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Abstract. Äëÿ óñêîðåíèÿ ñõîäèìîñòè ìåòîäà ñîïðÿæåííûõ ãðàäè-
åíòîâ ïðè ðåøåíèè ñèììåòðè÷íûõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé (ÑËÀÓ) ðàññìàòðèâàåòñÿ ïàðàìåòðè÷åñêîåm-øàãîâîå ïðå-
äîáóñëîâëèâàíèå ðÿäàìè Íåéìàíà. Äëÿ íå÷åòíûõ m ïðåäëîæåí íî-
âûé âûáîð ñîîòâåòñòâóþùåãî ñòàöèîíàðíîãî ïàðàìåòðà íà îñíîâå
ñïåêòðàëüíûõ ãðàíèö ìàòðèöû ÑËÀÓ. Ïðè ðàçëè÷íûõm àíàëèçèðó-
åòñÿ âû÷èñëèòåëüíàÿ ýôôåêòèâíîñòü òàêîé ïàðàìåòðèçàöèè ïî ñðàâ-
íåíèþ ñ äèàãîíàëüíûì ìàñøòàáèðîâàíèåì èñõîäíîé ñèñòåìû. Íà ïðè-
ìåðå ÷èñëåííîãî ðåøåíèÿ äâóìåðíîãî óðàâíåíèÿ Ïóàññîíà c èñïîëü-
çîâàíèåì ñòàíäàðòíîãî ïÿòèòî÷å÷íîãî ðàçíîñòíîãî øàáëîíà ïîêàçà-
íî, ÷òî îïòèìàëüíûì çíà÷åíèåì m ÿâëÿåòñÿ 1, ïðè êîòîðîì ÷èñëî
èòåðàöèé ìåòîäà ñîïðÿæåííûõ ãðàäèåíòîâ ñîêðàùàåòñÿ ìèíèìóì â
2 ðàçà, à ðàñ÷åòíîå âðåìÿ ñîêðàùàåòñÿ ìèíèìóì íà 20%.
Keywords: conjugate gradient method, parametric polynomial preconditioning,
Poisson's equation.

Ââåäåíèå

Äëÿ ðåøåíèÿ íåâûðîæäåííîé ñèììåòðè÷íîé ÑËÀÓ ðàçìåðíîñòè N ×N

(1) Ax = f

ðàññìàòðèâàåòñÿ ïðåäîáóñëîâëåííûé ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ (ÌÑÃ) [1]:

r0 = b−Ax0, z0 = B−1
0 r0, p0 = z0, s0 = (r0, z0) ;

1) αn = ρn / (Apn, pn) ;

2) xn+1 = xn + αnpn;

3) rn+1 = rn − αnApn;

4) zn+1 = B−1
n+1rn+1;

5) sn+1 = (rn+1, zn+1) ;

6) βn = sn+1/sn;

7) pn+1 = zn+1 + βnpn;

n = 0, 1, . . .

Sharipov T.R., Galkin A.S., On some parametric polynomial preconditioning of

conjugate gradient method.
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Ñðåäè ïðåäîáóñëîâëèâàòåëåé Bn, ýôôåêòèâíûõ ïðè ðàñïàðàëëåëèâàíèè âû÷èñëå-
íèé [2], îòäåëüíóþ ãðóïïó ìåòîäîâ ñîñòàâëÿþò ïîëèíîìèàëüíûå ïðåäîáóñëîâëèâà-
òåëè âèäà

