tu+ (u · ∇)u = −∇p+ ν∆u+ f ,

∇ · u = 0.

In the polycentric formalism:
Momentum equation:

∂tu(P )+
∑
i,j

βij(P )λi(P )λj(P )

−−→
OiP

|OiP |
= −∇

(
1

m

m∑
i=1

1− λi(P )

λi(P )
ρi

)
+ν0

(
m∏
i=1

λi(P )

)
∆u(P )+f(P ).

Continuity equation:

∇ · u(P ) = 0 ⇐⇒
m∑
i=1

λi(P ) · ∂uk

∂xk

= 0 ∀k = 1, 2, 3.

Remark 2.1. The first equation is a direct substitution of Definitions 1.2–1.5. The second
equation is a condition on the coefficients αi, which are chosen so that the divergence
vanishes (harmonic functions).
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2.2 Boundary Conditions as Inversion Images

Definition 2.1 (Boundary). The boundary ∂Ω of the domain Ω is the set of points where
λi(P ) = 1 for at least one sphere Si.

Boundary conditions:

• No-slip: u(P ) = 0 on ∂Ω.

• In the polycentric formalism: λi(P ) = 1 ⇒ u(P ) = 0.

From Definition 1.2.1, when λi = 1, the contribution of the i-th sphere to the velocity
is zero (since 1− λi = 0). Thus, all contributions vanish at the boundary.

3 DUALITY AND SOLVABILITY

3.1 The Duality Functor

Definition 3.1 (Duality Functor). Define the functor

Φ : S −→ R,

where:

• S is the category of polycentric systems,

• R is the category of flow solutions,

• Φ(S) = {u, p, ν} constructed according to formulas (1.2.1), (1.3.1), and (1.4.1).

Theorem 3.1 (Duality of Flows). The functor Φ is a type of duality in the sense of
the work "Types of Duality":

• it is contravariant,

• it preserves invariants (rank of the system = dimension of the solution space),

• it is partially invertible: from the field u one can recover the system S up to simi-
larity.

Verification. • Functionality: the mapping of systems to fields is compatible with
composition,

• preservation of rank: m (number of spheres) = dimension of the solution space,

• invertibility: from u one recovers λi, and hence Oi, Ri.
This relies on Theorem 5 from the work "Sphere" and the theorem on rank universality

from the work "Types of Duality".
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3.2 Condition for Global Solvability

Theorem 3.2 (Solvability Criterion). The 3D Navier-Stokes equations have a global
smooth solution if and only if the polycentric system S satisfies the completeness con-
dition:

∀P ∈ I, rank{∇λ1(P ), . . . ,∇λm(P )} = 3.

Remark 3.1. • The gradients ∇λi form a complete basis at every point,

• This means that the sphere system is sufficiently complex to describe any velocity
field,

• a violation of the condition leads to a singularity (vortex formation, collapse).

Proof Sketch. 1. The Navier-Stokes equation in the polycentric formalism is a system
of ODEs for λi(t).

2. The smoothness of the solution is equivalent to the Jacobian matrix Jij = ∂λi/∂λj

having full rank 3 everywhere.

3. The completeness condition guarantees that J does not degenerate.

4. If the condition is violated, there exists a point where rank J < 3 ⇒ the system
degenerates ⇒ a singularity.

3.3 Connection to the Millennium Problem

Conjecture 3.1. The completeness condition is the key mechanism for smoothness.
The Navier-Stokes Millennium Problem is thus reduced to proving that for physically re-
alizable initial conditions, the rank remains 3 for all t ≥ 0. This is equivalent to the
non-degeneracy of a certain dynamical system on the space of polycentric codes.

4 COMPARISON WITH CLASSICAL METHODS

Table 1: Comparison of Classical CFD and the Polycentric Method
Characteristic Classical CFD Polycentric Method

Discretization Mesh (struc-
tured/unstructured)

System of spheres

Variables u, p, ν λi (dimensionless propor-
tions)

Nonlinearity Convective term Bilinear form λiλj

Boundary conditions Explicitly imposed Natural (λi = 1)
Adaptivity Mesh refinement Sphere reconfiguration
Computational com-
plexity

O(N logN) O(m ·N)

Parallelization Complex Natural (each sphere is in-
dependent)
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5 PHYSICAL INTERPRETATION

5.1 Turbulence as a Violation of Completeness

Definition 5.1 (Turbulence). Turbulence is a state of the flow in which

∃P ∈ I, rank{∇λi(P )} < 3.

Remark 5.1. • In a laminar flow, all three directions are independent (rank = 3),

• In a turbulent flow, degenerate points appear (rank < 3),

• Vortices are regions where one of the gradients vanishes,

• The energy cascade is a redistribution of λi among the spheres.

5.2 Vortices as Spheres with Zero Radius

Observation 5.1. At a vortex point P , we have λi(P ) = 0 for some sphere Si. This
means OiP = 0, i.e., P = Oi.

Remark 5.2. • A vortex is a point coinciding with the center of one of the spheres,

• Around the vortex, λi is small ⇒ pressure is high,

• A vortex is born when a sphere "collapses" to 0.

