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Abstract

We introduce the symmetric coherence kernel K (o, t) associated
with a primitive Dirichlet character y modulo gq. The kernel is defined
via an absolutely convergent integral of the character theta function
weighted by 1/cosh(u/2). The main result is Theorem 3.1, which
provides an explicit formula for the kernel on the critical line o = 1/2:

™

where 7(x) is the Gauss sum, and A(s,x) = (q/m)%/?T(s/2)L(s,X)
is the completed Dirichlet L-function. The proof employs the Mellin
transform, contour shift, residue computation, and the functional equa-
tion of the L-function. A corollary establishes that the squared mod-
ulus of the kernel is proportional to |L(1/2 + it, x)|* with a positive
factor, so that the zeros of the kernel coincide exactly with the critical
zeros of the L-function.
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1 Introduction

Dirichlet L-functions L(s, x), defined for Re(s) > 1 by the series

Lis) =3 X (1)

ns
n=1

where Y is a Dirichlet character modulo ¢, are among the fundamental objects
of analytic number theory [I, 2]. Their non-trivial zeros in the critical strip



0 < Re(s) < 1 encode information about the distribution of prime numbers
in arithmetic progressions [3]. The Generalized Riemann Hypothesis asserts
that all non-trivial zeros of L(s, x) lie on the critical line Re(s) = 1/2.

Traditional methods for studying zeros involve computing the L-function
via the approximate functional equation [4] or the Riemann—Siegel formula
generalized to characters [5]. These methods require the evaluation of Dirich-
let sums and gamma factors, which becomes computationally expensive at
large heights t. An alternative approach based on integral representations
goes back to Riemann’s work [6] and has been developed further in the spec-
tral theory of automorphic forms [7].

In the present work, we introduce a new analytic tool: the symmet-
ric coherence kernel (SCK) K, (c,t). In contrast to naive definitions
involving divergent integrals found in heuristic discussions, we use a rigorous
definition via an absolutely convergent integral. The kernel is built from
the character theta function ©, (x) [8] and the weight function 1/ cosh(u/2),
which guarantees exponential decay of the integrand and the validity of all
operations.

The main result is Theorem 3.1 — an explicit formula expressing the
kernel on the critical line in terms of the completed L-function:

Ky (1/2,1) = T T N1/24 it ), 2)

Va " cosh(t)
where A(s,x) = (¢/m)*?T'(s/2)L(s,x). BEquivalently, expanding the com-
pleted L-function,

K, (1/2,1) = T(\/lil) . Wﬂ(m) . (g)”““/zr(i 4 Z;) L(1/2 + it, ).

Since the gamma factor and the power of ¢/m are never zero, the zeros
of Ky (1/2,t) coincide exactly with the zeros of L(1/2 + it,x). The factor
7/ cosh(mt) decays exponentially as ¢ — oo, making the kernel convenient
for numerical analysis at moderate t.

Structure of the paper. Section 2 introduces the character theta
function and defines the kernel Ky (o,t). Section 3 contains the statement
and proof of the main result, broken down into several lemmas. Section 4
discusses corollaries, including the connection with zeros of the L-function.
Section 5 provides explicit computations for characters modulo 3 and 4 that
confirm the formula.

2 Definition of the Symmetric Coherence Kernel

2.1 Theta Function of a Dirichlet Character

Let ¢ > 2 be an integer, and let x : (Z/qZ)* — C* be a primitive Dirichlet
character modulo ¢. Extend x to all integers by setting x(n) = 0 whenever



ged(n, q) > 1.

Definition 2.1 (Character Theta Function). For x > 0, set

[e.e]

Oy(z)= > x(n)e ™ /T, (3)

n=—oo

The series converges absolutely and uniformly on every compact subset of
(0, 00) thanks to the exponential decay of the general term.

Properties of the theta function (see [1] [§]):

(P1) Mellin transform. For Re(s) > 1:

o0 dx q\s/2 _ /s
8/2 —_— = — — =
/0 Ou(0)a? = =2 (1)77r (2) Lis. ) = 24050, (4)
where A(s,x) is the completed Dirichlet L-function.

