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Abstract

We develop a geometric and spectral framework for the analysis of risk in complex systems
within Universal Modular Dynamics (UMD). In contrast to conventional approaches that treat
risk as a scalar probability, we define risk as a structural property emerging from the spectral
characteristics of transition dynamics.

The central object of the theory is the second eigenvalue \; of the transition operator,
which governs the system’s approach to instability. We introduce a spectral measure of risk
R = (1 — X2)~! and show that risk diverges as the system approaches a critical regime.

Building on this, we construct a geometric formulation in which risk is described by a metric
and curvature defined over a space of control parameters. We demonstrate that critical instability
corresponds to a geometric singularity, characterized by divergence of both the risk metric and
scalar curvature.

We further formulate a field-theoretic description by introducing an action functional whose
variation yields a set of dynamical equations analogous in structure to Einstein equations. This
establishes a unified framework connecting spectral dynamics, geometric structure, and instabil-
ity propagation.

Numerical analysis and phase-space modeling illustrate the emergence of metastable regimes,
critical surfaces, and nonlinear transitions. The resulting theory provides a universal description
of risk as a phase transition phenomenon, applicable to a wide class of complex systems.

This construction is interpreted as a phenomenological geometric theory of instability, pro-
viding a new perspective on the structural origins of risk beyond probabilistic descriptions.

1 Introduction

Risk in complex systems is traditionally described in probabilistic terms, as the likelihood of specific
adverse events. While this approach is effective in well-defined stochastic settings, it becomes inad-
equate in systems characterized by strong interactions, feedback loops, and nonlinear transitions.
In such systems, rare but impactful events often emerge not from simple probability accumulation,
but from structural instabilities in the underlying dynamics.

Recent developments in the theory of complex systems have highlighted the importance of phase
transitions, metastability, and critical phenomena in understanding systemic behavior. These in-
sights suggest that risk should not be viewed merely as a scalar quantity, but rather as a manifes-
tation of deeper structural properties.

In this work, we propose a new framework for the analysis of risk based on Universal Modular
Dynamics (UMD). Within this framework, system dynamics are governed by a transition opera-
tor, and the spectral properties of this operator encode essential information about stability and
evolution. In particular, the second eigenvalue Ao plays a central role in determining the rate of
relaxation and the susceptibility of the system to perturbations.

We introduce a spectral definition of risk,

1
— 1
R W (1)

and show that it naturally captures the approach to instability. As Ay — 1, the system enters a
critical regime characterized by slow relaxation, enhanced sensitivity, and the emergence of large-
scale transitions.

Building on this spectral perspective, we develop a geometric formulation in which risk is de-
scribed by a metric structure defined over a space of control parameters. This leads to the notion
of risk curvature, which quantifies the nonlinear sensitivity of the system and diverges at critical
boundaries. In this sense, instability corresponds to a geometric singularity in the space of system
configurations.



We further extend this framework by constructing a field-theoretic description based on a vari-
ational principle. This yields a set of dynamical equations relating geometric properties of risk to
its underlying sources, providing a unified description of instability propagation.

The resulting theory reveals that risk is fundamentally a phase transition phenomenon, governed
by spectral structure and geometric organization rather than by isolated probabilistic events. This
perspective allows for a unified treatment of stability, escalation, and systemic breakdown across a
wide range of complex systems.

We emphasize that the present construction should be interpreted as a phenomenological ge-
ometric theory of risk, rather than a fundamental physical theory. Its purpose is to provide a
consistent and transferable framework for analyzing instability in complex dynamical systems.

The paper is organized as follows. We begin by introducing the spectral definition of risk and its
basic properties. We then analyze the phase structure of the system and construct the associated
geometric framework. This is followed by the introduction of curvature and field equations governing
risk dynamics. Numerical examples and phase-space modeling illustrate the theory, and we conclude
with a discussion of implications and limitations.

2 Spectral Definition of Risk

2.1 Transition Operator and Spectrum

We consider a system described by a stochastic transition operator T' acting on a probability dis-
tribution P. The operator is assumed to be irreducible and aperiodic, ensuring the existence of a
unique stationary distribution.

