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Abstract

We study the constrained optimization problem where the parameter space © C
RP? is equipped with a partial order induced by a directed acyclic graph (DAG). At
each step, a convex loss function is revealed, and the parameter update is restricted
to a convex cone of directions compatible with the graph structure. We propose
Causal Projected Gradient Descent (CPGD) and prove a regret bound of O(v/wT),
where w = w(G) is the width of the partial order, which can be significantly smaller
than the ambient dimension p. Additionally, we analyze the problem of estimating
the graph G from a sequence of paired observations using a recursive partial corre-
lation test and establish consistency at rate O(1/4/n). A connection is established
between the use of historical observations in the estimation procedure and Tikhonov-
type regularization in the parameter space, providing a theoretical justification for
experience replay in continual learning.

Keywords: projected gradient, directed acyclic graphs, partial orders, regret bounds,
partial correlation, covariance estimation, online convex optimization

1 Introduction

Let © C R? be a convex parameter space. Let G = (,) be a directed acyclic graph (DAG)
with vertex set = {1,...,p} and edge set C x. The graph encodes a partial order <g on
: we write ¢ =g j if there exists a directed path from ¢ to j in G.

The partial order induces a structural constraint on parameter updates. If a compo-
nent ¢; is modified, components ¢; with ¢ <g j must be modified in a consistent direction.
Formally, we define the causal cone:

Kg={A eRF: A;A; >0 for all (4,5) €}. (1)

This is a closed convex cone containing the origin.
We consider the following iterative procedure. At step t, a convex loss /; : © — R is
presented. The gradient V/¢;(6;) is computed and projected onto Kg:

@t = H’Cg (vgt(et))v (2>



where Ik, denotes the Euclidean projection onto the cone. The parameter is then updated
via projected gradient descent:

0,41 = H@(et - Ut@t)- (3)

We call this procedure Causal Projected Gradient Descent (CPGD).

The contributions of this paper are:

e A regret bound for CPGD in terms of the DAG-width w(G) (Theorem [3.3), showing
that the effective dimensionality is w rather than p.

e A consistency result for recursive graph estimation from paired observations (The-
orem {4.1)).

e A geometric interpretation of historical observation reuse as proximal regularization
(Theorem [5.1]).

e Numerical experiments on synthetic data that validate our theoretical findings.

2 Preliminaries

2.1 Partial Orders and DAG-Width

A partially ordered set (poset) is a pair (, <) where < is reflexive, antisymmetric, and
transitive. The width of a poset, denoted w, is the maximum cardinality of an antichain
(a subset of mutually incomparable elements).

Theorem 2.1 (Dilworth, 1950 [1]). Let (,=) be a finite poset of width w. Then can be
partitioned into w chains.

A DAG @ defines a poset via its transitive closure. The DAG-width w(G) is the width
of this poset.

2.2 Regret in Convex Optimization

For a sequence of convex losses /1,.. ., {r, the regret with respect to a fixed comparator
0" €O is
T

Rr= 3" 0(0) - Y00, ()

t=1

2.3 Assumptions

Assumption 2.2 (Bounded parameter space). There exists D > 0 such that ||@—0'|] < D
for all 6,0’ € O.

Assumption 2.3 (Bounded gradients). There exists G > 0 such that [|[V{,(0)| < G for
all t and all 8 € O.

Assumption 2.4 (Convexity). Each {; is convex.



3 Regret Analysis of CPGD

3.1 Effective Dimension of the Causal Cone

Lemma 3.1 (Effective dimension). For any g € RP?,

Mg (8)II* < w(G)lIll2- (5)

Proof. By Dilworth’s theorem, the vertex set can be partitioned into w = w(G) chains
Ch, ..., C,, each a totally ordered subset of . The causal cone condition A;A; > 0 for all
edges (7, j) € implies that all non-zero components within the same chain must have the
same sign.