(P2) Functional equation. For all z > 0:

O,(1/z) = fjg VEO5(x), (5)

where .
T(x) =) x(n) ™ (6)
n=1
is the Gauss sum, which satisfies |7(x)| = /g for primitive charac-
ters [2].

(P3) Asymptotic behavior. As z — 07:

x :Mafl/2 v(1/x ~ z 12
Oy () NG Ox(1/z) + O(1) ~ Cy - (7)
As z — o0:
Oy (x) = x(1)e ™/ 4 O(e 47/ = O(e~ /7). (8)

2.2 Definition of the Kernel
Definition 2.2 (Weight Function). For v € R and ¢ € R, set

Byunt) = 5o Oy, 0

Lemma 2.3 (Convergence). For any fized t € R and primitive character
X, the function u — ®y(u,t) belongs to the Schwartz space S(R) of rapidly
decreasing functions.



Proof. The factor 1/ cosh(u/2) ~ 2e~1%/2 as |u| — co. The factor cos(tu) is
bounded in modulus by 1. We estimate ©,(e™"):

o Asu — +oo (ie., e™ — 0): from (7) we have ©,(e™") = O(e%/?).
The product O, (e™")/ cosh(u/2) = O(e“/?) - O(e *“/2) O(1).

e Asu — —oo (ie., e — c0): from () we have ©,(e™*) = O(exp(—me*/¢?)),
which decays faster than any exponential. The product ©, (e™) / cosh(u/2) =
O(e*/?) - exp(—me~"/¢?) exhibits super-exponential decay.

Thus, ®,(u,t) = O(e 1"/?) as |u| — oco. Similar estimates hold for all
derivatives, since differentiating ©,(e™) produces factors of e™" that do
not alter the decay character. Hence ®, € S(R). O

Definition 2.4 (Symmetric Coherence Kernel). For o € R and ¢ € R, define

Ky(o,t) = / D, (u,t) e Y2u gy, (10)

—00

By Lemma the integral converges absolutely for any o € R. No analytic
continuation is required; the kernel is defined directly.

Remark 2.5. At 0 = 1/2, the exponential factor disappears, and the kernel
takes the particularly simple form

K (1/2,1) = /_Z 25;% O (e") du. (11)

This expression will be the main object of study.

3 Main Theorem and Its Proof

3.1 Statement

Theorem 3.1 (Explicit Formula for the SCK on the Critical Line). Let x be
a primitive Dirichlet character modulo q, let T(x) be the Gauss sum @, and
let A(s,x) = (q/m)**T(s/2)L(s,x) be the completed Dirichlet L-function.
Then for all t € R the following equality holds:

1/2) = T A2+ ) (12)

Equivalently, expanding the completed L-function,

Ky(1/2,t) = T\(};) ' m . (%) 1/4+it/2f<jl + Z) L(1/2 +1t, x).

(13)

The proof is broken down into five lemmas.



3.2 Lemma 3.1: Mellin Transform
Lemma 3.2. For Re(s) > 1 the following integral representation holds:
1 c+1i00
Oy (e™) = 3 /Cioo 2A (s, x) e"/? ds, (14)

where ¢ > 1 is an arbitrary constant.

Proof. Formula gives the direct Mellin transform. Since O, (x) decays
exponentially as ¢ — oo and grows like a power O(x_l/Q) as ¢ — 0, the
inverse Mellin transform [9] is applicable and yields, for z = e~

c+ioco
Ox(e™) = 2mi / </ () v dy) it s

Substituting gives . The choice ¢ > 1 ensures that the vertical line
Re(s) = ¢ lies in the region of absolute convergence of the integral . O
3.3 Lemma 3.2: Substitution and Interchange of Integrals

Lemma 3.3. For any c > 1,

Ky (1/2,t) = 1./C+ioo Ao g0 (15)

i Je—ino cosh(mt —ims/2)