Let the spectral decomposition of T' be given by:

Ty, = A\pvg, (2)

with eigenvalues ordered as:
I=A>X2>2A32>--. (3)

The leading eigenvalue A\; = 1 corresponds to the stationary state, while the subleading eigen-
value Ay governs the slowest relaxation mode of the system.

2.2 Spectral Measure of Risk

We define risk as a function of the spectral gap:

1
- 4
R=17% (4)

This definition captures the proximity of the system to instability. As Ao approaches unity, the
system exhibits slow relaxation, increased memory, and enhanced sensitivity to perturbations.

2.3 Dynamical Interpretation
The time evolution of the system can be expressed as:

Pt — pleo) LA\, (5)

where P(®) is the stationary distribution.



The associated relaxation timescale is:

1
TN (©)

T

Thus, the risk measure R is proportional to the characteristic time over which perturbations
persist in the system.

2.4 Spectral Divergence

We formalize the critical behavior of risk:

Theorem (Spectral Divergence of Risk). Let T be an irreducible stochastic operator with
second eigenvalue Ao < 1. Then the risk measure satisfies:

lim R = oo. (7)
)\24)1_
Proof. From the definition R = (1 — \3)~!, the result follows directly as Ao — 17. O

This divergence indicates that instability is not gradual but emerges as a critical phenomenon.

2.5 Error Sensitivity
Let A2 be an estimate of the true eigenvalue with uncertainty 9, such that:
Ay = 5\2 + 6. (8)

Then the induced uncertainty in the risk measure is approximately:

5
AR ~ T 9)

This relation shows that uncertainty in risk grows quadratically as the system approaches criti-
cality.

2.6 Interpretation

The spectral definition reveals that risk is fundamentally a structural property of the system. It is
determined not by isolated events, but by the global organization of transition dynamics.
In particular:

e small values of Ao correspond to stable systems with rapid relaxation,
e intermediate values correspond to metastable regimes,

e values approaching unity indicate critical behavior and systemic instability.

Thus, risk is naturally interpreted as a measure of proximity to a spectral phase transition.



3 Phase Structure

3.1 Spectral Regimes

The spectral definition of risk naturally induces a classification of dynamical regimes based on the
value of the second eigenvalue \o.
We distinguish four qualitatively different regimes:

e Stable regime: Ay < 0.6,

e Metastable regime: 0.6 < Ay < 0.75,

e Transitional regime: 0.75 < Ay < 0.85,
e Critical regime: )y > 0.85.

These regimes correspond to distinct dynamical behaviors of the system.

3.2 Physical Interpretation

Each regime can be characterized in terms of relaxation dynamics and sensitivity:
o In the stable regime, perturbations decay rapidly and the system remains close to equilibrium.
e In the metastable regime, the system exhibits persistent deviations and slow relaxation.
e In the transitional regime, small perturbations can lead to significant structural changes.

e In the critical regime, the system becomes highly sensitive and may undergo abrupt transitions.

Thus, the transition from stability to instability is not gradual but occurs through a sequence
of qualitatively distinct phases.

3.3 Phase Boundaries

The boundaries between regimes are defined by critical values of Ao.
In particular, the onset of critical behavior occurs when:

)\2 — 1, (10)

at which point the spectral gap closes and the relaxation time diverges.
This defines a critical surface in the space of control parameters.

3.4 Control Parameter Space

We introduce a set of control parameters:
:E:(Pl’IQ7M1)a (11)

representing, respectively, stabilizing and destabilizing influences on the system.
The spectral value Ay becomes a function:

A2 = A2 (). (12)

This defines a mapping from control space to phase structure.



