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ITPOBJIEMA KO®PUIIMEHTOB 1JI51 OTPAHNYEHHBIX
®YHKIIU 1 EE IMTIPUJIOXKEHU S

Crynun . JI.
r. Tepn

B mamnoit pabore m3maraercs MOIXo] K PEIIeHnI0 TpobeMbl KO3 PUITHEH-
TOB HA KJIACCAX, CBA3AHHBIX C KJIACCOM )y OTPAHUIEHHBIX B IMHUIHOM KPY-
re dbyHkmil w ¢ HOpMUPOBKOi w(0) = 0, He OCHOBAHHDIH HA HEPABEHCTBAX
c onpenenurensMu. IIpuBemeHb! mepBbIe MeCTh HEPABEHCTB, OMUCHIBAIOIITIX
resia, K03 duuueHToB Kiacca §g. HaliieHbl COOTHOLIEHNS, CBS3bIBAIOLIUE
9TH HEPABEHCTBA MexkKIy coboil. Takke M3JI03KeH MeTOI OIEHKHU MOIYJeit
TeATOPOBCKUX K0P (DUIIMEHTOB HA KJIACCAX, CBA3AHHBIX C KJIACCOM {2g.

In this paper we present an approach to solving the problem of coefficients
on classes related to the class Q¢ bounded in unit circle functions w with
normalization w(0) = 0 not based on inequalities with determinants. The
first six inequalities describing the coefficient bodies of the class 2y are
given. The relations linking these inequalities with each other are found.
Also, a method for estimating the moduli of Taylor coefficients on classes
related to the class Qg is outlined.

KuroueBbie cioBa: orpaHndentbie (PYHKINH, Tej1a KoM OUITHEHTOB, TOY-
HBIE OIIEHKHU MOIyJeil TeimopoBckux KodddumumeHTos, runore3a Kimmxka.
Keywords: bounded functions, the bodies of coefficients, sharp Taylor
coefficient moduli estimates, the Krzyz conjecture.

1. BBeneunne

IIycTs €9 — Ky1acc roaoMopgHBIX B eUHAIHOM Kpyre A (QyHKIMIA w, TAKUX, 9TO
lw(z)] €1, z € A, w(0) = 0. O603uauum vepes ) kiacc rogomMmopdubix B A byHkimit
w = w(z) Takux, aro |w(z)| < 1, z € A.

OueBHIHO, UMEET MECTO CJIEIYIONIEe

VYrepxkaenue 1. Popmysa wo(z) = zw(z), wo(z) € Qo, w(z) € Q, yemanasausaem
83aUMHO 00HO3HAWHOE coomeemcemeue mexncdy o u L.

Teitnmoposckue koaddurmentsr hyuxmmn w(z) Gymem 0603ua9aTh {W}y,, n € {0}UN.

Paccmorpum npocrpanctBo C™, n € N, To9kaMu KOTOPOro sIBJISIIOTCS HADOPBI U3 N
kommrexcuprx ancen w™ = ({w}, ..., {wh).

MmozecTBo, cocTosmee u3 Touek w™ € C" rakwx, aro wncna {whi, . . ., {w}, asia-
I0TCs TIepBBIMU 11 KO3 durmenTamMu HEKOTOPOi pyHKINN Kiracca (g, Oyaem 0003HaIaTH
yepes Q(()") U Ha3bIBATh N-bIM TEJI0M KO3 (puiueHToB Kiaacca 2.

[Ipobiiema ko3 PpumenToB Ha Kaacce {2y CraBUTCA TaK: HAfiTu HEOOXOUUMbIE U JI0-
CTATOYHBIE YCJIOBHUST, KOTOPBIE HY?KHO HAJIOXKUTH Ha KOMILIEKCHBIe uncia {why, {w}a, ...
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7t TOro, 9ToObl pam {w}hiz + {w}ez? + ... 6611 pagom Teiimopa HeKOTOPOI byHKIHHN
kjaacca (.

Takum ob6pa3om, 3a7a49a O MOy IEHUN TOTHBIX OIMEHOK MOJIyJIeH 3TuX Koddpuinen-
TOB Ha KJjacce {2y eCThb YaCTHBIN Caydail mpodieMbl KOI(MOUINEHTOR.

B 1917 roay U. Hlyp nccnemosan kiacc §2 [3]. B wacTtHOCTH, OH Jas ajropuT™
ompeseiennsi (haKkTa MPUHAIIEKHOCTH TOJ0MOpdHON dyHKINN Kiraccy () u mokasad,
9TO KaXKaasa (PYHKIINA KIacca ) MOXKeT OBITH TapaMeTpu30BaHa HEKOTOPOIl IOCIe10Ba-
TEJIbHOCTHIO KOMILJIEKCHBIX YHCEN, U3BECTHBIX Kak napaMerpsl [Ilypa. Oru onpesensior
npejcraBienue gaHuoi GyHKIME Kiaacca () B BHJIE HEIPEPBIBHOM JIpOOH.

Pabora lypa [3] 6buia onybiukosana uepes 10 ser nocse neppoii padorst K. Ka-
pareozopw [4], mocesimgnnoit mpobseme koadduimenTos ais kaacca C' byHKumii ¢ mo-
JIOXKUTEJIHLHOI BelecTBeHHOH acThio. OcHOBOMoOIaramIei paboroit mo mpobieme Ko-
sbdunnenton B kiacce C' cantaercs crarbs Kapareomopw [5]. Ilonpo6HOe n3nokenne
perierus npobiaeMbl KO3I(MMUIUEHTOB i IBYX YIOMSIHYTBIX 3/1€Ch KJIACCOB, MMEETCs
B pabore [8]. B ynowmsinyroii pabore TakKe ecTb Kparkuil ucropudeckuii 0630p.

Mmuorue 3ama4u reoOMeTPUIECKO Teoprun (PYHKIINH KOMILTEKCHOM MepeMeHHOi CBO-
JATCS K M3Y9EHUI0 CBOHCTB (DyHKIWH 4depe3 eé TeisiopoBckue Kod(pdUiueHTbl. Jra
TEOPHUs UMEET TPUJIOKEHHUS B THIPO- U a9POJANHAMUKE, HA €€ OCHOBE C(HOPMUPOBAJIACH,
B 9YACTHOCTH, T€OPUsS MPOCTPAHCTB TeiixMIoIepa, MMEIOIas MePCIeKTUBHBIE TTPUIIO-
JKEeHMsI B COBDEMEHHON MaTeMaTUYecKOil U Teoperudeckoil busuke (CONUTOHUKE, KOH-
dopmHoil, KanuGPOBOYHON U CTPYHHON TEOPUSIX I10JIs).

IIpobrema K03 DUIIEHTOB UMEEeT HEITOCPEACTBEHHYIO CBA3b C TEOpHei MOIInHEH-
ubix byuxuuil [2] u, B yacrnocru, ¢ runore3oit Kumxka [1]. IIpobuema Kinzxka nis Ko-
s duimeHTa ¢ HOMEPOM 7. €CTh 33/1a49a, HA IKCTPEMYM (DYHKI[MOHAJIA, KOTOPYIO MOYKHO
CBECTH K 33/1a9e 00 SKCTpEMyMe JIeiCTBUTEIHbHO3ZHAYHON DYHKINY 21 — 3 1eHCTBUTE b~
HBIX TIEPEMEHHBIX. 33191 HA IKCTPEMYM MIAPOKO PACIIPOCTPAHEHBI B HAYKE W TEXHUKE
U UMEIOT PAa3HOOOPA3HBIE MPUTOKEHUS .

Kpome riybGoKuX ¥ MHOTOYMCIEHHBIX TPUIOXKEHUH B TeOpUHU (DYHKIUH, U3TOKEH-
HbIE HIXKE PE3YJTbTATHl UMEIOT MPUIOKEHUS B KJIACCHIECKOM pobaemMe MOMEHTOB, TeO-
puu oneparopos u Teopur 0dpaborku curnajionB. Kiacc 2y TeCHO cBs3aH ¢ KJaccamu
OIHOJUCTHBIX (DYHKIINH, B YACTHOCTU C KJIACCAMY BBIMYKJIBIX U 3BE3MHBIX (DYHKITHIA.
CooTBeTcTBEHHO U MpobaeMa Ko3hpPuImenTon ajs )y cBsa3ana ¢ mpodaemMoit Koahdpu-
[IMEHTOB [JIs YIIOMSHYTBHIX KJIAcCOB. Takrke MMEIOTCS TapaJijiesii MeXKIy Ipo0IeMoit
k03 dunuentos u reopemoii le Bpanxka (panee runoresoii Bubepbaxa).

2. O630p pe3yabpTaToB MO pobieMe Ko3dPUIMEeHTOB Ha KJjacce ()

Kak ynomunasiocs Bbiue, IIlyp pemmn mpobsemy koddgduiuenTos Ha Kjiacce 2.
31ech MBI OyIeM OMUPAThCS UCKIIOYUTEIRHO HA ero momkjaace ()g. YTeepxkaenwne 1
TTO3BOJISIET JIETKO TIEPEHECTH BCe Pe3yJbTaThl ¢ Kiacca {2 Ha kjacc (g, 9eM MbI 1 3aii-
Mémcs B 9ToM rmyHKTe. HekoTopbie yTBepK ieHns OyAyT NpuBeIeHb! 03 J0KA3ATEIbCTB,
KOTODBIE MOXKHO Haiitu B pabore [§].

oz, e-okpectrOCTHIO ToukE W™ | € > 0, GymeM MOHIMATH MHOKECTBO BCEX TOUEK
wm = ({wlt, ..., {w}:), yrosaersopaiouux yemosuam [{w}i — {whx| < €, ana Beex
k=1,...,n. Byiem Ha3bBaTh 9T0 MHOXKECTBO MAPOM ¢ rerTpoM w™ u paamycoM €.

Ucxons u3 nousitusi OKPECTHOCTH, MOYXKHO OIPEIEIUTD IPE/IeIbHbIe, BHYTPDEHHUE U
TPAHWYHBIE TOYKY MHOXKECTBA, OTKPHITHIE U 3aMKHYTHIE MHOKECTBA. BBEIEHHYIO TAKIM
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obpazom B C™ romosioruio 0603HAIUM T, .

