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Abstract We study Néron models in arithmetic families
over regular integral bases of finite type over S = SpecZ,
with SpecZ as the basic motivating case. The purpose is
to isolate a common tame prime-to-residue-characteristic lo-
cus on which finite isogeny, component-group, inertia, Hecke,
and height-theoretic data can be compared without confusing
standard Néron-model input with the paper’s organizational
contribution. The method is to work after explicit shrink-
ing to dense opens, interpret higher-dimensional bases through
codimension-one DVRs, and combine Néron-model functori-
ality, finite-étale prime-to-p kernels, Raynaud semistable re-
duction, and rational ℓ-adic Tate-module comparison. The
principal results show that, for a fixed finite class of degree-
m prime-to-p isogenies, the induced maps on identity com-
ponents have finite ètale kernels killed by m, while the maps
on component groups have kernel and cokernel annihilated
by a bounded power of m. Consequently, the correspond-
ing Tamagawa-index and local geometric defect terms are uni-
formly controlled on the chosen tame locus. The inertia-
invariant subspaces of H1

ét are preserved under these isogenies,
and the Artin conductor exponent itself is unchanged because
rational ℓ-adic Tate modules of isogenous abelian varieties are
isomorphic. For modular curves, and conditionally for Hodge-
type Shimura varieties under the stated integral-model exten-
sion hypotheses, the same mechanism yields Hecke-orbit uni-
formity away from the residue characteristic and ramified level
primes. The height discussion records compatibility of stan-
dard semistable local height contributions involving ωA/S , but
does not assert a new global height gap. The practical im-
plication is a precise, reusable tame framework for separating
component-group variation from conductor invariance in arith-
metic families.
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1 Introduction and Main Results

Motivation

Néron models sit at the interface of algebraic geometry
and arithmetic: they extend abelian varieties across nonar-
chimedean places while preserving the universal mapping
property that governs integral points and specialization. Over
the arithmetic base S = Spec(Z) (see Notation 2.1), they en-
code reduction data through the identity component A0, the
component groups Φp at primes p, and the invariant differen-
tial line ωA/S (Definition 2.6 and construction 2.10). These
geometric pieces control the shape of local Euler factors and
Tamagawa numbers, while conductor exponents are defined by
the associated ℓ-adic inertia representations (Definition 2.12
and proposition 2.13); they also interact with global height
theory, the Mordell–Weil group A(Q), and rational points on
curves mapping to A. While the foundational existence and
formal properties are classical—see [1] for Néron models and
component groups,

[2, Introduction, pp. V–VI; Exposé XIII, pp. 82–115; Ex-
posé XV, pp. 165–196; Exposé XVIII, pp. 254–327] for van-
ishing cycles, Picard–Lefschetz theory, and Lefschetz pen-
cils, [3, Foreword, pp. v–vii; Ch. II, §§1–6, pp. 33–52] for
degenerations of abelian varieties, [4, §§7–8, pp. 112–117;
§§15–16, pp. 128–137; §20, pp. 145–150] for projectivity,
isogenies, étale cohomology/pairings, and abelian schemes,
[5, Theorem 1, p. 493; Theorem 2, pp. 496–497] for the
Néron–Ogg–Shafarevich criterion and potential good reduc-
tion, [6] for the basic local harmonic-analysis background used
in Euler factors ([6, §§2.2–2.4, pp. 308–316]), and [7] for
a detailed modern discussion of Néron-model techniques—
arithmetic applications often require carefully organized tame
prime-to-residue-characteristic control across selected arith-
metic families—especially along finite isogeny and Hecke cor-
respondences on integral models of modular/Shimura varieties.
This paper records such control on explicit dense opens and
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separates the resulting component-group and inertia-invariant
consequences from the standard background input on Néron
models, Tate modules, and height functoriality.

Global framing and scope. Although SpecZ serves as the
basic arithmetic base and motivating example, all results as-
serting variation, semicontinuity, or uniform bounds are for-
mulated for abelian schemes or Néron models varying in arith-
metic families A/T with T a regular integral scheme of finite
type over SpecZ. No theorem claims the existence of infinitely
many additive fibers for a fixed abelian variety over Q.

Novelty and separation from standard input

The standard inputs used below are the existence and func-
toriality of Néron models over Dedekind bases, the Raynaud
description of semistable reduction, the finite-ètale behavior of
prime-to-residue-characteristic kernels, and the isomorphism
of rational ℓ-adic Tate modules under isogeny ([8, §6, Propo-
sition 6.1 and Tate-module discussion, pp. 30–32]). The new
contribution of this paper is not a new existence theorem for
Néron models, but the systematic packaging of these standard
tools on one fixed tame codimension-one locus and their simul-
taneous use for component groups, inertia invariants, Hecke
correspondences, and local height terms.

More precisely, the paper contributes:

(i) a common-open formulation for fixed finite families of
degree-m prime-to-p isogenies;

(ii) uniform kernel–cokernel annihilation control on compo-
nent groups;

(iii) an explicit separation between Tamagawa/component-
group defect control and Artin-conductor invariance;

(iv) a conditional Hecke-uniformity statement for modular
and Hodge-type settings under integral-model extension
hypotheses;

(v) a height-theoretic compatibility statement involving
ωA/S , without claiming a new global positive height
lower bound.

Outline of results

The logical flow is as follows; each entry records the down-
stream arithmetic consequences and a representative example.

• Existence/uniqueness in arithmetic families. Theo-
rem 3.1 packages the standard codimension-one Néron-
model extension and functoriality facts needed later for
prime-to-p isogenies. Its role is to fix the precise
tame/Dedekind scope in which component-group maps
are controlled; it is not used as a new global Néron-model
theorem over higher-dimensional bases.

• Component groups and upper semicontinuity. Theo-
rem 3.5 constructs a common tame open U ⊆ T ◦ on
which the relevant component-group sheaf is finite étale,

so that t 7→ vq(#ΦA,t) is locally constant and hence
formally upper semicontinuous. The real content is the
common-open and kernel–cokernel control for the fixed
finite class of prime-to-residue-characteristic isogenies.
Lemma 3.7 records only constructibility beyond this tame
open.

• Cohomological invariants under base change and
isogeny. In Theorem 4.1 we compare H1

ét(·)Ip across the
family and along isogenies (Items (i) to (iii)), implying ra-
tional local L-factor invariance and conductor stability
in Proposition 6.1 and corollary 6.2. This is illustrated by
Examples 4.4 and 4.5.

• Hecke uniformity (precise scope). For modular curves,
the Hecke correspondence Tℓ with ℓ ∤ Np is treated
on a dense open through its prime-to-p degeneracy-
map/isogeny-correspondence description, yielding uni-
form control of identity components, component groups,
and local factor shapes.

• Heights. Propositions 4.6 and 6.5 record compatibil-
ity of the standard semistable local height contributions,
including those involving ωA/S , with the tame geomet-
ric data controlled earlier. No new global uniform pos-
itive lower bound for canonical heights across arbitrary
isogeny classes is asserted.

2 Preliminaries
Throughout, we work over the base scheme SpecZ. Un-

less otherwise indicated, all schemes are separated and of fi-
nite type over their base. For general references: we use [9] for
scheme-theoretic conventions; [10, Exposés I–III] for étale co-
homology; [2, Exposé XIII, pp. 82–115; Exposé XIV, pp. 116–
164] for the vanishing-cycles formalism and comparison with
the transcendental theory; [1] for Néron models, component
groups, and smoothening; and [4, §§1–3, pp. 104–107; §§7–
8, pp. 112–117; §20, pp. 145–150] and [3, Ch. I, §2.3, p. 8;
Ch. II, §1, p. 33] for background on abelian varieties and their
degenerations.

All background results stated in this section are standard;
any novel contributions begin in later sections.

2.1 Schemes and the arithmetic base Spec(Z)

Notation 2.1 (Arithmetic base). We denote by S = SpecZ
the base scheme. For a prime p we write Sp = SpecZ(p)

and κ(p) = Fp for its residue field. The generic point is η =
SpecQ. If X/S is a scheme, we denote by Xη the generic fiber
and by Xp the special fiber over κ(p).

Notation 2.2 (Indices for points and primes). Throughout the
paper we reserve the following symbols:

• t denotes a closed point when the base is Dedekind; when
a higher-dimensional regular base is considered, local
Néron-model statements are made only after restriction to
a specified codimension-1 point.
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• p denotes the positive residue characteristic attached to
the relevant local point t, namely p = charκ(t).

• q denotes an auxiliary rational prime used only as a valu-
ation index in expressions like vq(#ΦA,t).

Remark 2.3 (Standing scope and hypothesis convention).
Throughout the paper we repeatedly shrink to dense opens. To
make every later statement checkable at the level of hypothe-
ses, we adopt the following convention.
(S2) Fixed tame/étale locus for a chosen degree m. When-
ever an integer m ≥ 1 is fixed, we shrink to a dense open on
which: (i) m is invertible, and (ii) the Néron model is semia-
belian (semistable) so that vanishing-cycle formalism applies
([2, Exposé XIII, pp. 82–115]). We then further shrink to a
dense open U = U(m) on which every degree-m prime-to-
residue-characteristic isogeny considered has kernel extending
to a finite étale subgroup scheme (equivalently, all such kernels
are finite étale on U ).
(S3) Quantifiers. Accordingly, phrases such as “for every
degree-m isogeny” always mean: for every degree-m isogeny
whose kernel is finite étale over the fixed open U = U(m).
Whenever U is not the same as the one fixed earlier, it will be
explicitly renamed.

Remark 2.4 (Global vs. local arithmetic). The structure of
X over SpecZ reflects both global information (e.g. height
pairings, discriminants) and local invariants (e.g. component
groups at p). Connecting these perspectives is central for the
arithmetic applications developed later.

Lemma 2.5 (Flat base change for smooth morphisms). Let
X → S be smooth and S′ → S flat. Then the base change
X ×S S′ → S′ is smooth, and formation of the sheaf of differ-
entials Ω1

X/S commutes with base change.

Proof. The compatibility of differentials with base change fol-
lows from EGA IV, §16.5, especially (16.5.10.1) and Proposi-
tion 16.5.11 [9, §16.5, Prop. 16.5.11, pp. 29–30]. The stability
of smoothness under base change is standard in EGA IV.

2.2 Néron models: definitions and properties

Definition 2.6 (Néron model). Let K be the function field of
S and A/K an abelian variety. A Néron model of A over S is
a smooth separated group scheme A/S of finite type such that
Aη

∼= A and satisfying the Néron mapping property: for every
smooth S-scheme Y and every K-morphism fη : Yη → Aη ,
there exists a unique S-morphism f : Y → A extending fη
([1, Ch. 1, §1.2, Def. 1, p. 12]).

Lemma 2.7 (Existence of Néron models). If A/K is an
abelian variety, then a Néron model A/S exists and is unique
up to unique isomorphism.

Proof. This is classical, see [1, Ch. 1, §1.3, Thm. 1 and Cor. 2,
p. 16; Ch. 1, §1.4, Prop. 1, p. 18].

Proposition 2.8 (Component groups). Let A/S be a Néron
model of an abelian variety A/K. For each closed point p ∈ S,
denote by Φp = Ap/A

0
p the component group of the special

fiber. Then Φp is a finite étale group scheme over κ(p), and the
Tamagawa number at p is given by cp = #Φp(κ(p)).

Proof. See [1].

Remark 2.9 (Relation to reduction type). Good reduction cor-
responds to Φp trivial, while semistable reduction means ([11,
Exposé IX, §3]) that the identity component (Ap)

0 of the spe-
cial fiber is semiabelian (in particular, it contains a toric part).
The component group Φp := Ap/(Ap)

0 is always a finite étale
group scheme over κ(p), and remains finite étale in both good
and semistable reduction. Thus:

Good reduction ⇒ Φp trivial,

and

Semistable reduction ⇒ (Ap)
0 semiabelian (with torus part),

while Φp is finite étale.

This corrects the common shorthand “Φp a torus,” since the
toric part lies in the identity component rather than in the com-
ponent group.

Construction 2.10 (Sheaf of differentials). Let A/S be a
Néron model. Define ωA/S = e∗(Ω1

A/S), the pullback of the
sheaf of differentials along the identity section e : S → A.
This invertible sheaf controls height pairings and appears natu-
rally in Arakelov intersection theory and in the study of heights
of abelian varieties [12, §§2–3, pp. 350–355].

2.3 Cohomological background

Lemma 2.11 (Localization for abelian schemes; semistable
Raynaud description). Let p be a rational prime, K = Qp,
Zp its ring of integers, and Fp its residue field. (Proper smooth
case.) If A/Zp is an abelian scheme (i.e. proper and smooth),
then for every prime ℓ ̸= p and every i ≥ 0 there is a canonical
specialization isomorphism

Hi
ét

(
AK ,Qℓ

) ∼= Hi
ét

(
AFp

,Qℓ

)
,

functorial and compatible with GK (see also [10, Exposé XVI,
Théorème 1.2]). (Semistable case.) If A/K has semistable
reduction and A0

Fp
fits into the Raynaud extension

0 → T → A0
Fp

→ B → 0,

(as in [11, Exposé IX, §3.6, pp. 390–399]), with T a torus of
rank τp and B an abelian variety of dimension a, then

dimQℓ
Vℓ(A)Ip = 2a+ τp = 2g − τp.