B−1
n = Pm(A),

ãäå Pm åñòü íåêîòîðûé ïîëèíîì ñòåïåíè m, èçâåñòíàÿ ñòðóêòóðà êîòîðîãî ïîçâîëÿåò
âû÷èñëÿòü âåêòîð ïîïðàâêè B−1

n rn â èòåðàöèîííîì ïðîöåññå ÌÑÃ. Íàïðèìåð, ìå-
òîäû ïîëèíîìîâ ×åáûøåâà è íàèìåíüøèõ êâàäðàòîâ ôîðìèðóþò Pm(A) èç óñëîâèÿ
ìèíèìèçàöèè ôóíêöèîíàëà ‖I − Pm(A)A‖ (I � åäèíè÷íàÿ ìàòðèöà), òîãäà êàê â íà-
ñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ïîäãðóïïà ìåòîäîâ, èñïîëüçóþùàÿ óñå÷åííûå ðÿäû
Íåéìàíà äëÿ ïðèáëèæåííîãî îáðàùåíèÿ ìàòðèöû A. Çäåñü, äëÿ íåêîòîðîãî ÷èñëîâî-
ãî ïàðàìåòðà ω è íåêîòîðîãî çàäàííîãî îáðàòèìîãî ïðèáëèæåíèÿ Bn−1 çàïèñûâàþòñÿ
ýëåìåíòàðíûå ñîîòíîøåíèÿ [1] (ãë. 12.3)

ωA = Bn−1 − (Bn−1 − ωA) =
[
I −

(
I − ωAB−1

n−1

)]
Bn−1,

ωA−1 = B−1
n−1

[
I −

(
I − ωAB−1

n−1

)]−1

ïðèâîäÿùèå, ïîñëå îáîçíà÷åíèÿ

(2) Nn−1 = I − ωAB−1
n−1,

ê ðàâåíñòâó

ωA−1 = B−1
n−1 (I −Nn−1)

−1 .

Äàëåå, ïðè óñëîâèè ‖Nn−1‖ 6 1, â ñèëó ëåììû Íåéìàíà [3] (ëåììà 3.1) ïîëó÷àþò
ñõîäÿùèéñÿ ðÿä

ωA−1 = B−1
n−1

∞∑
k=0

Nk
n−1,

óñå÷åíèå êîòîðîãî äî ñòåïåíè m èñïîëüçóåòñÿ äëÿ ïåðåñ÷åòà ïðåäîáóñëîâëèâàòåëÿ
Bn:

(3) B−1
n = B−1

n−1

m∑
k=0

Nk
n−1, m = 1, 2, . . .

Çàìå÷àíèå 1. Ïðîâåäåíèå n èòåðàöèé ïî ñõåìå (3) ðåêêóðåíòíî ñâîäèòñÿ ê

(4) B−1
n = B−1

0

(m+1)n−1∑
k=0

Nk
0 , m = 1, 2, . . . .

Äîêàçàòåëüñòâî. Cïðàâåäëèâîñòü (4) ïðè n = 1 ïðîâåðÿåòñÿ íåïîñðåäñòâåííî. Äà-
ëåå, ïðåäïîëàãàÿ åãî âåðíîñòü äëÿ íåêîòîðîãî n, ñ ó÷åòîì ëåãêî óñòàíàâëèâàåìîãî
òîæäåñòâà äëÿ ëþáîãî íàòóðàëüíîãî 1 ≤ p ≤ n

Np = N
(m+1)p

0 ,

ïî èíäóêöèè èìååì

B−1
n+1 = B−1

n

m∑
i=0

N i
n = B−1

n

m∑
i=0

N
i(m+1)n

0 = B−1
0

(m+1)n−1∑
k=0

Nk
0

m∑
i=0

N
i(m+1)n

0

= B−1
0

(m+1)n−1∑
k=0

m∑
i=0

N
k+i(m+1)n

0 = B−1
0

(m+1)n+1−1∑
k=0

Nk
0 .