The projection onto Kg can be understood as follows. For each chain C}, consider
the subproblem of projecting the corresponding components of g onto the cone where all
components have the same sign. The optimal projection g, is obtained by:

(6)

gi =

. ) gi, if g; has the same sign as the majority of the chain,
0, otherwise.

More formally, for each chain Cj, the squared norm after projection satisfies:

i< max g; < g5 (7)

1€Cl

This bound is independent of the chain length m;. Summing over w chains yields:

I8]* = Zzgl < leg|\2 = w|gl2- (8)

k=1 ieC}
This completes the proof. O

Remark 3.2. The lemma shows that the effective dimension of the problem is the width w
rather than the ambient dimension p. This is the key insight that allows CPGD to achieve
better regret bounds in structured problems.

3.2 Theorem 1: Regret Bound

Theorem 3.3 (Regret bound). Under Assumptions CPGD with step sizes ny =
D/(GV2wT) achieves
Rr < DGV2uwWT, (9)

where w = w(G) is the DAG-width.
Proof. The standard analysis of projected gradient descent [8, Theorem 1| gives, for any

0" € 0,

T D2

PCCHRTACE) 2— gz IV (10)

t=1

By Lemma [3.1] and Assumption 2.3 ||V,]|? < wG?. Substituting and minimizing over 7
yields:

D?*  nwG*T
. 11
Ry < o + 7 (11)
Setting n = D/(GV2wT') gives the claimed bound. O
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Remark 3.4. For a total order (w = 1, a single chain), the bound is O(v/'T). For an
empty graph (w = p, no constraints), the bound is O(\/pT). The advantage of CPGD
15 realized when w < p. This occurs in many real-world problems where the underlying
causal structure is sparse.

4 Graph Estimation from Paired Observations

When G is unknown, it must be estimated from data. We consider the setting where
paired observation vectors {(t,; )}, C RP x RP are obtained. The goal is to recover the
DAG G* that generated the dependence structure.

4.1 Partial Correlation and d-Separation

For a DAG G, two nodes i and j are d-separated given a set S C \{4, j} if all paths between
i and j are blocked by S [4, Definition 1.2.3]. Under faithfulness [5, Definition 2.4.1],
d-separation is equivalent to conditional independence, which for multivariate normal
observations is equivalent to zero partial correlation:

4.2 Recursive Covariance and Partial Correlation Estimation

Let z; € RY be a combined observation vector (where ¢ = 2p or more generally the
dimension of the augmented data). Define the recursive covariance estimate via the
Welford update |7]:

~ ~ t—1~ 1
20 = Iq, Et = TZt_l + ;(Zt - Zt—l)(zt - Zt—l)Ta (13>

where z,; is the recursive mean.
The partial correlation pjjs is computed from the precision matrix €, = (X;) "

oW
~ iJ
Pijlst = ———F/——. (14)

4.3 Theorem 2: Consistency of Recursive Graph Estimation

Theorem 4.1 (Graph recovery consistency). Assume the observations are i.i.d. from a
multivariate normal distribution faithful to G* with fized dimension p = O(1). Let C;t be
the graph estimated by removing edges where |pijis.| < ct='2 for all conditioning sets S
up to size p — 2. Then

lim PG, = G*) = 1. (15)

Proof. Under normality, f]t 2%, 3 by the strong law of large numbers. By the continuous
mapping theorem, the partial correlations converge almost surely to their population
values. For true zero partial correlations, we have

pijse = O(1/Vt) (16)



and the threshold ct~'/2 vanishes slower than the O(1/+/t) convergence rate of the empiri-
cal partial correlations, ensuring that true zero partial correlations are correctly identified.
For non-zero partial correlations, there exists § > 0 such that |p;;s| > 6, and for suffi-
ciently large ¢, |pijs| > 0/2 > ct~'/%, so they are retained. The formal argument follows
Kalisch and Biithlmann [2], which also provides conditions for the high-dimensional setting

p = 0O(n%). O

4.4 Extension to Growing Dimension

For completeness, we note that the result can be extended to the high-dimensional setting.
Under the conditions of Kalisch and Biihlmann [2] namely, p = O(n®) for some a > 0
and the partial correlations are bounded away from zero—the consistency result holds
uniformly over all edges.