3.5 Phase Diagram

The phase structure can be represented as a partition of the control space into regions corresponding
to different regimes.
The boundary between stable and unstable behavior is defined by a critical condition:

A2(x) = A, (13)
where A, is a threshold value (typically A, ~ 0.85 in the present model).
This condition defines a phase boundary separating qualitatively different dynamical behaviors.
3.6 Phase Transition Interpretation

The transition between regimes is analogous to a phase transition in statistical physics.
In particular:

e the spectral gap 1 — Ao plays the role of an order parameter,

e the divergence of R corresponds to critical behavior,

e the approach to Ay — 1 signals the onset of instability.

This interpretation provides a natural framework for understanding systemic risk as a phase
transition phenomenon.
3.7 Summary

The phase structure induced by Ag reveals that instability is organized in discrete regimes rather
than continuously varying levels of risk.

’risk is structured into phases governed by spectral dynamics (14)

4 Risk Geometry

4.1 Geometric Formulation

The spectral definition of risk naturally admits a geometric interpretation. Instead of treating risk
as a scalar quantity, we consider it as a function defined over the space of control parameters:

T = (Pl,IQ,Ml). (15)

This defines a manifold M on which the system evolves. The risk measure R(x) induces a
geometric structure on M.

4.2 Risk Potential
We define the logarithmic risk potential:
®(z) =logR(x). (16)
Using the spectral definition:
D(z) = —log(1 — Az(2)). (17)

This function encodes the local sensitivity of the system to perturbations.



4.3 Risk Metric

We define the metric tensor as the Hessian of the risk potential:

9 = 9,0, (x) (18)

This construction is analogous to information geometry, where the metric is derived from a
scalar potential.

4.4 Explicit Form
Substituting ® = —log(1 — A\2), we obtain:

U T 1= )2 1 A

(19)

The first term represents gradient-driven sensitivity, while the second captures intrinsic curvature
of the spectral surface.

4.5 Interpretation

The metric gff)

eters.

measures how rapidly the risk changes with respect to variations in control param-

e Small values of gl.(f)

turbations.

correspond to stable regions where the system responds weakly to per-

e Large values indicate high sensitivity and nonlinear amplification of small changes.

(R)

e Divergence of g;; signals proximity to a critical regime.

4.6 Geodesic Structure

The metric defines a notion of distance:
ds® = gV da'da? (20)

Geodesics on this manifold correspond to trajectories of minimal change in risk.
This suggests that system evolution tends to follow paths that locally minimize instability, unless
driven across critical regions.

4.7 Critical Behavior

As Ao — 1, we have:
® 1
9i; TR

Thus, the metric diverges near the critical surface, indicating a breakdown of smooth geometric
structure.

(21)



4.8 Geometric Interpretation of Risk

The geometric framework leads to the following interpretation:

risk is encoded in the curvature and metric structure of parameter space‘ (22)

Rather than being an external measure, risk emerges intrinsically from the geometry induced
by system dynamics.

4.9 Relation to Information Geometry

The construction shares formal similarities with information geometry, where metrics are derived
from divergences or likelihood functions. However, in the present framework, the geometry is
induced by spectral properties of the transition operator rather than by statistical inference.

4.10 Summary

The risk metric provides a bridge between spectral dynamics and geometric structure, enabling a
unified description of stability and instability in complex systems.

)

5 Curvature of Risk

5.1 From Metric to Curvature

Having introduced the risk metric gi(]R), we now construct the corresponding curvature tensor using

standard differential geometric definitions.
The scalar curvature is given by:

R) _ (R)ij p(R)
R = ¢ )jRij (24)

(R)

where REJR) is the Ricci tensor associated with the metric g;;.

5.2 Critical Scaling Behavior

Near the critical regime A9 — 1, the dominant contribution to the metric scales as:

w1 25
gz] (1 _ )\2)2 : ( )
Consequently, the scalar curvature exhibits the same asymptotic scaling:
RB) # (26)
(1—X2)?2

This divergence reflects the breakdown of regular geometric structure at criticality.

10



5.3 Geometric Interpretation

The curvature R provides a quantitative measure of instability in the system:

e Low curvature corresponds to stable regimes with smooth response to perturbations,
e Intermediate curvature indicates metastability and nonlinear sensitivity,

e Divergent curvature signals the onset of critical instability.