Bceiony nanee Bo Bcex paccyxuenusix B C”, maxe eciu 3TO He OrOBOPEHO SIBHO,
Oy/IeM UCMOIB30BATH TOMOJIOTHIO T, & TPU PACCYKACHUAX O DYHKIUIX Beeraa OymaeMm
HCIOJIB30BATH TOMOJOIHMIO JIOKATBHO-PABHOMEDHON CXOIUMOCTH.

n <
YrBepxkaenune 2. Ilycmv n € N. Mwuoowcecmeo Qé ) ecmov abcomommo 8vnYKABLG
xomnaxm 6 npocmpancmee C", codeporcausutica 6 wape ¢ yenmpom ™ = (0,...,0),
paduycom 1 u umerowsudi ™ ceoet eHymperHnet moukot.

Hoxka3zaresberBo. Tak Kak wi,wy € Qp Biaewér awy + (1 — a)ws € Qp, 0 < o < 1,
1O Q0 M Qén) — BBINyKJIble MHOXKeCTBa. [lockobKy BMecTe ¢ w B Kjacc )y BXOAUT U
dynxmusa (w, [¢] =1, 10 Qp u Q(()") — abCOJIFOTHO BBIILYKJIbIE MHOXKECTBA.

Hns dyskmmit u3 Qp mmeer Mecto HpHHIMNT KomMmakTHocTH [10] u mpeieibHbIE
GYHKIIIM BHOBL TpHHALIE)RAT {1y, CAETOBATETHHO an) — 3aMKHYTOE MHOKECTBO.
MHuoxecTBO Q(()n) coaepkurca B wape paguyca 1, raxk xkak [{w}g] < 1, k € N (cm. [10]).

U3 reomerpudeckux coOOPazKEHUil BUIHO, 9TO BCe ONUHOMBI {w}iz+. .. +{w},2" ¢
nocTarodHo Masbivu Koadduuuenramu {why, k = 1,...,n, mexar B kiacce . Craso

n
6biTh Touka (0,...,0) — BHyTPEHHss TOYKA MHOXKECTBA, Q(() ), [ |

YrBepxkaenue 3. Kaacc Qy yeaukom cocmoum u3 epaHUSHLLT MOY%er 68 MOnoA02ul
AOKANBHO PABHOMEPHOT CTOOUMOCTIU.

HokaszarenabcTBo. Eciin w — npousBosibHas pyHKims Kaacca 2o, TO eé MOXKHO all-
NPOKCHMHUPOBATH npon3eeennsMu Basimke [8]. O6o3HAUNM 5TH aNPOKCUMAIINH Y€Pe3
wr (z) m pacemoTpnM nocienoBareabHOCTb {wy(2) + 1/n}02 . Tak Kak wy(z), n € N,
0T0OpPAKAIOT eJIUHUIHYIO OKPYKHOCTH Ha cebst, T0 dbyHkImu wy(2) + 1/n, ouesuato,
nexar BHe Kiacca (g. C apyroit cropossl, w, € Qy, n € N, u sra mociesoBaTenb-
HOCTH CXOJMTCS JIOKAJIbHO PaBHOMEpHO K (yuknuu w € Qg va A. Takum obpazom w —
TpaHUYHas TOYKa Kjacca (1. [ ]

CyImecTByeT TOHKOE pa3jindue MeXKJy rpaHulieil MHOKecTBa )y U IpaHUIed MHO-
2KECTBa Qé"). Hanpuwmep, dyukuus w(z) = 2z/2 cOMIACHO yTBEPKIECHUIO 3 SABJISETCS
rpaHr9IHOl TOUKON Kiracca g, HO HabOp eé kKoadbunumentos (1/2,0,...,0) He aBnser-
Cd TPAHNYHON TOYKOW MHOXKECTBA Qén).

Yrobe!r pemmutsh mpobiemy kodddunuentos Ha Kiacce (2, llyp ucmomn3oBan cre-
uaTbHBIE TOCTenoBaresbaocTr (yuknuit. Chemyiomee yTBepKIEHHE — 3TO MO CYTH
HECKOJIbKO BHIOU3MEHEHHAas (popMa BTOPOii TeopeMbl Abesis.

Yreepxaenne 4. Ilyemo w(z) = > {w}iz® € Qo v w,(2) = Y {whez® + o(z"),
k=1 k=1

n € N, mozda nocaedosamenrvrocmo {w,(2)}52, cxodumcs A0KAALHO PAGHOMEPHO K
w(z) na A.

IokazaTeabcTBo. Jleiicturenbho, w(z) — wy(z) = O(2"), n € N. Janee, nerko
[OKA3aTh, YTO MOCJAEI0BATENLHOCT {2 }5° | CXOMUTCS JIOKAJIBHO PABHOMEPHO K TOXK-
JIECTBEHHOMY HYJII0 Ha A, OTKY/Ia CPa3y CJIELYET, 9TO MOCIEI0BATENLHOCTD {wy, (2)}52 4
CXOZIUTCS JIOKAJIBHO PABHOMEPHO K w(z) Ha A. ]
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Bbiuie yxxe ynomunasiocs, uro B 1917 roxy B pabore [3] mosiBuiics ajiropurm, cocro-
AW B O0IEM CIyYae U3 CYETHOTO KOJIWYECTBA TMAroB, MpeIHa3HAYeHHBIH 71T OTpe-
nestenust (haKkTa TPUHAMIEIKHOCTH TosioMopdHoil dyukinn kiaaccy ). [lyp mokazai,
YTO KaxK/10# (DYHKIMHN w Kjacca {) COOTBETCTBYET OJIHA M TOJBKO OJIHA MTOCJIeI0BATEb-
HOCTb KOMILIEKCHBIX 1HCel, ¢;, j € NU{0}. s ounpenenenns srux napamerpos Illyp
JaJl CIeIy oIy o IPOTeIypy:

wn(e) = 2 1B mae (1)
2 1=Gp_qwi-1(2)
rae wo(z) = w(z), gr—1 = wr—1(0). Yucaa qx—1, k = 1,2,. .., n HA3BIBAIOTCA TAPAMET-
pamu lypa.

Or™Mernum eI, 9To BBIMOIHATD 3Ty MPOLELYPY MOMKHO J0 TeX 1op, MoKa |qx—1| < 1,

nHade TOMyduM Jieferne Ha Homb (qr_1 = wir_1(0) = wr_1(2) = €%, ¢ € [0, 27)).

ITycts n € N. ®opwmyna (1) momyckaer obpaiienue

rr-1(2) = Gr-1 7+ 27s(2)

= B  TETRE) g 1n—2,.. 1. 2
1+G,_q27k(2) (2)

Ecsu nonoxurs r,-1(2) = wnp—1(2) B dopmyie (2), rorga Mbl BepHéMCs TyAa, OTKYIA
HAYaJHM, TO €CTh K NCXOMHON dyHKImN w(z). Ecnu e monaokute r,_1(z) = ¢,—1 (npn
YCJIOBUU, 9TO Wy—1(2) Z ¢n—1), TO scHO, 4T0 T;(2) # w(2). Bonee Toro, ucnoab3ys
dbopumyny (2) MOKHO TOKA3aTh MO WHIYKIMH, 9TO KAXKIAA (DYHKIUSA T, OKAKETCS
PalMOHAJIBHON Apo0bI0 O0IIEro BUAa, roaoMOpgHO B Kpyre A:

agt+arz+...+ Q2" k1
ri(z) =

© Bo+ Bzt .+ Baok—rz R

rae k = 0,...,n—1, a07"'aan7k717607--~7577,7]671 e C.
Ipueeném anamornvubie GopMynbl mis Kiaacca . psamas dopmyna [11]:

Wk<z) —qrz

— ) =0,1,..., (3)
z = Qpwi(2)

We+1 (Z) =

rae wo(z) == w(z), qr = {wg }1. Obparnas x (3) bopmya:

e (2) = LGk k()
14+ 17mk(2)

3aMeTnM, 9TO BCE Wy W T'p JexKaT B Kjaacce ) wian g B 3aBUCUMOCTH OT TOTO MPH-
MeHsieM MbI (opmyaner (1) u (2) unn dbopmyust (3) u (4). Ieso B TOM, 9TO HMEET MeCTO
yrBepxKaeHue 1 u Kiacc () MHBAPHAHTEH OTHOCHTEIBHO JPOOHOIMHEHOIO aBTOMOD-
dusma xpyra A (cm. [10]).

Bonee toro, cipaseniuso

k=n—1n-2,...,1. (4)

VYrBepxkaenue 5. ITycmon € N, w(z) = {whz+...+{w}pz" +0(z") € Q. Toeda
cywecmeyem m € {1,...,n} u payuonasvras dpobv obwezo 6uda

ag+a1z+ ... Faym 2™t

_— Z y
Bo+Biz+ ...+ Bm_12m !

UMEIOWAR 6 CE0EM METAOPOSCKOM Pa3AodHCERUL 0K0A0 z = 0 n nepens Kosdduryuen-
mos, coomeememeeno pashut {wli, ..., {w}hn.

Qm(sz(m)) : Qm(zaw(m)) € Qo,
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Jlemma 1. ITyemv n e Nu ap € C, k=0,...,n — 1. Payuonasvnas opobs

Ro(s) = za”’l Aoz + ...+ @2t 5)
s oo Ffogz+ .. ozt

ne umeem nyaetl u noatocos ma oxpysicrocmu |z| = 1. Boaee mozo, |R,(z)| = 1,
|z| = 1. Toaomopgrocms R, (2) 6 A u ewnoanenue ycaosua R, (0) = @p_1/ag € A
IKBUBANEHMHO MOMY, o R, € Q.

JIerko mokasarb, YTO KayKIOMYy HYJIIO 2k, YACIUTENs PAIMOHAILHON npobu R, (z)
orBeYaer Hy/b €€ 3HameHaTess 1/Zj, CHMMETPUYHBIA HYJII0 YUCIUTE/IsT OTHOCUTEIBHO
€JIMHTIHON OKPYKHOCTH, TO €CTh

n—1
R,.(z) =¢€z H —,
k=1

e le| =1, |z <1, k=1,...,n—1.