This statement concerns the Ip-invariants of the generic-fiber
Tate module. It should not be read as an unrestricted compar-
ison theorem for étale cohomology of an arbitrary non-proper
Néron model.
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Proof. In the proper and smooth (abelian–scheme) case, the
claimed specialization isomorphism is the standard one fur-
nished by smooth and proper base change for A/Zp together
with the Néron–Ogg–Shafarevich criterion for ℓ ̸= p ([5, The-
orem 1, p. 493]).

In the semistable case, the asserted formula is the stan-
dard Raynaud-extension description of the inertia invariants
of the generic-fiber Tate module. More precisely, when the
identity component of the special fiber fits into 0 → T →
A0

Fp
→ B → 0, the invariant part has dimension 2 dimB +

rankT = 2g − τp. This is only a statement about Vℓ(A)Ip in
the semistable/Raynaud-extension setting, not a nearby-cycle
comparison theorem for arbitrary non-proper Néron mod-
els.

Definition 2.12 (Conductor exponent). Let A/K be an abelian
variety over a nonarchimedean local field with residue charac-
teristic p, and let ℓ ̸= p. Write

Vℓ(A) = Tℓ(A)⊗Zℓ
Qℓ

and let Ip denote the inertia subgroup.
The conductor exponent fp(A) is the Artin conductor expo-

nent of the ℓ-adic representation Vℓ(A). Explicitly,

fp(A) = codimQℓ
Vℓ(A)Ip + Swan

(
Vℓ(A)

)
.

Equivalently, using H1
ét(AK ,Qℓ) ≃ Vℓ(A)∨,

fp(A) = codimQℓ
H1

ét(AK ,Qℓ)
Ip + Swan

(
H1

ét(AK ,Qℓ)
)
.

In particular, the Swan conductor is only the wild part of fp(A),
not the entire conductor exponent.

Proposition 2.13 (Discriminant and conductor in the
semistable case). Let E/K be an elliptic curve over a nonar-
chimedean local field, let ∆min be the discriminant of a mini-
mal Weierstrass equation, and let fp(E) be the local conductor
exponent.

Assume that E has semistable reduction. Then exactly one
of the following occurs:

(i) If E has good reduction, then

ordp(∆min) = 0 and fp(E) = 0.

(ii) If E has split or nonsplit multiplicative reduction of Ko-
daira type In, with n ≥ 1, then

ordp(∆min) = n and fp(E) = 1.

Consequently, for semistable elliptic curves,

ordp(∆min) ≥ fp(E),

and equality holds precisely in the good-reduction case and
in the multiplicative case of Kodaira type I1. In particular,
equality does not hold for arbitrary semistable reduction.

Proof. If E has good reduction, a minimal Weierstrass equa-
tion has unit discriminant, so

ordp(∆min) = 0.

The inertia action on Vℓ(E) is trivial, and therefore

fp(E) = 0.

Suppose instead that E has split or nonsplit multiplicative
reduction. Its Kodaira symbol is In for a uniquely determined
integer n ≥ 1, and the Kodaira–Néron classification gives

ordp(∆min) = n.

The inertia representation is tamely ramified and unipotent
with a one-dimensional invariant subspace. Hence

codimQℓ
Vℓ(E)Ip = 1 and Swan

(
Vℓ(E)

)
= 0.

Thus
fp(E) = 1.

It follows that

ordp(∆min) ≥ fp(E)

in the semistable cases. In the good-reduction case both sides
are zero, while in the multiplicative case equality is equivalent
to n = 1.

Remark 2.14 (Semistability does not imply discriminant–con-
ductor equality). For a semistable elliptic curve with multi-
plicative reduction of type In, one has

fp(E) = 1 but ordp(∆min) = n.

Thus, for example, reduction of type I5 gives

ordp(∆min) = 5 ̸= 1 = fp(E).

Any later use of Proposition 2.13 must therefore distin-
guish conductor invariance from variation of the minimal-
discriminant valuation.
Remark 2.15 (No unboundedness assertion for additive fibers).
We do not use any assertion that infinitely many additive fibers
force unbounded component groups. In small dimensions, es-
pecially for elliptic curves, additive Kodaira component groups
are bounded in small finite sets. Any growth statement in
this paper concerns explicitly specified families and explicitly
tracked invariants, not a general unboundedness theorem for
additive reduction.

3 Structural Properties of Néron Mod-
els

We fix the base and notation from Notation 2.1. All back-
ground on existence, identity components, and component
groups is in Definition 2.6, lemma 2.7, proposition 2.8, and re-
mark 2.9. In this section we establish structural results for
Néron models in arithmetic families and under isogeny, and we
record consequences for component groups and local geomet-
ric defect terms. The Artin conductor defined in Definition 2.12
is treated separately through the rational ℓ-adic representation,
while Proposition 2.13 records the distinct behavior of the min-
imal discriminant in the semistable elliptic case.
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3.1 Existence and uniqueness in arithmetic families

Theorem 3.1 (Codimension-one Néron-model control and
tame isogeny functoriality). Let T be a regular integral
Dedekind scheme of finite type over SpecZ, with generic point
ηT , and let AηT

/K(T ) be an abelian variety. After replac-
ing T by a nonempty open subscheme T ◦, the following asser-
tions hold. For a higher-dimensional regular arithmetic base,
this theorem is used only after restriction to the corresponding
codimension-one DVR, as in Remark 2.3.

(i) (Relative Néron mapping property). For every smooth
T ◦–scheme Y and every K(T )–morphism YηT

→ AηT

there is a unique T ◦–morphism Y → AT◦ extending it;
thus AT◦ is the Néron model of AηT

over T ◦.

(ii) (Minimality among smooth separated models). For any
smooth separated group scheme G → T ◦ whose generic
fiber is isomorphic to AηT

, there exists a unique T ◦-
morphism G → AT◦ restricting to the identity on the
generic fiber.

(iii) (Compatibility with étale base change). For any étale
morphism T ′ → T ◦ with T ′ regular and integral, the pull-
back (AT◦)T ′ is the Néron model of (AηT

)K(T ′) over T ′.
Hypotheses for (iv). Fix an integer m ≥ 1. After possibly

shrinking T ◦, assume that

(H1) every fiber of AT◦ → T ◦ is semiabelian (i.e. A has
semistable reduction ([11, Exposé IX, §3]) on T ◦),
and

(H2) for the degree-m isogeny ϕηT
considered in (iv), the

kernel scheme ker(ϕηT
) is finite étale of order m

(equivalently, m is invertible on T ◦ and the kernel
extends to a finite étale subgroup scheme on T ◦).

Under (H1)–(H2), the vanishing-cycle formalism ([2, Ex-
posé XIII, pp. 82–115]) applies and the induced morphism
on component groups is well defined.

(iv) (Isogeny functoriality and component-group control on
the tame prime-to-p locus)

Assume (H1)–(H2) and let ϕηT
: AηT

→ BηT
be an

isogeny of degree m prime to all residue characteristics
on T ◦.

Let φηT
: AηT

→ BηT
be an isogeny of degree m prime

to all residue characteristics on T ◦.

Then φηT
extends uniquely to a morphism of the corre-

sponding Néron models. For every closed point t ∈ U :

• the induced morphism on identity components

(At)
0 −→ (Bt)

0

is an isogeny of semiabelian varieties whose kernel
is finite étale and killed by m. In the abelian-scheme
case its degree divides m.

• the induced morphism on component groups

ΦA,t −→ ΦB,t

has kernel and cokernel killed by m, hence their or-
ders divide a power of m. No assertion is made that
their orders divide m, and no divisibility formula for
cB,t/cA,t is claimed without a separate finite-group
calculation.

Remark 3.2 (Scope of Theorem 3.1). The global Néron map-
ping property is used only over Dedekind bases. For higher-
dimensional regular bases, all invocations are understood after
restriction to codimension-one DVRs, as fixed in Remark 2.3.

Scope. The ingredients used in this theorem are standard
consequences of Néron-model functoriality, semistable reduc-
tion, and finite-étale prime-to-residue-characteristic isogeny
theory. The contribution here is not a new existence theo-
rem for Néron models over higher-dimensional bases, but the
precise packaging of these standard inputs on a fixed tame
codimension-one locus in a form suitable for the component-
group, cohomological, and Hecke-uniformity applications be-
low.

Proof. Since T ◦ is Dedekind, the existence and uniqueness of
the Néron model AT◦ follow from the standard Néron-model
existence and smoothening theory [1, Ch. 1, §1.3; Ch. 3, §3.1].

For (iii), let T ′ → T ◦ be étale. Since the composite of
a smooth T ′-scheme with the étale morphism T ′ → T ◦ is
smooth over T ◦, the Néron mapping property gives the Néron
mapping property after base change to T ′. Thus Néron mod-
els commute with the stated étale base change. In higher di-
mension the same argument is used only after restriction to the
codimension-1 DVRs.

For (iv), let φηT
be an isogeny of degree m with

(m, charκ(t)) = 1 for all t ∈ T ◦. Functoriality of the
Néron mapping property, applied to the prime-to-residue-
characteristic isogeny, yields a unique extension

φ : AT◦ −→ BT◦

in the Dedekind/codimension-one sense [1, Ch. 7, §7.3,
Prop. 6, p. 180]. On the fixed tame locus the kernel on the
identity component is finite étale and killed by m, since prime-
to-residue-characteristic torsion is finite étale in this setting [1,
Ch. 7, §7.3, Lem. 2, p. 179]. Passing to the special fiber and us-
ing the standard component-group sequence for morphisms of
semiabelian/Néron models over DVRs, one obtains an induced
map

ΦA,t −→ ΦB,t

whose kernel and cokernel are killed by m. Therefore their
orders divide some power of m, with exponent bounded by the
ranks of the finite component groups occurring on the fixed
tame family. We do not infer #ker | m, #coker | m, or a
divisibility relation between cA,t and cB,t.

More explicitly, over the strict henselization of the DVR at
t, the exact sequence

0 −→ A0
t −→ At −→ ΦA,t −→ 0
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and its analogue for B, together with the snake lemma ap-
plied to the finite-étale prime-to-p isogeny on identity com-
ponents, gives that both the kernel and cokernel on geometric
component groups are annihilated by m. This is the standard
BLR/Raynaud component-group functoriality for morphisms
of semiabelian Néron models over DVRs.
Note. Throughout, when dimT > 1 the assertions above are
understood fiberwise in codimension 1 (Néron lft–model sense;
see [1]); no global mapping property over higher–dimensional
regular bases is used. The extension of prime-to-p isoge-
nies to Néron models and the finite–étale behavior on iden-
tity components are standard in the literature; see [1] for the
Néron-model functoriality/extension formalism. The control
of component-group kernels and cokernels by the isogeny de-
gree follows from [1] and the formalism of vanishing cycles
therein. These references justify the structural claims of Theo-
rem 3.1 (iv) and delimit the hypotheses (semi-abelian reduction
on an open dense locus, kernel scheme finite étale of order m).

Shrinking once to the locus where the m-torsion is finite
étale and the fibers are semiabelian yields the fixed open U
of Theorem 3.5.

(For the prime-to-p semistable input used here, see [1, Ch. 7,
§7.3, Lem. 2, p. 179] for the finite-étale kernel statement and
[1, Ch. 7, §7.3, Prop. 6, p. 180] for extension of the isogeny to
Néron models.)

For each closed point t ∈ U , the morphism

ΦA,t −→ ΦB,t

has kernel and cokernel annihilated by m. Consequently, the
associated component-group defect terms are uniformly con-
trolled in the kernel–cokernel sense by the isogeny degree m.
No divisibility formula for cB,t/cA,t is asserted here.

The Artin-conductor issue is treated separately in Theo-
rem 4.1; here the conclusion concerns component groups and
Tamagawa-index data only.

This component-group control provides the geometric input
used later in Theorem 4.1 and in the tame Hecke-uniformity
statements of Section 5.

Example 3.3 (Wild additive prime and failure of the tame
prime-to-p mechanism). Let E/Q admit a 2–isogeny

φη : E −→ E′

and suppose that E has additive reduction at p = 2 (for exam-
ple Kodaira type II or III). Set

T ◦ = S \ {2}.

Then the hypotheses of Theorem 3.1(iv) hold on T ◦, but fail at
the wild prime p = 2.