Thus, instability emerges as a geometric property rather than a purely dynamical or probabilistic
one.

5.4 Critical Surface as a Geometric Boundary

The condition Ay — 1 defines a critical surface in the control parameter space. In the geometric
framework, this surface corresponds to a singular boundary where:

(R) (R)

gi]

This provides a precise geometric characterization of phase transitions in terms of curvature

— 00, RYY — o0 (27)

divergence.

5.5 Sensitivity and Nonlinearity

The curvature encodes second-order sensitivity of the system to parameter variations. Large values
of R imply that small perturbations in control parameters produce amplified changes in system
behavior.

In particular, near criticality, the system exhibits:

e long relaxation times,
e enhanced memory effects,

e strong nonlinear coupling between parameters.
These features are consistent with the spectral interpretation of instability.

5.6 Relation to Spectral Structure

The curvature is directly linked to the spectral properties of the transition operator through the
relation:

Ao > R — g(R) — R (28)

ij

This establishes a hierarchy in which spectral dynamics induce geometric structure, and geo-
metric structure encodes instability.

11



5.7 Conceptual Interpretation

Within this framework, risk is no longer viewed as an external scalar quantity, but as an intrinsic
geometric property of the system.

instability manifests as curvature singularity in parameter space (29)

This interpretation unifies spectral dynamics and geometric organization into a single conceptual
structure.

5.8 Summary

The curvature of risk provides a fundamental measure of instability:

R~ (1-2g)7? (30)

and diverges at the critical boundary, signaling the onset of phase transitions.
This completes the geometric characterization of risk within the present framework.

6 Variational Formulation

6.1 Action Principle

To complete the geometric formulation, we introduce a variational principle governing the dynamics
of risk. We construct an action functional defined over the risk manifold:

S[g®, Ay = / [R(R) + kn Lok (2) + ag(R)z‘jai)Qaj)\Q} 9B Bz (31)

where R is the scalar curvature of the risk metric, Lisk is a phenomenological risk Lagrangian,
and « is a coupling parameter.

6.2 Choice of Lagrangian

In the minimal formulation, we take:
e

This choice reflects the role of Ay as the fundamental scalar controlling instability.

6.3 Variation with Respect to the Metric

(R)

Varying the action with respect to g;;~ yields:

5S=0 = |G = kTP (33)

] j

where Qi(f ) is the risk Einstein tensor and T(R)

s the effective stress tensor defined previously.

12



6.4 Variation with Respect to )\,

Varying with respect to Ay gives:

2 risk
V = 4
(6] )\2 3)\2 (3 )

For the minimal choice L;gx = A2, this reduces to:

aV3iy = 1. (35)

6.5 Interpretation
The variational formulation provides a unified dynamical picture:

e the metric gZ(]R) encodes the geometry of risk,
e the scalar field Ao represents the local instability,

e the field equations describe the coupled evolution of geometry and instability.

The second equation indicates that instability propagates diffusively across the manifold, while
the first equation determines how this propagation shapes the geometry.

6.6 Consistency
The action formulation ensures internal consistency:
vigi =0 = viTV =0, (36)

which reflects conservation of risk flow.

6.7 Interpretation as Field Theory

The system can be interpreted as a field theory defined on the space of control parameters:

Risk dynamics = (gEJR), A2, S) (37)

This provides a complete description of instability as a coupled geometric and scalar field system.

6.8 Visualization of Curvature

The geometric structure of risk can be illustrated through representative curvature and phase dia-
grams.

(a) Curvature surface with singular peaks indicating instability regions.

(b) Analogy with thermodynamic phase structure and critical point.

(c) Divergence behavior near critical transition.

Figure 1: Geometric visualization of risk curvature and phase structure.
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6.9 Limitations

We stress that this construction is phenomenological:

the action is a modeling assumption, not a fundamental derivation (38)

Its purpose is to provide a consistent and extensible framework for describing risk dynamics.

6.10 Summary

The variational formulation closes the theoretical structure:

S =G5, %) (39)

linking geometry, dynamics, and instability within a single formalism.