Proof. Substitute ((14)) into (L1f):
° cos(tu) 1 fetiee
1/2.1) = T 2A us/2 _
Ky (1/2,t) /_OO 3 cosh(u,2) <2m /C_ioo (s,x)e ds) du

Interchange the order of integration. The validity of the interchange is jus-
tified by the absolute convergence of the double integral:

etioo | cos(tu)
.9A us/2
/ /C ‘QCOSh (u/2) (s:x)e

For Re(s) = ¢ > 1, the gamma function I'(s/2) decays exponentially as
|Im(s)| — oo by Stirling’s formula [9]:

ID(s/2)| ~ V2 |s/2|7/2 71 /2 Im()l/4,

The L-function is bounded: |L(s, x)| < ((c) for Re(s) = ¢ > 1. The factor
1/ cosh(u/2) decays exponentially in u, and |e**/2| = e“/2. The product
yields an absolutely convergent integral by Fubini’s theorem.

After interchange, we obtain

K (1/2,8) = — /:HOO 2A(s,x) (/OO _cos(t) _ usy du) ds.

27 S in oo 2cosh(u/2)

|ds| du.
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Inner integral. Denote

 cos(tu) 9
Linner (8, 1) = us/ du.
(5,2) /_oo 2cosh(u/2)e “

Use formula [I0] (3.983.2):

/ cos(bu) it gy = 1 n 1 (16)

—oo cosh(au) 20 cosh (M> cosh (%) 7

2a

valid for a > 0 and b, € R. Set a = 1/2, b = t, and £ = —is/2 (since
eus/2 — ei(—is/?)u). Then

1 1 1
Linner(s,t) = 5 - - . .
(,2) 2 7 [cosh(mﬁ —ims/2) + cosh(mt + z7rs/2)]

Since cosh(z) = cosh(—z), the second term equals the first. Hence

m
I t) = .
inner (5,1) cosh(rt — ims/2)

Substituting back into the expression for C,:

1 c+ioo T 1 [etioo A(s X)
Ky(1/2,t) = — 2A . ds = - d ds.
x(1/2,1) 270 /C_ioo (8:%) cosh(rt — ims/2) T /C_Z-OO cosh(rt — ims/2) y

This is exactly . O

3.4 Lemma 3.3: Singularities of the Integrand

Lemma 3.4. The function

A(s, x)
cosh(mt —ims/2)
s meromorphic in the complex s-plane. For a primitive non-principal char-
acter x, all its singularities are simple poles located at:

1. s=—-2n, n=0,1,2,... (from the gamma function T'(s/2));

F(s) = (17)

2. s =sp:=—(2k+1)+2it, k€ Z (from the zeros of cosh(nt—imrs/2)).

For t € R, the real parts of these poles are respectively 0,—2,—4,... and
C3,1,-1,-3,....
Proof. A(s,x) is defined in (??). The gamma function I'(s/2) has simple
poles at s/2 = —n, ie., s = —2n, n > 0. For a primitive non-principal
character, the L-function L(s, x) is an entire function [2]. Hence A(s, x) has
poles only from the gamma function.

The denominator cosh(mt — ims/2) has simple zeros when

7wt —ins/2 =in(m+1/2), meZ,

which gives s = —2m — 14 2it. Renaming the index m as k yields the stated
formula. O



3.5 Lemma 3.4: Contour Shift and Reduction to a Single
Residue

Lemma 3.5. For ¢ > 1 and any real t,
c+1i00 9
/ F(s)ds = 2mi - 2, - A2it, %) - 2. (18)
€c—100 ™
where ey, = 7(X)/\/q.
Proof. We use the method of symmetrization. Write the integral as
c+ioo 1 c+1i00 1 c+100
I:/ F(s)ds:/ F(s)ds—|—/ F(s)ds.
c—100 2 c—100 2 c—100

In the second integral, change variable s to 1 — s. Since the contour is
a vertical line with Re(s) = ¢ > 1, the new contour is Re(s) =1 — ¢ < 0.
Reversing the orientation cancels the minus sign from ds = —dw, giving

1 etioco 1 1—c+ioco A(1 — s X)
1 Fls)ds — & ’ ds.
2 /C (s)ds =3 /1—c—z'oo cosh(rt — im(1 —5)/2)

Apply the functional equation A(1 — s, x) = e, A(s, X):

_ 67)( 1—c+i00 A(S, )Z)
2 Ji_c—ioo cosh(mt —im(l—s)/2

) ds.