Ecau orpesok mocmemoBarensaoctn mapamerpos Illypa He 3aKaHINBAETCA GHCIOM
[0 MOJIYJIIO PABHBIM 1, TO K HEMY BCErJIa MOXKHO MPUIIUCATH YUCJI0 ¢ MOAyJeMm 1, cie-
JIOBATEJHHO CIIPABEIINBO

VYrBepxkaenue 6. ITyemvon €N, |gx| <1, k=1,...,n—1, u
wz) ={whz+... +{wh 12" P+ 0" € Qo

mozda cyuecmeyem dpobs euda (5) pezysapnas 6 A u umeOwas 6 c60ém metiiopos-
CKOM pasnodcenuy okoao mouku z = 0 nepevie n— 1 xospduyuenmos, coomeemcmee-
Ho pasuol {why,. .., {wln_1.

To ecTh MHOXKECTBO IOJIOMODP(MHBIX PAIMOHAJILHBIX JIpobeii Bua (5) BCIOLY MJIOTHO
B kJtacce {1y B TOMOJIOTWH JIOKAJTHHO PABHOMEPHON CXOIMMOCTH.

Teopema 1 (Illyp). Pynryus w € Qy €cau u MOALKO €CAU BLINOAHEHO 0OHO U3 YCAO-
suti: aubo |qi| < 1, k € N, aubo natidémes namypaavroe wucao n, maxoe wmo |qi| < 1,
E=1,....n—=1, |gn] =1 u wn(2) = gn.

QyYnKyus W ACAAECMCHA PAUUOHAALHOT 0pobblo euda (5) mozda u moavko mozda,
K020a CYWEeCMEyem HEMYPAALHOE wucao 1, maxoe wmo |qp] < 1, k=1,...,n—1, a
|gn| = 1, mo ecmv wy,(2) = qp.

Teopema 2 (IIlyp). ITycmo n € N. Touxu W™ 2paruibl Qé”) HALOOAMCA 60 B3AUMHO-
00HOBHAUHOM COOMBEMCMBUY, C 20A0MOPPHBIMU 6 A Ipobsmu suda (5)

A1 + Qa2 + ... +@ez™ 1 —
R (z,w™) = z Zoi_a1:+2 i 1;m_1 , Om-1/ag €A, me{l,...,n}.
m,

Cy1mecTByer eIng ofuH THIT allPOKCHMAIH [6] TIPH ITOMOIIH PAIMOHATIBHBIX Apobeit
Buza (5).

Teopema 3 (Kapareonopu, ®@eiiep). ITycmos n € N. Kaxos 6v. 1u 6via nosurnom

p(z) ={whz+...+{wz" £0,
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cywecmeyem, u npumom edurcmeentas, 0pobo euda

Qno1 + Qpoz+ ... +apz" !

A > 0.
g+ arz+ .. Fay_1zn!

Ro(\, z,w™) = Xz

pe2YAAPHAA 6 A U UMEUAs 6 C60EM MelAopPOSCKoM pPa3aodicenuu okoro z = 0 n
nepenT KoaPPuyuenmos, coomsememeenno pasHuix {whi, ..., {wkhn.
Cpedu ecex Pynruyuti w(z) = p(z) + o(2"), peeyaspror 6 A, sma payuoHaALHaA
0pobv u MoAvbKo ona 0aém Haumenvwee 3navenue 0an eeaununv, M, = max lw(2)],
z

npuuwém Mg, = .
CpaBunBas K03(QPUIMEHTHI IPU OTAHAKOBBIX CTEINEHAX B COOTHOIICHIH

)\an,l + A9zt ...+ @ !
g+ o1z 4. F a2

={who+{whz+.. . +{wl 12" +...,

TIOJIyYaeM CHCTeMY W3 7 YPaBHEHUN JJis ONpeesieHus 21 HEM3BECTHBIX Olg, . .., Mn_1,

Qp—1,--.,0p. lIpucoenuasgsa K 3TUM ypaBHEHUSIM YpaBHEHUS, IOy IeHHBIE U3 yKe IMe-

IONUXCS YPABHEHU 3aMEHOI BCeX YJIEHOB HA COMPsiKEHHbIe, Oy/IeM MMEThb CUCTEMY 21

JIMHENRHBIX OJHOPO/IHBIX YPABHEHUM, C 21 HEU3BECTHBIMH (), . . . , Op—1, 1, - - - , OQ-
Bomuiem onpejiesiuresb 31O cucTeMbr:

-\ R 0 0 {w}l {w}g . {w}n
0 .0 0 0 {wh - {whhs
0O - 0 A 0 0 - {wh
Dy (A, w'™) = {w}l ... 0 0 — 0 0 ) (6)
A N Y B R
{w}n e {w}Q {w}l O O e 7)\
3aMeTHM, 9TO B caydae Koraa {w}hi,. .., {w}, — meficTBurenbHble ducia cucreMa u eé

ONpeJIeINTENbh UMEIOT IPYTOi BAM:

Y 0 .- 0 {wh
0 -\ {wh {w}e

da(A ™M)= : : (7)
0 {wh - w2 =X {w}nar

{wh {wle - ol A{wl =2

Teopema 4 (Kapareomopu, ®@eiiep). ITycmo n € N. B obwem cayuwae, A = Aw™)
ABAAETCA HAUBONLULUM TIOAOHCUMENLHBM KopHem ypasnenua D, (X, w™) =0 cmene-
Hu ne evwe 2n. Ecau oce ace wucaa {wko, {w}i,...,{wtn—1 6ewecmeens, mo A ecmo
HAUOONDWUTE U3 GOCOMOMHBT 3HA%EHUT KOPpHET YPaBHEHUSA dn()\,w(")) = 0 cmenenu
HE BBLUE N.

B saksouenue npuseném npumepst. Ilyers w(z) = 2/2 + 22 /2. Tax xak w € Qg, HO
NIPH 3TOM He SIBJIIETCS APOOHO-pamoHanbHoi dbynkmmeil suga (5), To mo Teopeme 2 w
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HE COOTBETCTBYET HMKAKOH I'DAHMYHON TOUKE Qén), n € N, craso 6bITb 3TO BHYTpEH-
HSIST TOYKA, U1 KazKJIOTO W3 YIOMSHYTBIX MHOXKECTB. Ecim B3ATh n = 4 W MPUMEHUTH
npsmyio dbopmyiay aiaropurma HIypa (3) to nomyunm qo = 1/2, ¢1 = 2/3, ¢2 = 2/5,
g3 = 2/7. Ilpumenus obparuyio dbopmysy (4) COrIACHO YyTBEPKICHUIO 5 MOJLYIUM

253+ 962 + 7622 + 562° 1 1 5 4
_Z — 242224 0(2Y.
ro(2) = 533713, 1332 1148~ 2° T a7 TOG)

Ecan temepsh K mocaeaoBaTeIbHOCTH T0OABUTH ¢4 = 1 W BBINOJHATH T€ Ke HeACTBU
(3mech n = 5), TO COMIACHO YTBEPKICHUIO 6 MOJIYIUM

1+22+2224223422%4 1 1,
= =2+ = 0(2°).
ro2) =25 s oyt 2° Tt TOE)
Hakoneu, corsacuo Teopeme 3 (31ech Bo3bMEM n = 3)
14+2xz 1 1 1++5

ro(2) = Az =-2+:2240(E%), A=

a1z 2772 ~ 0.809.

4

Kosdbdunpmenr A Mbl BLIYHCIUINA HCIOAL3YSA TeopeMy 4, ocTaibHble KO3MDMUIHEHTHI
)
PAIMOHAIBHO# APO6H MBI HAILTH pemus cucreMy d, (\, w™) = 0.

VrBepxkaeHue 5, yreepxKaenne 6 u TeopeMa 3 JA0T TPU PA3IUIHBIX CITOCO0a, TTPO-
nomkenus nomaoMa p(z) = {whiz+ ...+ {w},2" Z 0, n € N, 10 1po6HO-paAIMOHAIb-
HOrO OTOOparkeHus Kiacca {dg. ITU TPU MPOIOJIKEHUs COBIAIAIOT €CJIA U TOJIBKO €CJIH
A = 1. Takum obpazom, mpu A > 1 npomosKenrne HEBO3MOKHO, pu A = 1 mpoo/KeHne
€JMHCTBEHHO, & npu A < 1 mpomoskenuit GECKOHEYHO MHOIO, TAK KAK Mbl MOYXKEM
pacnopsizkarbes mapamerpamu 1llypa g, mpu k& > n mpou3BOIBHO.

KoncrpykTuBHbIil XapakTep TeopeMm, chOPMYyJINPOBAHHBIX BBIIIE, JAET TOCTATOIHO
YAOOHBIN CIIOCOD TTPOBEPKY MPUHALIEKHOCTH CHCTEMBI N HAYATBHBIX KOI(DPHUIITEHTOB
HEKOTOPOIi rosioMop(dHOH (yHKIUU N-My Tery Ko3()PUIUEeHTOB Kacca §1g.

3. HepaBeHcTBa, onuckiBaoIiue Tejga Kod@dduineHToB Ha KJjacce ()

[Mycrsb wo(2) = w(z) = {whz+{w}22?+...+{w}ez® +..., Torma no dopmyne (3)
wi(z) = w(z) — {wh= = {wihz + {wi}e2? + {wi}s2® + {witaz? + {wi}s2° + ...

z—{whw(?)

O603HAYMB, /19 COKPAINEHHS 3alUCH, dy = {w}r, 72 = 1 — |[{w}i|? nmeem:

a2
{wl}l = )
T2
as c’qa%
{wite = —+ —=,
T2 5
- =2 3
ay ajagas aja
{orfs = —+2—5—+—3~, (8)
To T3 TS
- _ 9 ~2 9 =3 4
as aia204 Q105 ajasas  ajas
forhi= —+2———+ —5 +3——3 s
T 3 3 TS 3
- - ~ 92 ~2 9 -3 3 45
ag ajasas a1 {.aia ajasas ajasaz ~ aia
{wi}s=—4+2—F5—+ 5 (3—2+2a3 | as + 352 +4-2 L=
T r3 T T2 T3 T3 T2
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Hanmomumnm, 9ro wy Jexur B Kiacce g B CHIIy TOrO, 9TO UMEET MECTO YTBEPIK/Ie-
ure 1 u xyiacc () MHBAPUAHTEH OTHOCUTEIHLHO JPOOHOIUHENHOTO aBTOMOP(U3MA, KPYTa,
A (cwm. [10]).