7 Numerical Analysis

7.1 Model Setup

To illustrate the proposed framework, we consider a representative finite-state system described by
a stochastic transition matrix 7.

The system consists of four states corresponding to qualitatively different regimes of behavior.
The transition matrix is chosen to reflect a mixture of stable and unstable dynamics:

0.78 0.18 0.03 0.01

012 0.65 0.18 0.05
T=1005 025 055 015]" (40)

0.02 0.08 0.30 0.60

This matrix is stochastic, irreducible, and aperiodic.

7.2 Spectral Properties

The eigenvalues of T' are:

A =1.00, A ~0.79, X3~ 0.57, A\~ 0.22. (41)

The spectral gap is:
A=1-)X=0.21 (42)

7.3 Risk Evaluation
Using the spectral definition:

R=—r (43)

we obtain:

(44)

14



This value indicates a metastable regime, consistent with the phase classification introduced
earlier.

7.4 Stationary Distribution
The stationary distribution is obtained by solving:

7’P="P. (45)

The result is:
P>) ~(0.36, 0.34, 0.20, 0.10). (46)

7.5 Interpretation

The distribution shows that the system is dominated by the first two states, which correspond to

stable and transitional regimes, while higher-risk states remain subdominant but non-negligible.
P+ P,~=0.70, P+ P;~0.30. (47)

This reflects a system that is globally stable but structurally exposed to instability.

7.6 Dynamic Behavior

The time evolution of the system confirms the spectral analysis. Starting from an arbitrary initial
condition, the system relaxes toward the stationary distribution with a rate controlled by As.

The persistence of deviations over multiple steps is consistent with the estimated relaxation
time:

~ ~ 4.76. 4
T~ T 76 (48)
7.7 Sensitivity Analysis
Using the error propagation relation:
AR~ (49)
T (=)

we observe that even small uncertainties in Ay can lead to significant variations in R near
criticality.
For the present system, this effect is moderate but clearly observable.

7.8 Consistency with Geometric Interpretation

The numerical results are consistent with the geometric framework:

e the finite value of R corresponds to a regular metric,
e the nonzero spectral gap implies finite curvature,

e the system lies in a metastable region of the phase diagram.

15



7.9 Summary

The numerical example confirms that:

’spectral properties determine both dynamics and risk structure (50)

This provides concrete support for the theoretical framework developed in the previous sections.

8 Three-Dimensional Phase Structure

8.1 Extended Control Space
We consider a three-dimensional control space defined by the parameters:
xr = (Pl,IQ,Ml), (51)

where P; represents stabilizing influences, while Is and Mj correspond to destabilizing factors.
The system is thus described as evolving on a manifold:

M =10,1]% (52)

8.2 Spectral Surface
The second eigenvalue becomes a function over this space:
A2 = APy, Iz, My). (53)
A minimal phenomenological approximation is given by:

A2 =0.540.4515 + 0.35M7 — 0.35P; (54)

This defines a spectral surface embedded in the control space.

8.3 Phase Regions
Using the classification introduced earlier, the control space is partitioned into regions:
e Stable region: Ao < 0.6,
o Metastable region: 0.6 < A9 < 0.75,
e Transitional region: 0.75 < Ay < 0.85,
e Critical region: As > 0.85.

These regions form a layered structure in three-dimensional space.

8.4 Critical Surface
The boundary of instability is defined by:
A2 = A¢, (55)

with A\, ~ 0.85.
Substituting the spectral model yields:

0.451 + 0.35M7 — 0.35P; = 0.35 (56)

This equation defines a plane separating stable and unstable regions.

16



8.5 Risk Surface

The risk function: )

1—X

R(Py, 12, M) = (57)

defines a nonlinear surface over the control space.
Near the critical surface, R grows rapidly, forming steep gradients and effectively creating a
boundary layer.

8.6 Geometric Interpretation

The three-dimensional phase structure reveals:
e a continuous deformation of stability regions,
e a sharp transition near the critical surface,

e anisotropic sensitivity depending on the direction in parameter space.