�

Ñ ó÷åòîì çàìå÷àíèÿ 1, âñþäó äàëåå áóäåì ïðåäïîëàãàòü, ÷òî ìàòðèöà B0 çàäàíà,
à ïåðåñ÷åò ïðåäîáóñëîâëèâàòåëÿ îñóùåñòâëÿåòñÿ ïî ôîðìóëå

(5) B−1
n = B−1

0

m∑
k=0

Nk
0 , m = 1, 2, . . . ,
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òî åñòü ðàññìàòðèâàåòñÿ ñòàöèîíàðíîå, ïî îòíîøåíèþ ê íîìåðó èòåðàöèè n, ïðåäî-
áóñëîâëèâàíèå. Ïðåäïîëàãàåòñÿ òàêæå âû÷èñëåíèå âåêòîðà ïîïðàâêè B−1

n rn âìåñòî
ñàìîé ìàòðèöû B−1

n êàê â áëèçêèõ ïî òåìàòèêå ðàáîòàõ [4], [5], êîòîðûå ïðèìåíÿþò
ñïåöèàëüíûå ïðèåìû êîìïåíñàöèè äîðîãîñòîÿùèõ îïåðàöèé óìíîæåíèÿ ìàòðèö ïðè
âû÷èñëåíèè Nn.

Â ïåðâîé ÷àñòè ðàáîòû ðàññìàòðèâàþòñÿ èçâåñòíûå ñïîñîáû âûáîðà ïàðàìåòðà ω,
îïòèìèçèðóþùèå ñêîðîñòü ñõîäèìîñòè ÌÑÃ. Ïîêàçàíî, ÷òî åñëè

(6) ω =
2

λmin

(
AB−1

0

)
+ λmax

(
AB−1

0

) ,
ãäå λmin, λmax � ìèíèìàëüíîå è ìàêñèìàëüíîå ñîáñòâåííûå ÷èñëà, òî äëÿ íå÷åòíûõ
çíà÷åíèé m íèæíÿÿ ãðàíèöà äëÿ ÷èñëà îáóñëîâëåííîñòè ìàòðèöû AB−1

n ðàâíà 1.
Âòîðàÿ ÷àñòü ïîñâÿùåíà âîïðîñàì îöåíêè îïòèìàëüíîãî çíà÷åíèÿ m, ïðè êîòîðîì
äîïîëíèòåëüíûå âû÷èñëèòåëüíûå ðàñõîäû íà ñóììèðîâàíèå ðÿäà (5) íå ïðèâåäóò ê
óâåëè÷åíèþ îáùåãî ðàñ÷åòíîãî âðåìåíè. Â çàêëþ÷èòåëüíîé ÷àñòè íà ïðèìåðå ðåøå-
íèÿ äâóìåðíîé çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà äåìîíñòðèðóåòñÿ ýôôåêòèâ-
íîñòü ïðåäëîæåííîé ïàðàìåòðèçàöèè.

1. Âûáîð ïàðàìåòðà ω

Ñëó÷àé ω = 1 ñîîòâåòñòâóåò ìåòîäó Íüþòîíà-Õîòåëëèíãà-Øóëüöà1, îáåñïå÷èâàþ-
ùåìó (m+1)-é ïîðÿäîê ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè B−1

n ê A−1 [3] [òåîðåìà 3.11]
è èñïîëüçóåòñÿ äëÿ áûñòðîãî îáðàùåíèÿ ìàòðèöû A [5], [6].

Ýìïèðè÷åñêàÿ çàâèñèìîñòü ω = 4/
(
3λmax(AB

−1
0 )
)
ïðåäëîæåíà â ðàáîòå [7] è èñ-

÷åðïûâàåò, íàñêîëüêî èçâåñòíî àâòîðàì, îïèñàííûå â ëèòåðàòóðå îòëè÷íûå îò ω = 1
âàðèàíòû ñòàöèîíàðíûõ ïàðàìåòðèçàöèé.

Â ñèëó õîðîøî èçâåñòíîé îöåíêè cond(AB−1
n ) ≥ |λmax(AB

−1
n )|/|λmin(AB

−1
n )| ïàðà-

ìåòð ω áóäåì âûáèðàòü èç óñëîâèÿ

(7) |λmax(AB
−1
n )| = |λmin(AB

−1
n )|.