Tak kak Ha Kyacce (g, B cmury jgemmbl HIsapra [10], mepBoe HepaBeHCTBO:

|ma| < rq, my = {wh, =1, 9)

CIIPABEINBO U TOYHO 6e30 BCAKUX ycaosuit, TO [{wr }1]| < 1 Tak:Ke BEPHO U TOUHO, Tak
Kak wy € Q. 13 1ero, ¢ yuérom dopmy (8) cieayer, 9o BTOpoe HEPABEHCTBO

1
Ima| < 72, my = {w}a, 712:= 7(@ — |m1]?) (10)
1

CIPaBeIMBO W TOYHO Ha Kiacce )y Takyke 6630 BCAKUX JOMONHATENBHBIX yCIOBHIA.
IIpumenss Bropoe mepaserncrso (10) k kodbdunuenram dyunkuun wy(z) (eM. (8))
MOJIyYaeM TpeThe HEPABEHCTRO:

2

myms Lo o 2

Ims| < 73, mg = {wls + ———=, r3=—(r; —[ma["), (11)
T2 T2
CIIpaBeJIJIIBOE U TOYHOEe Ha Kiacce {Jy Takzke 6e30 BCAKHUX IONOJHUTENbHBIX YCJIOBHML.
U3 (11) cneayer, uro
mlm%
{W}g =mg — ——.
T2

3ammcap TpeThe HEPABEHCTBO IS w1 (2), TOMyYaeM 4eTBEPTOE HEPABEHCTBO:

— — 2 —2 3
MiMmams Momi mim 1
|mal < 1y, my = {w}s+2 P s 12 2 = —(r§f|m3\2), (12)
T2 TaT3 T2 T3

YerBéproe HEPABEHCTBO CIPABEJIMBO U TOYHO Ha Kitacce )y 63 BCAKUX JIOTMOTHUTE b
HbIX YCJIOBUI.
N3 (12) caexnyer, uto

mimams Mam3  mims

— iy — 2
{wha = ma ro rors 3

3amnucas 4€TBEPTOE HEPABEHCTBO I w1 (z), IOAYydaeM IISTOe HEPABEHCTBO:

1
|’ITL5| < 75, s = 7(7& - |m4‘2)a

T4

— — 2

maoam m msm

ms = {w}s + 2 (mlmz + ”) — (13)
3 T2 374
mimims | _ [ma|*\ m3  mimi | mimj
5 T9T3 T9 raTr3 Ty

IIsaToe HEpAaBEHCTBO CIPABEIJIMBO K TOYHO HA KJIACCEe )y 6e3 BCAKHAX JIOMOJHATEIbHbBIX
YCJIOBHTIA.



IIPOBJIEMA KOS®OUITMEHTOB JIJI1 OTPAHUYEHHBIX OYHKITNN 9

Breipasus {w}s u3 (13) noyuaem mecroe HEPABEHCTBO:

1
Ime| <16, 16 = —(rz — |ms|?),
Ts
mim maom msm
mﬁr—{w}6+2( e 4> +——mit
T2 o3 T34 TaTs

2 52,00, 2 520042
+ (2m1 (1 = 2m?|) M5 _gMa™s 3m1§”2> ma+

TaT3 T2 T2’I”3 TQ ( )
(mg o T M2TTT 2m2|m3\ ) 5 T 5y
- - 2 4 2. 2"
T2T3 271374 roT3Ty 374
—3,.3 —2 2 —_ 2
mym mime mo mims ma
+4—2mg 43— Ima| —1)mi+2—5— [ma| — 1) mi+

T3 T2 ror3 373 Tor3

=3 —4

My 4 My 5
+ 3 gM3 — —5 My.
rsr T
273 2
IIpomnecc monmydennsi HEPABEHCTB MOYKHO MPOIOIXKATH OECKOHETHO, HO /I HAIINX
uenef/i mecrTun HepaBeHCTB BIIOJIHE JOCTATOYHO. C;LeﬂaeM HeKOTOpre HpI/IMe‘{aHI/IH.

Hepagencrsa (13) u (14) monydens! Briepssie. IlepBble YeThIpe HEPABEHCTBA N3BECT-
ubl (cM. [11]). HepaBercrso (9) Hocur ums IlIBapria, HepaBercTBo (10) — nms ITuka.
Bpayn B [11] ormeuaer, uro HepasercTso (11) 6bLIO M3BECTHO IO HEro, a HEPaBEH-
crBo (12) npunasIekuT emy.

[lostyanThb 3TH HEPABEHCTBA MOXKHO TaK2Ke U APYIrUMHE criocobamu. Bo mepBbIx, MOXK-
HO He OTPAHNYIMBATHLCS OJHOM ureparmeit B anropurme Illypa. B arom ciyuae nam Bce-
raa Oyaer JTOCTAaTOYHO TEepPBOro HepaseHcTBa. Hampmmep miectoe HepaBeHCTBO OymeT
BbIMIsAeTh Tak: |[{ws 1| < 1. Bpayn B [11] ucnosnbp3oBas uMEHHO MHOIOKPATHBIE UTEPA~
UK, HO MOYEMY-TO He MEPBOE, a BTOPOE HEPABEHCTBO. BO BTOPBIX, MOXKHO BBIIETUTH
nosbil Kaapar B nepasencrsax Dy, (1,w(™) > 0, n € N (cm. dbopmyst (6) u (7)), no
3TOT Ccrmocob TpedbyeT BeChbMa TPOMO3IKUX BBIYHCIEHUH, TOITOMY MBI €0 HE UCIOIb3Y-
em. [TonpobHee 0 CBsI3M HEPABEHCTB C OMPEIEIUTEISIMA U HEPABEHTB, 00CY XK TABITHAXCS
BBILIE CM. B IIyHKTE 5.

Amanornyube HEPABEHCTBA MOXKHO TIOJIy9UTh U B IPYTUX, CBA3AHHBIX C () K/Iaccax.
Kak npumep moxkHO B3sTh Kitace § mwim kiace C' Becex rosomopdubix B A dyHKIumii ¢
TIOJIOYKUTETHHON TeHCTBUTENLHON YacThio MIIN KIAcC B Bcex romoMopdHBIX B A ByHK-
Uil OrpaHWIEHHBIX W He OOPAIIAONIIXCS B HY/Ib. JIOMOTHUTETLHBIMA TPUMEPAMHA MO-
T'YT CIYKUTh KJIACCHI OMHOJUCTHBIX (DYHKITHI, B YACTHOCTH KJIACC BBIMYKJIIBIX (DYHKIIHH
u Ksacc 38é3aubix Gyukuuii. Bpayn B [11] upeanaraer miis 3Toro mepeHecT ajropuTMm
Illypa ma 3TH Kaaccel, ucnonb3ys GopMmyibl cBsa3u ¢ g. OgHAKO, BLIMUCIEHUS IIPU
sTOoM OymyT caoxkHee deM B §g. HaMHOro npome noydursb yrmoMsHy Thie HEPABEHCTBA,
UCTIONIb3YsT YKe WMEIOIINecss y HaC HePABEHCTBa Ha )y, MCIONB30BaB (DOPMYJIBI CBsI-
3U JjIs TOTO, 4TOOBI BbIpa3uTh Kodhdurumentsl dyukmuun h € C uan f € B depe3
K03 purmenTs GyHKIEH W € ().

4. O6 o6I11IeM BHUJie HEPABEHCTB, OIMMCHIBAIOIIINX MHOXKeCTBA Qg"), neN

Ecam 3ammcath Bce HEpABEHCTBA W3 MPEIBIIYIIETO MMYHKTA B BUIE

[mu| <7y nEN,
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rjie m, — IMOJIMOJIYJIbHOE BbIPaKEHUE B JIEBOI 4acTU N—I'0 HEPABEHCTBA, & T, — Ipa-
Bas 9acTh NM—TO HEPABEHCTBA, TO TOJydYas W3 N-rO HepaBeHCTBa (n+1)-e crocobom,
OMMACAHHBIM B TIyHKTE 3, Mbl YBUJINM CJIEIYIOININE 3aKOHOMEDPHOCTH:

Mp41 Tnt1
mp = —FL peN, I S (15)
r2 r2

rae cuMBog “—” obosnauaer “nepexomut B” (mox meiicteuem dhopmyist (3)).
Bseném obozmadenme
Ty = .
T'n

dcmo,aro0< 2z, <1l uxy = Tpy1, n €N

MeTomom MaTeMaTHIeCcKO# MHAYKITNA MOXKHO TOKA3aTh UTO CIPABEIINBO
VYrBepxkaenue 7. Eciu w(z) € Qp, mo
T = ]_7
2 2
T = ||
n n 2
Tyl = ———— =rp(1 —z3,), n € N.
T'n
Hoka3sareabcTBo. B mpenpiayiem myHKTe nMeeTcst 6a3a WHIYKIIMK J1JsT TEPBOTO Pa-
BeHcTBa mpu n = 1, 6. IIpeamomoxmm, 9To

2 2 27,2 27,2
T — |my— —
[ 1| , Torma (15) BIe9eT 7y 11 /12 = Tu/T2 — |mnl"/T3
Tn—1 Tn/T2
910 1 TpeboBaaoCch. BTopoe paBeHCTBO OYEBHIHO. [ |

[Ipumensia yrBeprkieHne 7 MHOIOKPATHO, [IOJLy4aeM

CaeacrBue 1. Ecau w(z) € Qp, mo

2 n—1
rm=1- ME _TTa-2),  sen
=1 'k k=1

N3 crencrBus 1 cpady momydaem

CanencrBue 2. Ecau w(z) € Qg, mo 0 < r, < 1, n € N. Iocaedosameavrocmo
{rn}22, ne eospacmaem. Boaee mozo, r, = 0 PaBHOCUABLHO CYULLCMBOBAHUN HOMEDG
k < n maxozo, wmo xy, = 1, a r, = 1 pasnosuauro momy, wvmox, =0, k=1,...,n—1.

ITycts n € N. @yukmun 2" u 2" /242" /2 apaarorca npumepavu byrKImit K1acca
Qo A KOTOPBIX 7y, = 1.

