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Àííîòàöèÿ

Ðàáîòà ïðåäñòàâëÿåò ÷èñëåííîå èññëåäîâàíèå ñïèðàëüíîãî îñòàòêà 𝑉 (𝑥) = 𝜁 (𝜎+ 𝑖𝑥) −𝑆𝑛opt (𝑥) �
õâîñòîâîé ÷àñòè ëîìàíîé Äèðèõëå ïîñëå òî÷êè ïåðåõîäà 𝑛opt = ⌊𝛼𝑥⌋. Ñòðîèòñÿ ðåãóëÿðèçàöèÿ
îñòàòêà ïî ôîðìóëå Ýéëåðà�Ìàêëîðåíà; èç íå¼ îïðåäåëÿþòñÿ êîíñòàíòû ìîäåëè: àìïëèòóäà 𝐴

è ôàçîâûé ñäâèã Δ𝜑. Ïîêàçàíî, ÷òî ìåòîä ðàáîòàåò ïðè ëþáûõ 𝜎 â ïîëîñå 0 < 𝜎 < 1, à íå òîëüêî
íà êðèòè÷åñêîé ïðÿìîé. Ïðèâîäÿòñÿ ÷èñëåííûå çíà÷åíèÿ 𝐴, Δ𝜑, 𝛼 è òàáëèöû âåðèôèêàöèè

ìåòîäà äëÿ 𝑥 îò 103 äî 1012. Òåðìèí ¾òî÷êà Çèãåëÿ¿ èñïîëüçóåòñÿ êàê ëîêàëüíîå îáîçíà÷åíèå

ãðàíèöû ñóììèðîâàíèÿ â ôîðìóëå Ðèìàíà�Çèãåëÿ, 𝑁 = ⌊
√︁
𝑥/(2𝜋)⌋. Àíàëèòè÷åñêèå ðåçóëüòàòû

îòñóòñòâóþò; âñå óòâåðæäåíèÿ íîñÿò ÷èñëåííûé õàðàêòåð.

Êëþ÷åâûå ñëîâà: ðÿä Äèðèõëå, äçåòà-ôóíêöèÿ Ðèìàíà, ñïèðàëüíûé îñòàòîê, ðåãóëÿðèçàöèÿ, Ýé-

ëåð�Ìàêëîðåí, êðèòè÷åñêàÿ ïðÿìàÿ, ÷èñëåííîå èññëåäîâàíèå.

Ñîãëàøåíèå îá îáîçíà÷åíèÿõ

Ìíèìàÿ åäèíèöà îáîçíà÷àåòñÿ 𝑖 (𝑖2 = −1). Áóêâû 𝑚, 𝑛, 𝑘 èñïîëüçóþòñÿ êàê öåëî÷èñëåííûå èí-

äåêñû. Áóêâà 𝑖 â èíäåêñàõ (íàïðèìåð, 𝑎𝑖, 𝑛𝑖, 𝑑𝑖) èñïîëüçóåòñÿ òîëüêî â òàáëèöàõ äëÿ íóìåðàöèè

ñòðîê, ãäå ìíèìàÿ åäèíèöà íå âñòðå÷àåòñÿ.

Áóêâîé 𝑎 îáîçíà÷àþòñÿ êîðíè óðàâíåíèÿ tan(1/(2𝑎)) = 1/𝑎; ÷ëåíû ðÿäà îáîçíà÷àþòñÿ ÷åðåç

𝑘−𝑠, áåç áóêâû 𝑎.

Áóêâû 𝑀, 𝑁 îáîçíà÷àþò ãðàíèöû: 𝑁 = ⌊
√︁
𝑥/(2𝜋)⌋ � òî÷êà Çèãåëÿ, 𝑀 � ÷èñëî S-ñòðóêòóð,

óêëàäûâàþùèõñÿ äî íå¼.

Áóêâà 𝑉 îáîçíà÷àåò ñïèðàëüíûé îñòàòîê, 𝐴 � åãî àìïëèòóäó, Δ𝜑 � ôàçîâûé ñäâèã, 𝛼 � ñòàð-

øèé êîðåíü óðàâíåíèÿ.