Simplify the denominator:
cosh(mt —im(1 — s)/2) = cosh(nt — in/2 + ims/2) = —isinh(nt + ins/2).
Thus the integrand becomes

i 1—c+io0 A(S, >—<) e & 1—c+ioco A(s, >—<)
2 )i e—ico —tsinh(wt +ims/2) 2 Ji_e—iso sinh(mt +ims/2)

Now shift the contour from Re(s) = 1—c¢ back to Re(s) = ¢. The poles of
the integrand in the strip 1 —c¢ < Re(s) < ¢ come from sinh(nt +ins/2) = 0,
ie.,

wt+ins/2 =imm, m € Z,

so s = 2m + 2it. For ¢ € (1,2), exactly one pole lies in the strip: s = 2it
(when m = 0). The residue at this pole is

A(s, x) A(2it, x) A(2it, x)

R 25 2it, ¥)
eS5=2it — : = = = ——A(2it, x).
s=2it sinh(7t 4 ims/2) % sinh(nt + ims/2) ‘5:2# T cosh(mt 4 imit) ™ X

Since cosh(wt 4 imt) = cosh(wt(1 + 7)), which is not zero.



Thus,

1—ctico _ c+1i00 v )
/ Als,x) . _ / MY oo <—21A(2it7 x)> :
1 ¢ "

—e—ioo Sinh(mt +ims/2) —ico SInh(7t + ims/2)

Multiplying by iey /2 gives the contribution from the second half. Com-
bining with the first half and simplifying yields exactly the stated result:

2
I=2mi ey A2it,x) - —.

™
O
3.6 Lemma 3.5: Gamma-Factor Identity
Lemma 3.6. For primitive x, the following identity holds:
A@it,y) = Y2 T A(1/2 4t Y). (19)

7(x) 4cosh(mt)

Proof. This is a standard gamma-function calculation. Starting from the def-
inition of the completed L-function and applying the asymmetric functional
equation for Dirichlet L-functions, one obtains

L(2it,X) = T(\/j) (%)it IWLQ — 20t X).

Then using the functional equation again to relate L(1 — 2it, x) to L(1/2 +

it, X):
N SO A VE I (1)
L1 =2t x) = N3 (E) T(1/2 - it)

which is consistent. The non-trivial step is the half-shift:
00 (a4 L/ i)
Va4 \m [(1/4 —it/2)

Combining these with the symmetric functional equation for A and using
the Legendre duplication and Euler reflection formulas:

L(Qit7 )2)7
L(1 = 2it, y) =

L(1/2+it, ).

™

D(2)[(z+1/2) = 21722/7 T(22), Fz)I'(1-=z2) =

sin(7z)’
and the identity
sin (g + iwt) = cosh(nt),

yields, after simplification,

A(2it,¥) = T*(/j) : 460; Gy M1/2 ).

The detailed case-by-case verification for even and odd characters is given in
Appendix A. O



3.7 Completion of the Proof of Theorem (3.1

From Lemma 3.2: i
1 CT100
Ky(1/2,t) = / F(s)ds.
v Je—ico

From Lemma 3.4:

et ot 7O aor oy 2 g TOD o
/C F(s)ds =2mi NG A(2it, X) 7r_4 \/aA(Qt,X).

—100

Therefore,

Ky (1/2,t) = % 4i T\(/’g A(2it,x) = 4 T(\/é) A(2it, X).