N3 caencrBusa 1 momygaeM

CaexncrBue 3. Ecau w(z) € Qo, u |my| <rg, k=1,...,n—1, |m,| =1y, mo
2 2 n—1 2 n—1
ri_q— |mp_
Imy| = no1 =[] =7“n—1(1—5072171)=1—z o = H(l—xi),
-1 k=1 'k k=1
my =71, =0, k> n.

Urax, MBI BeIBeM mpocTyio dbopmyiy (yTBepXKIACHUE 7), MO3BOISIONLYI0 3AINCATD
Tyi1 0 U3BECTHBIM My, U Tp. SAMUCATD My, 1 110 U3BECTHBIM M, B T'p, B BUJE MIPOCTOM
3aKOHOMEPHOCTHU MOXKHO B CjIy4da€, OIIMCAHHOM B CJIEACTBUA 3 1 OTBEYaloIeM IIPUHA/I-
nexkuocT Toukn w'™ rpamnne n-ro Tena kodddumenToB Kiacca .
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5. toroBble pe3yabTaThl MO IIpobjemMe K03 PUuImueHTon

IIpumenus n — 1 pa3 yTBep:KIeHUE 7 TOJIYIUM

Caencrue 4. [Ipun > 2 u3 cnpasedaiusocmu 00H020 Hepagencmsa |my,| < ry,, caedy-

em CNpasedauBoCG 8CEX OCTNAALHUE Hepasenems |my| < ri, k=1,...,n — 1. Boaee
mozo, |my| < rn eaewém |my| <rg, k=1,...,n—1, a cywecmeosanue HaumerbUE20
HOMEPA S < M MAK020, WMo |mg| = ry eaewém ry > 0, u |my| < rg, k=1,...,5s — 1,
npuuém |mg| =rg, re =0, k=s+1,...,n.

HokasaresberBo. [eiicrBurensno, mycts n > 2 u |my,| < r,. Hepasencrso r, > 0
M0 YTBeP:KJIEHHUIO 7 9KBUBAJICHTHO 72 _; — |m,_1]|*> > 0. OTky"a cpasy ciemyer, uTo
|Mp—1| < Ty

IIycrs reueps |m,| < r,. D10 3Hauur r, > 0. U3 vero, corsacHo yrBepxieHuo 7,
O IIeMOYKe CJIeayeT, YTO |mk| <rgurg>0npm k< n.

IIycTs Temeps s — HAWMEHBINWI W3 HOMEPOB, HE MPEBOCXOAANINX 7 TAKHUX, UTO

rg—l_lms—l‘z

|ms| = rs, Torma no yrsepxiaenuio 7 ry = u 7y > 0 B Cuily OIpeIeTeHus

Ts—1
nomepa s. Jlanee, Kak 1 B mpeabLayieM ad3are, u3 yTBePKAEHus 7, IOCJIEI0BATETbHO
BBIBOZIUM, UTO |my| < rp ur, > 0 npu k < s, a u3 caencrsus 2, uro 1, = 0 mpu k > m.

Takum obpasoMm, i ONMHCAHUSA MHOMKECTBA, Q(()n) JOCTATOYHO BCEro JIUIIb OJHOI'O
HepaBencrBa |m,| < 7,. Ilepexon or nepasencrsa |m,| < r, K upeabLiyiieMy Hepa-
< Q(") Ccn (Cn—l
BEHCTBY |My—1| < 71 ecrb npoenuposaunue " u3 B , TaK KaK pe3yJibTaroM
" (n—1)
sToro geficTug Oyzmer ) .

IIycrb n € Nu w € Q. B obwiem cayuae, corsacuo nyukry 4, |m,| < r,. 3amerum,
9TO 9TO HEPABEHCTBO MOXKHO MEPEucaTh B BUAE [{w}y, —cp| < 7y, vae ¢ = {why —ma,.
13 reomeTpudecKux CoOOpaykeHmit BiauM, uto w™ — BHYTpeHHsS TOYKa M-TO Tesa
K03(pPUIIUEHTOB Qé"), TOTJIA U TOJBKO TOTIA, KOTIA |My,| < Ty

Takum 00pa3oM, CyMMUDYST BCE BBITIEN3IOKEHHOE, PeITieHte mpobieMbr KoahduIm-
eHTOB Ha () MOXKHO CHOPMYIUPOBATH TAK

Teopema 5. ITycmo n € N. Muoowcecmeo snavenuti cucmemss xospduyuenmos w™
Ha Kaacce g ecmov abCOAOMHO BBINYKABLT KOMNAKM Q(()"), COCMOAWUT, U3 MOYEK NPo-
empanemea C", ydosaemeoparowux aubo cmpozomy nepasenemsy |{w}l, — cn| < 7y,
aubo pasencmsy |{w}s —cs| =15, s < ny, npuuém rg > 0, rp, =0, {wh = ¢k, s < k < n.
Iepesoili cayuati omeeuaem 6HYMPEHHUM MOYKAM Q(()”), 8MOPOT CAYYAT — 2DAHUYHBIM

Q. Kaorcdoti 7 0 J
moukam Sy . Kaostcdoli epanunwnoli mouxe omeeuaem 0dna u moavko odna Pymxyua
xaacca Qo, umerouwan 6ud 20r0mopdnoti 6 A payuonaivrots dpobu R(1, z,w®).

3aMeTuM, 4TO TEopeMa 5 eCTh KPUTEPHH IPOI0JIZKAEMOCTH OJTHHOMA,
p(z) ={whz+...+{wz"#£0
1o byukiuu w(z) = p(z) + o(z") € Q. Teopema 5 ecrb TakKe KpuTepuil NPUHAIIIEIK-

HocTH rojoMopdHoit B A GyHKIKHY W € TERJIOPOBCKUME KOI(DDUIUEHTAMY PA3JIOKEHUS
orHOcuTeIbHO ToukM z = 0, {w}k, k € N, kmaccy Q.
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06061um Teopemy 5. Ilycrs Mp — kuace, cocrosiumii us dyukuuit f(z) = F(w(z)),
rme F — romomopdras B A dbyakmms, a w € Q. dAcwo, uro {f}, 3asucur or {why,
k=1,...,n. Ecan Bepxunii nHIEKC 0003HAYAET TIOKA3ATEIb CTEIIEHH, TO

{ftn = {Fhi{wkn + {FYo{w?}n + .o+ {F}{w" }n,

otxyaa {F}i{whn = {F}n — (Flo{e?}n+...+ {F}a{w"}n). Toaerasus {w},, s nepa-
BerctBo [{w}, — ¢,| < 7, mosmyuaem noxoxee HepasenctBo |{f}, — ¢f| < rf, rae
et = {Fhcy + {F}o{w?}n + ... + {F}{w" 0, a vl = {F}1|rn-

Teopema 6. ITycmo n € N. Muoosicecmeo 3navenuii cucmemv kosdduyuenmos f™)
Ha Kaacce Mp ecmo komnaxm M 1(,") (ne eunykavll, 6oiNYKALT UALU GOCOAIOMHO GLITNYK-
aoill ecau mroocecmeo Mp(A) ne evinykaoe, 6binyka0e Uil GOCOANOMHO SLINYKAOE),
cocmoswull u3 mouex npocmpancmea C", ydosaemesopaouur Aubo cmpozomy Hepa-
sencmey |{f}n — | < rk, aubo pasencmey |{f}s — ct| = r¥, s < n, npuwém ri >0,
rp =0, {f}r =c}, s <k < n. Iepsvii caywal omsewaem SHYMPEHHUM MOUKAM M}n),
6mopot cAYual — 2PAHUYHBIM TOYKAM M}n). Kaorcdoti epanunnotli movwke omeeuaem
00ma u moavko 0dna dynkyua kaacca Mp, umerowan sud F(R,(1, z,w®)).

OrmeruM, 9TO Teopema 6 eCTh KPUTEPHil MPOI0IKAEMOCTH TTOJITMHOMA

p(z) ={flo+{fhz+...+{f}n2z" #0

1o dyukuuu f(z) = p(z)+o(2") € Mp. Teopema 6 ecrb TakKe KpUTEPHil IPUHAJIIEIK-
Hoctu rojaoMmopduoit B A pyHkuuu f ¢ TeiliopoBcKuMu KO3(MMUUUEHTAME PA3JI0XKEHUS
orHocuTenbHO Toukn z = 0, {f}x, k € N, knaccy Mp.

3ameTuM, 9TO TEOpEMY 5 MOXKHO CHOPMYIUPOBATH UCIOIb3Ys BMECTO HEPABEHCTBA
¢ MojyJieM HepaseHCTBO ¢ onpezenuresnem (cm. dopmysst (6) u (7)). HeiicrBuresnbho,
nycrb w € Q. Boprenus B mepasencrsax Dy (1,w™) > 0 u Do(1,w®) > 0 nomnwiii
kBazpar noiayuum nepasercrsa [{whi| < 1 u [{whs| <1 — [{w}i|?, 1o ecrs nepasen-
crra (9) n (10). ITycts n € N. Tak kak {w}, u {w}, BXOAUT B ONIpenemUTEND D), TONTBKO
[0 OJIHOMY pa3y, TO UCXOJs U3 ONPEIEIEHUs ONPEICTUTE s MOXKHO 3aKII0YUTh, 9TO OH
3aBUCUT OT HEKOTODPbIX crenenedi {w}g, mk, k=1,...,n— 1 u or neppoii crenenn
{w}n, {w},, 7 |[{w}n|?. Boirenss mommsril KBapaT MOTyTaeM n-e HEPaBeHCTEO.

31eCh MBI HE UCIIOIB3yEeM HEPABEHCTB C ONPEJETUTENAMEI, OJHAKO Y HUX €CTh OJHO
HEOCIIOPUMOE TIPEMMYIIECTBO — MBI 3HAEM BH/JI 9TUX HEPABEHCTB nis Jjitoboro n € N.
DTO JIErKO TO3BOJIAET JENATh KOMIbIOTEPHbIE BhIUUCIeHUsA. Hampumep Takum o0pa-
30M MOXKHO NIPOBEPUTH, YTO MbI HE JOMYCTHUIN ONTUOOK MIPH MOJIYYEHUH [IEPBLIX [IECTH
HepasencTs. Kiaccuueckue hOpMyIMPOBKY C ONPEAETUTEIAMI MOXKHO HANTH B pabo-
re [8]).