Èñïîëüçóÿ íåïîñðåäñòâåííî ñëåäóþùèå èç (2) è (5) òîæäåñòâà

AB−1
n = AB−1

0 (I +N0 + . . .+Nm
0 )

=
1

ω
(I −N0)(I +N0 + . . .+Nm

0 ) =
1

ω
(I −Nm+1

0 ),

ïðè íå÷åòíûõ m ïîëó÷àåì

λmax(AB
−1
n ) =

1

ω

(
1−min|λi(N0)|m+1) ,

λmin(AB
−1
n ) =

1

ω

(
1−max|λi(N0)|m+1) ,

ãäå λi(N0) = 1− ωλi(AB
−1
0 ), i = 1 . . . N .

Ëåãêî âèäåòü, ÷òî åñëè ìàòðèöà AB−1
0 ïîëîæèòåëüíî îïðåäåëåíà, òî

max|λi(N0)| = |1− ωλmax(AB
−1
0 )|,

min|λi(N0)| = |1− ωλmin(AB
−1
0 )|,

à ñîîòíîøåíèå (7) ñâîäèòñÿ ê óðàâíåíèþ

|1− ωλmin(AB
−1
0 )| = |1− ωλmax(AB

−1
0 )|,

êîòîðîå ðàçðåøèìî îòíîñèòåëüíî ω 6= 0 òîëüêî ïðè óñëîâèè

1− ωλmin(AB
−1
0 ) = −(1− ωλmax(AB

−1
0 )),

îòêóäà íàõîäèì, ÷òî ω âû÷èñëÿåòñÿ ïî ôîðìóëå (6).
Ñîãëàñíî òåîðåìå 3.4.2 [2], åñëè m íå÷åòíî, Bn èç (5) ïîëîæèòåëüíî îïðåäåëåíà

êîãäà ïîëîæèòåëüíî îïðåäåëåíà ìàòðèöà B0, ïîýòîìó ñïðàâåäëèâà

1Â ðàáîòå [6] ìåòîä íîñèò íàçâàíèå The Shulz-Jones-Mayer (SJM).
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Òåîðåìà 1. Ïóñòü A è B0 � ñèììåòðè÷íûå ïîëîæèòåëüíî îïðåäåëåííûå ìàòðèöû,

òîãäà ïðè ω, âû÷èñëÿåìîì ïî ôîðìóëå (6), ìàòðèöà Bn èç (5) òàêæå ïîëîæèòåëü-

íî îïðåäåëåíà, ïðè÷åì λmax(AB
−1
n ) = −λmin(AB

−1
n ).

Ôîðìóëà (6) ïðåäïîëàãàåò, ÷òî èçâåñòíû ýêñòðåìàëüíûå ñîáñòâåííûå çíà÷åíèÿ
ìàòðèöû AB−1

0 , ïîýòîìó, â êà÷åñòâå B0 îæèäàåìî èñïîëüçîâàíèå ëèáî åäèíè÷íîé
ìàòðèöû I, ëèáî diag(A) â ñëó÷àå, åñëè ýòà äèàãîíàëü èìååò ïîñòîÿííûå çíà÷åíèÿ.

2. Àíàëèç âû÷èñëèòåëüíîé ýôôåêòèâíîñòè

Ïóñòü ÌÑÃ ñ ïðåäîáóñëîâëèâàòåëåì èç (5) ñõîäèòñÿ çà n(ω,m) èòåðàöèé, òîãäà êàê
ïðè Bn ≡ diag(A) ñîîòâåòñòâóþùåå ÷èñëî èòåðàöèé ñîñòàâëÿåò n0. Ïîñêîëüêó êîëè÷å-
ñòâî âû÷èñëåíèé íà êàæäîé èòåðàöèè ïåðâîãî ìåòîäà C(m) ïðåâûøàåò ñîîòâåòñòâó-
þùèé ïîêàçàòåëü âòîðîãî C0, òî äëÿ èòîãîâîé ýôôåêòèâíîñòè ïðåäëàãàåìîãî ïîëèíî-
ìèàëüíîãî ïðåäîáóñëîâëèâàòåëÿ äîëæíî âûïîëíÿòüñÿ óñëîâèå n(ω,m)C(m) < n0 C0,
îòêóäà ïîëó÷àåì âåðõíþþ îöåíêó íà n(ω,m):

(8) n(ω,m) < n0
C0

C(m)
.