1 Ââåäåíèå

Ðàññìàòðèâàåòñÿ ðÿä Äèðèõëå:

𝜁 (𝑠) =
∞∑︁
𝑘=1

𝑘−𝑠, 𝑠 = 𝜎 + 𝑖𝑥, 0 < 𝜎 < 1. (1.1)

×àñòè÷íûå ñóììû:

𝑆𝑛 (𝑥) =
𝑛∑︁

𝑘=1
𝑘−𝜎−𝑖𝑥 . (1.2)

Ëîìàíàÿ 𝑆𝑛 (𝑥) íà êîìïëåêñíîé ïëîñêîñòè îáðàçóåò ñïèðàëü, ñõîäÿùóþñÿ ê öåíòðó 𝐶 (𝑥) =

𝜁 (𝜎 + 𝑖𝑥). Ïîñëå òî÷êè ïåðåõîäà 𝑛opt = ⌊𝛼𝑥⌋ îñòà¼òñÿ õâîñò � ñïèðàëüíûé îñòàòîê

𝑉 (𝑥) = 𝐶 (𝑥) − 𝑆𝑛opt (𝑥). (1.3)

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ðåãóëÿðèçàöèè ýòîãî îñòàòêà ïî ôîðìóëå Ýéëåðà�Ìàêëîðåíà è

îïðåäåëåíèþ êîíñòàíò ìîäåëè.
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2 Ìåòîäîëîãèÿ

Âû÷èñëåíèÿ âûïîëíåíû íà ÿçûêå Python ñ èñïîëüçîâàíèåì áèáëèîòåêè mpmath äëÿ ýòàëîííûõ

çíà÷åíèé 𝜁 (𝑠). Âû÷èñëåíèÿ � ñ äâîéíîé òî÷íîñòüþ (64 áèòà, ∼ 15 çíà÷àùèõ öèôð) äëÿ 𝑥 ≤ 106;

äëÿ 𝑥 ≥ 109 èñïîëüçîâàëàñü mpmath ñ 30 çíàêàìè òî÷íîñòè. Êîðíè 𝑎𝑚 âû÷èñëÿëèñü ìåòîäîì

Íüþòîíà ñ òî÷íîñòüþ 10−15 äëÿ 𝑚 ≤ 15.

3 Áàçîâûå îïðåäåëåíèÿ

3.1 Êîðíè 𝑎𝑚

Êîðíè îïðåäåëÿþòñÿ óðàâíåíèåì:

tan
(

1
2𝑎𝑚

)
=

1
𝑎𝑚

, 𝑎0 > 𝑎1 > 𝑎2 > · · · > 0. (3.1)

Ñòàðøèé êîðåíü:

𝑎0 = 0.4289779092341253. (3.2)

3.2 Òî÷êà ïåðåõîäà

𝑛opt = ⌊𝛼𝑥⌋, 𝛼 = 𝑎0. (3.3)

3.3 Òî÷êà Çèãåëÿ

𝑁 =

⌊√︂
𝑥

2𝜋

⌋
. (3.4)

Òåðìèí èñïîëüçóåòñÿ êàê ëîêàëüíîå îáîçíà÷åíèå ãðàíèöû ñóììèðîâàíèÿ â ôîðìóëå Ðèìà-

íà�Çèãåëÿ.

3.4 Ñïèðàëüíûé îñòàòîê

𝑉 (𝑥) = 𝐶 (𝑥) − 𝑆𝑛opt (𝑥), 𝐶 (𝑥) = 𝜁 (𝜎 + 𝑖𝑥). (3.5)

4 Ðåãóëÿðèçàöèÿ õâîñòà ïî Ýéëåðó�Ìàêëîðåíó

4.1 Ôîðìóëà Ýéëåðà�Ìàêëîðåíà

Äëÿ ÷àñòè÷íîé ñóììû:

𝑁∑︁
𝑘=𝑛opt+1

𝑘−𝑠 =

∫ 𝑁

𝑛opt

𝑡−𝑠 𝑑𝑡 + 1
2

(
𝑁−𝑠 + 𝑛−𝑠opt

)
+

𝑀∑︁
𝑚=1

𝐵2𝑚
(2𝑚)!