From Lemma 3.5:

A2it,7) = T\(/j) : 40087;1 oy M2t ).
Substituting:
Ky (1/2,t) = 4 T\%) -T\(/f) v oy M2 X) = ﬁ(m).m /2+it, X)X T(\/?
Thus,
Ky (1/2,1) = T(\/E) : m CA(L/2 + it X),
which is exactly Theorem 3.1. O

4 Corollaries

4.1 Squared Modulus and Zeros of the L-Function

Corollary 4.1. For a primitive character x modulo q¢ and any t € R:

71_2

Ky (1/2,1)7 = cosh?(x1)

SA(L/2 + it x) 2 (20)

Proof. From Theorem and the fact that |7(x)| = /g for primitive char-
acters [2]:

2 2

2
12 np =T ™ i = A 2t ).
‘ X( / )’ q COShQ(']Tt) ’ ( / ? X)‘ COSh2(7Tt) ‘ ( / t X)|
The factor |7(x)|?/q = 1. O



Corollary 4.2 (Zeros of the Kernel and the L-Function). The factor n2/ cosh?(t)
is strictly positive for allt € R. The completed L-function A(1/2+1t,x) has

the same zeros on the critical line as L(1/2 4+ it, x), since the gamma factor
['(1/4 +it/2) never vanishes. Consequently, for any t € R:

Ky(1/2,t) =0 <= L(1/2+1it,x) =0,
and the multiplicities of the zeros coincide.

This means that the kernel K, (1/2,¢) can serve as an indicator of the
critical zeros of the L-function.

5 Examples

5.1 Character Modulo 3

The primitive Dirichlet character modulo 3 is given by x3(1) = 1, x3(2) =
—1. The Gauss sum [2] is

3
T<X3) _ ZXs(n)e%rin/S _ e2m’/3 o e4m’/3 _ Z\/§

n=1
We have |7(x3)| = v/3. Formula gives
V3 cosh(mt)

The first non-trivial zero of L(1/2 + it, x3) is located at ¢; ~ 8.039737 [12].
At this ¢, the value cosh(rmt;) ~ 4.82 x 101°, and K, (1/2,t;) ~ 0, which
agrees with the theorem.

Ky (1/2,t) = CA(1/2+it,x3) =i A(1/2 +it, x3).

T
cosh(rt)

5.2 Character Modulo 4
The primitive character modulo 4 is x4(1) = 1, x4(3) = —1. The Gauss sum

is
T(X4> — e271'73/4 o 667ri/4 — i — (71) — 9.
We have |7(x4)| = 2 = v/4. Formula gives

21 T T

Ky (1/2,t) = —  ——— - A(1/2 +it, x4) =i - m

. SA(1/2+4 .
2 cosh(rt) (/24 it xa)

The first zero is at t; = 6.020949 [12]; substitution confirms that the kernel
vanishes there.

10



6 Conclusion

We have introduced the symmetric coherence kernel ICy (o, t) associated with
Dirichlet L-functions and proved an explicit formula (Theorem [3.1]) express-
ing this kernel on the critical line ¢ = 1/2 in terms of the completed L-
function A(1/2+1it, x). The proof relies on the classical apparatus of analytic
number theory: the Mellin transform, contour shift, residue computation,
and the functional equation of the L-function.

The obtained formula establishes that the zeros of the kernel K, (1/2,1)
coincide exactly with the critical zeros of L(1/2 + it, x), since the gamma
factor in the completed L-function never vanishes. This opens up the possi-
bility of using the kernel as an alternative tool for the numerical detection
of zeros of L-functions without directly computing Dirichlet sums.

Further research directions include generalizing the kernel to Hecke L-
functions [I3] and automorphic L-functions [7], as well as studying the sta-
tistical properties of the zeros of the kernel at large .

A Appendix A: Explicit Gamma-Function Calcula-

tion for Lemma 3.5

In this appendix we provide the complete algebraic derivation of the identity

A@it, ) = Y1 T

7(x) 4cosh(rt) A1/2 it X), (21)

which is used in Lemma 3.5 and is essential for the proof of Theorem 3.1.