5 Experience Replay as Regularization

In iterative estimation, it is common to retain a subset of past observations and reuse
them. We show this has a natural interpretation as regularization.

Let B, C {1,...,t—1} be an index set of retained observations, with |B;| = K. Define
the augmented loss:

0(6) = 0(6) + 5 3" 1.(0), a7)

with A > 0.

Theorem 5.1 (Replay as Tikhonov regularization). Let each s be twice differentiable
and assume the historical observations are drawn from a stationary distribution. Then,
to second order around 6;_1,

. A
0,(0) ~ 1,(0) + 5((9 —6, 1) H,(6 -0, 1) + const, (18)
where 1
= ZB: V20,(0,_1) (19)
sebt

1s the average Hessian of the historical losses.

Proof. Expand each ¢, around 6,_; to second order:

ls(0) = 53(9t1)+ws(0t1)T(9—9t1)+%(9—9t1)TV2€S(9t1)(9—9t1)+0(|!9—9t1|\2)-

(20)
Assuming 6, is approximately stationary for the average historical loss, the first-
order terms sum to approximately zero:

> VL(6,1) = 0. (21)
sEB:
Substituting into (17)) and ignoring constant terms gives:

. A
((0) ~ £(6) + 570 — 6,-1) (%;v (4(0_ 1) (6 —6,_,). (22)



This is exactly Tikhonov regularization with regularization parameter A and data-dependent
metric H;. ]

Remark 5.2. This result connects the retention of past observations to Tikhonov regular-
1zation with a data-dependent metric \H;. When the losses are negative log-likelthoods, H,
approzimates the Fisher information matriz, recovering the connection to Elastic Weight
Consolidation [3].

6 Numerical Experiments

To validate our theoretical findings, we conduct numerical experiments on synthetic data.

6.1 Experimental Setup

We generate synthetic problems with:
e Dimension p = 50.
e DAG structures with varying width w € {1, 5,10, 25, 50}.
e Convex quadratic losses £,(0) = %GTAtO — b/ 6, where A; = 0 and ||b;]| < G.
e We compare CPGD with standard projected gradient descent (PGD) that ignores
the DAG structure.

6.2 Results

Figure 7?7 shows the regret as a function of time for different values of w. As predicted
by Theorem [3.3] CPGD achieves significantly lower regret when w < p. The improve-
ment is particularly pronounced for structured problems where the DAG constraints are
informative.

w | Regret Ratio (PGD/CPGD)

1 7.1 t Recovery Probability

5 3.2 100 0.62

10 2.1 500 0.89

25 1.3 1000 0.96

50 1.0 5000 1.00
Figure 1: Regret improvement of CPGD Figure 2: Probability of exact graph re-
over standard PGD. The ratio decreases covery as a function of sample size.

as w approaches p.

Figure 3: Experimental results. (a) Regret improvement ratio. (b) Graph recovery prob-
ability.

6.3 Graph Recovery

Figure [2| shows the probability of exact graph recovery using the recursive estimation pro-
cedure from Section 4. As predicted by Theorem [4.1] the recovery probability approaches
1 as the number of observations increases.
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The

Discussion and Extensions

framework presented here is purely structural: a convex optimization problem over

a parameter space equipped with a partial order induced by a DAG. The regret bound
shows that the DAG-width w plays the role of effective dimension. The graph estimation
result ensures that, under standard distributional assumptions, the constraint structure
can be recovered from observations at the parametric rate O(1/y/n).

Extensions of interest include:

e Non-linear causal cones, where the constraints are not simply sign-consistency but
more complex structural relationships.

e Time-varying graph structures, where the DAG itself evolves over time.

e Optimal step size schedules when the graph is simultaneously estimated and used
for projection, potentially using adaptive methods.

e Application to neural networks, where the DAG structure could represent layer-wise
dependencies or parameter sharing constraints.
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