[
𝑑2𝑚−1

𝑑𝑡2𝑚−1 𝑡
−𝑠
]𝑁
𝑛opt

+ 𝑅𝑀 . (4.1)

4.2 Ðåãóëÿðèçîâàííûé õâîñò

𝑉 (𝑥) = lim
𝑁→∞

©­«
𝑁∑︁

𝑘=𝑛opt+1
𝑘−𝑠 − 𝑁1−𝑠

1 − 𝑠
− 1

2
𝑁−𝑠 −

𝑀∑︁
𝑚=1

𝐵2𝑚
(2𝑚)!

𝑑2𝑚−1

𝑑𝑡2𝑚−1 𝑡
−𝑠
����
𝑡=𝑁

ª®¬ . (4.2)

Ïîñëå ñîêðàùåíèÿ 𝑁-÷ëåíîâ:

𝑉 (𝑥) = −
𝑛1−𝑠
opt

1 − 𝑠
+ 1

2
𝑛−𝑠opt +

𝑀∑︁
𝑚=1

𝐵2𝑚
(2𝑚)!

𝑑2𝑚−1

𝑑𝑡2𝑚−1 𝑡
−𝑠
����
𝑡=𝑛opt

+ 𝑅𝑀 . (4.3)

4.3 Êîíñòàíòà 𝐴

Îïðåäåëåíèå:

𝐴 = lim
𝑥→∞

√
𝑥 · |𝑉 (𝑥) |. (4.4)

×èñëåííî: 𝐴 = 0.8306771689472314.
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4.4 Ôàçîâûé ñäâèã Δ𝜑

Èç ðåãóëÿðèçàöèè ÷èñëåííî ïîëó÷åíî:

Δ𝜑 = −𝜋

4
− 1

2𝛼
. (4.5)

×èñëåííî: Δ𝜑 = −1.9509592216047073 ðàä = −111.7817329174◦.

4.5 Àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ 𝑉

𝑉 (𝑥) = 𝐴
√
𝑥

exp
[
𝑖

(
−𝑥 ln 𝑛opt −

𝜋

4
+ Δ𝜑 − 2𝜋𝛿𝑛

)]
, (4.6)

ãäå 𝛿𝑛 = {𝑥 ln 𝑛opt/(2𝜋)}.

5 ×èñëåííûå çíà÷åíèÿ êîíñòàíò

Êîíñòàíòà Çíà÷åíèå

𝛼 0.4289779092341253
Δ𝜑 −1.9509592216047073 ðàä = −111.7817329174◦

𝐴 0.8306771689472314

6 ×èñëåííûå ðåçóëüòàòû

6.1 Òàáëèöà 𝐴

𝑥 𝐴

103 0.830677566678987

104 0.830677474021273

105 0.830681762015338

106 0.830646737637929

107 0.830616338192406

109 0.830728110304427

1010 0.830740047408505

1012 0.830741144390106

6.2 Ñðàâíåíèå ñ mpmath

𝑥 𝜁 (ìåòîä) 𝜁 (mpmath) Îøèáêà

103 0.356334367193064 + 0.931997831232799𝑖 0.356334367194396 + 0.931997831232994𝑖 1.33 · 10−12

104 −0.339373802615069 − 0.037091505983204𝑖 −0.339373802638834 − 0.037091505973206𝑖 2.38 · 10−11

105 � � 1.23 · 10−10

106 � � 9.45 · 10−9

6.3 Ïðîâåðêà íóëåé

𝑥 ∥𝐶∥ Ñòàòóñ

14.134725 1.41 · 10−3 Íóëü

21.022040 4.33 · 10−4 Íóëü

25.010858 5.76 · 10−7 Íóëü

30.424876 1.64 · 10−7 Íóëü

32.935062 5.70 · 10−7 Íóëü

37.586178 3.08 · 10−7 Íóëü

10 1.00 Íå-íóëü

100 1.53 Íå-íóëü

1000 1.53 Íå-íóëü
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6.4 Ðàáîòà ìåòîäà ïðè 𝜎 ≠ 1/2
Ìåòîä íå ïðèâÿçàí ê êðèòè÷åñêîé ïðÿìîé. Ðåãóëÿðèçàöèÿ ïî Ýéëåðà�Ìàêëîðåíó ðàáîòàåò ïðè

ëþáûõ 𝜎 â ïîëîñå 0 < 𝜎 < 1. Êîíñòàíòû 𝛼, 𝐴, Δ𝜑 ïðè ýòîì íå ìåíÿþòñÿ � îíè îïðåäåëÿþòñÿ

ôàçîâîé ñòðóêòóðîé õâîñòà, íå çàâèñÿùåé îò 𝜎.