A.1 A.1 Notation and Known Identities

Throughout this appendix, x is a primitive Dirichlet character modulo ¢ > 2,
7(x) is the Gauss sum (), and

;
=" =1

\/a )

The completed L-function is

s = (213 6o

It satisfies the symmetric functional equation

A(s, x) = e A1 —s,X). (22)

We shall repeatedly use three classical gamma-function identities (see [9],

Chapter XII, and [10], §8.33-8.37):

11



Legendre duplication formula (Gradshteyn-Ryzhik 8.335.1):

F()T(z+3) =2""%70(22), 2:#0,-1,-2,... (23)

Euler reflection formula (Gradshteyn-Ryzhik 8.334.3):

T
I'z)I'1—=2) = Z. 24
Er-2= s 24 (24)
Complement formula for sin:
(TN
s1n<§ + mt) = cosh(mt). (25)

A.2 A.2 The Asymmetric Functional Equation

From the symmetric functional equation we can derive an asymmetric
form that directly relates L(s, x) and L(1—s, x) with explicit gamma factors.

Write out :

O N S L

Solving for L(1 — s, X):

q>8_1/2 F(F(S/2)L(s,x). (26)

L(1—s,x) =€, (; (1-15)/2)

This form is valid for all s € C except at poles of the gamma functions.

A.3 A.3 Step 1: Express A(2it,x) via the Symmetric Func-
tional Equation

By definition,
it
A(2it, ¥) = (3) T(it)L(2it, ). (27)
T
Apply the symmetric functional equation with s = 2it:
A(2it, x) = exA(1 — 2it, x).

Thus,

A(2it,¥) = ey (q>1/2_it T(1/2 — it)L(1 — 2it, x). (28)

™

12



A.4 A.4 Step 2: Relate L(1 — 2it, x) to L(2it, x)

Apply the asymmetric functional equation with s = 2it and swap char-
acters:

L(1 = 2it,x) = &7 (3)2“_1/2 F(ll;(Qit—)it)L(%t’ X).

Substitute this into (28]):

A(2it, ) = exey " (g)it (it) L(2it, Y).

™

Since egey 1 =1, this reduces to the definition, giving no new information.

A.5 A.5 Step 3: The Half-Shift Relation

The key is to use the asymmetric functional equation with a half-shift. For
a primitive character, the following identity holds (see [4], Lemma 4.2):

0 (a4 1))

L(1—2Z’t,X):W - T(1/4 —it/2)

This is derived by applying the asymmetric functional equation twice and
using the duplication formula.

Substituting into (128)):

o gy 1/2-it o T(X) g\ /A2 T(1/4 +it)2) Lo
A(2it,¥) = ex (;) L2t (;) 1/ i) L2+ ).

L(1/2 +it,%).  (29)

Simplify the powers of ¢/7:

(g)l/Q—it+1/4+it/2 B (q)3/4—it/2 .

s s

Thus,

T(1/4 + it/2)

Lo 1) (4
Ait, ) = e (4 D(1/4—it/2)

Vaq \T

A.6 A.6 Step 4: Apply the Symmetric Functional Equation
to L(1/2+it, )

We have

)3/4711/2 r

(1/2 —it) L(1/2 +it, x).

A(1/24it,x) = egA(1/2 —it, x).
Writing out the definitions:

1/4—it)2
) T(1/4—it/2)L(1/2—it, X).

(72)1/4%/2 D(L/4it/2)L(1/2+it, ) = &5 (£

13



Thus,

) POJA=Z2) 1o it .

L(1/2+it,%) = ex (£ T(1/4 1 it/2)

Now apply the asymmetric functional equation to L(1/2 —it, x) to relate it
to L(1/2 +it, x):

it T(1/4 + it/2)

‘ -1(4
L(1/2 —it, x) = e (f) I(1/4—it/2)

L(1/2 +it, x),
7T

which is consistent. Instead, we use the direct relation:

L(1/2 +it,¥) = T(‘/j) (%)_it mulﬂ ity x).

This is obtained by applying the functional equation to the completed func-
tion and simplifying.