Geometric obstruction. Over Z2, the finite flat kernel scheme

ker(φ)

has order 2 but need not remain étale on the special fiber. In-
stead, the special fiber may become connected and local, in-
tersecting the identity component of the Néron model. After a

suitable finite flat base change, the special fiber may become
connected and non-étale rather than remaining an étale con-
stant group scheme of Z/2Z. Equivalently,

ker(φ) is finite étale on T ◦ but ker(φ)
∣∣
Spec F2

is non-étale.

Consequently, the induced morphism on identity components

E0
2 −→ (E′

2)
0

is no longer finite étale.

Failure of tame component-group control. Because the ker-
nel is not étale at 2, the prime-to-residue-characteristic mech-
anism of Theorem 3.1(iv) does not apply. The exact se-
quence controlling component groups therefore loses the uni-
form “killed by 2” bound:

ΦE,2 −→ ΦE′,2

need not have kernel or cokernel annihilated by 2. Hence the
divisibility relation

cE′,2 | 2rcE,2

may fail. In geometric terms, additional wild finite-flat behav-
ior appears on the special fiber outside the tame semistable lo-
cus considered in Theorems 3.1 and 3.5.

Cohomological consequence. For ℓ ̸= 2, wild inertia may act
nontrivially on

H1
ét(EQ2 ,Qℓ),

so a nonzero Swan contribution can appear in the conductor
formula. Thus the tame comparison statements of Theorem 4.1
and the uniform component-group bounds of Theorem 3.5 are
not expected to persist at the wild additive prime.

3.2 Uniform semi-continuity of component indices under
isogeny

Lemma 3.4 (Finite-group control for tame component maps).
Let R be a strict henselian DVR with residue characteristic p,
and let φ : A → B be a morphism of Néron models induced
by an isogeny of generic fibers of degree m, with p ∤ m. As-
sume that the induced morphism on identity components has
finite étale kernel killed by m. Then the induced morphism on
geometric component groups

ΦA,k̄ −→ ΦB,k̄

has kernel and cokernel annihilated by m. Consequently their
orders divide a power of m.

This statement concerns geometric component groups over
k̄. Statements for k-rational component groups require taking
Galois invariants and are not asserted without additional hy-
potheses on the residue field.

Theorem 3.5 (Constructibility and tame local constancy of
component-group orders). In the Dedekind setting of Theo-
rem 3.1, fix an integer m ≥ 1 and shrink T ◦ so that:

(H1) m is invertible on T ◦ (equivalently, all residue character-
istics on T ◦ are prime to m), and
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(H2) AT◦ → T ◦ is semiabelian (semistable), so that compo-
nent groups and vanishing-cycle bounds apply on T ◦.

Let Im be a fixed finite collection of degree-m isogenies

φηT
: AηT

→ BηT

whose kernels extend, after possibly shrinking T ◦, to finite
étale subgroup schemes. Then there exists a Zariski open dense
subscheme

U = U(Im) ⊆ T ◦

such that the following conclusions hold simultaneously for ev-
ery isogeny φηT

∈ Im and every closed point t ∈ U :

1. The induced morphism on component groups satisfies

ker
(
ΦA,t → ΦB,t

)
and coker

(
ΦA,t → ΦB,t

)
are killed by m. In particular, their orders divide a power
of m; no assertion is made that those orders divide m.

2. Fix a rational prime q ∤ m, used only as a valuation index
and distinct from the residue characteristic p = charκ(t).
On the open locus U , the sheaf of connected components
is finite étale, and hence the function

t 7−→ vq
(
#ΦA,t

)
is locally constant. In particular, it is upper semi-
continuous on U .

Notation 3.6 (Fixed tame locus). Fix once and for all the dense
open U ⊆ T ◦ provided by Theorem 3.5 for the chosen de-
gree m prime to all residue characteristics on T ◦. All state-
ments in Sections 4–6 that refer to “on a dense open” are hence-
forth to be read over this fixed U , unless explicitly stated oth-
erwise.

N.B. On the finite-étale locus, the component-group order
is locally constant; there the upper semicontinuity statement
is only formal. The actual content is the construction of a
common tame open U on which the chosen finite family of
prime-to-residue-characteristic isogenies has uniformly con-
trolled component-group kernel and cokernel.

Scope. On the finite-étale locus the component-group or-
der is locally constant, so the semicontinuity assertion is
formal. The content of the theorem is the construction of
a common tame open for the fixed finite family of prime-
to-residue-characteristic isogenies and the resulting uniform
kernel–cokernel control of component-group maps.

Proof. By Lemma 2.5 we may shrink T ◦ so that every fiber of
AT◦ → T ◦ is semiabelian and the identity components form
a semiabelian scheme. Let m be prime to all residue charac-
teristics on T ◦. For any degree-m isogeny φηT

, its kernel on
the generic fiber is a finite flat group scheme of order m. Be-
cause (m, charκ(t)) = 1 for all t ∈ T ◦, there exists a dense
open U ⊆ T ◦ on which this kernel extends to a finite étale
subgroup of A[m], itself finite étale over U [1, Ch. 7, §7.3,
Lem. 2, p. 179]. For each closed point t ∈ U , the local ring
OU,t is a DVR. After passage to its strict henselization, the

isogeny restricts to an isogeny of semiabelian identity compo-
nents with finite étale kernel killed by m. Applying Lemma 3.4
gives the asserted kernel–cokernel control on geometric com-
ponent groups. This gives (i).

Before invoking semicontinuity, we note that π0(AU/U) is
in fact a finite étale group sheaf on a dense open subset of U .
Indeed, for a smooth separated group scheme AU/U of finite
type, the identity component (AU )

0 is open and of finite index,
and the quotient sheaf

π0(AU/U) := AU/(AU )
0

is representable by a finite étale U–group scheme (see [1]).
Shrinking U if necessary, we may assume that this quotient
is finite étale; hence its fiber lengths are locally constant and
define a constructible function on U .

For the full base T ◦, the closedness of the loci {t :
vq(#ΦA,t) ≥ r} is recorded in Lemma 3.7.

Lemma 3.7 (Constructibility of component-group orders). Let
T ◦ and AT◦ → T ◦ be as above, and fix a rational prime
q ∤ m. After stratifying T ◦ into finitely many locally closed
subschemes, the function

t 7−→ #ΦA,t

is locally constant on each stratum. Consequently,

t 7−→ vq(#ΦA,t)

is constructible. On the dense open U ⊆ T ◦ where π0(AU/U)
is finite étale, this function is locally constant.

Proof. The sheaf of connected components

π0(AT◦/T ◦)

is a constructible étale group sheaf whose geometric fiber at a
point t is ΦA,t; see [1]. Hence the fiber cardinality

t 7−→ #ΦA,t

is a constructible function on T ◦. Equivalently, after a fi-
nite stratification of T ◦ into locally closed subschemes, this
function is locally constant on each stratum. Applying vq
to these locally constant values gives the constructibility of
t 7→ vq(#ΦA,t).

On the dense open U where π0(AU/U) is finite étale, the
fibers have locally constant cardinality, so t 7→ vq(#ΦA,t) is
locally constant on U .

On U , the local Tamagawa numbers

cA,t = #ΦA,t(κ(t))

are locally constant on finite étale strata and are controlled un-
der the fixed finite collection of prime-to-residue-characteristic
isogenies by the kernel/cokernel bounds above. This gives uni-
form control of component-group indices and auxiliary local
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defect terms. It does not imply a conductor variation inequal-
ity; Artin conductor exponents are unchanged under the isoge-
nies considered here.

This theorem supplies the geometric input for the cohomo-
logical invariance (Theorem 4.1) by ensuring that all wild vari-
ation of inertia invariants is confined to a finite set of excluded
primes. It also furnishes the analytic base for conductor stabil-
ity (Corollary 6.2) and Hecke-orbit uniformity (Theorems 5.3
and 5.10), thereby linking the geometric control of component
groups to the corresponding arithmetic consequences.

Example 3.8 (Boundary failure of the finite–étale kernel hy-
pothesis). Retain the curves E : y2 = x3 − x and E′ : y2 =
x3+4x. At p = 2, the degree of the isogeny is not prime to the
residue characteristic, and the kernel need not extend as a finite
étale subgroup scheme. Hence the prime-to-p conclusions of
Theorem 3.5 do not apply at this prime.

This example should not be read as asserting that the Artin
conductor of the rational ℓ-adic Tate module changes under
an isogeny. Rather, it illustrates only the failure of the ge-
ometric hypotheses used to control identity components and
component-group maps. The local Néron-model geometry
may fail to be finite étale, but the rational Tate modules of
isogenous abelian varieties remain isomorphic.

3.3 Cohomological consequences

By Lemma 2.11 and Definition 2.12, the inertia action on
H1

ét(AQ,Qℓ) detects the reduction type and the conductor ex-
ponent fp. Theorems 3.1 and 3.5 control the étale component
groups Φp and hence the local Tamagawa factors cp (Propo-
sition 2.8) under the permitted étale base changes and prime-
to-residue-characteristic isogenies across arithmetic families.
Combined with Construction 2.10 and the positivity statements
used later, this provides the geometric input for the cohomolog-
ical comparison results in the next section.

Section 4 will use the structural controls above to compare
cohomology under base change and derive arithmetic conse-
quences for local factors and heights.

4 Cohomological Invariants and Appli-
cations

Standing convention for this section. We work over the
fixed open U ⊆ T ◦ from Theorem 3.5 (Notation 3.6); in par-
ticular, all degree-m isogenies considered below have kernel fi-
nite étale over U , and the component-group control is uniform
on U . All uses of “extension to Néron models” and all quan-
tifiers over degree-m isogenies are understood in the sense of
Remark 2.3.
We keep the base S = SpecZ and the notation from Nota-
tion 2.1. Background on Néron models and component groups
was set in Definition 2.6, lemma 2.7, proposition 2.8, re-
mark 2.9, and construction 2.10. Cohomological inertia and the
Artin conductor were fixed in Lemma 2.11 and definition 2.12,
while Proposition 2.13 separately records the relation between

the minimal-discriminant valuation and the conductor expo-
nent for semistable elliptic curves. Structural properties in fam-
ilies and under prime-to-residue-characteristic isogenies were
established in Theorems 3.1 and 3.5 and illustrated already by
Examples 3.3 and 3.8. Here we quantify how ℓ–adic coho-
mology and inertia invariants vary in arithmetic families and
under isogeny, and we record consequences for local factors
and heights.

4.1 Uniform comparison in families and under isogeny

Theorem 4.1 (Refined comparison of cohomology under base
change and prime-to-p isogeny). Let T be a regular integral
Dedekind scheme of finite type over S, with generic point ηT
and function field K(T ). Let AηT

/K(T ) be an abelian variety
of dimension g, and let AT◦ → T ◦ be its Néron model on a
nonempty open T ◦ ⊆ T as in Theorem 3.1. Fix a prime ℓ. After
possibly shrinking to a dense open U ⊆ T ◦, the following hold
for every closed point t ∈ U with residue characteristic p =
charκ(t). For a higher-dimensional regular arithmetic base,
the statement is used only after restriction to the corresponding
codimension-one DVR as in Remark 2.3:

(i) (Base–change invariance on the abelian–scheme locus;
nearby–cycles on the semistable locus) On the locus
where AU/U is an abelian scheme, proper and smooth
base change yields a canonical isomorphism (see [10, Ex-
posé XVI, Théorème 1.2])

Hi
ét

(
(AU )ηT

,Qℓ

) ∼−−→ Hi
ét

(
(AU )K(t),Qℓ

)It
.

On the semistable (tame) locus for a general Néron model,
nearby cycles ([2, Exposé XIII, pp. 82–115]) identify
H1

ét

(
AK(t),Qℓ

)It with the cohomology of the semiabelian
part of the special fiber, hence for ℓ ̸= p,

dimQℓ
H1

ét

(
AK(t),Qℓ

)It
= 2g − τt.

(ii) (Isogeny invariance of rational inertia invariants) Let
φηT

: AηT
→ BηT

be an isogeny of degree m with
(m, p) = 1 on U , and let φ : AU → BU be its exten-
sion from Theorem 3.1. Then for ℓ ̸= p the induced map
on It–invariants

H1
ét

(
A

K(t)
,Qℓ

)It ∼−−→ H1
ét

(
B

K(t)
,Qℓ

)It
is an isomorphism. Equivalently, the function t 7→
dimQℓ

H1
ét

(
A

K(t)
,Qℓ

)It is constructible on the fixed tame
semistable locus and invariant under all prime-to-p isoge-
nies of fixed degree m.

(iii) (Artin conductor identity and isogeny invariance) For
ℓ ̸= p, the Artin conductor exponent is

fA,t = codimQℓ
H1

ét

(
A

K(t)
,Qℓ

)It
+Swan

(
H1

ét

(
A

K(t)
,Qℓ

))
.

On the semistable locus one has

codimQℓ
H1

ét

(
A

K(t)
,Qℓ

)It
= τt.
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Hence

fA,t = τt + Swan
(
H1

ét

(
A

K(t)
,Qℓ

))
.