Yroomsaem emé pa3 o ToM, 9TO Ajs Jaioboro n € N MHOXKeCTBO Qén) TIOJTHOCTBIO
OLIPEIEJISIETCs OJIHUM HEPABEHCTBOM |my,| < 7,. B 31oM u cocrour ocuoBhoe oriiu-
qre (bOPMYIUPOBOK, TIPUBOIAUMBIX 371€Ch OT (POPMYJIUPOBOK Kjaccuueckux. IIpusesem
HampuMep Takyoo GopMynmnpoBky u3 mosorpadwun [10]: “Inst Toro 4Tobs! w™) Gruma
sryTpenneii Toukoit (™), HEOOXOIMMO U JOCTATOYHO, ITOGHI BHIIOIHSAIACH HEPABEH-
cra D, (1,w™) > 0, k = 1,...,n”". 31ech KOHEYHO HeT OMMOKH, HO CO3AGTCS BITe-
YaTJIEHUE, ITO JIJIsi ONUCAHKUST MHOXKECTBA, Q(()n) HEOOXOIMMO 7 HEPABEHCTB, & HE OJHO.

Dr1u coobpazkeHus: NO3BOJIAIOT HAM 11€PE(POPMYIUPOBATH CIeJCTBUE 4 B TEPMUHAX
onpeneanTesneit



IIPOBJIEMA KOS®OUITMEHTOB JIJI1 OTPAHUYEHHBIX OYHKITNN 13

CaencrBue 5. Ilpu n > 2 u3 cnpasediusocmu 001020 HEPaBEHCMEa Dn(l,w(”)) >0,
caedyem cnpasediusocms 6CeT HEPAEEHCME Dk(l,w(k)) >0, k=1,...,n—1. Boaee
mozo0, Dy, (1,w™) > 0 eaeuém Dy(1,w®) >0, k = 1,...,n — 1, a cywecmeosanue
naumenbuezo Homepa s < n maxozo, wmo Dy(1,w®)) = 0 esewém Dy(1,w™) > 0,
kE=1,...,5s — 1, npuuém Dp(1,w®) =0, k=s+1,...,n.

6. Ilpuaoxenus

DTOT MyHKT HOCBATUM I[IPUMEHEHUIO PE3yJIbTaToB 10 1pobieme KOI(DDUIMEHTOB
JLJIST OIIEHOK MOJIyJIei TefIopOBCKUX KO3 MUIIMEHTOB HA, Kaacce {2y 1 CBSI3aHHBIX KJIac-
cax.

6.1. Ouenku modyseti metiaoposckur Koapduyuenmos

IIpu BoIBOIE KO3 PHUITMEHTHBIX OIEHOK Ha KJIaccaX PYHKIUI, CBA3AHHBIX C KJIACCOM
Qp, BeCbMa IMOJE3HO MMETHh B BHJY CJEAYIONIMNA OYEBUIHBINA, B CBETE M3JIOKEHHOIO B
nyukTe 3, daxT:

JIemma 2. ITycmv n € N, a w € Qp. Ecau metaoposckue kospduyuermor {wlh,
k=1,n—1, dguxcuposanv, mo {w}, = c, +e“¥pr,, p € [0,1], p € [0,27). To ecms
{w}, ecmov nexomopoe wucao uz 3amrnymozo kpyea |{w}, — c,| <y ¢ paduycom r, u
UYEHMPOM Cp, 3asucaugumu om {why, k=1,n— 1.

O6001muM 3Ty JIeMMY, UCTIOIB3Ysl 0003HAYEHNs U3 ITYHKTA 5.

JIemma 3. IIyemv n € N, a f € Mp. Ecau metinoposckue xosddunyuernmor {w}g,
k =T1,n—1, durcuposanv, mo {f}, = ¢, +e?pr:, p € [0,1], p € [0,27). To ecmo
{f}n ecmo nexomopoe wucao uz samrnymozo kpyea |{f}, — ci| < rk ¢ paduycom ) u
yenmpom ¢, sasucaugumu om {why, k=1,n— 1.

n

3aMmeTnM, 9TO ¢ W T* MOXKHO BBIPA3ATH Yepe3 k, k = 0,n—1, u coorBer-
3 n n k) ) )
cTByIOImmM 00pPa30M OTPEIaKTUPOBATEH (POPMYIUPOBKY TeopeMm 6 u 3, a TakKe APYrux
yrBepxKaennit Ha Mp, HO OOBIMHO 9TU BBIPAKEHUS IIOIYIaI0TCS O0Jiee IPOMO3TKIMH.

3 siemmbl 2 BoITEKaeT

YrBepxkaenue 8. ITycmo n € N, w(z) € Q. Cnpasedauss, mourvie Hepasercmea
len| —rn < {whnl < lea] + 7a. (16)

n
Pasencmea 6 nepasencmeazr (16) docmuzaromes ma eparuye Q(() ): 6 nepeom nepasen-
cmee (¢ 02060pxoti |c,| = 1) npu {wh, = cn — rae' 8 6o emopom nepasencmee
)
npu {w}, = ¢ + rpeteen,

Hokaszaresscrso. Ilycts n € N. meem: [{w}, — ¢,| < 7y, CllenoBaTesbHo, TaK Kak
len] —[{w}n| < {win—cnlu {whnl—len] < {wln—cnl, To |ep|—rn < {w}n| < ratenl.
Yo u TpedbOBaATOCH. [ |
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AnasorngHo, u3 jgeMMbl 3 BBITEKAET

YrBepxkaenune 9. Ilycmo n € N, f € Mp. Cnpagedauev, mouHvle HepaseHcmaea
lenl = S HFhal <lepl 4 = A{Fhen+ X AFhAw b, = {Fhilra. (17)
k=2

n
Pasencmea 6 nepasencmeax (17) docmuzaromes na epanuye Qg )i g NepeoM HepaseH-

cmee (¢ ozosopkoti || = 1) npu {f}, = ¢ — rie'®8 . 6o emopom nepasencmee
nl 2
npu {f}n = +r}e" 8,

VreepKaerne 9 rOBOPHT O TOM, YTO HAM JOCTATOYHO HCCIEIOBATDH HEIEBOH (DyHK-
myonan |{f},| Ha MakcUMyM TOJIBKO Ha TpaHuIe Tena KoddduImenTon Q(()"), KOTOpast
MOJTHOCTBIO OTpeJIelisieTcst ypaBHeHueM |{w}, — ¢,| = ry.

6.2. O0Ho c80TicMB0 2PaHUNHBLE MOYeK Mmes KoIPHuuuenmos

Vreepxkaenne 10. ITycmo n € N, w € Qy. Touxa w™ asrsemes epanuunoti mowrot
n-20 meaa Kospduyuenmos xaacca g moada u Moavko mozda, k0206 T, = 1.

JoxkaszaresabcTBo. Cormacuo Teopeme 5 Touka w'™ sBasieTcst TpaHUYHON TOUKOIT N-r0

rena KoaddunmenTos Knacca {2y Torga u TOIBKO TOraa, Koraa anoo [{wh, — cn| = 1y,

ry > 0, mu60 1, = 0, HO HaiiaéTca HOMED k < m Takoil, uro |{w}y — ck| = ri, i > 0.
ITo semme 2 {w}, = ¢, + €™, ¢ € R. Ecau 1, > 0, TOr/a 10 OIpeIeeHuio 2,

i

{whn —en  cn+rpe¥ —cy i

n = = =e".
T'n T'n

Ecnu xe 7, = 0, To MbI nostyyaem neonpeaesnéunocts uga 0/0. Pacemorpum dbynkimio
n

we(2) = ew(z). fcno, uro Touka wé ) ectn y2K€ BHYTDEHHSIsI TOYKA N-r0 Tesa Koahdu-

uuenToB Kijacca g. Crano Obirh, i GyHKIMU W, 1pu € — 17 Oyuer cupaseiinBo

caemyomee w™ — w™, Imp| =7, rp =0T mx— 17, [ ]

n’

7. IIpobiiema KoadpuimeHTOB 1 onleHKa K03 PUIMEeHTOB Ha KJiacce {2

B sTOM myHKTE 00CYyKIaeTcss BO3MOKHOCTH BBIBOIA, OIEHOK MOMIYyJeil koddbduim-
eHTOB Ha Kjacce {2y 6e3 MCIOJIb30BaHMA KAKMX OBI-TO HU OBLIO CBOMCTB Kjacca g

(&)
TaKux, HanpuMep Kak Boimykiocts uma Y. [{whi|? < 1 (em. [2]) u mpounx. Moxkuo

MOJIB30BATHCS TOJIBKO HEPABEHCTBAM.

To ecrb u3 nepasencrBa |my,| < r, HyxkHO noxyuutb Hepasencrsa |{w}i| < 1, u
LOKA3aTh, 9YT0 PABEHCTBO B ITHX HEPABEHCTBAX JOCTUIAETCH TOI/IA M TOIBKO TOI/A, KO-
ria w(z) = G2¥, |G| =1, k = 1,...,n. Teoperndeckn (cM. Teopemy 5) 3TO BO3MOKHO,
HO Ha TIPAKTHKE BO3HUKAIOT TPYIHOCTH.

BepositHO, 4TO ecu 910 mosy4urTcs caenarb Ha {lg, TO ITOT yCHeX MOXKHO Oyjer
MOBTOPUTH W JJIsi KJIACCOB M, IO KpaiiHeit Mmepe 11 HeKOTOPbIX dyHKIni F.
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B pabore [9] Kak pa3 nupuBeJeHbI OLEHKHU, HOJLyYE€HHbIE HA OCHOBE OJHUX TOJIbKO
HEPaBeHCTB

Hohl <1, Hwlol 1= |mal’, Hwlsl <1—|mf” -

U3 KOTOPBIX cpasy BuAHO, 4To |{w}i| < 1, u paBeHCTBO B 9TUX HEPABEHCTBAX JOCTHIA~
erca ecau 1 TOMbKO ecn w(z) = (2%, |G| = 1, k = 1,2, 3. 13 nepasencts (18) Taxxe
BusHo, uro {max [{w}x|}3_, ne sospacraer.