Âåëè÷èíû n0, n(ω,m) áóäåì ïîëó÷àòü ýêñïåðèìåíòàëüíî â ñëåäóþùåì ðàçäåëå, à
C0 è C(m) îöåíèì èç àëãîðèòìà ÌÑÃ. Ñ ó÷åòîì çíà÷àùèõ îïåðàöèé ÌÑÃ áåç ïðåäî-
áóñëîâëèâàíèÿ, ò.å. ïðè Bn = I ∀n, ñîñòîèò èç îäíîãî ìàòðè÷íî-âåêòîðíîãî ïðîèçâå-
äåíèÿ, äâóõ ñêàëÿðíûõ ïðîèçâåäåíèé è òðåõ âåêòîðíûõ îïåðàöèé:

C0 ≈ N (d+ 5) ,

ãäå d � ýòî êîëè÷åñòâî íåíóëåâûõ äèàãîíàëåé ìàòðèöû A (äëÿ ïëîòíîé ìàòðèöû
d = N).

Ïðè èñïîëüçîâàíèè ïðåäîáóñëîâëèâàíèÿ íóæíî äîïîëíèòåëüíî âû÷èñëÿòüm ìàòðè÷íî-
âåêòîðíûõ ïðîèçâåäåíèé ïî ôîðìóëå (5), ïîýòîìó

C(m) ≈ C0 +mN d

è îöåíêà (8) ïðèíèìàåò âèä

(9) n0 > n(ω,m)
C(m)

C0
= n(ω,m)

(
1 +m

d

d+ 5

)
.

3. ×èñëåííûé ýêñïåðèìåíò

Íà åäèíè÷íîì êâàäðàòå [0, 1]×[0, 1] ðåøàëàñü çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ïóàñ-
ñîíà

uxx + uyy = 4

ñ èçâåñòíûì àíàëèòè÷åñêèì ðåøåíèåì

u(x, y) = x2 + y2.

Èñïîëüçîâàëàñü ñòàíäàðòíàÿ ïÿòèòî÷å÷íàÿ ðàçíîñòíàÿ ñõåìà [8] ñ ðàâíîìåðíûì
øàãîì h = 1/(Nh+1), ãäå Nh � ÷èñëî âíóòðåííèõ óçëîâ ñåòêè. Íàèìåíüøåå è íàèáîëü-
øåå ñîáñòâåííûå çíà÷åíèÿ ñîîòâåòñòâóþùåé ìàòðèöû A ðàçìåðíîñòè N×N (N = N2

h)
âû÷èñëÿþòñÿ ïî èçâåñòíûì ôîðìóëàì

λmin =
8

h2
sin

πh

2
, λmax =

8

h2
cos

πh

2
,

ñëåäîâàòåëüíî, ïî ôîðìóëå (6) ïîëó÷àåì ω = h2/4 ïðè B0 = I è ω = 1 ïðè B0 =
diag(A).

Ñèñòåìà (1) ðåøàëàñü íà ïîñëåäîâàòåëüíîñòè ñåòîêNh×Nh = 32×32, 64×64, 128×
128, 256 × 256, 512 × 512, ãäå â êà÷åñòâå âåêòîðà íà÷àëüíûõ ïðèáëèæåíèé èñïîëü-
çîâàíî x0 = 0. Èòåðàöèè ÌÑÃ ïðîäîëæàëèñü äî òåõ ïîð, ïîêà åâêëèäîâà ñåòî÷íàÿ
íîðìà íåâÿçêè ‖rn+1‖2 > 10−6.
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Â òàáëèöå 1 ïðèâåäåíî ÷èñëî èòåðàöèé ÌÑÃ ñ âûáîðîì B0 = I ïðè ðàçëè÷íûõ
çíà÷åíèÿõ m è ðàññ÷èòàííûì ω = h2/4. Êîëîíêà Bn = diag(A) ñîîòâåòñòâóåò ñëó-
÷àþ m = 0, òî åñòü äèàãîíàëüíîìó ïðåäîáóñëîâëèâàíèþ. Êðàòíîå óìåíüøåíèå ÷èñëà
èòåðàöèé ïðåäñòàâëåíî íà ðèñóíêå 1.