On the tame semistable locus the Swan term vanishes, so

fA,t = τt.

(iv) The rational ℓ-adic Tate modules are isomorphic for every
ℓ ̸= p [8, §6, Proposition 6.1 and p. 32], and hence

fA,t = fB,t.

The component-group estimates of Theorems 3.1 and 3.5
therefore control only the auxiliary component-group and
Tamagawa-index defect terms, not a variation of the Artin
conductor.

Lemma 4.2 (Prime-to-p isogenies: tame data and Artin con-
ductors). Let t ∈ U be as in Theorem 4.1, and let φ : AηT

→
BηT

be a prime-to-residue-characteristic isogeny whose exten-
sion over U is finite étale on identity components. Then:

(a) The tame toric contribution is preserved:

τt(A) = τt(B).

(b) The rational ℓ-adic Tate modules are isomorphic for every
ℓ ̸= p [8, §6, Proposition 6.1 and p. 32], and hence the
Artin conductor exponents agree:

fA,t = fB,t.

(c) The component-group map

ΦA,t → ΦB,t

has kernel and cokernel annihilated by the isogeny degree.
This gives uniform control of Tamagawa-index and local
geometric defect terms, but not a conductor-variation in-
equality.

Proof. Scope. We first separate the two comparison state-
ments that are used in the argument. On the abelian-scheme
locus, AU/U is proper and smooth, so smooth and proper base
change applies directly and gives the usual specialization iso-
morphisms. On the semistable locus for a Néron model, how-
ever, AU is smooth and separated but need not be proper. Thus
we do not use smooth and proper base change as a cohomology
comparison theorem for the non-proper Néron model itself. In-
stead, we use the standard Raynaud-extension description of
the inertia invariants of the generic-fiber Tate module.

More precisely, for a closed point t ∈ U , pass to the strict
henselization of the DVR OU,t, and let the identity component
of the special fiber have Raynaud extension

0 −→ Tt −→ (At)
0 −→ Bt −→ 0,

where Tt is a torus of rank τt and Bt is an abelian variety ([11,
Exposé IX, §3.6]). Then, for ℓ ̸= p = charκ(t),

dimQℓ
Vℓ(A)It = 2g − τt.

This is a statement about the rational ℓ-adic Tate module of
the generic abelian variety and its inertia action. It is not a
statement about the full étale cohomology of an arbitrary non-
proper Néron model.

For Item (i), on the good-reduction locus AU/U is an abelian
scheme, and smooth and proper base change gives the asserted
specialization isomorphism (cf. [10, Exposé XVI, Théorème
1.2]). On the semistable tame locus, the monodromy formal-
ism [11, Exposé I, §§1–5], together with Raynaud’s semistable
reduction theory [11, Exposé IX, §3.6] gives the displayed for-
mula for Vℓ(A)It , equivalently for

H1
ét

(
A

K(t)
,Qℓ

)It
.

After shrinking U , the reduction type is constant on the relevant
strata, so the function

t 7−→ dimQℓ
H1

ét

(
A

K(t)
,Qℓ

)It
is constructible on the fixed semistable tame locus.

For Item (ii), let φηT
: AηT

→ BηT
be one of the

prime-to-residue-characteristic isogenies considered on the
fixed tame open U . By Theorem 3.1, interpreted in the
Dedekind/codimension-one sense fixed in Remark 2.3, it ex-
tends to the corresponding morphism of Néron models on the
tame locus. The extension and the finite-étale kernel hypoth-
esis are needed for the identity-component and component-
group control proved in Theorems 3.1 and 3.5. For the rational
cohomological statement itself, the essential input is the classi-
cal fact that an isogeny of abelian varieties induces an isomor-
phism of rational Tate modules:

Vℓ(A) := Tℓ(A)⊗Zℓ
Qℓ

∼−−→ Vℓ(B) := Tℓ(B)⊗Zℓ
Qℓ

as GK(t)-representations. Taking It-invariants of this isomor-
phism gives

Vℓ(A)It
∼−−→ Vℓ(B)It .

Equivalently,

H1
ét

(
A

K(t)
,Qℓ

)It ∼−−→ H1
ét

(
B

K(t)
,Qℓ

)It
.

Thus the dimension of the inertia-invariant rational cohomol-
ogy is preserved under the isogenies considered here. In par-
ticular, on the fixed tame semistable locus, the toric-rank con-
tribution appearing in the Raynaud formula is the same for A
and B.

For Item (iii), the Artin conductor exponent is computed
from the rational ℓ-adic Galois representation

H1
ét

(
A

K(t)
,Qℓ

)
≃ Vℓ(A)∨.

Its Artin conductor has the standard tame-plus-wild decompo-
sition

fA,t = codimQℓ
H1

ét

(
A

K(t)
,Qℓ

)It
+Swan

(
H1

ét

(
A

K(t)
,Qℓ

))
.

For semistable reduction, the codimension of the inertia-
invariant subspace equals the toric rank τt. Therefore

fA,t = τt + Swan
(
H1

ét

(
A

K(t)
,Qℓ

))
.
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On the tame semistable locus the Swan term is zero, and hence

fA,t = τt.

Since φηT
induces an isomorphism of rational ℓ-adic Galois

representations for A and B, their Artin conductor exponents
agree:

fA,t = fB,t.

The component-group estimates proved earlier therefore con-
trol only the Tamagawa-index and local geometric defect
terms. They should not be read as a conductor-variation in-
equality.

Analytically, Theorem 4.1(ii) ensures that the tame pole or-
der of the local L–factor Lt(A, s) remains constant under all
prime-to-p isogenies. The component-group estimates above
control only the associated Tamagawa-index and local geomet-
ric defect terms.

Corollary 4.3 (Invariant local factor on the semistable locus).
Under the hypotheses of Theorem 4.1 with ℓ ̸= p, the invariant
local factor is

P I
A,p(X) = det

(
1−X Frobp | Vℓ(A)Ip

)
.

It has degree 2g− τp and is invariant under the prime-to-p iso-
genies considered on U . If the torus in the Raynaud extension
is split, then a factor (1− p−s)τp occurs in the corresponding
local factor. In the non-split toric case the toric factor is in-
stead determined by Frobenius on the character lattice of the
torus.

Example 4.4 (Bad reduction and inertia action). Let E/Q be
an elliptic curve and fix ℓ ̸= p.

Good reduction. If E has good reduction at p, then the
special fiber Ep is an abelian variety and Ip acts trivially
on Tℓ(E), by the Néron–Ogg–Shafarevich criterion [5, The-
orem 1, p. 493]; equivalently,

H1
ét(EQ,Qℓ)

Ip ∼= H1
ét(EFp

,Qℓ), dimQℓ
H1

ét(EQ,Qℓ)
Ip = 2.

The local Euler factor is

Lp(E, s)−1 = 1− ap p
−s + p1−2s,

with ap = p+ 1−#E(Fp) (trace of Frobenius on H1). Here
τp = 0 and the tame factor (1− p−s)τp is absent, in agreement
with Corollary 4.3.

Split multiplicative reduction. Assume E has split multi-
plicative reduction at p. Then the identity component of the
Néron special fiber is a torus,

(Ep)
0 ≃ Gm, τp = 1.

The Ip–action on H1
ét(EQ,Qℓ) is unipotent with a single in-

variant line coming from the toric part, hence

dimQℓ
H1

ét(EQ,Qℓ)
Ip = 1.

The local inverse Euler factor is

Lp(E, s)−1 = 1− p−s,

which is the split toric factor predicted by Corollary 4.3 with
τp = 1 and has degree 2g − τp = 1.

Additive potentially good reduction. If E has additive po-
tentially good reduction at p, then wild inertia may act non-
trivially on H1

ét(EQp
,Qℓ), and the Swan term can be positive.

A tame extension does not, in general, kill wild inertia. After
a suitable finite extension, which may be wildly ramified de-
pending on p, the curve may acquire good reduction. This case
therefore lies outside the tame semistable mechanism used in
Theorem 4.1 and corollary 4.3.

Example 4.5 (Counterexample illustrating necessity of the
prime-to-p hypothesis). Let E/Q admit a 2–isogeny φη : E →
E′ and suppose E has additive reduction at p = 2.

Geometric failure on the special fiber. Extend φη to a mor-
phism of Néron models over Z2. Because the residue charac-
teristic divides the isogeny degree, the kernel scheme ker(φ) is
finite flat of order 2 but need not be étale on the special fiber:
it can specialize to a connected local group (e.g. α2) meeting
(E2)

0. Consequently, the induced map on identity components
(E2)

0 → (E′
2)

0 is not finite étale, and the exact sequence con-
trolling component groups loses the “killed by 2” bounds.

Galois-theoretic clarification. Although the finite flat kernel
may fail to be étale at p = 2, this does not imply that the ratio-
nal ℓ-adic cohomology changes under the isogeny. For every
ℓ ̸= 2, the isogeny induces an isomorphism of rational Galois
representations

Vℓ(E)
∼−−→ Vℓ(E

′),

and hence also an isomorphism on inertia-invariant subspaces

H1
ét(EQ2

,Qℓ)
I2 ∼−−→ H1

ét(E
′
Q2
,Qℓ)

I2 .

Thus the failure at p = 2 is not a failure of rational Tate-
module isogeny invariance. It is only a failure of the tame
finite-étale kernel mechanism used to control identity compo-
nents and component groups.

Local geometric implication. The example shows that out-
side the prime-to-p range the tame component-group argument
no longer applies. One may encounter non-étale finite-flat ker-
nels and wild geometric behavior on the special fiber. This is
a failure of the tame geometric control mechanism, not a claim
that the Artin conductor of the rational Tate module varies un-
der isogeny.

4.2 Heights and invariant differentials

Proposition 4.6 (Compatibility of canonical heights with
semistable local data). Let A/S be a Néron model and let L
be a symmetric ample line bundle on the generic fiber Aη . As-
sume semistable reduction over a dense open U ⊆ S, and write
τp for the toric rank at a prime p ∈ U .

Then the Néron–Tate height ĥL admits a decomposition
into local contributions ([13, Ch. 5, §3]) compatible with
the semistable geometry on U . In particular, the local terms
arising from the toric part and from the invariant differen-
tial sheaf ωA/S vary functorially under the prime-to-residue-
characteristic isogenies considered earlier in this paper.
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More precisely, on the fixed semistable locus U , the decom-
position of local Néron symbols and the associated Arakelov-
theoretic contributions are compatible with:

1. the toric-rank terms τp,

2. the invariant differential sheaf ωA/S , and

3. finite étale prime-to-p isogenies on identity components.

In particular, the results of Sections 3–4 provide uniform
control of the local geometric contributions appearing in the
canonical-height decomposition on the fixed tame locus U .

No claim is made here of a new global uniform positive
lower bound for all non-torsion points in an arbitrary prime-
to-Σ isogeny class.

Justification and scope. The proposition records only the
compatibility between the semistable local geometry and the
standard decomposition of canonical heights. It should not be
interpreted as establishing a new global height-gap theorem.

The relevant inputs are classical (see [12, §3, pp. 353–355]):

• the Faltings–Hriljac description of Néron–Tate heights on
Jacobians [14, Theorem 4(c), p. 408],

• the interpretation of ωA/S in Arakelov geometry,

• the standard decomposition of local Néron symbols on
semistable models, and

• functoriality of canonical heights under isogeny.

The results proved earlier in this paper contribute only the
uniform control of the semistable local geometric data on the
fixed tame open U . Any genuine uniform positive lower bound
for canonical heights across entire isogeny classes would re-
quire substantially stronger global Arakelov-theoretic input
and is not claimed here.

Proof. On the semistable locus U , the canonical height de-
composes into local Néron-symbol contributions together with
archimedean terms; see [14], [13, Ch. 5, §§3–5], and [15,
Ch. VI, pp. 436ff.]. The toric-rank terms and the invariant
differential sheaf ωA/S contribute functorially under the fi-
nite étale prime-to-residue-characteristic isogenies considered
in Sections 3–4.

The component-group and semistable-control results estab-
lished earlier therefore imply compatibility of the correspond-
ing local geometric contributions on the fixed tame locus U .
No additional global lower-bound statement is asserted.

Since τp is isogeny-invariant on the dense open U by Theo-
rem 4.1(ii), the semistable local contributions appearing in the
standard height decomposition are compatible with the prime-
to-p isogenies considered here.

4.3 Link to moduli-theoretic applications

The functions t 7→ τt and t 7→ cA,t are constructible and lo-
cally constant on the fixed tame open U . In the next section this
control is applied to Hecke and isogeny orbits on integral mod-
els of modular curves and, under stated extension hypotheses,
on selected Hodge-type Shimura varieties.

5 Moduli-Theoretic Aspects

We retain the base and notation from Notation 2.1. Theo-
rems 3.1 and 3.5 control Néron models in arithmetic fami-
lies and under prime-to-residue-characteristic isogenies; Theo-
rem 4.1 describes the corresponding cohomological invariants
and conductor behavior. We now work over integral moduli
(modular curves and selected Shimura varieties) and extract
uniform statements along Hecke orbits.