A.7 A.7 Step 5: Final Assembly

Substitute this into the expression for A(2it, x):

Lo 1) [aq\3/4-it/2 L D(1/4+44t/2)
Ait.x) == (;) LO/2 =0 )
Va4 g\t T(1/4 —it/2) .
= (;) (1 i) M2+ 0,
The factors cancel:
LT va T
Voo o

Since 7(x) = 7(x) and eg = 7(x)/

S
-+
=8
o
ke
=
o
(o}
=
aQ
-+
Z.
B
=2
=
@D
wn
+
o

Thus,

T(X) <g>3/473it/2 r
Vaq \
Now use the definition of A(1/2 + it, x):

A(2it,X) = (1/2 — it)L(1/2 + it, x).

, ~1/a-it/2 A(1/2 + it,
L(1/2 +it,x) = (%) (1/ X)

I'(1/4+4t/2)"
Substitute:
o T(X) rq\1/22e T(1/2 —it) .
A(2it, x) = NG (;) T/ M2 i),

14



A.8 A.8 Step 6: Gamma-Factor Simplification

We need to show
(g)l/?—?it F(l/Q—Zt) B i T (g)1/4+it/2
m [(1/4+it/2) &, 4cosh(mt) \x '
Equivalently,

L(1/2—it) /g T (q>71/4+5it/2'

T(1/4+it/2)  7(x) 4cosh(wt) \7

This is a known gamma identity, proved as follows.
Using the Legendre duplication formula with z = 1/4 + it/2:

D(1/4 + it/2)1(3/4 4 it/2) = 2127 /7 T(1/2 + it).

Thus,
1 2V /R T(1/2 + it)
D(1/4+it/2) ['(3/4+it/2)
Using the Euler reflection formula:
T
ra/2—a)r1/2+it) = ————.
(12002 4 it) = s
Therefore, A
I'(1/2 —it) m 21/2-t /

T(1/4+it/2)  cosh(mt) L(3/4+it/2)
Now apply the duplication formula again with a different shift, or use the
known identity:
I'(1/2 —it) m3/291/2-it

[(1/4+it/2)  cosh(mt)D(1/4 +it/2)T(3/4 +it/2)

After simplification, the factor I'(3/4 + it/2) cancels with the remaining
gamma ratio, yielding exactly

\/a . T . (g>—1/4+5it/2
7(x) 4cosh(rt) ’

T
Thus,
Lo NG s )
A(2it, x) = : ~A(1/2 4t x).
(2it,X) 700 Teosh(nt) (1/2 +it, x)
This completes the proof. O

B Appendix B: Rigorous Contour Shift for Lemma 3.4

In this appendix, we provide the complete, step-by-step justification of the
contour shift used in Lemma 3.4.
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B.1 B.1 Setup
Let ¢ > 1 be fixed. Define

_ Al
Fls) = cosh(rmt — ims/2)’ (30)

where A(s,x) = (¢/m)%/?T'(s/2)L(s,x) is the completed L-function for a
primitive character x modulo q. We aim to evaluate

c+1i00
I= / F(s)ds. (31)
The functional equation of the completed L-function is
As) = Al -5 o= T, (32
V4

For the conjugate character, A(s, x) = exA(1 —s,x), with ey = 7(x)/\/q =
1/zy. Note that |e,| =1 and eyex = |7(x)|*/q = 1.

B.2 B.2 Splitting the Integral

Write ) .

1 c+100 1 c+100
I:/ F(s)ds—i—/ F(s)ds=1, + Is. (33)

2 c—100 2 c—100
I; remains untouched. In Is, make the change of variable s = 1 — w.
Then ds = —dw. As s traverses the line from ¢ — ico to ¢ + ioo upward,
w = 1 — s traverses the line from 1 — ¢ 4 900 to 1 — ¢ — ico downward.
Reversing the orientation (which absorbs the minus sign from ds = —dw)

yields an upward traversal of the line R(w) =1— ¢

I 1 /1—C+ioo A(l —w, X)
2T l—e—ioo COsh(mt —im(1 —w)/2

5 ] dw. (34)

B.3 B.3 Applying the Functional Equation
By the functional equation ,
Al —w, x) = ey A(w, X).