In particular, the system is more sensitive to increases in destabilizing parameters than to
reductions in stabilizing ones.

8.7 Visualization

The phase structure can be visualized as a three-dimensional surface with:
e a relatively flat region corresponding to stable behavior,
e a curved transitional region,
e a steep wall near the critical boundary,

e a peak corresponding to divergence of risk.

These features provide an intuitive representation of how instability emerges.

8.8 Relation to Risk Geometry

The phase surface is directly linked to the geometric quantities introduced earlier:

Ao () = R(z) = g\ (x) — R (x) (58)

Thus, the three-dimensional structure serves as the base manifold for the geometric theory.

8.9 Summary

The three-dimensional phase structure provides a unified representation of:

control parameters, spectral dynamics, and geometric risk (59)

This representation makes explicit how local parameter variations map into global instability
patterns.

17



9 Universal Law of Risk

9.1 Definition

The preceding analysis suggests that risk is fundamentally determined by the spectral properties of
the transition operator. This leads to a universal relation between control parameters and instability.

We define the universal risk function as:

1

M= 1 %@

where x = (P, Iz, M;) denotes the control parameters.

9.2 Explicit Form
Using the phenomenological spectral model:

A2 = 0.5 4 0.4515 + 0.35M; — 0.35P,

we obtain:

1
R(Py, I, Mq) =
(P, 12, M) = 650,451, + 0,350 — 0.35P))

This expression provides a direct mapping from control parameters to risk.

9.3 Scaling Behavior

Near the critical surface, we define:
e=1-— )Ao.

This scaling behavior is characteristic of critical phenomena.

Then the risk function satisfies:

9.4 Universality

The divergence structure:
R~ (1= X))t

is independent of the specific details of the system, depending only on the spectral gap.
This suggests that the law is universal across a broad class of complex systems.

9.5 Sensitivity Amplification
Combining with the error propagation relation:

1

AR ~ ——
(1= X2)%’

we observe that sensitivity increases faster than the risk itself near criticality.

This leads to strong amplification effects in the vicinity of the phase boundary.

18
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9.6 Relation to Geometry

The universal law is directly connected to geometric quantities:

R — ¢ 5 R (67)

4]
Thus, the scaling behavior of R determines both the metric and curvature structure of the risk
manifold.
9.7 Interpretation

The universal law implies that instability is governed by a simple structural principle:

risk is controlled by the inverse spectral gap (68)

This provides a unifying description of stability and breakdown across different systems.

9.8 Limitations

We emphasize that the explicit form of A2(x) used here is a phenomenological approximation. The
universality applies to the scaling structure, not to the specific coefficients.

9.9 Summary

The universal law of risk can be expressed as:

1

R~ T30

(69)

This relation provides the central analytical link between spectral dynamics, geometry, and
instability.

10 Comparison with Complex Systems

10.1 General Perspective

The proposed framework is not restricted to a specific class of systems. Instead, it applies to any
system that can be described in terms of transition dynamics and admits a well-defined spectral
structure.

The key requirement is the existence of a transition operator whose subleading eigenvalue governs
relaxation and stability.

10.2 Dynamical Systems

In general dynamical systems, metastability and slow relaxation are often associated with the pres-
ence of long-lived modes. These modes correspond naturally to subleading eigenvalues of evolution
operators.

The spectral definition of risk captures this behavior by identifying instability with the approach
of Ao to unity.
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10.3 Statistical and Critical Systems

In statistical physics, phase transitions are characterized by divergence of correlation lengths and
critical slowing down.

The relation: )

1— )Xo
is directly analogous to these phenomena, where the spectral gap plays a role similar to inverse
correlation length.

This establishes a correspondence between risk divergence and critical behavior.

R~ (70)

10.4 Network and Cascade Systems

In networked systems, such as power grids or communication networks, instability often manifests
as cascade failures triggered by small perturbations.

These cascades are typically associated with strong coupling and amplification mechanisms,
which correspond to high values of Ay in the present framework.