Standing hypotheses for Section 5. Whenever we assert
Hecke-orbit uniformity over an integral model, the statement is
understood on a dense open locus where (i) the relevant Hecke
correspondence extends integrally and factors through prime-
to-residue-characteristic isogenies, and (ii) we have shrunk
to the tame open U of Theorem 3.5 so that the component-
group control of Theorems 3.1 and 3.5 applies. This separates
the moduli-theoretic input from the Néron-model mechanism
proved in this paper (cf. Remark 5.4).

5.1 Néron models and integral models of modular curves

Notation 5.1 (Integral modular curves and Jacobians). Fix a
positive integer N ≥ 1. Let X0(N) denote an integral regular
model of the modular curve X0(N) over SpecZ away from a
finite set of primes (Deligne–Rapoport and Katz–Mazur; see
[16, Introduction, pp. 146–153; Ch. V, pp. 234–257; Ch. VII,
pp. 291–313] and [17, Thm. 3.7.1, pp. 104–105; §6.5, p. 164]).
Write J0(N) = Pic0(X0(N)) for the Jacobian over Q, and
J/S for its Néron model (Definition 2.6 and lemma 2.7). For
a prime p, denote by ΦJ,p the component group and by cJ,p =
#ΦJ,p(Fp) its local Tamagawa number (Proposition 2.8).

Remark 5.2 (Hecke correspondences on integral models). For
a prime ℓ ∤ N , the classical Hecke correspondence Tℓ extends
to a finite étale correspondence on X0(N) over Z[1/Nℓ] [17,
Thm. 3.7.1, pp. 104–105; §6.5, p. 164]. It is built from the
prime-to-p degeneracy maps parametrizing cyclic subgroups of
order ℓ; it should be treated as an algebraic correspondence, not
as a single degree-ℓ2 isogeny unless such an interpretation has
been separately verified in the particular quotient under discus-
sion.

Theorem 5.3 (Conditional Hecke-uniformity of components
and inertia on J0(N)). Let N ≥ 1, and let U ⊆ SpecZ be
the open subscheme obtained by removing a finite set of primes
containing those dividing N . Fix a prime ℓ ∤ N .

Assume that, after shrinking to a dense open Uℓ ⊆ U , the
correspondence Tℓ decomposes over Uℓ into finitely many mor-
phisms of the relevant Néron models whose generic fibers are
ℓ-power isogenies and whose kernels are finite étale on identity
components.

Then the following holds:
For each p ∈ Uℓ and for every Tℓ–translate of a rational

point in the Hecke orbit on J0(N), the induced correspondence
on Néron models

JUℓ
99K JUℓ
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restricts on the fiber over p to a prime-to-p isogeny on the iden-
tity components and induces a morphism on component groups

ΦJ,p −→ ΦJ,p

whose kernel and cokernel are annihilated by a power of ℓ.
Consequently:

(i) the associated Tamagawa-index defect is controlled by fi-
nite groups killed by a power of ℓ; equivalently, the pos-
sible discrepancy is ℓ-primary with bounded exponent in
the stated finite correspondence;

(ii) the toric rank τp = rankZ Tp((Jp)
0) of the connected spe-

cial fiber is constant along the Tℓ–orbit, hence

dimQℓ
H1

ét(JQ,Qℓ)
Ip = 2g − τp

is Hecke-invariant for ℓ ̸= p by Theorem 4.1(i);

(iii) the Artin conductor exponent attached to the rational ℓ-
adic Tate representation is unchanged under the prime-
to-p isogenies considered here; the uniform bounds con-
cern only component-group, Tamagawa-index, and auxil-
iary local geometric defect terms.

Comment on scope and novelty. This theorem globalizes the lo-
cal control of Theorems 3.1, 3.5 and 4.1 from a single isogeny
to the entire Hecke orbit. Whereas the classical references
treat Tℓ primarily on the generic fiber of J0(N), the present
conditional statement works on a common dense open Uℓ

where the correspondence acts through prime-to-p isogenies
of Néron models. This gives uniform control of identity com-
ponents, component groups, and tame local geometric defect
terms across the corresponding Hecke translates.

This “Hecke-uniformity locus” links the geometric Néron
theory to the arithmetic of local L-factors, yielding orbitwise
constancy of the tame exponent τp. Since the rational ℓ-adic
Tate modules are isomorphic under the isogenies considered
here, the Artin conductor exponent itself is unchanged; no vari-
ation bound for fJ,p is claimed.

Proof. By Remark 5.2, over Z[1/Nℓ] the correspondence Tℓ

is built from the prime-to-p degeneracy maps. On the stated
dense open, each morphism occurring in the correspondence
is handled through the prime-to-residue-characteristic isogeny
formalism; the argument does not require, and does not assert,
that Tℓ itself is a single isogeny of degree ℓ2. Shrinking to a
dense open Uℓ ⊆ U , these isogenies extend to morphisms of
Néron models by Theorem 3.1. For every p ∈ Uℓ each factor
has degree prime to p, so the morphisms on identity compo-
nents are finite étale and the induced maps on ΦJ,p have kernel
and cokernel annihilated by a power of ℓ by Theorem 3.5.

Item (ii) follows from Theorem 4.1(ii), giving Hecke-
invariance of the dimension of inertia invariants. Item (iii)
follows from the rational Tate-module isomorphism in The-
orem 4.1(iii); the component-group bounds concern only
Tamagawa-index and local geometric defect terms.

Remark 5.4 (Scope and justification of Theorem 5.3). The
statement above should be interpreted in the following condi-
tional sense. On modular curves and Hodge-type Shimura vari-
eties, prime-to-p Hecke correspondences extend to the integral
models on a dense open locus only after possibly removing the
primes where the level structure is ramified. In these cases, the
extension acts by prime-to-p isogenies on the Néron models of
the universal Jacobians, and the induced maps on identity com-
ponents and component groups are controlled by Theorems 3.1
and 3.5. For full justification in the modular-curve case, one
uses the integral moduli constructions of Deligne–Rapoport
and Katz–Mazur, especially the compactified modular inter-
pretation and reduction theory of Deligne–Rapoport [16, Intro-
duction, pp. 146–153; Ch. V, pp. 234–257; Ch. VII, pp. 291–
313], together with the finite étale prime-to-level representabil-
ity results and the [N -Isog] moduli problem [17, Thm. 3.7.1,
pp. 104–105; §6.5, p. 164]. We record the statement in the
conditional form above to separate the moduli-theoretic input
from the Néron-model and component-group uniformity mech-
anisms proved in this paper.

The correspondence Tℓ acts on JUℓ
, on the stated tame open

and under the stated extension hypotheses, through prime-to-p
isogenies whose geometric kernels are finite étale. Hence, by
the functorial exact sequence of component groups,

ker(ΦJ,p → ΦJ,p) and coker(ΦJ,p → ΦJ,p)

are annihilated by a bounded power of ℓ.
Moreover, the rational ℓ-adic Tate modules are isomorphic

along the corresponding isogenies. Therefore the inertia-
invariant local factor

P I
J,p(X) = det

(
1−X Frobp | Vℓ(J0(N))Ip

)
is unchanged along the correspondence. If the toric part of the
Raynaud extension is split at p, then

Lp(J0(N), s)−1 = (1− p−s)τpQp(p
−s),

with Qp determined by the non-toric invariant part. In the non-
split toric case, the toric factor is governed by Frobenius on
the character lattice of the torus, and no factor (1 − p−s)τp is
asserted.

Thus, on the stated tame open and under the stated extension
hypotheses, the Hecke correspondence preserves the rational
inertia-invariant representation and gives bounded component-
group defect terms.

Corollary 5.5 (Invariant local factor along Hecke orbits). For
p ∈ Uℓ and ℓ ̸= p, the inertia-invariant local factor

P I
J,p(X) = det

(
1−X Frobp | Vℓ(J0(N))Ip

)
is independent of the point in the Tℓ-orbit and has degree 2g−
τp. Equivalently,

Lp(J0(N), s)−1 = P I
J,p(p

−s)

on the invariant part.
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If the toric part of the Raynaud extension is split at p, then
this invariant factor further decomposes as

P I
J,p(p

−s) = (1− p−s)τpQp(p
−s),

with degQp = 2g − 2τp. In the non-split toric case, the toric
factor is governed by the Frobenius action on the character
lattice of the torus, and no factor (1− p−s)τp is asserted.

Proof. This is exactly the invariant local-factor statement of
Corollary 4.3, applied uniformly along the Hecke orbit using
Theorem 5.3. The additional displayed factorization holds only
in the split toric case.

Example 5.6 (Hecke invariance away from the level). Let
N = 11 and p ̸= 11. Over U = SpecZ \ {11}, the inte-
gral model X0(11) is regular (Deligne–Rapoport [16, Ch. V,
pp. 234–257]), and its Jacobian J0(11) is an elliptic curve over
Q. For any prime ℓ ̸= 11, p, the Hecke correspondence Tℓ ex-
tends over Z[1/11ℓ] as a finite correspondence. Assume, as in
Theorem 5.3, that after shrinking to the stated dense open its
relevant morphism factors have generic fibers that are ℓ–power
isogenies with finite étale kernels on identity components. Un-
der this hypothesis, for such p the following hold simultane-
ously:

• the toric rank τp of (Jp)0 is constant along the Tℓ–orbit;

• dimQℓ
H1

ét(JQ,Qℓ)
Ip = 2g − τp is Hecke–invariant by

Theorem 4.1;

• the Tamagawa number cJ,p = #ΦJ,p(Fp) varies only by
a factor dividing a power of ℓ.

Geometric interpretation. The Hecke correspondence Tℓ

on the modular curve X0(11) is represented by the usual
prime-to-p degeneracy correspondence

π1, π2 : X0(11ℓ) −→ X0(11),

defined over Z[1/11ℓ]. These maps encode the cyclic-ℓ-
isogeny moduli problem in the sense of Katz–Mazur [17, §6.5,
p. 164; Thm. 6.7.4, p. 169]. The resulting Hecke action on
the Jacobian is therefore a correspondence-induced endomor-
phism. We do not use, and do not assert, that this endomor-
phism is itself a single isogeny of degree ℓ2.

On any simple elliptic quotient E of J0(11), the induced
Hecke action may act as multiplication by the Hecke eigen-
value aℓ(E); its degree on that quotient is then aℓ(E)2, not nec-
essarily ℓ2. Thus the safe statement is that the correspondence
is built from prime-to-p degeneracy maps/isogeny correspon-
dences. Consequently, Theorem 5.3 gives uniform control
of the toric rank, inertia-invariant rational cohomology, Artin
conductor, and the component-group/Tamagawa-index defect
terms in the stated kernel–cokernel sense. It does not identify
Tℓ with a single degree-ℓ2 isogeny.

Arithmetic verification. Since J0(11) is the elliptic curve
E : y2+y = x3−x2−10x−20 of conductor 11, its reduction
is good at all p ̸= 11. Therefore τp = 0 and ΦJ,p is trivial for
all such p, implying that the Hecke orbit is arithmetically rigid
on U . The local Euler factor is

Lp(J0(11), s)
−1 = 1− app

−s + p1−2s,

and is preserved under the corresponding prime-to-p isogeny
comparisons on rational ℓ-adic Tate modules. Thus the invari-
ant local factor is unchanged in the sense of Corollary 5.5.

Analytic consequence. For p ̸= 11, ℓ, we have

Lp(J0(11), s)
−1 = (1−p−s)τpPp(p

−s), degPp = 2−τp,

and both τp and Pp are invariant on the Hecke orbit. The con-
stancy of τp = 0 confirms that the Néron model of J0(11)
remains abelian with good reduction everywhere on U , while
Theorem 5.3 shows that this behavior persists under all prime-
to-p Hecke correspondences.

Example 5.7 (Boundary of the prime-to-p Hecke-control mech-
anism). Let p | N , or consider the boundary case ℓ = p. Then
the Hecke correspondence Tℓ need not extend over the integral
model as a finite étale prime-to-p correspondence. Its degen-
eracy maps may become inseparable on the special fiber, and
the induced maps on Néron identity components need not have
finite étale kernels.

Consequently, the component-group argument of Theo-
rem 5.3 is no longer available at such primes: the map on
component groups may involve connected finite-flat phenom-
ena rather than the tame finite-étale kernels controlled in The-
orems 3.1 and 3.5.

This should not be interpreted as a variation statement for
rational ℓ-adic invariants or Artin conductors under isogeny.
Whenever the generic fibers are isogenous abelian varieties,
their rational ℓ-adic Tate modules are isomorphic as Galois rep-
resentations for ℓ ̸= p, so the corresponding inertia-invariant
dimensions and Artin conductor exponents agree. The ob-
struction here is only the loss of the tame integral-model and
component-group control mechanism.