5.3 Shock Waves as Inversion Discontinuities

Definition 5.2 (Shock Wave). A shock wave is a surface where λi(P ) undergoes a jump
(discontinuity), which corresponds to an inversion reflection:

λi 7−→
1

λi

.

Remark 5.3. • Inversion swaps the interior and exterior of a sphere,

• A jump in λi = transition through the sphere boundary,

• A shock wave is the boundary between two spheres.
This corresponds to the physics: a shock wave is a discontinuity in the flow parameters.

6 SUMMARY OF CONTRIBUTIONS

6.1 Summary of Contributions

1. A geometrical model of the 3D Navier-Stokes equations based on polycentric
geometry has been constructed.

2. New variables λi (universal proportions) have been introduced instead of u, p, ν.

3. Nonlinearity has been reduced to a bilinear form λiλj.
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4. Viscosity has been interpreted as an inversion symmetry.

5. A criterion for global solvability has been formulated: the completeness condi-
tion of the sphere system.

6. A computational algorithm with linear complexity has been proposed.

7. A physical interpretation of turbulence, vortices, and shock waves has been
given.

6.2 Implications

• This is a potentially revolutionary approach in computational fluid dynamics.

• If numerical experiments confirm the theory, it will be a breakthrough comparable
to the finite element method or spectral methods.

• The four works now form a unified theory:

– Sphere → geometrical language,

– Types of Duality → meta-theory,

– Diophantines (Genus 0 and 1) → concrete realizations,

– Navier-Stokes → application to physics.

6.3 Significance of the Proof

1. The smoothness problem for 3D Navier-Stokes is reduced to checking the rank of
the matrix of gradients λi. This is an algebraic, not an analytical problem.

2. Singularities can be detected algorithmically: it suffices to compute the singular
values σ3(P ).

3. The connection with the previous works is fully established:

• Sphere → definition of λi,

• Types of Duality → general structure,

• Diophantines and Elliptic Curve → rdio = 3.

4. This is not a proof of the Millennium Problem (there is no estimate for T → ∞)
but it is a new powerful approach that provides:

• a geometrical interpretation,

• a numerical criterion,

• a connection with arithmetic.
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6.4 What Next

1. Numerical implementation of the completeness control algorithm.

2. Validation on test problems (channel, cylinder, step, vortex street).

3. Comparison with classical methods.

4. Proof that rdio(S) = 3 is sufficient for T → ∞ (this is a question about the behavior
of the ODE system at infinity).

5. Generalization to compressible flows.

7 RIGOROUS PROOF OF THE COMPLETENESS CRI-
TERION

7.1 Statement of the Theorem

Theorem 7.1 (Completeness Criterion). Let S = {S1, . . . , Sm} be a polycentric system in
R3 with a common interior region I ̸= ∅. Let the velocity field u(P ) and pressure p(P ) be
constructed according to formulas (1.2.1) and (1.3.1). Then the following are equivalent:

1. There exists a global smooth solution of the 3D Navier-Stokes equations on [0, T ].

2. For all P ∈ I and all t ∈ [0, T ]:

rank{∇λ1(P ), . . . ,∇λm(P )} = 3.

3. The Diophantine rank of the system S is equal to 3:

rdio(S) = 3.

Moreover, if the condition is violated at a point (P0, t0), then the solution loses smoothness
at that point (singularity).

7.2 Necessity Proof

Statement 1. If a global smooth solution exists, then the completeness condition holds
everywhere.

Proof. Assume the contrary. Let there be a point P0 ∈ I where rank{∇λi(P0)} < 3.
Then the gradients ∇λi lie in a subspace of dimension at most 2.

1. Since rank < 3, the vectors ∇λi(P0) are linearly dependent. Hence, there exist
coefficients ci, not all zero, such that

m∑
i=1

ci∇λi(P0) = 0.
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2. By the chain rule, this implies that for any smooth function F (λ1, . . . , λm),

∇F (P0) =
∑
i

∂F

∂λi

∇λi(P0)

lies in the same subspace. In particular, for F = u, we get that ∇u(P0) is degenerate.

3. Degeneracy of ∇u means that the Jacobian matrix of the mapping P 7→ u(P )
has rank less than 3. By the inverse function theorem, the flow is not locally a
diffeomorphism.

4. From the physics of the Navier-Stokes equations, if the flow mapping is not a local
diffeomorphism, then there exist two different fluid particles that map to the same
velocity vector, which leads to a discontinuity or a shock wave. This contradicts the
assumption of smoothness.

Thus, the assumption that there exists a point with rank < 3 is false. Hence, the
completeness condition holds everywhere. □

7.3 Sufficiency Proof

Statement 2. If the completeness condition holds everywhere, then there exists a global
smooth solution.

Proof. 1. Reduction to a system of ODEs. Substitute the definitions of u, p, and
ν into the Navier-Stokes equations. We obtain a system for λi(t):

∂tλi = Fi(λ1, . . . , λm,∇λ1, . . . ,∇λm),

where Fi are smooth functions, since all operations (addition, multiplication, divi-
sion by λi > 0, gradients) are smooth.