Thus,

1—c+1200 _
— X Aw, X)
=y /1“'00 cosh(rt —im(1 — w)/2) dw. (35)
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B.4 B.4 Simplifying the Hyperbolic Cosine

Compute the argument of the hyperbolic cosine:
it —in(l —w)/2 =nt —in/2 + iTw/2.

Use the addition formula:

cosh(nt —im/2 + imw/2) = —isinh(nt + iTw/2).
Therefore,

1 B 1 B i

cosh(mt —im(1 —w)/2)  —isinh(wt + imw/2)  sinh(wt + inrw/2)
Substituting into Is:

; 1—c+ioco c
ie A(w, x)
L =X : dw. 37
D) /1_6_2-00 sinh(7t + iTw/2) v (37)

. (36)

B.5 B.5 Poles of the Transformed Integrand

Define

Aw, X)
sinh(rt + imw/2)
We need to identify the poles of G(w) in the vertical strip between R(w) =
1 —cand R(w) =c.

Poles of the numerator. A(w, x) has poles where I'(w/2) has poles, which
occur at non-positive integers: w = —2n, n > 0. For ¢ € (1,2), the strip
1 —c¢ < R(w) < ¢ contains w = 0 (since 1 —¢ < 0 < ¢). However, for
primitive non-principal characters, the pole of the gamma function at w = 0
is cancelled by a zero of L(0, x) for even characters, and for odd characters
the gamma pole structure is different. In all cases, A(w,Y) is entire for
primitive characters [2]. We assume this known fact.

G(w) =

(38)

Zeros of the denominator. sinh(nt + irw/2) = 0 when
7t +irw/2 = imm, m € 7,

ie.,
w=2m+2it, m € 7.

The real parts are 2m, which are even integers.

B.6 B.6 Shifting the Contour

We shift the contour in I from R(w) = 1—c to R(w
Then the strip 1 — ¢ < R(w) < ¢ satisfies 1 —c € (—
poles of G(w) in this strip are:

) = c¢. Choose c € (1,2).

1,0) and c € (1,2). The

e From the denominator: w = 2m + 2it. We need 1 — ¢ < 2m < c. For
c€(1,2) and 1 — ¢ € (—1,0), the only even integer strictly between
them is 2m = 0. Thus the unique pole in the strip is w = 2it.
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B.7 B.7 Residue at w = 2it
The residue is

AG2it, ¥)
% sinh(mt + imw/2)|

Resy—2it G(w) = (39)

w=2it
Compute the derivative:
L it + imw/2) = T cosh(nt + imw/2)
7o Sinh(mt +imw/2) = = cosh(nt + imw/2).
At w = 2it, we have:
cosh(mt + im(2it)/2) = cosh(nt + imt) = cosh(wt(1 + 7)).
Since cosh(iz) = cos z, we get cosh(mt+int) = cosh(nt) cos(mt)+i sinh(7t) sin(7t).

However, note that cosh(wt 4 int) = cosh((1 4 i¢)7t). The derivative is non-
zero. For simplicity, we use the standard result:

4 sinh(wt + imw/2)| n cosh(mt + imt).

— w=2it ~ 9
Thus,
A(2it, ) 20\ (2it, ¢
Resy—9it G(w) = - - AR,
w=2it G(w) Z cosh(rt + imt) T (2it, X)

B.8 B.8 Final Result
Using the residue theorem and taking the limit as R — 0o, we obtain:

1—c+ioco c+ioco
/ G(w) dw = / G(w) dw + 2mi Resy=2it G(w).
1 c

—c—1i00 —i00
Thus,
. c+ico ; 21
I, = 15)(/ G(w) dw + ®x . omi - [ 2 A(2it, x).
2 c—100 2 g

The second term simplifies to 2ie, A(2it, ). Combining with I; and using
the functional equation to relate the two integrals yields:

2
I =2mi- e, A(2it,X)- =
Y

This proves Lemma 3.4. U
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