By Theorem 5.3 and Corollary 5.5, along Tℓ-orbits with
ℓ ̸= p, the invariant local factor and the toric exponent τp are
preserved on the stated tame locus, and the Artin conductor ex-
ponent fJ,p is unchanged under the corresponding prime-to-p
isogenies. Hence global L(J0(N), s) exhibits orbitwise uni-
formity of local factors outside {p, ℓ}, and height bounds via
Proposition 4.6 are stable along these orbits.

5.2 Relation with Shimura varieties

For ordinary Hodge-type Shimura varieties at hyperspecial
level, van Hoften proves that the prime-to-p Hecke orbit of
every ordinary point is Zariski dense in the special fibre [18,
Theorem I, p. 848]. Our use below is narrower: we do not
prove orbit-density, but only record conditional tame Néron-
model uniformity along those prime-to-residue-characteristic
Hecke correspondences that extend integrally with finite étale
kernels.
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More generally, D’Addezio and van Hoften prove the Hecke
orbit conjecture for Shimura varieties of Hodge type at odd
primes of good reduction: a non-empty reduced closed subva-
riety of a central leaf stable under prime-to-p Hecke operators
equals the whole central leaf [19, Theorem I (= Theorem 8.3.2),
p. 2].

Notation 5.8 (Integral models and universal abelian schemes).
Let (G,X) be a Shimura datum of Hodge type with reflex field
E. Fix a compact open K = KpKp ⊂ G(Af ) such that Kp

is hyperspecial. For v ∤ p a finite place of E where Kp is
hyperspecial, let SK denote the integral canonical model over
OE,(v) (Kisin; Faltings–Chai for PEL [3, Ch. IV, especially
§§1–7, pp. 93–136]).

When compactifications are needed, Madapusi Pera proves
that, at hyperspecial level, the integral canonical model ad-
mits smooth projective toroidal compactifications with normal-
crossings boundary, independent of the symplectic embedding
[20, Theorem 2, p. 396]; he also constructs the corresponding
projective normal minimal compactification [20, Theorem 3,
p. 397].

There exists an abelian scheme A → SK with additional
structure realizing the Shimura data (Hodge type case), whose
generic fiber is of dimension g.

Remark 5.9 (Prime-to-p Hecke action). For h ∈ G(Ap
f ), the

prime-to-p Hecke correspondence [h] : SK 99K SK is finite
and induces an isogeny of A of degree dividing a fixed power
of the common denominator of h; this is prime to p on the
hyperspecial locus (cf. [21, Theorem 4.3.1 and Corollary 4.3.2,
pp. 82–83]).

Theorem 5.10 (Conditional Hecke-uniformity on Hodge-type
integral models). In the setting of Notation 5.8, and with
the Hodge-type integral-model background as in [21, Theo-
rem 4.5.2, p. 87], assume that, after removing finitely many
primes of bad reduction, the chosen Hodge-type integral model
carries the relevant abelian scheme

A −→ S

over a dense open

U ⊆ SpecOE,(v).

Fix a prime-to-p Hecke correspondence [h]. Assume further
that there exists a dense open

Uh ⊆ U

on which [h] extends as a finite correspondence whose induced
maps on the relevant abelian scheme are genuine prime-to-
residue-characteristic isogenies with finite étale kernels.

Then, for every closed point t ∈ Uh, the following conclu-
sions hold:

(i) The induced isogenies on the fibers of A have degree
prime to the residue characteristic. Hence, on identity
components, the corresponding maps are finite étale, and
the induced morphisms on component groups

ΦA,t −→ ΦA,t′

for points t, t′ ∈ Uh related by the correspondence have
kernel and cokernel annihilated by a number depending
only on the degree of [h].

(ii) For every ℓ ̸= char(κ(t)), the induced maps preserve
inertia-invariant cohomology:

H1
ét(AK(t)

,Qℓ)
It ∼−−→ H1

ét(AK(t′)
,Qℓ)

It′ .

In particular, on the fixed tame open Uh, the dimension
of the inertia-invariant part of H1

ét and the toric rank are
invariant along the prime-to-residue-characteristic isoge-
nies induced by [h].

(iii) The Artin conductor of the rational ℓ-adic Tate represen-
tation is unchanged under these isogenies:

fA,t = fA,t′ .

The component-group defect terms, however, are uni-
formly controlled by the degree of the correspondence.
Thus the statement gives uniform control of tame local ge-
ometric data and component-group indices along the [h]-
correspondence, not a new conductor-variation inequal-
ity.

Novelty and relation to the global theory. This theorem records
the formal consequence of the moduli-theoretic extension hy-
potheses imposed above. It should not be read as proving, from
scratch, that every Hodge-type Hecke correspondence extends
integrally with the required finite-étale kernel property.

Under those hypotheses, the prime-to-residue-characteristic
isogeny-control of Theorem 3.1 and the finite-set uniformity of
Theorem 3.5 apply on the dense open Uh. Consequently, the
correspondence preserves the relevant tame inertia-invariant
cohomology and controls the component-group defect terms
along the induced isogenies. The resulting statement is a con-
ditional Hecke-uniformity result on the chosen tame locus.

Proof. By hypothesis, the fixed prime-to-p Hecke correspon-
dence [h] extends over the dense open Uh as a finite correspon-
dence whose induced maps on the relevant abelian scheme are
prime-to-residue-characteristic isogenies with finite étale ker-
nels. Therefore the hypotheses of Theorem 3.1 apply to each
such isogeny on Uh.

Applying Theorem 3.1 gives finite-étale behavior on identity
components, while Theorem 3.5 gives uniform control of the
induced maps on component groups, with bounds depending
only on the degree of the fixed correspondence [h]. The iso-
morphism on inertia invariants follows from Theorem 4.1(ii).

Finally, since the rational ℓ-adic Tate modules of isogenous
abelian varieties are isomorphic, the Artin conductor exponent
is unchanged under the isogenies considered here. Thus the
theorem asserts uniform control of the tame local geometric
and component-group data, rather than a conductor-variation
inequality.

Corollary 5.11 (Invariant local factors on Hecke orbits for
A→SK). On Uh and for ℓ ̸= char(κ(t)), the inertia-invariant
local factor is

P I
A,t(X) = det

(
1−XFrobt | Vℓ(A)It

)
.
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It has degree 2g − τt and is constant along the [h]-orbit. If the
torus in the Raynaud extension is split, then the correspond-
ing local factor contains the factor (1 −Nt−s)τt . In the non-
split toric case, the toric factor is governed by Frobenius on
the character lattice of the torus, and no such split factor is
asserted.

Proof. Immediate from Corollary 4.3 applied in the Hodge-
type context together with Theorem 5.10(ii).

Example 5.12 (Siegel modular case). Take G = GSp2g
with hyperspecial Kp; then SK is the Siegel moduli scheme
parametrizing principally polarized abelian schemes A→SK

of relative dimension g ([3, Ch. IV, §7, pp. 132–136]). For
every rational prime ℓ ̸= p, the ℓ-adic Tate module Tℓ(A) is
equipped with the standard symplectic form preserved by G,
and the prime-to-p Hecke algebra acts, on the stated integral lo-
cus, through correspondences induced by prime-to-p isogenies
preserving this symplectic structure up to the usual similitude
factor.

Geometric picture. On a dense open Uh ⊆ SpecOE,(v) (ob-
tained by removing finitely many bad primes), the Hecke cor-
respondence [h] induces a prime-to-p isogeny

[h] : (At, λt) −→ (A′
t, λ

′
t)

between principally polarized abelian varieties, with ker-
nel finite étale and killed by the Hecke degree deg([h]).
By Theorem 5.10(i), this isogeny extends, in the stated
Dedekind/codimension-one sense, to a morphism on the rel-
evant Néron models whose restriction to identity components
is finite étale, and it induces on component groups

ΦA,t −→ ΦA′,t

a morphism whose kernel and cokernel are annihilated by
deg([h]). Thus the component indices are controlled in the
kernel–cokernel sense; no divisibility formula for cA′,t/cA,t is
asserted without the corresponding finite-group calculation.

Cohomological and arithmetic consequences. For ℓ ̸= p
the induced map on inertia-invariants,

H1
ét(AK(t)

,Qℓ)
It ≃−−→ H1

ét(A′
K(t)

,Qℓ)
It ,

is an isomorphism by Theorem 5.10(ii). Hence

dimQℓ
H1

ét(·)It = 2g − τt,

and τt is constant on the Hecke orbit. The component-group
maps have kernel and cokernel killed by deg([h]), so the as-
sociated Tamagawa-index and local geometric defect terms are
uniformly controlled. The Artin conductor exponent itself is
unchanged under the isogeny:

fA′,t = fA,t.

Equivalently, the inertia-invariant local factor

P I
A,t(X) = det

(
1−XFrobt | Vℓ(A)It

)

is Hecke-invariant on Uh. Only when the torus in the Raynaud
extension is split does the corresponding local factor contain
the explicit factor

(1−Nt−s)τt .

In the non-split toric case, the toric factor is governed by Frobe-
nius on the character lattice of the torus, and no split-torus
factorization is asserted. This realizes, in the Siegel case, the
geometric-to-arithmetic uniformity asserted in Theorem 5.10,
with the Artin conductor treated as isogeny-invariant rather
than bounded by component-group variation.

Analytic viewpoint. Since each prime-to-p Hecke operator
is an isogeny of degree prime to all residue characteristics on
Uh, the inertia-invariant local factors

P I
A,t(X)

form a single Hecke-invariant family on each Hecke orbit. The
invariant factors coincide; explicit toric factors are asserted
only in the split-torus case. Thus the Hodge-type integral
model behaves, on the fixed tame locus and under the stated ex-
tension hypotheses, as a single prime-to-p isogeny class for the
purposes of inertia-invariant cohomology, component-group
control, and local geometric defect terms.

Example 5.13 (Failure at parahoric level). If Kp is parahoric
(non-hyperspecial) or if the Hecke correspondence [h] has de-
gree divisible by the residue characteristic, the morphism on
identity components in Theorem 5.10 need not be finite étale,
and the uniform component-group and local-geometric-defect
bounds for ΦA,t can fail. This is not a failure of Artin-
conductor invariance under an actual isogeny.

Geometric mechanism. At such primes the local model of
SK is singular, with non-semistable vertical components in the
special fiber. The kernel of the Hecke correspondence [h] on
A then meets the identity component nontrivially, so its special
fiber contains a connected local subgroup (e.g. αp) rather than
a finite étale one. Consequently,

(At)
0 −→ (A′

t)
0

fails to be finite étale, and the induced map on component
groups ΦA,t → ΦA′,t may have kernel or cokernel not killed
by any power of p.

ètale

Cohomological clarification. The failure at such boundary
points is a failure of the finite-ètale kernel and component-
group control mechanism. It should not be read as asserting
that the rational ℓ-adic Tate module, the local L-factor, or the
Artin conductor changes under an actual isogeny. For isoge-
nous generic fibers, the rational ℓ-adic Tate modules are iso-
morphic as Galois representations for ℓ ̸= p, and hence their
Artin conductor exponents agree. Any additional wild behav-
ior here is a boundary or local-model phenomenon outside the
tame component-group framework.
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Analytic manifestation. The tame Euler-factor bookkeeping
used above is no longer available at such a wild boundary point.
Any contribution here should be treated as an auxiliary wild
local defect term, not as a bounded conductor-jump statement.

On Uh, Corollary 5.11 shows invariance of the inertia-
invariant local factor and the tame toric contribution along
Hecke orbits, while the Artin conductor exponent is unchanged
under the corresponding prime-to-p isogenies. Hence the
global L-function of the family exhibits orbitwise stability out-
side a finite set of primes, while the standard semistable local
height contributions involving ωA/SK

(cf. Construction 2.10
and Proposition 4.6) remain compatible with the prime-to-p
Hecke translates considered here.

5.3 Forward linkage to arithmetic applications

Theorems 5.3 and 5.10 provide the moduli-level input for the
number-theoretic statements of the next section: uniformity of
tame local Euler-factor shapes, preservation of inertia-invariant
cohomology, and uniform control of component-group defect
terms along the Hecke correspondences within their stated hy-
potheses. Section 6 uses these facts only on the fixed tame
opens where the relevant Hecke correspondences induce gen-
uine prime-to-residue-characteristic isogenies with finite étale
kernels.

6 Applications to Number Theory
We keep the base and notation from Notation 2.1. Struc-
tural controls for Néron models in families and under prime-
to-residue-characteristic isogenies were established in Theo-
rems 3.1 and 3.5. The cohomological input is the preserva-
tion of inertia-invariant H1

ét on the fixed tame locus, as in The-
orem 4.1. The applications below concern tame local Euler-
factor shapes, component-group defect terms, and compatibil-
ity of local height decompositions. They do not assert conduc-
tor variation under isogeny and do not prove a new uniform
positive height gap.