Ñòîèò îòìåòèòü, ÷òî íåñìîòðÿ íà ìîíîòîííîå óìåíüøåíèå ÷èñëà èòåðàöèé ñ ðî-
ñòîì m, íåîáõîäèìî ñðàâíèòü çàòðà÷èâàåìûå ïðè ýòîì ðàñ÷åòíûå âðåìåíà. Îöåíêè
ïî ôîðìóëå (9) (äëÿ ðàññìàòðèâàåìîé çàäà÷è d = 5) ñ ïðèâëå÷åíèåì äàííûõ òàá-
ëèöû 1 ïîêàçûâàþò, ÷òî ïðèìåíåíèå ïðåäëîæåííîãî ïàðàìåòðè÷åñêîãî ïðåäîáóñëîâ-
ëèâàòåëÿ ýôôåêòèâíî íà âñåõ ñåòêàõ âïëîòü äî çíà÷åíèÿ m = 3, ÷òî ïîäòâåðæäàþò
è ðåàëüíûå çàìåðû âðåìåíè, ïðèâåäåííûå â òàáëèöå 2. Îïòèìàëüíûì æå çíà÷åíèåì
ÿâëÿåòñÿ m = 1, ïðè êîòîðîì äîñòèãàåòñÿ ìàêñèìàëüíîå óìåíüøåíèå ðàñ÷åòíîãî âðå-
ìåíè. Â òàáëèöå 3 äëÿ m = 1 ïðåäñòàâëåíî ñðàâíåíèå ÷èñëà èòåðàöèé ïðè ðàçëè÷íûõ
çíà÷åíèÿõ ω, îïèñàííûõ âî âòîðîé ÷àñòè íàñòîÿùåé ðàáîòû.

Ñåòêà Bn = diag(A) m = 1 m = 3 m = 5 m = 7 m = 9

32× 32 81 44 31 25 21 19
64× 64 160 80 57 46 40 36
128× 128 315 157 111 90 78 70
256× 256 621 309 218 178 153 137
512× 512 1225 609 429 350 303 270

Òàáëèöà 1. ×èñëî èòåðàöèé n0 è n(ω,m) ïðåäîáóñëîâëåííîãî ÌÑÃ
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Ðèñ. 1. Âåëè÷èíà n0/n(ω,m) ïðè ðàçëè÷íûõ m
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Ñåòêà m = 1 m = 3 m = 5 m = 7 m = 9

32× 32 -50% 0% 0 0 50%
64× 64 -31.2% -12.5% -6.25% 6.25% 25%
128× 128 -24.8% -5.7% 1.9% 12.4% 25.7%
256× 256 -21.7% -11.7% 2.2% 9.1% 19.4%
512× 512 -22.6% -14% -3.8 6.4 14.8%

Òàáëèöà 2. Ïðîöåíòíîå óìåíüøåíèå/óâåëè÷åíèå (â çàâèñèìî-
ñòè îò çíàêà) ðàñ÷åòíîãî âðåìåíè ïðè ðàçëè÷íûõ m îòíîñè-
òåëüíî äèàãîíàëüíîãî ïðåäîáóñëîâëèâàíèÿ

Ñåòêà Ïî ôîðìóëå (6) ω = 4/(3λmax(AB
−1
0 )) ω = 1

32× 32 44 50 57
64× 64 80 98 113
128× 128 157 193 228
256× 256 309 379 463
512× 512 609 748 947

Òàáëèöà 3. ×èñëî èòåðàöèé n(ω, 1) ïðè ðàçëè÷íûõ ω
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