Thus, the risk geometry provides a natural way to describe cascade susceptibility.

10.5 Financial Systems

Financial markets exhibit periods of relative stability interspersed with abrupt crashes. These
transitions are often preceded by increased correlations and reduced effective dimensionality.

Such behavior is consistent with a reduction of spectral gap and an increase in Ao, leading to
elevated risk in the present model.

10.6 Ecological Systems
Ecological systems may undergo sudden collapse when subjected to gradual environmental changes.
Early warning signals include increased variance and slowing recovery from perturbations.

These features correspond to the metastable and transitional regimes identified in the phase
structure of the present framework.
10.7 Common Structure
Across these systems, we observe a common pattern:

e stability is associated with a finite spectral gap,

e metastability corresponds to slow relaxation,

e critical transitions occur when the spectral gap closes,

e instability manifests as nonlinear amplification.

This shared structure supports the universality of the spectral and geometric description of risk.

10.8 Limitations of Comparison

We emphasize that the correspondence established here is qualitative. The mapping between specific
systems and the spectral model depends on how the transition operator is constructed.

Therefore, the framework should be viewed as a unifying conceptual tool rather than a direct
predictive model for any particular system.
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10.9 Interpretation

The comparison suggests that risk is not a domain-specific concept but a universal structural prop-
erty of complex systems.

risk emerges from the same mechanisms that govern critical phenomena‘ (71)

10.10 Summary

The spectral and geometric formulation provides a common language for describing instability across
diverse systems, including dynamical, statistical, network, financial, and ecological domains.
This universality is one of the central strengths of the proposed framework.

11 Discussion

11.1 Physical Interpretation

The framework developed in this work reinterprets risk as a structural property of dynamical systems
rather than a purely probabilistic quantity. Within Universal Modular Dynamics, instability is not
associated with isolated events but emerges from the global organization of transition dynamics.
The key result is that the second eigenvalue Ao governs both relaxation dynamics and suscepti-
bility to perturbations. As Ay — 1, the system approaches a critical regime characterized by slow
relaxation, enhanced memory, and nonlinear amplification.
This establishes a direct link between spectral structure and instability.

11.2 Geometric Perspective

A central contribution of this work is the geometric formulation of risk. By constructing a metric
and curvature on the space of control parameters, we show that instability can be interpreted as a
geometric phenomenon.

In particular, the divergence of curvature provides a precise characterization of criticality:

R (1= Xy)72 (72)

Thus, critical transitions correspond to geometric singularities in parameter space. This per-
spective unifies spectral dynamics and geometric organization within a single framework.

11.3 Relation to Critical Phenomena

The results exhibit strong parallels with critical phenomena in statistical physics. The spectral gap
1 — X9 plays a role analogous to inverse correlation length, while the divergence of the risk measure
mirrors critical slowing down.

This suggests that instability in complex systems can be understood as a phase transition gov-
erned by spectral structure.

11.4 Predictive Power

The proposed framework provides a systematic way to quantify proximity to instability through the
spectral quantity As.

Unlike traditional approaches based on empirical indicators, the present formulation derives risk
directly from the underlying dynamics. This allows for:
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e identification of metastable regimes,
e detection of critical transitions,

e estimation of system sensitivity to perturbations.

The numerical examples demonstrate that the spectral measure captures essential features of
system behavior.
11.5 Limitations

We emphasize that the present construction is phenomenological. The explicit form of the transition
operator and its dependence on control parameters must be specified for each application.
Furthermore, the geometric formulation relies on smooth parameter dependence and may require
modification in systems with discontinuous dynamics or strongly non-Markovian effects.
The field-theoretic extension introduced in this work should be interpreted as a structural anal-
ogy rather than a fundamental physical theory.
11.6 Scope and Universality

Despite these limitations, the framework is broadly applicable to systems that admit a transition
operator description. The universality arises from the dependence on spectral structure rather than
on system-specific details.

This suggests that the geometric formulation of risk may provide a common language for de-
scribing instability across diverse domains.