Standing hypotheses for Section 6. All local and global
bounds below are invoked only on the dense tame locus U from
Theorem 3.5; in particular, every prime-to-p isogeny/Hecke
map is used only where its kernel is finite étale and the induced
morphism on component groups has uniformly bounded ker-
nel/cokernel (Theorems 3.1 and 3.5). Any Hecke-orbit input is
taken from Section 5 in its stated scope.

6.1 Zeta functions and L-functions

Proposition 6.1 (Rational L-factor invariance and separate
Tamagawa control). Let A/Q and B/Q be isogenous abelian
varieties. Then, for every prime p and every auxiliary ℓ ̸= p,
the rational ℓ-adic representations Vℓ(A) and Vℓ(B) are iso-
morphic. Consequently the local Euler factors and Artin con-
ductor exponents agree:

Lp(A, s) = Lp(B, s), fA,p = fB,p.

On the fixed tame prime-to-p locus of Theorem 3.5, the ad-
ditional Néron-model component-group maps have kernel and
cokernel annihilated by a bounded power of the isogeny de-
gree. These bounds control Tamagawa-index and local geo-
metric defect terms only; they do not measure variation of local
L-factors or Artin conductors.

Proof. An isogeny of abelian varieties induces an isomorphism
of rational Tate modules

Vℓ(A)
∼−−→ Vℓ(B)

as Galois representations. Hence the characteristic polynomial
of Frobenius on inertia invariants, and the Artin conductor of
the representation, are the same for A and B. The component-
group estimates from Theorems 3.1 and 3.5 are separate inte-
gral Néron-model estimates and control only Tamagawa-index
and auxiliary local geometric defect terms.

Corollary 6.2 (Local conductor stability). Under the hypothe-
ses of Proposition 6.1, the local Artin conductor exponents of
A and B agree at every prime where the comparison is made:

fB,p = fA,p.

The component-group estimates used above control only
Tamagawa-index and local geometric defect terms; they do not
give, and are not used to give, a conductor-variation inequal-
ity.

Proof. The rational ℓ-adic Tate modules of isogenous abelian
varieties are isomorphic as Galois representations. Hence
their Artin conductor exponents agree. The component-group
bounds from Theorems 3.1 and 3.5 are separate Tamagawa-
index estimates and do not measure variation of the Artin con-
ductor.

Example 6.3 (Modular Jacobians along Hecke orbits). For
J0(N) over Q and a prime ℓ ∤ N , assume the hypotheses
of Theorem 5.3; thus, on a dense open Uℓ, the relevant mor-
phism factors of the Tℓ-correspondence have generic fibers that
are ℓ-power isogenies prime to the residue characteristic p for
p ∈ Uℓ.

For any Jacobian J ′ occurring as an isogenous target of one
of these morphism factors, the rational ℓ′-adic Galois represen-
tations are isomorphic for every auxiliary ℓ′ ̸= p. Hence the
corresponding local Euler factors and Artin conductor expo-
nents agree:

Lp(J
′, s) = Lp(J0(N), s), fJ′,p = fJ0(N),p,

The component-group maps on the fixed tame locus may
still have bounded ℓ-primary kernel and cokernel. These
bounds control only Tamagawa-index and local geometric de-
fect terms, not local L-factor denominators or Artin-conductor
variation.

Example 6.4 (Necessity of the prime-to-p condition for geo-
metric component control). Let E/Q admit a p-isogeny with
additive reduction at p. At this prime the kernel of the isogeny
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need not extend as a finite étale subgroup scheme of the Néron
model. Hence the prime-to-p mechanism used in Theorems 3.1
and 3.5 to control identity components and component groups
does not apply.

This failure is purely geometric. It does not mean that ratio-
nal ℓ-adic inertia invariants, local L-factors, or Artin conductor
exponents change under the isogeny. For every ℓ ̸= p, the
isogeny still induces an isomorphism of rational Galois repre-
sentations

Vℓ(E)
∼−−→ Vℓ(E

′),

and therefore the inertia-invariant subspaces and Artin conduc-
tor exponents agree. Thus the excluded prime illustrates only
the failure of finite-étale kernel and component-group control,
not a failure of rational ℓ-adic or conductor invariance.

By Proposition 6.1 and Corollary 6.2, isogenies and prime-
to-p Hecke correspondences preserve the rational local L-
factors and Artin conductor exponents at the primes where
the comparison is made. The separate Néron-model estimates
from Theorems 3.1 and 3.5 control Tamagawa-index and local
geometric defect terms only.

6.2 Height theory and rational points

Proposition 6.5 (Recorded compatibility of local height de-
compositions under tame isogenies). Let A/Q be an abelian
variety with Néron model A/S. Then there exists a finite
set of primes Σ such that, on the fixed semistable tame
locus outside Σ, the local terms appearing in the stan-
dard canonical-height decomposition are compatible with the
prime-to-residue-characteristic isogenies considered in this
paper.

More precisely, if B is prime-to-Σ isogenous to A, if L is a
symmetric ample line bundle on B, and

φ : A → B

is a prime-to-Σ isogeny, then:

(i) The canonical heights satisfy the standard functoriality
relation

ĥφ∗L(P ) = ĥL(φ(P )) for all P ∈ A(Q).

The comparison of canonical heights on B(Q) is under-
stood only through the standard functoriality and com-
parison formulas for canonical heights under isogeny. In
particular, we do not assert here any new uniform additive
bound, global height gap, or positive lower bound across
an arbitrary prime-to-Σ isogeny class.

(ii) On the fixed semistable tame open, the toric local terms,
the contribution of ωA/S , and the component-group defect
terms appearing in the standard local height decompo-
sition remain uniformly controlled under the prime-to-Σ
isogenies considered here.

This proposition is a compatibility statement only. It does
not assert a new uniform positive lower bound for all non-
torsion points in a prime-to-Σ isogeny class.

Proof. Item (i) is the standard functoriality of the Néron–Tate
height under isogeny; compare Milne’s discussion of canonical
height pairings for abelian varieties [8, Introduction, pp. 4–5]
and the standard references on canonical heights on abelian va-
rieties.

On the fixed semistable tame locus, Theorem 4.1(ii) pro-
vides the preservation of inertia-invariant cohomology and
toric-rank data under the prime-to-residue-characteristic isoge-
nies considered here. Together with the identification of the
tame local factors in Corollary 4.3 and the role of the invari-
ant differential sheaf ωA/S from Construction 2.10, this yields
compatibility of the corresponding local geometric terms in
the standard canonical-height decomposition (see [12, §3,
pp. 353–355]).

No global height-gap theorem or new uniform positive lower
bound is claimed.

Corollary 6.6 (Finiteness criterion for rational points). Let
C/Q be a smooth projective curve and let ϕ : C → A be a
nonconstant morphism to an abelian variety A/Q with Néron
model A/S. Assume:

(a) A(Q) has rank 0;

(b) the map ϕ has finite fibers on C(Q).

Then C(Q) is finite. (Compare the general Mordell–
Lang/Faltings finiteness perspective in [12].) Moreover, if A
varies within a prime-to-Σ isogeny class for some finite Σ, and
(a)–(b) hold for one representative, then they hold uniformly
across the class and the finiteness of C(Q) persists.

Proof. By (a), A(Q) is finite. Thus ϕ(C(Q)) is finite. By
(b), each rational point in the image has finitely many preim-
ages, hence C(Q) is finite. For the uniformity statement, use
Proposition 6.5(i) to transport rank 0 across the prime-to-Σ
isogeny class and note that (b) is unaffected by replacing A
with an isogenous abelian variety and composing ϕ with an
isogeny.

Example 6.7 (Application to modular curves via rank zero).
Let X be a modular curve (e.g. a quotient of X0(N)) with
Jacobian J and Abel–Jacobi map ϕ : X → J . If J(Q) has rank
0 (this occurs for several small levels), then Corollary 6.6 gives
X(Q) finite. Under prime-to-p Hecke correspondences on the
dense opens of Theorem 5.3, the conclusion persists across the
orbit.

Example 6.8 (Necessity of the rank hypothesis). Let E/Q be
an elliptic curve of positive rank and take C = E with ϕ =
idE . Then C(Q) is infinite, so Corollary 6.6 fails without (a).

Proposition 6.5 shows that tame local contributions and the
differential line ωA/S yield uniform height information across
prime-to-p isogeny classes and Hecke orbits on the loci of
Theorems 5.3 and 5.10. Combined with Northcott’s prop-
erty for canonical heights and the rank-0 hypothesis, Corol-
lary 6.6 gives concrete finiteness statements for rational points
on curves mapping to such abelian varieties.
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6.3 Link to examples

The orbitwise stability of tame local factors and the com-
patibility of local height contributions provide the input for the
explicit computations in Section 7.

7 Examples and Computations
We illustrate the structural and cohomological statements from
Theorems 3.1, 3.5 and 4.1 and the arithmetic consequences
from Corollaries 4.3, 6.2 and 6.6 and propositions 6.1 and 6.5
by working out two standard testbeds: an elliptic curve with
CM and a modular Jacobian. Throughout we keep the nota-
tion from Notation 2.1, definitions 2.6 and 2.12, and construc-
tion 2.10.

Example 7.1 (The curve y2 = x3 − x: tame isogeny control,
component groups, and local factors). Let

E/Q : y2 = x3 − x.

This curve has j(E) = 1728, admits the 2-isogeny

φη : E −→ E′, φη(x, y) =

(
x2 + 1

x
,
y(x2 − 1)

x2

)
,

where
E′ : y2 = x3 + 4x.

The discriminants are

∆E = −64, ∆E′ = −4096.

Set

T = S = SpecZ, U = T ◦ = SpecZ \ {2}.

Then the isogeny degree is invertible on U , and the kernel of
φη extends over U to a finite étale subgroup of E[2]. Hence
the prime-to-residue-characteristic conclusions of Theorem 3.1
and Theorem 3.5 apply on U .

Good-reduction and component-group computation on U .
For every odd prime p ̸= 2, both E and E′ have good reduc-
tion. Thus

ΦE,p = ΦE′,p = 0, cE,p = cE′,p = 1.

The induced morphism on component groups

ΦE,p −→ ΦE′,p

has kernel and cokernel killed by 2, trivially in this good-
reduction case. Therefore, for every rational prime q ̸= 2, the
function

p 7−→ vq(#ΦE,p)

is constant on U , hence upper semi-continuous. This gives a
concrete instance of the fixed-tame-open control asserted in
Theorem 3.5.

General multiplicative comparison. More generally, if F/Q
is an elliptic curve admitting a 2-isogeny F → F ′, and p ̸= 2

is a split multiplicative prime lying in the chosen tame locus,
then

F 0
p ≃ Gm, ΦF,p ≃ Z/ ordp(∆F )Z.

The extended isogeny is finite étale on identity components,
and

ker(ΦF,p → ΦF ′,p), coker(ΦF,p → ΦF ′,p)

are killed by 2. Consequently the associated Tamagawa-
index defect is controlled by the isogeny degree; in the ellip-
tic 2-isogeny case one obtains only 2-power variation in the
component-group quotient.

Local factors and inertia on the good-reduction locus. For
p ̸= 2, the local Euler factor of E has the usual good reduction
form

Lp(E, s)−1 = 1− app
−s + p1−2s,

and for ℓ ̸= p,

dimQℓ
H1

ét(EQ,Qℓ)
Ip = 2.

Since E and E′ are isogenous, their rational ℓ-adic Tate mod-
ules are isomorphic. Thus the Artin conductor exponents
agree:

fE,p = fE′,p.

On U , in fact,

Lp(E
′, s)

Lp(E, s)
= 1, fE′,p − fE,p = 0.

This is the cohomological invariance predicted by Theo-
rem 4.1, not a new conductor-variation estimate.

The excluded prime p = 2. At p = 2, Tate’s algorithm gives
additive reduction for E (of Kodaira type III). Hence 2 is
excluded from the tame open U . The 2-isogeny is no longer
prime to the residue characteristic, and its kernel need not ex-
tend as a finite étale subgroup scheme over Z2. Thus the prime-
to-p conclusions of Theorem 3.1 and Theorem 3.5 do not apply
at 2.

Differentials and height compatibility. Let E/S be the Néron
model of E, and let

ω =
dx

2y

be the invariant differential. The contribution of ωE/S to the
standard Arakelov–Néron height decomposition is compatible
with the tame local geometric data controlled above. This is
only a compatibility statement, in the sense of Proposition 4.6;
it is not a new uniform positive lower bound for all non-torsion
points in arbitrary isogeny classes.

Example 7.2 (Jacobians of modular curves). We detail the case
J0(11), which is an elliptic curve E11/Q (the Jacobian of
X0(11)), and then indicate the general pattern.
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Local structure at p = 11. On the regular integral model of
X0(11) (Deligne–Rapoport; Katz–Mazur), the Néron model of
J0(11) over Z has split multiplicative reduction at p = 11 of
type I5. Hence

τ11 = 1, c11 = 5, f11 = 1,

and for p ̸= 11 one has good reduction with cp = 1 and fp = 0.
This fits the template from Corollary 4.3:

L11(J0(11), s)
−1 = 1− 11−s.