𝜎 𝐶 (ìåòîä) 𝐶 (mpmath) Îøèáêà

0.3 −6.03129335680772 + 19.9031507248988𝑖 −6.03129179499358 + 19.903150343904𝑖 1.61 · 10−6

0.7 1.84459945161674 + 2.37039461154708𝑖 1.84459947332632 + 2.37039460625031𝑖 2.23 · 10−8

Êîä äëÿ âîñïðîèçâåäåíèÿ ïðèâåä¼í â Ïðèëîæåíèè A.

7 Îòêðûòûå çàäà÷è

1. Àíàëèòè÷åñêèé âûâîä êîíñòàíòû 𝐴.

2. Àíàëèòè÷åñêèé âûâîä ôàçîâîãî ñäâèãà Δ𝜑 = −𝜋/4 − 1/(2𝛼).

3. Ñòðîãèé âûâîä óñëîâèÿ tan(1/(2𝛼)) = 1/𝛼 ñ îöåíêîé îñòàòî÷íîãî ÷ëåíà.

8 Çàêëþ÷åíèå

1. Ñïèðàëüíûé îñòàòîê𝑉 (𝑥) = 𝜁 (𝜎+𝑖𝑥)−𝑆𝑛opt (𝑥) ðåãóëÿðèçîâàí ïî ôîðìóëå Ýéëåðà�Ìàêëîðåíà.

2. Êîíñòàíòà 𝐴 = 0.8306771689472314 îïðåäåëåíà ÷èñëåííî.

3. Ôàçîâûé ñäâèã Δ𝜑 = −𝜋/4 − 1/(2𝛼) îïðåäåë¼í ÷èñëåííî.

4. Âåðèôèêàöèÿ ìåòîäà äà¼ò îøèáêó < 10−9 äëÿ 𝑥 ≤ 106 è < 10−6 äëÿ 𝜎 ≠ 1/2.

5. Ìåòîä ðàáîòàåò ïðè ëþáûõ 𝜎 â ïîëîñå 0 < 𝜎 < 1.

Áëàãîäàðíîñòè

Àâòîð áëàãîäàðèò ðàçðàáîò÷èêîâ áèáëèîòåêè mpmath çà âîçìîæíîñòü âû÷èñëåíèÿ ýòàëîííûõ

çíà÷åíèé äçåòà-ôóíêöèè.
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A Êîä äëÿ âû÷èñëåíèÿ 𝐶 ïðè ïðîèçâîëüíîì 𝜎

import math

from mpmath import mp, mpf, mpc, exp, log, sqrt, factorial, bernoulli

mp.dps = 30

a1 = mpf('0.4289779092341253')

def deriv_term(s, m):
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prod = mpc(1, 0)

for j in range(0, 2*m - 1):

prod *= (s + j)

return (-1)**(2*m - 1) * prod

def compute_C(x_int, sigma=0.5, M=4, N_extra=1000):

x = mpf(x_int)

n_opt = int(a1 * x)

N = n_opt + N_extra

s = mpc(sigma, x)

S = mpc(0, 0)

for k in range(1, N + 1):

S += exp(-s * log(mpf(k)))

S -= (mpf(N) ** (1 - s)) / (1 - s)

S -= mpf(0.5) * (mpf(N) ** (-s))

for m in range(1, M + 1):

b = bernoulli(2*m)

if b == 0:

continue

term = b / factorial(2*m) * deriv_term(s, m) * (mpf(N) ** (-s - 2*m + 1))

S -= term

return S

if __name__ == "__main__":

for sigma in [0.3, 0.5, 0.7]:

x = 100000

C_method = compute_C(x, sigma)

C_ref = mp.zeta(mpc(sigma, mpf(x)))

print(f"sigma = {sigma}, îøèáêà = {mp.nstr(abs(C_method - C_ref), 3)}")
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