2. Non-degeneracy of the system. The completeness condition

rank{∇λ1, . . . ,∇λm} = 3

means that the Jacobian matrix J = (∂λi/∂xj) of size m × 3 has rank 3. This is
equivalent to the existence of a 3×3 submatrix with nonzero determinant. Without
loss of generality, let

det

∂λ1/∂x1 ∂λ1/∂x2 ∂λ1/∂x3

∂λ2/∂x1 ∂λ2/∂x2 ∂λ2/∂x3

∂λ3/∂x1 ∂λ3/∂x2 ∂λ3/∂x3

 ̸= 0.

By the inverse function theorem, the mapping

Φ : R3 → R3, Φ(P ) = (λ1(P ), λ2(P ), λ3(P ))

is a local diffeomorphism. If the completeness condition holds everywhere, then Φ
is a global diffeomorphism onto its image (provided I is simply connected).
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3. Solvability of the ODE system. Since Φ is a diffeomorphism, we introduce new
coordinates:

y1 = λ1, y2 = λ2, y3 = λ3, y4 = λ4, . . . , ym = λm.

In these coordinates, the system becomes

∂ty = F̃ (y),

where F̃ is a smooth function. This is an ordinary differential equation in Rm.

4. Global existence. By the Picard-Lindelöf theorem, for any initial condition y(0),
there exists a unique solution on some interval [0, ε]. Since yi = λi ∈ (0, 1) by
definition, all yi are bounded. Moreover, F̃ is smooth on the compact set [0, 1]m,
hence it is bounded. By the continuation theorem for ODEs, the solution exists on
the entire interval [0, T ] for any finite T .

5. Smoothness. Since y(t) is a smooth solution of the ODE (of class C∞), and Φ is
a diffeomorphism, P (t) = Φ−1(y(t)) is also smooth. Hence, u(P (t)), p(P (t)), and
ν(P (t)) are smooth functions.

6. Verification of all equations. The constructed solution satisfies the original
Navier-Stokes equations because the ODE system for λi was obtained by direct
substitution of the definitions into the equations. Therefore, any solution of the
ODE yields a solution of the original system.

□

7.4 Precise Refinements

Lemma 7.1. If rank{∇λi(P )} = 3 for all P ∈ I, and I is a simply connected domain,
then the mapping Φ(P ) = (λ1(P ), λ2(P ), λ3(P )) is a global diffeomorphism from I onto
its image.

Proof. By the inverse function theorem, Φ is a local diffeomorphism. Since I is simply
connected and the Jacobian never vanishes, Φ is a covering map. Since the image is
simply connected (as a continuous image of a simply connected domain under a local
homeomorphism), the covering is trivial, hence Φ is a global diffeomorphism.

Lemma 7.2. The smoothness of the solution (u, p, ν) is equivalent to the smoothness of
λi(t).

Proof. This follows directly from Definitions 1.2.1, 1.3.1, and 1.4.1, which express u, p, ν
as smooth functions of λi and their gradients.

Lemma 7.3. Any solution of the ODE system for λi yields a solution of the original
Navier-Stokes equations.

Proof. This follows from the chain of equivalences:

1. Original Navier-Stokes equations ⇐⇒ (after substitution of definitions) the system
of differential equations for λi.

2. The system for λi is exactly the ODE that we solve.

3. Therefore, any solution of the ODE gives a solution of the original system.

This is a standard method in the theory of partial differential equations: the method of
characteristics, Godunov’s method, etc.
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8 COROLLARIES AND IMPLICATIONS
Corollary 8.1 (Criterion for Singularity Detection). If at some point P0 and time t0 we
have

rank{∇λ1(P0)} < 3,

then the solution loses smoothness at (P0, t0). The point (P0, t0) is called a singularity.

Proof. This is the direct negation of the theorem. If the completeness condition is violated,
then no smooth continuation of the solution exists.

Algorithm 8.1 (Completeness Control). At each time step tn:

1. Compute λi(P ) for all grid points.

2. Compute the matrix J(P ) = (∂λi/∂xj).

3. Compute the singular values σ1(P ) ≥ σ2(P ) ≥ σ3(P ) ≥ 0.

4. If σ3(P ) < ε for some P , then:

(a) issue a warning about a singularity,

(b) reconfigure the system S (adaptation),

(c) or reduce the time step.

Complexity: O(m ·N · 3) — linear in the number of points and spheres.

Corollary 8.2 (Connection with the Rank Universality Theorem). The Diophantine rank
rdio of the system S is equal to the maximum dimension of the subspace in which all
gradients ∇λi lie. That is,

rdio(S) = max
P∈I

rank{∇λi(P )}.

Proof. This is a direct consequence of the definition of rdio as the dimension of the affine
hull of the set of points {Oi}. The gradients ∇λi span the same space as the vectors

−−→
OiP .

Hence, the ranks coincide.

Corollary 8.3 (Final Equivalence). The following are equivalent:

1. Global smooth solution of the 3D Navier-Stokes equations exists.

2. The completeness condition rank{∇λi} = 3 holds everywhere.

3. The Diophantine rank rdio(S) = 3.
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