Indeed, g = 1 and τ11 = 1, so the invariant local polynomial
has degree 2g − τ11 = 1.

Hecke action and uniformity. Let ℓ ̸= 11 be prime. Over
Z[1/11ℓ] the Hecke correspondence Tℓ is represented by the
usual finite degeneracy correspondence (Remark 5.2). Assume
the hypotheses of Theorem 5.3, namely that after restriction
to a dense open Uℓ ⊆ SpecZ the relevant morphism factors
have generic fibers that are ℓ–power isogenies with finite étale
kernels on identity components. Then for every p ∈ Uℓ the
corresponding morphisms on the special fiber are prime-to-p
on identity components and

ΦJ,p −→ ΦJ,p has kernel/cokernel killed by a power of ℓ,

so τp, dimH1
ét(·)Ip , and the Artin conductor exponent fJ,p

are preserved under the corresponding prime-to-p isogenies by
Theorem 4.1(ii),(iii). Consequently, for every prime p in the
stated tame locus and for every abelian variety J ′ arising as an
isogenous target of one of the relevant morphism factors,

Lp(J
′, s) = Lp(J0(11), s).

The remaining bounded ℓ-primary discrepancy concerns only
component-group, Tamagawa-index, and local geometric de-
fect terms.

Global consequences. Since J0(11) has Mordell–Weil rank
0 over Q and the Abel–Jacobi map X0(11) → J0(11) has fi-
nite fibers on rational points, Corollary 6.6 applies to conclude
X0(11)(Q) is finite; the conclusion persists along prime-to-ℓ
Hecke translates on the open loci of Theorem 5.3. The same
mechanism applies to higher level modular curves X0(N) with
Jacobians of rank 0; the local invariants τp, cJ,p, and fJ,p
behave uniformly along Tℓ–orbits away from finitely many
primes by Theorem 5.3 and corollary 5.5.

Uniform control of ΦJ,p and τp along Tℓ–orbits yields sta-
bility of the tame factor in local Euler-factor bookkeeping and
controls Tamagawa-index/local geometric defect terms; cou-
pled with height compatibility (Proposition 6.5) this gives the
stated finiteness consequences.

Example 7.3 (Tate curve with split multiplicative reduction).
Fix a prime p and take a parameter q ∈ pZp with n := vp(q) ≥
1. The Tate curve Eq/Qp satisfies

Eq(Qp) ≃ Q×
p /q

Z, Kodaira type In, τp = 1,

and the Néron special fiber has (Eq)
0
p ≃ Gm and ΦEq,p ≃

Z/nZ. Hence by Proposition 2.8 the Tamagawa number is
cp = n, and by Corollary 4.3

Lp(Eq, s)
−1 = 1− p−s.

Here the toric rank τp = 1 accounts for the full degree-1 invari-
ant local factor, since 2g − τp = 1; the explicit #ΦEq,p = n
realises the template of Corollary 4.3 and Proposition 2.8.

Example 7.4 (Potentially good, wild at p). Let E/Q be an el-
liptic curve with additive, potentially good reduction at a prime
p (e.g. CM j = 0 or 1728 at certain p). Over the original lo-
cal field Qp, this reduction is not semistable, so the Raynaud
semistable formula

codimQℓ
H1

ét(EQp
,Qℓ)

Ip = τp

does not apply.
The Artin conductor must instead be computed from the

general formula

fE,p = codimQℓ
H1

ét(EQp
,Qℓ)

Ip + Swan
(
H1

ét(EQp
,Qℓ)

)
.

In particular, wild inertia may contribute a positive Swan term.
After a suitable finite extension, possibly wildly ramified, E
may acquire good reduction.

Thus this example lies outside the tame semistable mecha-
nism of Theorem 4.1 and corollary 4.3; it illustrates why the
general conductor formula of Definition 2.12 must be retained
outside that locus.

Example 7.5 (Product surface with mixed reduction). Let A =
E1 × E2 over Q with Néron model A/S. Suppose at a prime
p that E1 has split multiplicative reduction of type In1 and E2

has good reduction. Then

τp(A) = τp(E1) + τp(E2) = 1 + 0 = 1,

and
ΦA,p ≃ ΦE1,p × ΦE2,p ≃ Z/n1Z.

hence

Lp(A, s)−1 = (1−p−s)τpPp(p
−s), degPp = 2g−2τp = 2.

Thus the total degree is

τp + degPp = 1 + 2 = 3 = 2g − τp,

in accordance with Corollary 4.3. If both Ei are split multi-
plicative with types Ini , then τp(A) = 2 and

ΦA,p ≃ Z/n1Z× Z/n2Z, degPp = 2g − 2τp = 0.

The toric rank contributes the factor (1 − p−s)τp ; after ex-
tracting it, the residual polynomial has degree 2g − 2τp, so
the total invariant degree is 2g − τp (Corollary 4.3), while
cA,p = #ΦA,p multiplies (Proposition 2.8).

Example 7.6 (Hecke-uniformity away from the level). Let
N ≥ 1 and consider J0(N) with Néron model over S. Fix
a prime ℓ ∤ N and assume the hypotheses of Theorem 5.3.
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Thus, after restriction to the dense open Uℓ ⊆ SpecZ supplied
in that conditional statement, for every p ∈ Uℓ with p ̸= ℓ the
relevant morphism factors of the Hecke correspondence induce
prime-to-p isogenies on identity components and maps

ΦJ,p −→ ΦJ,p with kernel/cokernel killed by a power of ℓ.

Therefore τp, the inertia-invariant local factor, and the Artin
conductor exponent are unchanged along the prime-to-p
Hecke-isogeny correspondence on Uℓ. The ℓ-power bounds
concern only component-group, Tamagawa-index, and auxil-
iary local geometric defect terms (cf. Theorem 5.3, proposi-
tion 6.1, and corollary 6.2).
Counterexample (sharpness at ℓ = p). If ℓ = p or p | N ,
the degeneracy maps are not finite étale on the special fiber;
kernels on identity components may become connected (e.g.
αp), so the tame bounds fail and wild Swan terms can appear.
Thus Theorem 5.3 genuinely requires ℓ ̸= p and p ∤ N .

On Uℓ the tame exponent τp and the inertia-invariant lo-
cal factor are Hecke-invariant. The Artin conductor expo-
nent itself is unchanged under the prime-to-p isogenies consid-
ered here; the ℓ-power bounds concern only component-group,
Tamagawa-index, and auxiliary local geometric defect terms.
For ℓ = p or at primes dividing the level, the tame component-
group mechanism breaks.

The preceding examples show where the tame hypotheses
are used and where they fail. They also illustrate how the
component-group bounds of Theorem 3.5 enter the local-factor
comparisons.

8 Conclusion and Outlook
Synthesis. Working over the arithmetic base from Notation 2.1,
the paper established a geometric–cohomological control prin-
ciple for Néron models and traced its arithmetic fallout along
three axes.

Chain I (existence/rigidity ⇒ component groups ⇒ local
factors). By Theorem 3.1 the prime-to-residue-characteristic
extension and uniqueness of isogenies in arithmetic families
hold on a dense open. Upper semicontinuity of component
groups in fibers (Theorem 3.5) then yields the local factor tem-
plate (Corollary 4.3), which identifies the tame exponent τp
and constrains Lp(A, s). The mechanism appears concretely
in Example 7.1 and in the Hecke setting of Example 6.3.

Chain II (cohomology under base change ⇒ Euler quo-
tients ⇒ conductor stability). The comparison Theorem 4.1
(items (i)–(iii)) proves invariance of Ip-invariants under prime-
to-p isogenies on suitable opens, and quantifies possible
jumps. This feeds directly into rational local L-factor in-
variance (Proposition 6.1) and conductor stability (Corol-
lary 6.2), while the component-group estimates remain sepa-
rate Tamagawa/local-defect controls. Example 6.4 shows the
sharpness of the prime-to-p hypothesis.

Chain III (differentials/heights ⇒ local height compatibil-
ity ⇒ conditional finiteness). The differential line bundle

from Construction 2.10 enters the standard local height de-
composition recorded in Proposition 4.6, and Proposition 6.5
records compatibility of those local terms under the tame
prime-to-p isogenies considered here. Under the separate rank-
0 and finite-fiber hypotheses, this gives the conditional finite-
ness criterion for rational points in Corollary 6.6, illustrated by
Example 6.7 and contrasted by Example 6.8.

Outlook

(A) Higher-dimensional generalizations. Two concrete di-
rections arise naturally.

• Semi-abelian extensions over parahoric level. Replacing
abelian by semi-abelian schemes on integral models with
parahoric level structure (cf. Theorem 5.10) should keep
the tame exponent τp stable on the same open loci and
refine conductor bounds for boundary degenerations; see
also the parahoric counterexamples in Example 5.13 for
necessary hypotheses.

• Families over Dedekind subschemes. Passing from S =
SpecZ to Dedekind subschemes of number fields does
not alter the proofs in Theorems 3.1, 3.5 and 4.1; the local
statements transport verbatim after replacing p by nonar-
chimedean places and tracking ramification indices.

(B) Derived and perverse sheaf refinements. The com-
parison in Theorem 4.1 can be lifted from invariants of H1

ét

to a functorial statement for truncations of the vanishing-
cycles complex RΦ on the special fiber (cf. [2, Exposé XIII,
pp. 82–115]). A derived-level control of the unipotent mon-
odromy filtration would turn the inequalities in (iii) into equal-
ities under test conditions (e.g. semistability plus a weight-
monodromy constraint), providing sharper conductor formulas
at wild primes.

(C) Motivic cohomology and regulators. The line ωA/S

in Construction 2.10 admits an interpretation via Deligne–
Beilinson realizations. A comparison of the resulting regula-
tors with the canonical heights used in Proposition 6.5 would
clarify how far the finiteness mechanism in Corollary 6.6 ex-
tends beyond rank 0, for instance to situations with controlled
positive rank but auxiliary height gaps on images of curves.

Mixed Tate and Hodge-theoretic scope. The Néron-model
techniques used here control semistable realization data asso-
ciated with abelian and semi-abelian degenerations, including
the corresponding ℓ-adic inertia and differential data. They
do not by themselves yield a general Hodge decomposition
for arbitrary hypercohomology groups of Mixed Tate objects.
Any extension to Mixed Tate motivic cohomology would there-
fore require compatibility of the relevant realizations with this
semistable framework; no general Mixed-Tate realization the-
orem is asserted here.
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(D) Equidistribution along Hecke orbits. On the open loci
of Theorem 5.3, the component-group and tame-exponent sta-
bility suggests Sato–Tate–type equidistribution for local factors
along prime-to-p Hecke orbits (outside finite sets), with error
terms depending only on the orbit’s isogeny parameters. Ex-
ample 5.6 and Example 5.12 provide natural testbeds.

(E) Effective and computational aspects. The explicit cases
in Examples 7.1 and 7.2 can be extended to large families, sup-
plying numerical evidence for the bounds in Corollary 6.2 and
for the persistence of finiteness in Corollary 6.6. A systematic
implementation of the local shape in Corollary 4.3 alongside
the local height compatibility recorded in Proposition 6.5 could
yield practical algorithms for studying the finiteness criteria for
C(Q) when C maps to low-rank Jacobians.

Conjecture (Derived tame control). Under the semistability
and weight–monodromy hypotheses described above, the tame
kernel–cokernel control of Theorem 3.5 admits a functorial re-
finement on suitable graded pieces of the monodromy filtration
of the vanishing-cycles complex RΦ, compatible with prime-
to-residue-characteristic isogenies.

(F) Open directions.

• Derived vanishing-cycle refinements. Conjecture 8
formulates the derived refinement suggested by Theo-
rems 3.5 and 4.1. Establishing precise hypotheses under
which the present uniform bounds become equalities re-
mains open.

• Prime-to-p Hecke uniformity beyond the stated loci. To
what extent do the component-group and inertia-invariant
local-factor statements of Theorem 5.3 persist after en-
larging the tame open, or after imposing controlled
boundary hypotheses on integral models?

• Regulator and height comparisons. For maps ϕ : C → A
as in Corollary 6.6, can regulator or height-gap hypothe-
ses on ϕ(C) replace the rank-0 assumption while preserv-
ing the conditional finiteness conclusion?

Closing remark. The results above show that, on a com-
mon dense tame locus, prime-to-residue-characteristic isoge-
nies and the associated control of component groups and in-
ertia invariants impose uniform constraints on local Euler fac-
tors, conductors, and the variation of height-theoretic data (via
ωA/S). The computations in Examples 7.1 and 7.2 verify the
quantitative bounds in concrete families and indicate direc-
tions for extending the methods to higher-dimensional bases
and higher-rank settings.
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