@ukcupyem {w}i, k = 1,n — 1. Ilycts n > 3. CriencrBue 2 TOBOPHT O TOM, HYTO
{r}32, me Bozpacraer. CremoBarensHo u {max |my|}72 . He Bospacraer. CKopee Bcero,
{max |cx|}72,, Taxxke He Bo3pacraer. Ecim aTo Tak, To {max [{w}x|}72,, He Bo3pacTaer,
a 3maanT |{w};| HUKaK HE MOXKeT ObITH Gosbme 1.

7.1. Ouenxa |cy|.

YrBepxaenue 11. ITycmv n € N, w € Qq, mozda |c,| + r, < 1. Pasencmeo docmu-
204EMCA ECAU U MOABKO ecay Cp = 0, 1y = 1.

Hokazaresberso. [lycts n € N. Uz gemunr 2 caeayer, uto {w}, = ¢, +e¥pr,. Tak
Kak {win| < 1m0 < p <1, 10 1y + |0p] < 1. Haznee, |[{w},| = 1, kKak usBecrHO,
pasHO3Ha4HO w(z) = 7z, |n| = 1. ]

BaMerum, 4TO 1} OPOIOPIMOHANIEH Ty, HO €, BBIPAZKAETCS YEPE3 Cp, CIOXKHEE, YTO
u BIeYST, B 00mem caydae, orcytcrsue mpocroit onenku |{f},| < |ck| + 7k < [{F1}| B
ormmune or yreepxkaenus 11. OmHako Jerko nokasars, 9ro ecam F(A) — Bbimykioe
MHOKeCTBO, TO [{f}n,| < |ek| + 7 < |{F1}].

W3 yrBepxkaenus 11 u ciaencreus 1 cpasy ciaeayer
YrBepxkaenune 12. [Tycmv n € N; w € Qq, moeda
n—1

2
|en| Sl—rnzzm.
k=1 'k

Pasercmeo docmuzaemca ecau u MoAbKO eCAU Cp = 0, Tn = 1.

Ecsu 6b1 Mbl nostyuniau 310T (GaKT HE UCHOoJb3Yys TOro, 4ro |[{w},| < 1, To Moriu
OBl TOKa3aTh, 9TO U3 |{w}, — ¢p| < 1y caenyer, uto [{w}hy] < 1.

VY nac gaxke ectb 6aza wHayknuu. [Ipu n = 1,2 yrBepxkaenue 12 0ueBUIHO Crpa-
BEIJINBO, TaK Kak c; = co = 0. Jlajee, HEPABEHCTRO €3 < % + % SKBUBAJIEHTHO
nepasencTBy |my||ma|? < re|mi|? + |m2|?, xoTopoe crpasesnMBO B CHIY TOTO, UTO
Im1||me|? < |ma|?. Oanako, Kak cenaTh mar WHIYKIAE B HACTOSAIIEE BPeMs HE ACHO.

7.2. Ixcmpemanvroe ceoticmeo dynryuu 2.

N3 dbopmya (9)—(14) oueBngHO, YTO MMEET MECTO
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Jlemma 4. IIyemv» n € N v w € Qqy, moeda x, = 0, k = 1,...,n, pasnocuisvro
{wh =0,k=1,...,n.

Dyunkuus z" 061a2eT CIeAYIOMUM SKCTPEMATLHBIM CBOMCTBOM (CDABHUTE CO CJIE/-
crBueM 2):

VYrBepxkaeuue 13. ITycmo n € N. Qynryuonaav, |my| u r, docmuzatom ceoezo max-
cumarvrozo snauenus 1 na Qo ecau u moavko ecau w(z) = (2", ¢ = 1.

n—1
HoxkasarenbcrBo. Uveem |my,| < 7, a1, = [[ (1 — 22) no crepersuio 1. Orciona

k=1
SCHO, 9TO T, = 1 3xBuBamenTHo xy = 0, k = 1,...,n — 1, 9T0o cornacuo jJemme 4

skBuBasieHTHO {w}r =0, k= 1,...,n — 1, 9r0 paBHOCHIBHO ¢, = 0.
Ecau |my| = rp, =1 10 ¢,y = 0 302unT {w},| =1u{wl,=0,k=1,...,n— 1.
Ecmn {w}r, =0, k=1,...,n—1, {w}n| =1 10 |Mmyp| = 1 1K xak ¢, = 0. ]

JIemma 5. ITyemv n € N u w € Qq, mozda |{w},| = 1 moeda u moavko mozda, xozda

w(z) = ¢2", [¢] =1.

Eciu w(z) = (2™, || = 1, To 04eBUAHO, YTO M-€ HEPABEHCTBO NPEBPAIIAETCA B
{w}n| = 1. A Bor 0bparTHOe yTBEpKIEHNE JOKA3ATH M0JIb3YACH OJHUME TOJIBKO HEPa-
BEHCTBAMU II0 BUAMMOMY HE IPOCTO.

Teopema 7. I[Iycmv n € N u w € Qp, mozda |{w},| < 1, npusém pasencmeo docmu-
2aeMces ecau u moavko ecau w(z) = (2", || = 1.

HoxkaszarenberBo. Ilycrb n € N u w € Q. Cayuwait [{w},| = 1 ommucan B nemme 5.
JanbHeiimee n0ka3aTeabCTBO MPOBEIEM OT IPOTHBHOIO.

IIpeanonoxum, aro [{w},| > 1 n {w}r # 0 upu nekoropom nomepe k < n, Toraa
9(z) = w(z)/{w}tn € Qo u |{g}n]| =1, o {g} # 0, uro mporuBopeunr gemme 5. Cramo
ObITh [{w},| < 1.

Ipennonoxknm, uro [{w},| > 1 u {w}r =0, k = 1,...,n — 1, Torma moiydaem
nporuBopedne ¢ yreepxaenuem 13. eiicrBurensuo, m, = {w}, — ¢,, HO B Hamem
cayqae ¢, = 0 u 3mauur |m,| = [{w},| > 1, wero me moxer Goirb. Crano Geirh
{wlal <1, .

Bamerum, uro HepasencTBa (18) BmosHe Moru Obl OCIYKUTH 6a30i UHIYKIMU B
JOKA3aTeIbCTBE TEOPEMBL 7.

8. Or pyukimoHama K QyHKINN

B nynkre 5 66110 ynomsinyto, aro eciau f € Mp, To

{fn = {Fh{w"}n, neN

k=1

O6mnacru 3navenuit {w}y u {wlgy1, & = 1,...,n — 1 ommyarorcs, 9ro 3aTpyIHAET
pemenve 3aga4u. Mcnpasum ato. Koaddununent {w}, MOKHO BBIpa3uTs Uepes m; u 15,
j=1,...,k, (cm. dopmyast (9)-(14)). Beeném obo3uavenus z, = my/ri, k=1,...,n.
Cormnacuo nyukry 4 z) = |21
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Ucnonb3yst 37w 0603HAYMEHUST MBI MOXKEM TIPENCTABUTH (yHKIuoHAT {f}, B BHIE
KOMIIJIEKCHO3HAYHON (DYHKIINY KOMTLIEKCHBIX MEPEeMEHHBIX 271, .. ., 2,. OOIacTh ompe-
nenenus 310l bynkmEE ecth mommmuck A”. Uz dbopmya (9)-(14) caemyer wTo pac-
cMarpuBaeMas (DYHKIHS He ABjgeTcs rosoMopdHoil ra A,

OueBuaHO, 9410 TOuKM Makcumyma dbyukiuonana |{f},| u dyukumonana

w na wk « :&
(ot 2 onlehnl, - on =y F

COBIAJAIOT. DTO COOOPAKEHUE MOKHO MPUMEHUTH, €CTH OHO MPUBEIET K HEKOTOPHIM
VIIPOIIEHUSAM B PaCYeTax.

=2,...,n,

Tak xax ¢yuxnmonan |{f},| JocTuraer cBoero MaxcuMyMa Ha TDAHHIIE QE)”), TO

corsacuo jemme 2 {w}, = ¢, + rpe'?.

Qukcupyem n € N u mokaxkem Tpu crocoda mepexoia ot (PyHKIMOHATIA K DYHKIIAA.
Tak kKak HaIa 33298 COCTOUT B IMOJYYEHUU TOYHBIX OIEHOK MOJyJedl TefIIOPOBCKUX
K03 durmenTop Ha Kjaacce Mp, TO B Ka4eCTBE MeIeBbIX (PYHKIUOHAIOB OymaeM pac-
CMaTPUBATH TOJBKO Te, KOTOPHIE HE HAPYIIAIOT TOYHOCTH OIEHKH.

8.1. Ilepsviti cnocob

Paccmorpum dbyHKIMOHAT

I, = |rp+cn+ Zak{wk}n
k=2

Be3 ymenblieHns 0OIIHOCTH MOXKHO cunTarh, 410 {w}; > 0, Tak Kak kmacc (g, a
CJIe0BaTeNIbHO U KitacC Mp MHBApUAHTEH OTHOCUTEIBHO BPAIIEHHI B ILIOCKOCTH IIepe-
MeHHO} z. KpoMe Toro, MOXKHO CUHTATh, 9TO MHOKATEIb €'Y mpu T, paseH 1. 1o m10-
CTHIAeTCsl y2Ke 38 CYET BPAIlEHUH B ILJIOCKOCTH II€PEMEHHON W OTHOCUTE/IbHO KOTOPBIX
kJytacc Mp BO3MOYKHO y K€ HE MHBAPWAHTEH, HO BPAIIEHHUS B IJIOCKOCTHU TTEPEMEHHO W
HE MEHSIOT BEJIUYUH, CJIEIOBATEIFHO HE MOTYT MOMEIIATh TMOUCKY MAKCHMYMA.

Kaxk u Bbiie cauraem, 910 2z = Mg /rg, Tk = |2k|, or = argzg, k=1,...,n — 1.
Wcnonwp3ys 3t obo3HAUEeHHS MBI CBEIH 3amady 00 omeHke (yHKIHOHATA [, K HC-
CJIEZIOBAHUIO JleficTBUTEbHO3HAYHON dyHKiuu (06o3nauuM €€ depe3 h,) or 2n — 3
JIEHCTBUTETIHLHBIX apIYMEHTOR I W @f HA MaKCHMyM TpH orpaHudenusx xp € [0,1],
k=1,....n—1,p,€[0,2m), k=2,...,n— 1.