11.7 Outlook
Several directions for future work emerge from the present study:

e extension to continuous-state systems,
e incorporation of non-Markovian dynamics,
e empirical validation in real-world complex systems,

e refinement of the geometric framework.

These developments may further clarify the role of spectral structure in governing instability.

11.8 Summary

The results support the following central conclusion:

risk is a geometric manifestation of spectral instability (73)

This provides a unified perspective linking dynamics, geometry, and phase transitions.

22



12 Conclusion

In this work, we have developed a spectral and geometric framework for the analysis of risk within
Universal Modular Dynamics.
The central result is that risk is governed by the subleading eigenvalue Ao of the transition

operator. The quantity
1

1— A9
provides a natural measure of proximity to instability, diverging as the system approaches a critical
regime.

Building on this spectral foundation, we introduced a geometric formulation in which risk is
encoded in a metric and curvature defined over the space of control parameters. Within this
framework, instability is identified with the divergence of curvature, providing a precise geometric
characterization of critical transitions.

We further proposed a variational formulation leading to a set of field equations that relate geo-
metric structure to sources of instability. Although phenomenological, this construction establishes
a consistent connection between spectral dynamics, geometry, and instability propagation.

Numerical examples illustrate the emergence of metastable regimes, phase boundaries, and non-
linear transitions, supporting the theoretical framework.

The main conclusion of this work can be summarized as follows:

R =

(74)

risk is a geometric manifestation of spectral instability (75)

This perspective provides a unified description of stability and breakdown in complex systems,
suggesting that risk should be understood not as a probabilistic quantity alone, but as a structural
feature arising from underlying dynamics.

The framework introduced here opens the possibility of applying geometric and spectral methods
to a wide range of systems, offering a new approach to the study of instability and phase transitions.

A Derivations

A.1 Derivation of the Risk Measure

The risk measure is defined as: )

1=
This expression follows from the asymptotic behavior of the transition operator. For a stochastic
matrix 7', the deviation from the stationary distribution behaves as:

R =

(76)

Pt — plo) L\, (77)

The characteristic relaxation time is therefore:

1
1— X

T (78)

Identifying risk with persistence of perturbations yields the stated definition.
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A.2 Derivation of the Metric

The risk potential is defined as:
O = —log(l — \a).

The metric is given by:
R

Explicitly:
(R) _ (9,‘/\28]‘)\2 n (91‘8]‘)\2

Yi T T 1o

A.3 Curvature Scaling

Near criticality, the dominant contribution is:
QEJB) ~(1—X)2
Since curvature involves derivatives of the metric, the same scaling holds:
R (1= Xy)72
This establishes the divergence of curvature at the critical boundary.

A.4 Variational Derivation

The action functional is:

S = / [R(R) + KRA2 + Oég(R)ijai)\QajAQ} A/ g(R) dS.I'.

(R)

Variation with respect to g;; yields:

(R) _ . p(R)
G;;  =krTy; "
Variation with respect to )\2 pI‘OdUCGSI

aVii, = 1.

B Additional Notes

B.1 Interpretation of )\,

(82)

(83)

(85)

(86)

The second eigenvalue Ao serves as a universal indicator of slow dynamics. Its proximity to unity

reflects long-lived modes and structural persistence.

B.2 Relation to Information Geometry

The construction of the metric from a scalar potential is formally analogous to information geometry.
However, in the present framework, the underlying structure is spectral rather than probabilistic.
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B.3 Choice of Control Parameters

The parameters (Py, Iy, M) represent a minimal phenomenological basis. In general applications,
the dimensionality and interpretation of control space may vary.

B.4 On Universality

The scaling behavior:
R~ (1= )7 (87)

is expected to be robust across systems admitting a transition operator description. However, the
explicit form of A2(x) is model-dependent.

B.5 Limitations of the Framework
The present formulation assumes:

e Markovian dynamics,

e smooth dependence on control parameters,

e existence of a well-defined spectral gap.

Extensions beyond these assumptions require further investigation.
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