8.2. Bmopoti cnocob

Cornacuo yreepxaenuto 9 mis 000l dbyukmuu f € Mp cnpaBeminBa TOYHASA
OIIEHKA,

[l Il 415 = {Fhlra + [{Fhien + ) _{Fhd{wtn| = L.
k=2

€3 YMEHbIIIeHUdA OOIHOCTU MO2KHO CHUTATb, YTO (W1 =2 TaK KaK KJIacCC F HUH-
Bes y 6 , >0, M
BapI/IaHTeH OTHOCUTEJIBHO BpaH_[eHI/Iﬁ B IIJIOCKOCTHU HepeMeHHOﬁ Z. K&K U BBIIIE C‘{I/IT&QM,
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49T0 2| = MK /TR, Tk = |2k, Yk = argzx, k = 1,...,n—1. Uctnonb3ys 3ru obo3uadeHus
MBI CBeNIN 3aa9y 00 onerke byHKInoHAA I, K MCCAeIOBARNIO NeHCTBUTEILHOZHATHON
dyukuun (o6oznaunm eé yepes hy,) or 2n — 3 AeHCTBUTEILHBIX APTYMEHTOB L) U Q) HA
MaKCHMyM TIpH orpanndennsx xy € [0,1],k =1,...,n—1, ¢ € [0,27), k= 2,...,n—1.

8.3. Tpemuti cnocob

Bes ymenbiuenus obmnocru 3amenum yukuuonasn |{f},| na dbyukuuonan
I, ={F}ir, +Re | {F}icn + Z{F}k{wk}n )
k=2

BOCIIOJIb30BABIIUCH TE€M, YTO K1acC M p MHBAPUAHTEH OTHOCUTE/ILHO BPALIEHWUH B ILJIOC-
KOCTHU MEPEMEHHON 2.

Kax w Bbrme obo3uaaum zp = my /T, T = |2x|, or = argzx, k=1,...,n— 1. Uc-
NOJIBb3ysl 3TU 0003HAUEHUS MBI CBEJIM 33184y 00 omeHke (byHKIMOHAA I, K UCCIeI0Ba-
HUIO JIeficTBATeNbHO3HAYHO yHKIMN (0603Ha4NM €€ h,,) or 2(n—1) neficTBHTEIbHBIX
apryMeHTOB Xy, U () Ha S9KCTPeMyMBbI IpH orpanndenusx zy € [0, 1], ¢r € [0, 2m).

8.4. Bameuwarnusn

B nyukTe 8.2 MbI BBIIOJTHIIA HEKOTOPBIE JEHCTBUS /sl TOTO, 9TOObI H30aBUTHCS OT
MO/LyJisd B BbIPayKeHUU, onpeaessioneM GYHKIHUO h,, TaK KaK BO3MOXKHOCTH HCIOJIb-
30BaTh MeTOAbI auddEPeHINAIBHOTO UCUNCTIEHUs OUeHb MOJIE3HA TPU UCCIET0BAHUT
dbyukwmit Ha 3KCTpeMy™mbl. Bojiee Toro, h, ectb dbyHKINS OECKOHETHO IJIQIKAS 10 BCEM
apryMeHTaM.

Teoperwdaecku, [Jist PEIIEHUS TOCTABJIEHHON B IIyHKTE 8.2 33/1a49U J0CTATOYHO HAWTH
3HadeHus h, BO BCEX CTAIMOHAPHBIX TOYKAX, YJAOBJIETBOPAIONIMX YKA3AHHBIM OIDAHU-
YEHUSIM, 8 TAKXKe 3HAYEHUS h, B 'PAHUYHBIX TOYKAX U BHIOPATH CPEIU STUX 3HAUCHUM,
YUCJI0 ¢ HAUOOJIbIeil aOCOTIOTHON BEJIMINHOM.

Ha npakrtuke 3aa4a MOMCKa CTAIMOHAPHBIX TOYEK B AHAJIUTUYIECKON (opme Mo-
2KeT ObITh Hepaszpemumoit npu n > 3. leso B ToM, 4T0 B 00IEM CiIydae HEOOXOIuMO
peInarh ypaBHEHWs, COMEPIKAINNE KOCUHYCHI PA3HBIX apTyYMEHTOB, TAK KAaK MBI MMe-
eM JIeJI0 ¢ IedcTBUTENbHON JacThio dyukinn. OqHAKO, €C/IM OTPAHUYUTHCS CJIY9IaeM
byHKIWMI ¢ AeiCTBUTEIbHBIME KO3(DDUIMEHTAMU, TO KOCHHYCHI HCI€3HYT U MOXKHO 0Yy-
JIET TIOJIYYUTh PEelieHus mpu OOIbIINX N.

HamoMHEM, 9TO KOCHHYCBI BO3HUK/IN 13-3a 00O3HAYeHUil 2, = zre’¥*. Eciu B34rb
2k = Tk + 1Y, TIe T = Rezg, a yr = Imzi, TO KOCHHYCHI MCUE3HYT W B CAyUae
KOMTIJIEKCHBIX KO3 MDUINEHTOB.

C npyroit croposbl, B myHkTe 8.1 pa3MepHOCTDb 3a/a49u Ha 1 HUXKe, 9TO MOXKET ObITh
MTOJIE3HO €CJIM WCIIOIB30BATh YHUCIEHHBIE METObI, He Tpedytomne auddepeHnupyemo-
CTH 11eJ1eBO (pyHKINN.

3aMeTum, 910 BCE CKA3aHHOE 3/1eCh IIPUMEHUMO K JII00biM KO3h uimenTHbiM GyHK-
nuoHasaM Haz §g, HATPUMED K Cp, Ty WIH KAKUM-TO EIIE.



IIPOBJIEMA KOS®OUITMEHTOB JIJI1 OTPAHUYEHHBIX OYHKITNN 19

9. 3akJiroueHHne

IIycts n € N. B Hacrosieii crarbe TpuBOAUTCS 0030p PEIIeHUs KIACCHIECKOH TpOo-
6aembr KoaddunpmerToB Ha Kiacce (g. 3aTeM BBIBOAATCS MEPBBHIE MTECTh HEPABEHCTB
OIHUCHIBAIOIINE COOTBETCTBEHHO MIEPBBIE ECTh Te KO3 UImeHToB Ha Kiaacce {2g. da-
Jiee 1a€TCs METO/I II0Jy YeHHsl aHAJIOIMYHbIX HEPABEHCTB /Il CBA3AHHBIX C KJaccoM §)g
K1accoB Mp, 9TO MO CyTH PacCIpOCTpaHsSeT perieHue mpodeMbl KOIMDMHUIUEHTOB HA
9TH KJIACCHI. 3aTeM aHAJM3UPYIOTCS CBONCTBA YyIOMSHYTHIX HEPABEHCTB, 8 TAK¥KE CBSI-
3u Mexk 1y HuMu. Kpome TOro moka3aHo, uTo Jjis OMUCAHUS N-TO Teja KoM OUIHEHTOB
Ha Kjacce (g, a ciemoBaresibHo U Mp J0CTATOYHO TOJIBKO OJHOIO 71-TO HEPABEHCTBA.
O6cyxkmaeTcs 3a1a49a BbIBOJAA OLIEHOK MOJYJeH TeiJIOpOBCKUX KO3(M(PUIMEHTOB U3 110~
JIyYEHHBIX HEPABEHCTB.

B urore, 3a1a%a oy ae€Hns TOYHBIX OIMEHOK MOy TEATOPOBCKOro KOdddurmenta
C HOMepoM 7, To ecTh dhyHkumonana |{f},|, Ha kaacce My cHauana cBelieHa K 3a1a4e
00 orerke (yHKIIMOHAIA HAI KIACCOM {2y, KOTOpasi B CBOIO OY€PEIh CBEICHA K 33/1a9e
0 IIOMCKE MAKCHMAaJbHOIO IO MOIYJIIO YCJIOBHOIO 3KCTPEMyMa JeACTBUTEIbHO3HAYHON
dbyukuuu 2(n — 1) gefcTBUTENbHBIX APIYMEHTOB ¢ OIPDAHMYEHUSIMU THUIIA HEPABEHCTB
0 <z <1,0 < ¢ < 27, 970 MO3BOJIET HPUMEHUTH CTAHIAPTHBIE METO/bI aud-
depeHnraIbHOTO UCYUCIEHUsT JIsT MCCIEIOBAHNS HA YKCTPEMYMBI, TAK KaK IIeJIeBast
dbyHKIMsA OECKOHETHO TUIaKas MO BCEM CBOMM apryMeHTaMm. [jis 3TOro MCroIb3yi0Tcst
Pe3yIbTaThI PEMIEHNs KJIACCHIeCKOH TpobieMbl KO3(hdUIueHToB Ha Kaacce ().

3aMerumM, 4TO B IyHKTE 8 pedb HAET 00 OLEHKE MOMAYJ/s KarKIOro HavajabHOI'O KO-
3¢ dunuenTa 1Mo OTIEIBHOCTH, TOI/IA KAK B IIYHKTE 7 pedb UAET — OO OIEHKE BCex
k03 UIUEHTOB Cpa3y, MPpUUEM TPeOyeTcs COeIATh 3TO MCIOJIb3Ysl TOJIHKO HEPABEH-
CTBA W HE WCMOJIb3ysd KAKUX-JIUO0 HU3BECTHBIX CBOWCTB MCCIEAYEMOTO KJIACCA, TAKUX
KaK BBITYKJIOCTh.

Takum obpa3om, TpuMeHeHne Pa3pabOTaAHHOTO 3eCh MATEMATHIECKOrO aIlapara
SIBJISIETCSl [IEPCIEKTUBHBIM IIPU PEIIeHUH SKCTPEMAaJIbHBIX 33134 Ha KJ1acCe OrPAHUYEH-
HbIX HE OOpalAIUXCs B HyJib (PYHKLMI, & TaKzKe Ha JAPYIUX KJIAcCaX IOJOMOPQHbBIX
dbyuknwmii. Bojee Toro, 3amaun Ha SKCTpeMyM (DYHKIMOHAJIA MMAPOKO PACTPOCTPAHEHBI
B HAayKe W TEXHUKE U MMEIOT PA3HOOOPA3HBIE TTPUJIOKEHUSA.
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